Chapter 18
Quantization of the Maxwell Field: Photons

We will now start to quantize the Maxwell field A, (x) = {—®P(x)/c, A(x)} similar to
the quantization of the Schrodinger field. The fact that electromagnetism has a gauge
invariance implies that there are more components than actual dynamical degrees of
freedom in the Maxwell field. This will make quantization a little more challenging
than for the Schrodinger field, but we will overcome those difficulties.

Electromagnetic field theory is implicitly relativistic, and quantized Maxwell
theory therefore also provides us with a first example of a relativistic quantum
field theory. Appendix B provides an introduction to 4-vector and tensor notation
in electromagnetic theory.

18.1 Lagrange density and mode expansion
for the Maxwell field

The equations of motion for the Maxwell field are the inhomogeneous Maxwell
equations (recall from electrodynamics that the homogeneous equations were solved
through the introduction of the potentials A,,),

0, F"" =09, ("AY — 0"A") = — ugf”.
These equations can be written as

1 L oL
P, (AT — ARy = =y %
URETT )= 94, " 0,4

if we use the Lagrange density

1 €0 1
L=jAy— —F,,F" = —E*— —B>+j-A—0®. 18.1
J A= Fw > o J Y (18.1)
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This Lagrangian provides us with the canonically conjugate momentum for the
vector potential A:

oL .
Iy = — =¢(A + VP) = —¢FE,
A= o ) 0
but
oL
T 9

vanishes identically! Therefore we cannot simply impose canonical commutation
relations between the four components A,, of the 4-vector potential and four conju-
gate momenta I1,. To circumvent this problem we revisit Maxwell’s equations,

. 1
AP+ V-A=——p, (18.2)
€0
V(V-A) AA+182A+13VCI>— j (18.3)
c2 o2 EFPAR '
One way to solve the problem with I[I¢ = O is to eliminate V-A from the

equations of motion through the gauge freedom
D(x,1) — y(x,1) = Ox, 1) — f(x,1), (18.4)
A(x,t) = As(x, 1) = A(x, 1) + Vf(x, 1), (18.5)
i.e. we impose the gauge condition V-A; = 0. The equation
Af(x,t) = —V - -A(x,1)
can be solved with the Green’s function G(r) = (47r)~"! for the Laplace operator,

1

S — 1Y
4r|x —x'| (o =x)

see equations (11.11) and (11.17) for £ = 0,

| 1
Foen) = — f &x VoAW1,
47 lx —x'|

This gauge is denoted as Coulomb gauge.
We denote the gauge transformed fields again with @ and A, i.e. we have

V.-A(x,f) = 0. (18.6)
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and
1
AP = — —p, (18.7)
€0
1 92 0
= azA AA—i— 27 —Vo = puy. (18.8)

We can now get rid of ® by solving (18.7) again with the Green’s function for the
Laplace operator,

(x, 1) = —/ P 0FD (18.9)

|x x|

The resulting equation for A is

1 92 —x
(_8_ — A)A(x, 1) = ugilx, 1) + Z—O /d3x’ u —o',1)
T

c2 012 |x —x'|3 ot

V' j@, 1)

= pgile.r) + 22 /d3x’V
47 lx —x/|

1
= poie,t) + X2 /d3x’j(x’,t)-V QV—

4r lx —x'|
= o (x, 1). (18.10)

We can also evaluate the derivatives in the integral using

1 r 3 r r
V®V—=—V®e—2=——18()—e—3®e (18.11)
r r r
This yields
2. 3,3 =)@ (x—x)—|x—x"1 .,
J(x’ t) = —_](x,l) + | dx J(x vt)'
3 dr|x — x')°
The new current density J satisfies
V.-Jx, 1) =0. (18.12)

This follows from the definition of J in the first line of (18.10) and charge
conservation, or directly from the second or third line of (18.10), which can be
considered as projections of the vector j onto its divergence-free part. We also
require localization of charges and currents in the sense of

lim |x|j(x,7) = 0. (18.13)
x| =00
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Equation (18.10) can be solved e.g. with the retarded Green’s function, cf.
equation (J.60),

( Lo A) Gx,1) = 8()8(1), G(x,f) = #5(:— g) (18.14)

2o
in the form

Aj(x, 1) = uo /d3x’ /dt/ Gx—x,t—1)Jx 1)

1 _ /
= Ko [y J(x’,t— x x'). (18.15)
C

4 lx —x/|

This satisfies V-A;(x, ) = 0 due to (18.12, 18.13).
The vector field is only a special solution of the inhomogeneous equation (18.10),
and the general solution will be a superposition

A, ) = As(x, 1) + Ap(x, 1)

of the special inhomogeneous solution with the general solution of the homogeneous
equations

1 9
232 A)Ap(x, 1) =0. (18.16)
The homogeneous solution still has to satisfy the gauge condition V-Ap = 0,

because the total vector potential A has to satisfy this condition.
Fourier decomposition

Ap(x, 1) = 4%2 /d3k/da)AD(k, w)expli(k-x — wt)], (18.17)
Apk, w) = 4%2 d’x f dtAp(x, 1) exp[—i(k-x — wt)]

transforms the condition V -Ap(x, r) = 0 and the equation (18.16) into
k-Apk,w) =0 (18.18)

and

2 o’
(k - c_2) Ap(k, ) = 0. (18.19)
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Equation (18.18) is the statement that photons are transverse, whereas equa-
tion (18.19) implies that Ap(k, @) can be written as

2
Ak, ) = | ™" ]foc 3 ealk) (aa(0)8(@ — ck) + af (~k)8( + ck)) .
a=1

(18.20)
where the prefactor so far is a matter of convention and the two vectors €, (k) are a
Cartesian basis in the plane orthogonal to k:

€ak)-€5(k) = 8op. k-€y(k) = 0.

Inserting (18.20) into (18.17) yields

h B o
Ante = [ 25 | 725 2o <00 (as 0 xplith-x = ko)

+at k) exp[—i(k.x—ckt)]), (18.21)
and for the fields
0
Ep(x,1) = — —Ao(x 1)

e P .
V (;7;))3 / d’l \/; ;‘a(k)(aa(k) expli(k -x — ckr)]

—a (k) exp[—ik -x — ckt)]), (18.22)

BD(x, l) =V XAD(x, [)

hpoe [ Pk o .
(2710)3 / 2k azk x €0 () () explie - x — cki)]
— ) explih-x = k). (18.23)

Inversion of equations (18.21, 18.22) yields

€ (k) - (kaD(x,t) + LAD(x,z))

= [P
) Jen)2phe N/

x exp[—i(k -x — ckt)],

e (k) - (me(x 1 — —AD(x t))

at (k) = / __dx
) Jen)2uehe ek

x expli(k -x — ckr)].
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We can think of the vector potential (18.21) as a state |Ap(#)) with components

(k,a|Ap(t)) = hl;]gc (aa (k) exp(—ickt) + a} (—k) exp(ickt)) (18.24)

in wave vector space, and

. hl’LOC d3k 2 i .
(eilan(0) = | 25 / ﬁ;ea(k)(aa(k) expli - x — cki)]

+ a: (k) exp[—i(k -x — ckt)]) (18.25)

in x space. This corresponds to transformation matrices

1 .
(x. ik, @) = ——¢, (k) exp(ik -x),
v/ 2713
and we can easily check the completeness relations
(k,alk', B) = /d3x D (k. alx,i)(x, ik, B) = 8(k — K )eq (k) - € (k)
= 8(k —k)84p, (18.26)

wil') = [ @Y (w.ilk.) (k. al )

1 o
= & / d*kexplik- (x —x')] Y _ €. (k)€ (k)

| )
= @ /d3k explik - (x —x")| P (k)

1 R _ i kK
=87 (x —x). (18.27)
Here the equation
2
Yk ®e k) =1-kak (18.28)
a=1

has been used, cf. the decomposition of unity (4.14). Equation (18.27) defines the
transverse § function.
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Energy-momentum tensor for the free Maxwell field

The Lagrange density for the free Maxwell field,

1
L=——F,F", (18.29)
4o a

yields a canonical energy-momentum tensor

oL 1 1
0, =n,"L—0,A)— = — (0,4, - F"* — =0,"F;, F* 18.30
w Um w AE)(Z)UAA) /LO(M A 477;4 A ) ( )

which is not gauge invariant. However, the free equation 9, F** = 0 implies a trivial
conservation law

- Lav (A, -F"*) =0 (18.31)
Ho

which can be added to the conservation law for the free fields, 9,0 ,"” = 0. In this
way we can improve the energy-momentum tensor ©," to a gauge invariant energy-
momentum tensor

1 1 1
T, =0," ——§A, F*=— (FMF“ — -, KAF“) : (18.32)
Mo Mo 4

The corresponding energy-momentum density vector P, = TMO /c yields the well
known expressions for the energy and momentum densities of electromagnetic
fields,

1
H=—cPy=-T)" = 2B + — B, (18.33)
2 210
P = €E x B. (18.34)
The components of the energy current density (the Poynting vector) are given by the
components —cTy' (because —9,T,° = —cdyT," = c0,Tv'):
1
S=—ExB=c"P. (18.35)
Ho

We are interested in the energy and momentum densities for the free fields
Ap(x, 1), because those will become the freely evolving field operators in the Dirac
picture.
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18.2 Photons

In the previous section we got rid of ® and even of the longitudinal component
of A. Now we might be tempted to impose canonical commutation relations
[Ai(x, 1), TT;(x', )] ~ ihd;6(x — x’). However, this would be inconsistent, since
equation (18.6) implies that application of d/dx; and summation over i on the left
hand side would yield zero, but on the right hand side would not yield zero! This
problem arises irrespective of whether we wish to quantize the full vector potential
A or only the free vector potential A p. Therefore we have to invoke the transverse §-
function (18.27) to formulate the canonical commutation relations for the Maxwell
field. We will use these relations primarily for the Dirac picture operators, but we
omit the index D from now on,

. h klk . /
[Ai(x. 1), Aj(x' . 1)] = - (lzn)3 / &k (5,, - k—;) explik - (x — x')]

ih o .
= m /d ko;ea,i(k)faJ(k) explik - (x —x/)],
or in short form
. ih
i, 0,4, 0] = =8} (v = x). (18.36)
€0

This equation can also be written using the zero energy Green’s function G(x—x’) =
(x|G(0)]x’) (cf. equations (J.18, J.19) and (J.24)),

. )
(A 0. A, 0] = = (8580 —¥') + 0,9,Glx —x)) ). (18.37)
€
and using (18.11) we find

Ue.n @A) = 7 (%lS(x—x’)
€0 3

3x—x)® (x —x') — |x —x)’1 1838
dmlx —x']
The remaining commutation relations are
[Ai(x. 1), A/, D] = 0, [Ai(x, 1), A;(x' . 1)] = 0. (18.39)

The relations (18.36, 18.39) yield for the operators a, (k), a; (k") harmonic oscillator
relations,

laq (k). ag ()]=0,  [aj (k). a5 (K)]=0, [aq(k),aq (K')] = 8upd(k —K).
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The prefactor in (18.20) was chosen such that no extra factor appears in the
commutation relation of a, (k) and a; K.

The energy and momentum densities (18.33) and (18.34) yield energy and
momentum operators

€0 1
H= | d&x(2Lr —3222/3 ¢ K)aa(k), (184
/d"(z +2M0 ) a dkhckal (K)ay(k),  (18.40)

P=c¢ /d3xE x B = Z/d%hka;(k)aa(k). (18.41)

From these expressions we can infer by the meanwhile standard methods that a; (k)
creates a photon of momentum %k, energy Ack and polarization €, (k), while a,, (k)
annihilates such a photon. In particular,

Ik, o) = a; (k)|0)

is a single photon state with momentum %k, energy %ck and polarization €, (k).

In writing the k space integrals for H and P we have used the prescription
of normal ordering, i.e. writing the creation operators on the left side of the
annihilation operators. This ensures that vacuum expectation values of charges
and currents vanish. Many authors like to explicitly indicate normal ordering
for x space representations of charges or currents through double colons, e.g. for
equation (18.40) this would read

_. 3. (€00 1 o). 3 +
H_./dx(EE +2—MOB)._§:/CJ k hck al (k)ay (k).

We will not use the double colon notation and instead use the implicit convention
that charges and currents have to be normal ordered in terms of creation and
annihilation operators.

If we want to construct a creation operator a; (x) in x space (corresponding to
the operator ¥ (x) in Schrodinger theory) we find

1 .
al(x) = N [ &’k a;t (k) exp(—ik - x)
1

— 3 3./ . k ’
= @0y fd k/d x'€, (k) (‘l 2MochA(x 1)

- ;A(x’, t)) explik - (x" — x) — ickt].

vV 2k/1,(]C3h
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The expression on the right hand side is time-independent and can just as well
be written in terms of the Schrodinger picture operators A(x) = A(x,0) and
A(x) = A(x, 0). However, the important observation is that contrary to Schrodinger
theory, the original operator in x space, A (x, ), is not a pure annihilation or creation
operator any more, but instead is a superposition of annihilation and creation
operators. This is a generic feature of relativistic field operators. The property
at(x) = Yt (x) is a special feature of the non-relativistic Schrodinger field. It
is because of this feature of the Schrodinger field that we did not have to use an
explicit double colon notation or an implicit agreement to use normal ordering in
Schrodinger field theory. Normal ordered expressions in x space were automatically
normal ordered in k space.

The time evolution of the free photon operators in k space is given by the standard
Heisenberg evolution equations,

ape(k,t) = ay (k) exp(—ickt) = exp(%Ht) ay (k) exp (—%Ht) , (18.42)

i

0
3,0 (k,t) = : [H, apa (k, 1)], (18.43)

and therefore we also have for the field operators in x space

Ax,t) = exp(%Ht) A(x) exp(—%Ht) , (18.44)

but to recover the evolution equation (18.16) in x space we have to use iterated
Heisenberg evolution equations,

9 i
SAC) = 2 [HA@.0] = ~E(x.0). (18.45)

92 i 1
SaAGD) = — S [H.E.0] = — - [H.[H.AF.D]. (18.46)

This is a general property of bosonic relativistic fields.

18.3 Coherent states of the electromagnetic field

We can directly apply what we have learned about coherent oscillator states to
construct a quantum state with the property that the operator E(x, 7) (18.22) yields
a classical electromagnetic wave as expectation value,
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(EIE(x,n|E) = E(x. 1)

| hpoc = .
=i é‘;; / &k \/; ; €o (k) (za (k) expli(k - x — ckr)]

— ¢ (k) exp[—i(k -x — ckt)]). (18.47)

The results of Section 6.5 imply that the state |€) can be unitarily generated out of
the vacuum',

2
€)Y = exp(/d3k Z (é‘a(k)a;(k) - é‘;(k)aa(k))) [0}).
a=1

The corresponding equations in the Schrédinger picture are

(EDIEX)|EMD) = E(x, 1),

2
E@) = exp( / &k 3 (alk, Da (k) — & k. r)aa(k))) 0),  (1848)
a=1

with

L (k, 1) = (k) exp(—ickt).

The average photon number in the electromagnetic wave is

— (¢l [ Za+<k>aa(k)|6 [ Z Cu o

and we find with

2
< / &k Za;(k)aa(k)) / &k / I Y at laf, (K )ag (K )aq (k)
a=1

aa’ 1

+ [ 5 o W

a=1

the relations
2

2 2
() = (/d% 3 |¢a(k)|2) T ACT
a=1 a=1

IR.J. Glauber, Phys. Rev. 131, 2766 (1963).
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) 1/2
An= /(n) = ([cPsza(k)F) L.
= (n) (n)

Every free quantum field has an expansion in terms of oscillator operators, and
therefore each quantum field has coherent states which yield classical expectation
values for the field. They are particularly important for electromagnetic fields
because classical electromagnetic waves are so abundant, readily available, and of
technical relevance. This is a consequence of boson statistics and of the vanishing
mass and charge of photons. Generating and packing together huge numbers of
photons is very inexpensive in terms of energy.

18.4 Photon coupling to relative motion

The discussion of photon interactions with atoms or molecules usually does not
involve discussions of photon interactions with the individual constituent electrons
and nuclei, but assumes either an effective coupling to the quasiparticles which
describe the relative motion between nuclei and electrons, or otherwise assumes
coupling of the photons to only one kind of particle in a many particle system.
A shortcut justification e.g. for assuming that photons should primarily couple
to electrons rather than nuclei in atoms is that physical intuition would indicate
that an electromagnetic wave should shake a lighter particle more easily than a
heavier particle. Indeed, when we calculate the cross section for photon scattering
off free charged particles in Section 22.3, we will find that scattering of low energy
photons is suppressed with the mass of the scattering particle like m~2, and for
high energy photons like m~!. Furthermore, atomic matrix elements for optical
dipole transitions scale like m~! which also indicates a preference for coupling
to the lighter charged components in a composite system. However, the intuition
can be misleading. A simple counterexample is provided e.g. by the absorption
or emission of infrared photons by molecules. The dominant degrees of freedom
which undergo transitions in these cases are molecular vibrations or rotations, but
not electronic transitions, i.e. the dominant photon-matter interaction for infrared
photons concerns coupling to clusters of ions or atomic nuclei. What this means
is that we have to make judicious calls on which terms in a quantum electronics
or quantum electrodynamics Hamiltonian will make the dominant contributions to
photon interactions, depending on the photon energy range that we are interested
in and the available atomic or molecular transitions. However, if we use standard
atomic orbitals to model the states of the unperturbed matter system, then this does
imply an approximation of photon coupling to the quasiparticle which describes
relative motion, or to the electrons as the lightest charges. It is therefore instructive
to revisit the problem of separation of center of mass motion and relative motion in
the presence of electromagnetic fields.
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The two-particle Hamiltonian (7.1) with the electromagnetic vector potentials
included takes the form

1 1
H=— (p1 — q1A(X1,1))> + =— (P — @A (X2, 1))’
2m1 2m2

+V(|x1 — x2|). (18.49)
Substitution of the single particle momenta with the total momentum and the
effective momentum in the relative motion (7.6) yields

1
H = o P — q1A(x1,1) — @A (X2, f))2

i _mquA(xl,t) —m1q2A(X2,t)
2 \P M

Now we assume that the electromagnetic potentials vary weakly over the
extension of the two-particle system,

2
) +V(x; — X2]). (18.50)

Axy, 1) ~A(xy, 1) ~ AR, 1). (18.51)

This yields an effective Hamiltonian
1 1
H=_— P-Q0AR.1)’+ — (p—gAR. 1)’ + V(Ir)) (18.52)
2M 2

with the total charge Q = ¢ + ¢ in the kinetic term for center of mass motion, and

a reduced charge in the quasiparticle kinetic term,
g= maq —mléh’ (18.53)
my + my

W lth mversions

The equations of motion of the classical two-particle system are in the approxi-
mations B(x;,?) >~ B(x,,t) >~ B(R, 1), (same for E) given by

MR = (OR + gi) x B + QE, (18.54)
. MM — 4
W = (qR+ no+ A; M)qi) xB—i—qE—aa—V. (18.55)
r

Even the simplifying assumption (18.51) does not allow for separation of the
center of mass motion any more, and the equations do not separate in terms of
center of mass and relative coordinates, nor in total and reduced masses or charges.
However, equations (18.54, 18.55) show that the coupling of photons to the center
of mass motion is suppressed with inverse total mass. Therefore the impact of the
photons on the relative motion dominates over the impact on center of mass motion,
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and in leading order we are left with an effective single-particle Hamiltonian for the
relative motion in the center of mass frame,

1
H=——(p—qA®)" + V(). (18.56)
"

The corresponding statement at the classical level (18.54, 18.55) is that in leading
order of ;t/M, the center of mass frame is preserved and we have an effective single
particle problem for relative motion,

av

ur = qr XxB + qE — —.
ar

Equation (18.53) for the effective charge ¢ yields ¢ = ¢ if ¢ = —q;, and
my > my also implies ¢ >~ ¢;. This entails that in atoms or molecules, we can
think of photons as effectively coupling to the electrons if the photon wavelengths
hc/E, are large compared to the size of the atoms or molecules. An alternative
justification of using effective single particle Hamiltonians like (18.56) for photon
interactions with bound systems is therefore also to discard the contribution for the
heavier particle with mass m;, in the original two-particle Hamiltonian (18.49), but
still assume the bound states |n, £, my) which were derived for the relative motion
r = x| —X; to hold for the coordinate x; of the lighter particle. This is an equivalent
approximation up to correction terms of the same order m; /m, ~ u/M. However,
the approximation clearly becomes invalid if transitions for the lighter particles are
prohibited either by selection rules or by absence of suitable energy levels.

The derivation of (18.56) required negligible spatial variation of the photon
terms over the extension of the unperturbed wave functions for relative motion,
to justify minimal photon coupling into the Hamiltonian for relative motion.
Dipole approximation and minimal electromagnetic coupling to the Hamiltonian
for relative motion in a bound system therefore use the same premise.

18.5 Energy-momentum densities and time evolution
in quantum optics

Further discussions of photon-matter interactions and of time evolution of the
quantized Maxwell field require the Hamiltonian and momentum operators for
coupled electromagnetic and matter fields. The study of electromagnetic interactions
with non-relativistic matter fields is the domain of quantum optics or quantum
electronics.

A Lagrange density for coupled electromagnetic and non-relativistic matter
fields is

it v, 9wt A2
L= [1— (\IJ+-—“— —“\11) — VOV, — 5 V-V,

Mg

h hid q> 1
—ia—A (VI V Y, | - WA, | — —F, F". (18.57)
2my 4o
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Here ® = —cA, is the electric potential, and we use the definition of an alternating

<>
derivative operator Y+ V ¢ = ¢ -V — Vyrt .y,
The summation over a refers to different kinds of non-relativistic particles (e.g.
electrons, protons etc.), and a summation over spin labels is implicitly understood.
Phase invariance yields the electric charge and current densities

0=7"/c=7q.¥ V., (18.58)

. qa + hid . +
= — AV V¥, —2ig, VAV, ). 18.59
j Z S ( . ¢4V, ) (18.59)

Like the energy-momentum tensor (18.30), the canonical energy-momentum
tensor following from the Lagrange density (18.57) according to the general

result (16.16),

1 L L
O =n" —9,A, - F" — IV, — 4+ 9, —— |,
g e £ Mo e ;( . a(au“pa) * e a(av\p‘j))

is not gauge invariant. Just like in the case of the free Maxwell field, we can cure
this by adding the trivially conserved tensor

1 1
§0," = — %aA(ANW) =—A," - %am” F9,60," =0.

The improved energy-momentum tensor 7, = ©," 4+ 80,," yields in particular the
gauge invariant energy density for quantum optics,
1

€012 2 l Logg+
H=—1"=2E4+ B —[h VUt vy,
0 P +2/L0 +;2mu a

<>
FigahA - (np; v qj) + qﬁquAzqfa], (18.60)
and the gauge invariant momentum density,
1 1 i
P=—¢=cExB+ — Z (h\pj VY, — 2iqaquA\pa) . (18.61)
c 2i -

In materials science it is convenient to explicitly disentangle the contributions
from Coulomb and photon terms in Coulomb gauge V -A = 0. We split the electric
field components in Coulomb gauge according to

Ej=-Vo (18.62)

and

E| =— a_A. (18.63)
ot
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The equation for the electrostatic potential decouples from the vector potential,
! +
P = 6_ ZQu\Ija v,
0
a

and is solved by

D(x,t) =

neof & ’Z | \I!+(x HW, (', 1).

Furthermore, the two components of the electric field are orthogonal in the Coulomb
gauge,

/d3xE”(x, 0-E|(x,1) = /d3kE|| (k,1)-EL (—k,1)
= —/d3x @(x,t)%V-A(x,t) =0, (18.64)

and the contribution from E| to the Hamiltonian generates the Coulomb potentials

Hc —/d3xE (x,H=— dex O(x,HAD(x, 1)

=3 /d3x ®(x,1)o(x, 1)

Ut e, DUt ()W, (&, )W, (x, t
:Z/d3x/d3x’qaqa/ o & OV O DV O DWax. 1) - (o oo

8meglx — x|

where the ordering of the field operators was performed to ensure correct expecta-
tion values for the interaction energy of 2-particle states after second quantization.
The summation may also implicitly include spinor indices.

The resulting Hamiltonian in Coulomb gauge therefore has the form

H= /d3 ( [fﬂ W (1) - VU, (x. 1)
FigahA(x, 1) - (\pj (6. f) V W, (x, t)) +PUF (v, A2 (x, )W, (x, t)]

€0 2 [
+ —E5 (x,))+—B“(x,t
2 1,0 o (x ))

UH e, )W )Wy (), )W, (x, t)

&x | Px' quqn
+Z/ / =9 8meglx — x|

(18.66)
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The momentum operator in Coulomb gauge follows from (18.61) and
/d3x c«E) xB = —/d3xeoq>AA = /d3x 0A = /d%an\yjA\pu

as

h
P = /d3x (T > WiV, + eEL x B) ) (18.67)
1 a

Recall that Heisenberg or Schrodinger picture field operators satisfy the same
canonical commutation relations as the Dirac picture operators because the quantum
pictures are related by unitary transformations. For the vector potential A(x, ) in
Coulomb gauge this implies the same commutation relations (18.36, 18.39) as
for the Dirac picture vector potential. The Hamiltonian (18.66) then yields the
Schrodinger equations for the matter fields from

iha%\li(x,t) = [U(x, 1), H]. (18.68)

and the electromagnetic wave equation in Coulomb gauge (18.10) from

0 _ 9 1
iho A1) = [A(.0.H],  —5AG.1) = 5 [H [ACx. ). H]. (18.69)

These relations imply that also after quantization of the Maxwell field, field
operators in the Heisenberg and Schrodinger pictures are still related according to

A(x,t) = exp(iHt/h) A(x) exp(—iHt/h) , (18.70)
and the derivation of scattering matrix elements with the automatic emergence of the
interaction picture proceeds exactly as in the previous cases of quantum mechanics

and non-relativistic quantum field theory,

Si = (fIUp (00, —00) i), (18.71)

Up(t,1) = exp(%Hot) exp (—%H(t - t’)) exp(—%Hot’)

i

= Texp(—£ / drHD(r)), (18.72)

Hp(t) = exp(%Hot) Vexp (—%Hot) , (18.73)
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where the identification of Hy = H — V depends on what part of H we can solve
and what part we wish to take into account through perturbation theory. I.e. we find
the same basic structure of time-dependent perturbation theory in terms of Hamilton
operators also after introduction of the relativistic photon operators. We will see in
Chapters 21 and 22 that this property persists in general in quantum field theory also
after introduction of other relativistic field operators.

18.6 Photon emission rates

The calculation of transition probabilities between Fock states requires time-
dependent perturbation theory in the second quantized formalism.

The relevant part of the Hamiltonian (18.66) for a coupled system of non-
relativistic charged particles and photons is

H = Hy,+ H; + Hy

hz €p 2 1
= [&x|— vyl vy, TV, + —A” + — (V xA)?
/ x(zm; UV £ D Ve + G (V)

.qh + 9 7 +42
+i A ZU: (wo v %) + 5 Xoj YA %) , (18.74)

where V is an intra-atomic or intra-molecular potential and the interaction terms
between the charged particles and the photons are

h <«
H; = /d3x;ig—mA- (¢J+ \Y wa), Hy = /d3 Zw*Asz

Here we explicitly included the spin summations and wrote the Hamiltonian in terms
of the Schrodinger picture field operators (A (x) = A(x, 0)). In principle there is also
the electrostatic repulsion between the particles,

H¢ =

/d* /d3 /Zw(x)w(x)' Y o @)

87‘[60

However, we will only study transitions with single matter particles in the initial
state, where H will not contribute.

For the following calculations we use hydrogen states as an example to illustrate
the method, and we use V¥, (x) and ¥, (x) as the Schrodinger picture field operators
of the effective quasiparticle which describes relative motion of the proton and
electron in the atom,
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[n, € mp, 050y = |Wypmo(?)) = /d3x \Il,l,g,m((x,t')w;(x)|0)
— exp(—iEy /h) / X Wy, ()Y ()]0)
_ / P Wy, (6) exp(—iHof /MY @]0).  (18.75)

i.e. Y5 (x) and ¥ (x) are the Schrodinger picture field operators which arise from
quantization of the wave function (x, o|W(¢)) in Schrédinger’s wave mechanics. See
Problem 18.7 for the question why the state (18.75) is an eigenstate of H.

According to our results from Section 18.4, the Hamiltonian (18.74) includes
an approximation if we use it for coupling the electromagnetic potential to the
hydrogen atom, because we introduced the photon operators through minimal
coupling into the effective single particle problem that resulted from separation of
the center of mass motion. This is a good approximation if the electromagnetic
potentials vary only weakly over the size of the atom, A (x,, ) ~ A(x,, f). Indeed, it
is an excellent approximation for the study of transitions between bound hydrogen
states, because in these cases A > hc/13.6eV = 91 nm.

We wish to calculate the photon emission rate, i.e. the transition rate from the
initial state (18.75) into a final state with the electron in another atomic state and a
photon with momentum %k and polarization €, (k),

I iy 0 k) = / B Wy 1,0 (6) exp(—iHot /MY ) ()]0)

= exp[—i(E’;;’” + ck) z] / & Wy 0 ()Y (@)a (K)]0). (18.76)

The relevant transition matrix elements for photon emission between ¢ and ¢ are
N — /
Sﬁ(tv t) = Sn/,/é’,mé,a’;k.a\n.é.mg.o (lv t)
i
= (n', 0 ,my, 0" ka1 exp(—;lH(t — t’)) [n, €, mg,0:1)

. t
= (n/’€/7m/[,o";k,a|TeXp(—%/d‘L’HD(T)) |n, €, my,0),
t/

where
i i
Hp(tr) = exp(£Hor) (H; + Hy) exp(—gHot)

is the time evolution operator on the states in the interaction picture.
The scattering matrix element is in leading order

S = Sy /) 0" kalnlimp.c = (n' 0 my, o'k, a|Up(co, —00)|n, £, my, 0 0)
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1 o0
~ — / dt exp [i(a)n/ Ot ck)t] (n/,ﬁ/,mz,a/;k,od
ih oo Lhn,

« /d3xz %A(x) : (wj(x) v wv(x)) n. . my. o2 0) (18.77)

with the field operators in the Schrodinger picture. We also took into account that
the energy levels are £ dependent through fine structure. At this stage we are still
using A(x), although our reasoning in Section 18.4 already indicated that any x
dependence in A (x) must be negligible to justify minimal photon coupling into the
effective Hamiltonian for relative motion in the atom. We will return to this point
below.

Substitution of the mode expansion (18.21) for the photon operator and evalua-
tion of the second quantized matrix element transforms the transition matrix element
for photon emission into a matrix element of first quantized theory,

N iq [ h[LoC
Sn’,f’,mz,a’;k,a|n,l,lw,a — 27[8(607/-,@/;”,5 + Ck)ﬁ mgda’

x(n', U, my|eq (k) - pexp(—ik - x)|n, £, my).
(18.78)

The operators €, (k) - p and k - x commute, whence we do not encounter a normal
ordering problem in the first quantized matrix element.

Equation (18.78) can be interpreted as a first quantized matrix element of the
perturbation operator

V() = —% (p-A(X.1) +A(X,7)-p), (18.79)

which contains an operator corresponding to a classical transversely polarized plane
wave

huoc

A =\ e

€y (k) exp[—i(k -x — ckt)]. (18.80)

This classical plane wave apparently represents a single emitted photon of sharp
energy hck and momentum %k, and second quantization helped us to determine
both the proper amplitude for the single photon wave and the k-dependent term in
the transition matrix element. The corresponding calculation for absorption of a
photon yields a first quantized matrix element of the perturbation operator (18.79)
with a single photon vector potential

hpLQC

4700 =\ Te

€y (k) expli(k -x — ckt)], (18.81)

see equation (18.93).
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We can understand the amplitudes of the single photon wave functions (18.80)
and (18.81) in the following way: The mode expansion (18.21) becomes in finite
volume V

ALoc 2 €, (k) .
A(x,t) = aq (k) expli(k -x — ckt
()\/V;;m(()p[( )
+ aF (k) exp[—i(k - x — ckt)]), (18.82)
and the corresponding energy and momentum operators’ are

H=>"% hckaf k)ax(k), P=> > hkal(k)ask).
k o k o

These equations tell us for a classical amplitude a, (k) that this amplitude would
(up to an arbitrary phase @) have to be a Kronecker § with respect to momentum
and polarization to represent a single photon of momentum #k, energy Ack and
polarization €,, and therefore the classical vector potential for the single photon in
the continuum limit V — 873 is

e .
Apra(x, 1) =4/ %ea(k)(exp[l(k-x — ckt + ¢)]

+ exp[—i(k-x — ckt + (p)])

h
— 2] HOC ¢ (k) cos(k - x — ckt + @). (18.83)
1673k

Note however that for emission only the plane wave with exp[—i(k-x —
ckt + ¢)] contributes to the transition matrix element, whereas for absorption
only the other term contributes.

The vector potential in box normalization (18.82) does have the expected units
Vs/m, whereas the continuum limit vector potentials (18.21, 18.83) come in units of
m3/2Vs/m. This is related to the fact that their transition matrix elements squared
yield transition probability densities per volume unit @*k in the photon state space,
see e.g. equation (18.84) below. It is the same effect that we encountered in
scattering theory for momentum eigenstates exp(ik - x)/V'/? in box normalization
or exp(ik - x)/(27)*/? in the continuum limit.

2Classically these equations would hold for time averages.
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Evaluation of the transition matrix element
in the dipole approximation

We have already emphasized that the coupling of the electromagnetic potentials
to the effective single particle model for relative motion in atoms assumes a long
wavelength approximation in the sense A(x,,) ~ A(x., ), see equations (18.51)
and (18.56). Therefore the exponential factor exp(—ik-x) must effectively be
constant over the extension of the atomic wave functions and can be replaced by
exp(—ik -x) ~ 1. For an estimate of the product |k - x|, we recall that the energy of
the emitted photon from an excited bound state cannot exceed the binding energy of
hydrogen,

hc &2 hca
— < -k = = ,
8mepay 4ragy

and therefore
47 3 o 3
A>—ag>=1.72x10%ay, kag < 5 ~3.65x107".
o

This confirms that the exponential factor will be approximately constant over the
extension of the wave functions,

(0, 0 m)|eq (k) - pexp(—ik-x)|n, £, me) ~ (n', 0, m)|ey (k) - pln, £, mg).
The matrix element of the momentum operator between energy eigenstates is

usually converted into matrix elements of the position operator x using the first
quantized Hamiltonian Hy = (p*/2m) + V(x) and the relation

h
[HO?X] =P
m

This implies

i%(n’, € )| [Ho. X]|n. £, my)

= imwy o0, 0 my|X|n, £, mg),

(n', 0, m2|p|n, £, my)

where hw, .00 = Ew ¢ — E,¢. In the case of emission we have w,/ ¢7;,¢ < 0. The
transition matrix element (18.78) therefore becomes

Hoc
1673hk

x(n', ', mj|eq (k) - x|n, £, mg)

Sw ¢ ) 0" kalnbmpo =~ 27 8(ww ¢n0 + ck)q So0r W i
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Hoc3k
4rch
x(n', €', my|eq (k) -x|n, £, mg).

= S(wn’,f’;n,é + Ck)q 8(70

The differential emission rate into a momentum volume element d°k around k of
a photon of polarization €, (k) is then with ¢ = —e, §(0) — T /27,

2

.o’ skaln.lmg.o

T

dr @ (’Qn.@.mg.a—)n’,(i’.mz.a’ = dsk

/L[)C e

kSmr
8m2h

(n' 0 my|eq (k) -x|n, £, my | S(wn.e;w 0 — ck)d’k,
(18.84)

or after integration over the wave number k of the emitted photon,

dr(a)(k)n.Z.mg.aﬁn’,é’.mZ.a’ _ l/L()e2 3
a9 - Snzhcwn.é;n’.i/

x |eq k) - (0 €, mi|x|n, €, me)[* . (18.85)

800’

Note that if we would have tried to calculate this only within a semi-classical first
quantized theory for the monochromatic perturbation (18.79, 18.80), the § function
in energy and the units of the transition matrix element would have tempted us to
introduce a density o(E,/) of final hydrogen states per energy, similar to the Golden
Rule for transitions into a continuum. This factor would then have appeared instead
of the factor® §(E, — E,» — hck)dk in (18.84). Indeed, we do have a transition into a
continuum of final photon states, but the semi-classical approximation would have
missed that and naive application of the Golden Rule would have tempted us to
include a wrong factor with an unjustified interpretation, see also Problem 18.11.

As a consequence of the ¢ dependence of the spherical harmonics, the vector

(0 0 my|x|n, £, mg) = (0, €', my|rsin®d cos g|n, £, my)e,

+ (', ' my|rsin® sing|n, £, my)e, + (', €', my|rcos ¥ |n, £, mp)e,

has real x and z components and an imaginary y component. We know
already from the dipole selection rules from Section 15.1 that the z component
(n' .U, my|z|n, £, my) is only different from 0 if Am, = mj, —m; = 0, while the x
and y components are only different from 0 if Am, = £1.

The different conjugation properties and selection rules imply

3Recall that densities of states o(E) ~ k*dk/dE in the V — oo limit have units of cm eV ™!, see
the remark after equation (12.8).
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‘ea(k)-(n’,ﬁ’,m2|x|n,ﬁ,m5)’2 = (ea(k)- [(n', 0, my|x|n, £, my)ex

/

— (0w lyln, £ my)e, + (n’,z’,mg|z|n,e,m4)ez])

x(ea(k)- [(n' O m)|x|n, €, mp)ex + (' €' m|y|n. £, mg)e,
n (n/,ﬁ/,m/[|z|n,£,m4)ez])

= [ealk)- (n/,ﬁ’,m2|x|n,ﬁ,mg)ex]2 + [€a(k) - (n’,@’,m2|z|n,€,m5)ez]2
+ [iea k) - (', €, mllyln, €, me)e,] .

This cannot be directly associated with an angle between the polarization €, (k)
and one of the real vectors
(0 my|xs|n, €, me) = (0, € my|x|n, £, mp)e, £i(n', £, myly|n, £, m¢)e,
+ (', ' my|z|n, £, my)e,
because of missing cross terms of the form
+2[eq(k)- (' ' my|x|n. £, my)e,] [iea (k) - (' €' my|yln, £, my)ey] .

However, we can write
ot 1 2 1 TN 2
|ea(k) -(n', L ,m£|x|n,ﬁ,mg)| = 3 |(n i ,mz|x|n,€,mg)|

x (cos® Oy — + cos® Oy +)

where 6, _ and 6, + are the angles between the polarization €, (k) and the real
vectors (n', £’ my|x_|n, £, m¢) and (n', €', mj|x 4 |n, £, my), respectively.
This yields a differential emission rate

2
@) Ho€ 2
dr( )(k)n,i,mg,aﬁn’,i/,méﬁo/ = 8n2hcw2’£;n/'€/8ao/ | (l’l/, K/, mz |X|I’l, E, mg) |
cos? 6, _ + cos? 6,
x ’ -+ 4Q. (18.86)

2

The solid angle element d2 = sin ¢ ddp measures the direction of the emission
(o)

nL.mg—>n’ ' m),
requires integration over d€2. We can do that e.g. by evaluating the angles 6, 4+
in terms of the angles {1, ¢,} of the vector €,(k) and the angles {9+, py+} of
the vectors (n', €’ ,m2|xi|n,€,mg). However, a faster way is to choose in each
of the two terms the respective angle 6, + and a corresponding azimuthal angle
¢+ as integration variables. This reduces the calculation of the angular integrals to

vector k and the calculation of the total polarized emission rate I’

4

2n T
/ d%,i/ dOy + sinBy 4 cOS* Oy = —.
0 0 3



18.6 Photon emission rates 407

The total emission rate for polarized photons is therefore

() foe? 3

2
_ o= ropl
nlmg.o—=n' U/ myo’ 6nhcwn_[;n’_£’806’ (}’l A, my, |X|n’ L, mf) ’ (18.87)
and the total unpolarized emission rate is
//L()e2 3 2
/ / /
Fn.é.mw_)n,’e,’mz.o/ = _3nhcw"’z;"/'(/805/ (n', £ ,mf|x|n,€,m5)\ . (18.88)

(@)

The relation Fn,[,mw_)n/.w,m}ﬁ, =20 mpon

, . ., , follows at a more formal
N4 iy, 0
level from the fact that

2
Y eulk) ®e, k) =1-k®k

a=1
is the projector onto the plane orthogonal to k, and therefore
> Jeal®) - (0 i Ixsln, €.me) | = (0 € m) x|, €. me) | sin? Oz,
o

where 61 are the angles between the wave vector k and the two real vectors
(n', U, mj|x+|n, £, my). Therefore we find for the unpolarized differential emission
rate

2
~ MHo€ 3 2
dF(k)n,(,m(,a—nl’,f’,mz,d’ = —Snzhca)n’[;n/’[/(gaol |(n/7 e,a m2|x|n, e»mf)|
202 : 2
sin” 6_ + sin” 04
X—

ds2, 18.89
7 ( )

and this time the angular integrals yield

2 /4 8
/ oo / dby sin* 0y = °F,
0 0 3

which implies the total emission rate (18.88).

We had to write the polarized and unpolarized differential emission rates (18.86)
and (18.89) as averages over two real dipoles —e(n’, {', m;|x+|n, £, m,), where we
used the dipole selection rules for hydrogen states. For general atomic or molecular
states, all Cartesian components of (f|x|i) may be complex, and we may have a sum
of two dipoles of different magnitude,

e - (FIX[D)* = (eq - R {FIX]i)) + (eq - S(fIxE))
= (M{fIx]i)? cos? By + (J(f|x]i))* cos? B,a,  (18.90)

> lew- (FIXI)* = Ot(FIx]i)) sin? 6; + (3(f[x]i))” sin® 6,.
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This yields the same results as (18.86) in a different parametrization. The difference
between the construction in (18.86) and (18.90) is that we could construct two
dipoles of the same magnitude —e |(n/ A my|x|n, £, mg)} in (18.86) and express the
result as an average, whereas the generic construction (18.90) yields a sum of two
dipoles of different magnitude.

Since we are observing photons of certain frequency with no regard to the
particular transition which generated those photons, it is customary to sum the
emission rate over degenerate final states and average over degenerate initial states.
The emission rate per excited atom for photons with angular frequency w, ¢ ¢
follows from (18.88) as

Fheowe = n,lmg—r 4 m
mg——lme_
Hoe®
= SO Vv eine| - (18.91)
Here we have set 0 = o’ and omitted the spin indices, and we used the

definition (15.29) of the averaged oscillator strength.

The quantity '), ¢+ = An¢—w ¢ provides a quantum mechanical expression
for the Einstein A coefficient for spontaneous emission of photons. Einstein had
introduced this coefficient in 1916 in his balance equations for the origin of the
Planck spectrum.

We have seen that in leading order the relevant interaction Hamiltonian for
photon emission or absorption is

.qh e
= /dz'x;l%A- (qf; \Y 1//0),

and in the Schrodinger picture this operator contains only time-independent field
operators A (x), ¥y (x).

Substitution of the mode expansions in terms of the momentum space operators
yields (note g # |q| in the following equation):

huoc
= F L [& DR WA

2|q|
(¢ (k + q)aq(q)co (k) + ¢ (k — g)a] (q)cq (K)) . (18.92)

The representation of interaction Hamiltonians in terms of ¢, (k), ¢/ (k) is useful
for processes involving (quasi)free electrons, e.g. for the Compton effect (“free-free
scattering”) or for the discussion of electron-photon interactions in metals (assuming
e.g. a jellium model for the electrons). However, for the discussion of emission
or absorption from atomic or molecular bound states the x-representation is more
convenient.




18.7 Photon absorption 409
18.7 Photon absorption

We will continue to use energy labels n and n’ such that E,, > E,/. Therefore the
previously discussed transition n — n’ involved photon emission, while the process
n’ — n involves photon absorption. Later on we will also compare emission and
absorption rates, and it is desirable to make the distinction between emission and
absorption rates more visible in the notation. Therefore we will denote absorption
rates with the symbol T".

The leading order scattering matrix element for photon absorption due to a
transition from a state |n’, £’, mj, 0’; k, &) to a state |n, £,my, 0;0),

N /o Nl/oodtex [i( -//—kt]'ﬁ
n.f,mg,aln’,i/,me,a’,k.a — ih oo P 1 @n ;0 0 c ) 12m
<>
x{n, £, mg,0:0| /d3x > A®)- (wj(x) \% 1/f‘,(x)) |n' € m), o'k, a)

is just the negative complex conjugate of the emission matrix element (18.77). The
resulting scattering matrix element after evaluation of the field operators,

ig | huoc
S 7P o ~ 278 nln! 0 — k) — 85(7/
nl.mg.on’ Lm0 ko Y (w L' L C )mh 1673k

x(n, L, mgleq (k) - pexp(ik-x)|n', ¢, m)),

(18.93)

therefore has the form of a first quantized scattering matrix element with perturba-
tion (18.79) and vector potential (18.81).

The equality of the scattering matrix elements up to a phase factor also implies
that the absorption rate per k space volume of the incoming photons has the same
value as the corresponding emission rate (18.84) per k space volume of emitted
photons,

2

Sn.[,mg.oln/.f/,mé,a’;k,ot

ar® (k)n/,[/,m2 o' —=>nl,mg.o

&k T
—MOC}eZ / ! / 2
= g Koo | Lomleq () Xl &) | 8(n, g = k)
(18.94)
where ¢ = —e was substituted.

This yields the differential absorption rate for polarized photons in terms of the
angles 6, + between the vectors (n, £, m¢|x+|n’, £', m,) and the polarization €, (k),
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dr(a) (k)n’,f’.mz,a’—m,l,mg.a N /¢L()C3€2
d*k T 8mh
cos? Oy — + cos? O, +
X
2

kSao’ }2

(n, €, me|x|n’, €', my)

S(wn,l;n’.é’ - Ck)

The differential absorption rate for unpolarized photons, dr (k) = Y dTr' @ (k),
depends on the angles 6+ between the vectors (n,{,my|x4|n,
¢’, m;) and the incident vector k,

df(k)n/,ﬁ’,mé.a’—)n,@,mg,o N M0C3€2
d’k T 8mlh
sin? 6_ + sin” 6.
X —_—

2

kSsor |(n, €, m|x|n €', mi}) |

S(wn ez 00 — ck).  (18.95)
The total absorption rate between the specified states follows as

2
MHo€™ 3
3he b

2, (18.96)

Lm0’ —>ntmes =

800/

(n, €, mg|x|n’, £, my)

and the total absorption rate per atom for photons of angular frequency wy, ¢, ¢ 18

1 4 l
Fn’,Z/—m,l = 20+ 1 Z Z Fn’,l/.mz—)n,l,mg

Al e
my=—{ mg=—L{

2
Hoé
2mwmc

Oy o i 07 (18.97)

This differs from the corresponding spontaneous emission rate (18.91) for photons
of angular frequency w, ¢ ¢ only through the different averaging factors for the
respective initial states,

~ 20+ 1
Fn’,[’—m,[ =
20 + 1

Fn,(—m’.[“ (1898)
The number of absorption events will be proportional to the flux of incoming
photons, and therefore another observable of interest is the absorption rate per flux
of incoming photons, i.e. the absorption cross section.
The photon flux or current density of monochromatic photons of momentum #k
can be calculated by dividing their energy current density S(k) by their energy #ick.
Equations (18.22, 18.23, 18.35) and (18.83) yield

Sky ExB ¢ ¢
hek — pohck  (2m)3

(18.99)
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This is actually a photon flux dj(k)/dk per k space volume due to the use of the
photon wave functions in the continuum limit*.
Equations (18.94) and (18.99) yield the polarized photon absorption cross section

[ (a) !/ pr 7
G(O‘)(k) o _ dI'' (k) ¢ L
n’ L ,m€—>n,f.m4 d](k)
2
= T (. Lol ) Xl € ) (@i = k)

(n, €, meleq (k) -xX|n', €', 1)) |* 8(@n g 0 — ck),  (18.100)

= A 0w e 0

where we encounter again Sommerfeld’s fine structure constant a=pgce’/
47h (7.61) (not to be confused with the polarization index, of course).

To average (18.100) over the angles of the incident photons, we can use the
same methods that we applied for the calculation of the total polarized emission
rate (18.87), except for an extra factor of (47r)~! from the averaging over directions.
This yields an isotropic cross section for polarized photons

4772 2
O—(a)(k)n’,f’,mz—nué,mg ~ Tawn_g;n/_é/ |<I’l, £, mdxln/’ E/, m%)’
X8(Wn o, 02 — k), (18.101)
and a total isotropic cross section
87‘[2 2
a(k)n/.l’,mé—nz.ﬁ,mg ~ T(Xwn,(;n/l/ | (l’l, @, m(|X|n/’ K/’ m2)|
X(S(a)y,,g;n/,e/ — Ck). (18.102)

The average absorption cross section per atom for photons of angular frequency
Wy e ¢ follows then again through averaging over initial states and summation over
final states,

4 14
1
U(k)n’.i’—m,[ = 20 + 1 Z Z O—(k)n’.ﬁ’.mzen,l,m,g

i [
my=—t' mg=—L

47%h

aﬂ.@\n’.@’g(a)n,i;n’,i’ - Ck) (18 103)

We get a more realistic representation for absorption cross sections if we take
into account the representation (2.10) of the § function,

“4The result in box normalization is j(k) = (c/ V)I:’,.
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1 o0
S(wn e ¢ — ck) = lim — / dt expli(wn e o0 — ck)t — y|t|]
27 Jooo '

1
= lim ~ 4

. 18.104
y=0 T (@00 00 — ck)? + 2 ( )

Keeping a finite value of y yields a Lorentzian absorption line shape of half
width 2y,

14

. 18.105
(a)n.f;n’.f’ - Ck)2 + y2 ( )

T
O-(k)n’,i/—ml = Tafn.(\n’,(’

A finite width of line shapes arises from many sources. A certainly not exhaustive
list of mechanisms includes adiabatic switching of perturbations, lifetime broaden-
ing, pressure broadening, Doppler broadening, and broadening through chemical
shifts.

We have found I' o 4,7 both for photon emission and absorption, i.e. no
spin-flips in either process. The same holds in arbitrary order with the Hamilto-
nian (18.74), since there are no spin flipping terms there. How then can a magnetic
field flip spins even for non-relativistic electrons? There is actually a term missing
in the Hamiltonian (18.74), the Pauli term:

Hy =~ f Px Y 0800+ (VX AW 0). (18.106)

This term induces spin flips through two of the three components of the vector of
Pauli matrices S = ha /2, and it follows from the non-relativistic expansion of
the relativistic wave equation for electrons, see Section 21.5. We could neglect the
Pauli term in the present calculation because a derivative on the vector potential
yields a factor k, whereas a derivative on the wave functions amounts approximately
to a factor of order 1/ag. The Pauli term is therefore suppressed when dipole
approximation A > ag applies. E.g. for transition between bound states in
hydrogen, fick < —E; implies that Hp is suppressed relative to H; by approximately
kay < «/2, which translates into a suppression of spin-flipping transitions between
bound hydrogen states by about a?>/4 ~ 1.3 x 107>, An exception to negligibility
of spin-flipping transitions with low energy photons concerns situations where spin-
preserving electronic transitions do not exist in the same energy range. This is the
case e.g. for the 21 cm transition in hydrogen.

Photon absorption into continuous states

The spin labels are omitted in the following discussion because H; does not induce
spin flips.
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If we have photon absorption due to transition into continuous states, e.g. from
[n', £, m;) to |E, £, mg), we have to take into account the proper measure for the
continuous states from the completeness relation. E.g. for hydrogen states we
have (7.75)

[ 4 ) 00
>N (Z |n,€,m4)(n,€,m4|+/ dKK2|K,£,mg)(K,€,mg|)

=0 me=—L \n=0+1 0
0o l fele)

=22 (Z ln’ﬂ,me><n,£,m«|+[dEe(E) |E,e,me><E,e,me|)
=0 my=—L \n={(+1

=1,

and if we directly use the Coulomb wave states for the continuous energy eigenstates
without rescaling, |E, £, my) = |K,{,my), we have in the continuous part of the
spectrum

dK 1
o(E) = @(E)sz—E = @(E)ﬁx/zm%z.

The first order scattering matrix element with the interaction Hamiltonian H; then
yields a differential absorption rate for polarized photons

2
dl"(“) (k)n’,l’,mzﬁE,(.mg SE.E,mgln/.f/.mz;k,a
LkdE =o(®) T
e*ck Lo 2
':Q(E)gﬁ26 (E. €. my|eq(k)-x|n', £ ,m})|” 8(E — E,v ¢ — hick), (18.107)
0

and integration over the energy E of the ionized state yields

dF(a)(k)n',Z'.mgeE,é,mk _ e
d*k T 8mle

ko)

X |(E, €, mg|eq (k) -x|n', €, m| 2] '
|< £| Ot( ) | ()| E=E,s ¢ +hck

The photons appear in the initial state and are therefore taken into account by
dividing out their current density from the transition rate, thus yielding an absorption
cross section, see the general discussion for initial continuous states in Sections 13.5
and 13.6.

However, for photon absorption due to transition from a discrete into a contin-
uous atomic or electronic state we can also calculate a spectral absorption cross
section do‘®) (k) /dE, since E, = hck = E — E,y ¢ implies dE, = dE. This allows
us to define a spectral absorption cross section for polarized photons according to



414 18 Quantization of the Maxwell Field: Photons

do © (k)n’.f’,m2 —>E L my dr’ @ (k)n’.(f’,m} —E . my

dE, N dEdj(k)

2
~ 0(E) =k |(E, £, mole (o) - x|, €, m})|” 8(E — Ey ¢ — hek),(18.108)
€0

where (18.99) was used. In practical applications of (18.108) the energy preserving
4 function could again be replaced by a Lorentzian line shape as in (18.104).

The absorption cross section for polarized photons with momentum 7%k follows
from ¢@ (k) = dT'@ (k)/dj(k) = (87°/c)dT® (k)/d’k or from (18.108) as

71'62
TNt 01 gy ;k[g(E)

x (E, £, myleq (k) -x|n', £/, m)| 2] ’
Kt meleq (k) - x|n' €' m})| E=E, g +hck

and averaging over the directions like in (18.101) yields

U(a) (k)n’,(/,mz —Elmg = 50 (k)n/,i/.mzﬁE,l,m(

12

2
e 2
—k[ E)|(E, ¢, ', ] .
3¢ e )|< x| m€)| E=E,; yr+hck

18.8 Stimulated emission of photons

Here we use box normalization in a volume V = L*,i.e. k = 27n/L.
If we have already ny , photons of momentum %k and polarization €, (k) in the
initial state,

(ag (k)™

vV .o}

the basic oscillator relation (n + 1|a™|n) = «/n + 1 yields for the leading order
scattering matrix elements the relation

I, €, me, 0 i) = / Pyt (o) 10) el £, me),

Sn’,l’,mz,a/;nk_a-i-l|n.€.m[.o;nkﬂ = Vlka T+ 1Sn’.[/.m2.o’;k,aln,l,mg,a7

i.e. the emission rate scales with the number of photons of momentum #k, energy
hck = hawy g, - and fixed polarization like

re = (o + DT

nyng o —>n' L ng o +1 n;0—>n’ 051
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_ Ni o + 1 ¢ ( )
DY +1 Z Z noz,mg—m’j’,mz

my=—t mé——
Moez 2
= (Mko + 1)%0&,,@;”5@/ lfn’.é’ln,l| .

The total polarized emission rate in the presence of the ny o, photons therefore differs
— 1@
=T

from the “spontaneous” emission rate I‘n :0—n’ 1] sl 4 = Thomw.er /2 (cf.
equation (18.91)) by an additional “stimulated” emission rate

&2
r(zsiarzka%n’ Cingat+1 — T, ol y(l e) 0—n' 0731 — Thea %wil;n’.f’ Vn’.é’ln.z |
which is proportional to the number of photons which are already present in the
system. This is sometimes metaphorically explained as a consequence of one of the
original photons stimulating the emission by shaking the excited state. However, in
the end it is nothing but a combinatorial quantum effect of indistinguishable photon
operators.
On the other hand, we find for the absorption of a photon in the initial state

(a5 (k))”" “

vV Mk, o!

I €m0 ) = [ Py o) G oy et e ),

from (n — 1]a|ln) = /n the relation

Sn.Z.mg,J;nk,a—]In’,l’,mz.a’;nku = \/nk,olSn,K,mg,oln/,i/,mz,a’;k.a

*
Y nk*"‘Sn’.(’,mé o kalnt im0

Therefore the polarized absorption rate in the presence of ny, photons of
momentum #k and polarization €, (k) is

(@) (@)
F n g g—>nlingg—1 nkv"‘rn/,é’;l%n.(;()

2
L @ _ Hoe™ 5 y
T+ 1 2 : 2 : W my—nlmg M. 4nmcw".f;"’,f’ nlln’ -

= mp=—t

This equals corresponding stimulated and total emission rates up to the different
averaging factors for the different initial states which enter into the averaged and
summed transition matrix elements,

F(a) _ 20 + 1 (@)
n g g —>nlingg—1 20 + 1 nlinkoq—1—=>n" 4 ing o
20+ 1 (s.)

20 11 mlima Ui+ 1
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Note that it does not matter that we used the single photon absorption rate and
current density in the calculation (18.100) of the polarized photon absorption cross
section without explicitly taking into account the number 7y, of available photons.
The common factor rny , cancels in the ratio

ar'

W g =L mesng g —1
AI (k)

(@)

87‘[3 drn/.i’,mz sk g —>n, mysng g —1

Nk o C d’*k

) —
O( (k)n/,l’,mz —nlmg —

18.9 Photon scattering

For the following calculations we switch back to a generic notation |n, ¢) for atomic
or molecular states, where the energy levels E, depend on the index set n and the
index set ¢ enumerates the degenerate states.

Scattering concerns transitions which involve a photon both in the initial and
in the final state: |n, ¢k, o) — |n',’;k,o’). Here we consider scattering of
photons by bound non-relativistic systems, i.e. the initial state |n, {) and the final
state |n, {’) of the scattering system are discrete, and we use minimal coupling
of the photon to effective single particle models for relative motion in the bound
system. We have seen in Section 18.4 that photon coupling to the relative motion
in materials effectively amounts to photon-electron coupling, and therefore we use
photon scattering off bound electrons as the relevant paradigm for the following
discussion.

To have a non-vanishing matrix element between different 1-photon states in
lowest order requires two copies of the photon operator A — one to annihilate
the initial photon and one to create the final photon. The relevant interaction
Hamiltonian for photon interactions with non-relativistic electrons is

3 eh + v e 4 eh |
Hu= [ (i5a- (W5 )+ 5wty + oyt By
2m 2m 2m
= H; + Hy + Hj, (18.109)

where Hp is the Pauli term (18.106). Summations over spinor indices are tacitly
understood. We have already substituted ¢ = —e, because we have seen in
Section 18.4 that the coupling of long wavelength photons to bound systems
involving electrons can effectively be considered as coupling of the photons to a
charge —e if the charge binding the electron is go = e or if the mass m; of the
binding charge is much larger than the electron mass, m, >> m,. The reduced mass
m in the Hamiltonian (18.109) is usually also m ~ m, in excellent approximation®.

3 An exception is positronium with m = m, /2.
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We can get two copies of A from H?, H;Hp, HgH; and le; in second order
perturbation theory, and from Hj; in first order perturbation theory. Among these
terms, only those involving the Pauli term can induce spin flips. However, we
will focus on photon energies in the soft X-ray regime, £, < 1keV. Due to the
suppression of the Pauli term by about ap/A the allowed transition matrix elements
of Hj in the soft X-ray regime are typically at least an order of magnitude larger than
the allowed matrix elements of Hp, see the discussion after (18.106). This implies
that spin preserving scattering probabilities |S;|* of order H} will generically be at
least two orders of magnitude larger than spin preserving scattering of order H7 Hy
or spin reversing scattering of order (H;Hg)>.

Therefore we neglect Hy in the following calculations. The relevant scattering
matrix elements in order O(e?) are then

Sw ok ek = (0. 0K o' |Up(co, —00)|n, §:k, a) |2

= (n',é’:k’,a’ITexp(—%/

—00

]

dtHD(t)) |n, &k, )|,

— g0

n &k o \nCk,o

+ S(U)

n' &k o n Gk

with contributions from HIZ,

(N _ 1 o0 ! ’ . ’ . N
S”,.;/;k/’a,‘”’{;k,a =—n [_Oodt/_oodt exp[l(wn/—{-ck )t] exp[—l(a)n—}—ck)t]

(i, ¢ K o |H, exp(—%Ho(t - z’)) Hiln, ¢k, a),

and from Hy;,

(17 o0 dt . AT
S = | o epliy, + o] (0 5K o | Hln. § k).
—00

n &k o |n.g k.o

The first order term SY) is the easier one to evaluate. Insertion of the mode
expansion (18.21) for the photon field yields

2
(I . MHoce ’
Sn’.g/;k’,a/\n.;;k,a = méa’ (k') - € (k)S(wp n + wp )

x / &’x explilk — k') -x] W, (X)W, ¢ (x)

_ oce?
8m2im/kk'

X / LqVf (g +k—K)¥,(9).

€y’ (k/) ‘€ (k)(g(a)n’,n + a)k’,k)
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This leaves in dipole approximation exp[i(k —k) -x] =~ | the amplitude

2
0/)) _ Moe
Sn’.§’;k’.a’|n.§;k,a = mﬂx/ (k,) c €y (k)g(k/ — k)(gn/n(g;/g, (181 10)

i.e. only elastic photon scattering, but no Raman scattering from Hy;.
The term SO splits into amplitudes with zero or two photons in virtual interme-
diate states,

— g0 4 502

' K o nha ' K o Gkt

()
Sn’.@;k’,a’ln.{;k,a

We omit the indices in the amplitudes S and S®-? in the following calculations.
The amplitude with no photons in the virtual intermediate state is

2 oo t
UL —— dt | dt’ expli(@y + k)] expli(wyr, — k)]
ey v : ,
n " J—oo —00
<>
[ sk A (v § v ) o

< [ o (vf*(x) v xp(x)) In.t:k.a).

The notation Z;,, ¢ takes into account that the intermediate states can also be
part of the energy continuum of the scattering system.

We have already evaluated the time integrals in second order perturbation terms
in (13.43),

o0 t
/ dt / dr exp[i(wn/.nu + ck’ )t] exp[i(wn//ﬂ —ck)t + et ]
—00 —00

i(g(wn’,n + C()k/,k)

= -2 T -
Wy — ck — i€

Evaluation of the matrix elements of the field operators then yields again in
dipole approximation exp(—ik’-x") ~ 1, exp(ik - x) ~ 1 the result

hoce? 1
S(I)-O = 4 Wy n + Wy I _
i i T b 11 O — Ck — i€

X / Px e (k) - (qf,j,y ) V Uy o1 (x’))
X /dsx €q(k)- (\IJ:;,K,,(x) v \I!n.;(x)) ) (18.111)

We can transform this from velocity into length form using the by now standard
trick 2p = im[Hy, x] to find
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ce s ,//60 v
S(I).O Ho S(Ct)n Wt oy k) I WO

87‘[ ih A/ kk' R W' n — Ck
x(n', ¢leor (k') - x|n", $")(n", {" o (k) - x|, ). (18.112)

For the amplitude with two photons in the intermediate state we have to take into
account that for two-photon states

1
5/d3"//dsk%|K'75'¢K»ﬁ)(lf’,ﬂ’:x,ﬁl = L.

This yields

2 o0 t
n2 _ ¢ 3.0 | 3 /
S0 = fd K /d ch/‘n//g//%/;oodt/_oodt
x expli(@y pr+ck'—ck — ck’)t] exp|i(wyr y+ck+ex’ — k)t
<[ g o) -(wﬂx’)%(x/))m”, ¢ 8. B)
x [l g e A (Wx)?w(x)) In. k0.

The matrix elements of the photon operators are given by

h
(', Bk BAIk. @) = \| T25—€p() exp(—ic - x)5(c’ = k)

| hpoc
+ Tomin ,eﬂ/(lc)exp( i’ -x)8(k — k)Spa

and a corresponding conjugate expression. This yields in dipole approximation

/d3lc’ /d3K Zexp[ic(/c + k) (7 —1)]
BB

x(K' o |AC) K", Bl ke, B) (i B ke, BIAGX) K, o)

h
~ %swm iy / P ; M explic(k + k)(1' —1)]
hpoc €4(k) ® €y (k) e

23 — xplic(k + k) (¢ —1)]. (18.113)

The first term in (18.113) corresponds to an electron self-energy contribution
where the external photon does not interact with the electron, but there are two
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Fig. 18.1 A process with two
photons in an intermediate
state due to emission and
re-absorption of a virtual
photon. The straight line
represents the electron and
the wavy lines represent
photons

Fig. 18.2 The left diagram
corresponds to absorption of
the initial photon before
emission of the final photon.
The diagram on the right
hand side corresponds to
emission of the final photon
before absorption of the
initial photon

photons in the intermediate state due to emission and re-absorption of a virtual
photon by the electron, see Figure 18.1.

This is an effect which leads to a renormalization of the electron mass in quantum
field theory, but does not contribute to photon scattering.

The second term yields an expression for S?-> which looks almost exactly like
S(M-0(18.111), except that the polarization vectors are swapped €,/ (k') < €4(k),
and w,, — ck — ie is replaced by w,r, + ck’ — i€ in the denominator. After
transformation into the length form, S®-* and S¥)-2 yield the following expression,

2
) _ _ Moce
Sl1/~§/;k/,d/|n,{;k,ol - 87T21h \/Wg(a)n’,n + wk/’k) i {” a)n,.nﬁwn”’n

N ((n/’ é-/lea, (k/) . Xln//, é-//) (n//7 é-//lea(k) . X|n, é-)

Wy — ck — i€

UL §'lea (k) -x|n". 8")(n". " |€o (k') - X|n, Z))'

Wy + k! — i€

The first term corresponds to absorption of the initial photon before emission
of the final photon, whereas the second term corresponds to emission of the final
photon before absorption of the initial photon, see Figure 18.2.

The total scattering matrix element in order e? is

S _ poce?
Lk o |n ko Sﬂzim

> ((n/,é/lea/(k’)-Xln”,Z”)(n”,Z”Iea(k)-xln,é)
% N n" .n

1
g(a)n/,n + a)k/,k) |:Z8n/n8§/§€o/ (k/) ‘€ (k)

hwyr , — hek — i€
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L Eleath) I ") (", 8 ew (K') -xIn. §)
by, + hek! — i€ )

We separate the energy conserving § function for the calculation of the scattering
Cross section,

Sn’,{’;k/,a’|n,§;k.a = _iMn’,{";k’,o/|n,§';k,a8(a)n/,ﬂ + a)k/'k). (181 14)

The differential scattering rate per k space volume of incident photons is then

2
drn,{;k.a—m’,{’;k/,a/ _d3k,|Sn/.§’;k/,a/|n,§;k.a|
d’*k T
&K 2
= S IMvew wniial 3w+ on s,

and the differential scattering cross section for polarized photons is with the incident
photon current density per k space volume dj/d*k = ck/(2n)? (18.99),

dF .{';k. > ’,{";k’, ’
do‘n.{';k,a—m’,{’;k’.a’ - %

472 2
—— [ My gl 8@+ 00 )d W (18.115)

This yields after integration over k’

2
dan.é’;k,a%n’,f/;k',a/ _ 4 ” 2
s = K My ke

. 18.11
dQ c? K =k—(w,7 ,/c) (18.116)

Substitution of our results for the scattering matrix element yields the result

do (e’ Ty
aQ ( 4 ) k
y ((I’l/, ;,|€a/(k/) ~X|n/,, é-//)(n//’ é-//|€a(k) 'X|I’l, é-)

haw,r , — hck — i€

1
_8n’n8§/§€a’(k/) c €y (k) + I Wy! w’ Wy
m L

2
+ (n',¢'|ea (k) -x|n", §")(n", {" € (k') - x|, {)
hwy , + hek’ — ie

K =k—(w,/ ,,/c)

n’.n

(18.117)

If there are non-vanishing transition matrix elements (n’,{’|e, (k') -x|n”, ")
and (n”,¢"|ey (k) -x|n, ¢) with the properties w,”, >~ ck and wy ,» >~ —ck/,
or if there are any non-vanishing matrix elements (n’,’|e, (k) -x|n”, ") and
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(n",¢" € (k') -x|n, £) with the properties w,”, ~ —ck’ and w, ,» =~ ck, then the
differential scattering cross section will be dominated by the resonantly enhanced
contributions from those matrix elements, and we will have w,/ ,» @y, >~ —c2kk!
for the dominant terms. In these cases we can approximate our result (18.117) by
the equation

o
— ~ &?Pkk?

I ((n/,E/Iea/(k/)-Xln”,E”)(ﬂ”@”lea(k)-Xln,é)
é‘//

Wy y — ck — i€

+ (n/,E’Iea(k)-Xln“,E”)(n”,é“léaf(k/)-Xln,z)) 2

Wy + ck! — i€

=k—(w,y ,/c)

n’.n

(18.118)

This is an equation for photon scattering which was proposed already in 1924
by Kramers and Heisenberg based on the correspondence principle®. However, note
that this is only a suitable approximation to the actual cross section (18.117) if the
near resonance conditions w,, >~ ck and w, v ~ —ck’, or w,r, >~ —ck’ and
wy v = ck, can be fulfilled, and if there are allowed dipole transitions into the
intermediate nearly resonant levels.

Thomson cross section

The contribution from the first term in (18.117) coincides with the classical
Thomson cross section for elastic scattering of light which we will encounter again
in Section 22.3 when we discuss photon scattering off free electrons. The first term
yields for scattering of polarized photons

do T

2\ 2 2\ 2
Hoe / 2 Hoe 2
— = — (k') - k = — ’
dQ2 |,y (4nm) (e () - €0 (k) (47tm) €05 flar

The resulting cross section for unpolarized light involves a sum over final
polarizations and an average over initial polarizations,

1
. Z cwr k) - €al) ® €q (k) - €0 (k')

:—Zea/(k’ ( ke k)-ea,(k’)

_ %u[( k®k) ( i{®i{)] - ﬁ (18.119)

SH.A. Kramers, W. Heisenberg, Z. Phys. 31, 681 (1925).
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where k -k = cos 0, i.e. 0 is the scattering angle. This yields’

— = , 18.120
dQ 2 ( )

dnm

dor (Moez)z 1+ cos? 8

and

87 ((Hoe?)’ (18.121)
or = — . .
T 3 \4mm

The first term in equation (18.117) would hypothetically dominate the cross
section do/d2 if the photon energy is much larger than all the excitation energies
of dipole allowed transitions, i.e. if ck > |wy,| for all (n”,¢"|x|n,¢) # O.
However, there will always be allowed transitions into intermediate continuum
states. Therefore the condition ck > |w, ,| for all dipole allowed transitions will
not be fulfilled and the first term in (18.117) will never dominate light scattering by
atoms or molecules®. However, the Thomson cross section plays an important role
in the scattering of light by free electrons, which will be discussed in Section 22.3.

Rayleigh scattering

Molecules in a gas or a liquid have many dense lying rotational and vibrational
levels, and the condition of dipole allowed resonant excitation of intermediate levels
will practically always be fulfilled. The Kramers-Heisenberg formula (18.118) will
therefore always be an excellent approximation to (18.117) for molecules in a fluid
phase. In particular, the cross section for elastic photon scattering |g;k, o) —
|g; k', ) from a ground state |g) or a state |g) near the ground state will be

2
) (lear (k') - x|, §) (n. Llea (k) - x]g)

Wp,g — ck — i€

d
d;g ~ (ack?)?

(18.122)

n,8.wyg=ck

A formula for resonance fluorescence which is equivalent to (18.122) was given
for the first time by Viktor Weisskopf in his Ph.D. thesis’.

"The combination r, = poe*/4rm = 2.82fm is also denoted as the classical radius of the
electron.

8A loophole in this argument concerns the remote possibility that all the matrix elements
(n”,¢"|x|n, ¢) with w,~, = ck are extremely small.

V. Weisskopf, Annalen Phys. 401, 23 (1931). He used a dipole operator H = —ex-A(x, t) for
atom-photon interactions throughout his calculations.
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The reasoning with only one kind of resonantly enhanced terms is correct as
long as the alternative resonance condition w,, =~ —ck cannot be fulfilled, i.e.
as long as the energy E, of the initial state |g) is less than #ck above the ground
state energy. This applies e.g. to molecules at room temperature. These molecules
will generically occupy states with energies less than 0.1 eV above their ground
state energy. Scattering of optical photons by these molecules can be described by
equation (18.122).

We can connect (18.122) to the polarizability properties of the scattering centers
by noting that the dynamical polarizability tensor (15.26) for w,,, >~ w = ck has
exactly the same form as the tensor multiplying the polarization vectors in (18.122).
Therefore we can rewrite this equation also in the form

dO'R
dQ

_ (i‘_;)zw4 (ea,(k/).g(g) -ea(k))z, (18.123)

a—a’

where it is understood that the sum over intermediate levels in (15.26) is dominated
by terms which are almost resonant with the frequency w of the elastically scattered
photons.

Directional averaging over the orientation of the molecules will lead to an
isotropic effective polarization tensor,

o (K) -0 - €4 (k) = q(gy€ar (K) - €4 (K),

dUR
dQ

Ho 242
= (Ea(g)) " cos” Oyy,

a—a’

and averaging and summation over the polarizations of the incoming and scattered
photons (18.119) yields the same angular dependence on the scattering angle as for
Thomson scattering (18.120),

dog o 2,1+ cos*6
4ok _ (Ho _reos Y 18.124
s <4n°‘(g>> ) ( )
and
_ 8w o 4
on =5 (Ea(g)) o, (18.125)

Equations (18.124, 18.125) are quantum mechanical versions of Lord Rayleigh’s
w* law (Rayleigh 1871, 1899; see also Jackson [19] for a derivation of Rayleigh
scattering in classical electrodynamics). It is sometimes stated (but neither in [19]
nor in Weisskopf’s thesis) that Rayleigh scattering is a small frequency approxima-
tion in the sense that iw = #ick should be small compared to the internal excitations
of the scattering system. This is not true. The quantum mechanical derivation
(as well as Jackson’s classical derivation) does not require this assumption. The
only assumption that went into our derivation above was resonantly enhanced dipole



18.10 Problems 425

scattering. Besides, energies of optical photons are not small compared to excitation
energies for nitrogen or oxygen molecules. Indeed, the assumption of resonantly
enhanced dipole scattering implies that the photon frequency w = ck should be
comparable to the transition frequencies of some dipole allowed transitions.

18.10 Problems

18.1. We consider a gauge invariant Lagrange density which contains matter fields
®(x) besides the electromagnetic fields A, (x),

1
L= Ly(P, 0,00 —i(q/h)AD, 0Dt +i(q/h)DTA) — 4—FWF”“”.
Ho

Equation (16.13) yields for the conserved charged current density from phase
invariance

5O0) = 1gp®(), IO =~ gp®* (W

after division by the irrelevant constant factor ¢ the expression

log, 0L Lo, oL

= — — _ - R

T T 80,9 6 80,97
i oL i oL

B L Loy o

7% 3@, 717 3@,00)

On the other hand, the current density that appears in Maxwell’s equations
0, F* = — poj”

is j* = 9L/0A,.. Why are those two current densities the same, ji = j*?
18.2. Prove that the vector field (18.15) satisfies V-A;(x, 1) = 0.

18.3. Show that in the gauge ® = 0 the conjugate momentum Iy, = JL/ 0A =
€0A also yields the Hamiltonian density #H through the standard Lagrangian
expression

H=T4 A—L=cA —L.
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18.4. We can solve the Coulomb equation (18.2) for the scalar potential ® also
without invoking any particular gauge. How does this generalize equations (18.9)
and (18.10)?

Show that taking the divergence of the generalization of equation (18.10) yields
a trivially fulfilled equation.

18.5a. The action (18.29) of electromagnetic fields is invariant under Lorentz
transformations
et = —§xt = —p"x,, Q" =—"t,
8AL(x) = Al (X)) —AL(x) = @AY (x).

Use a procedure similar to the derivation of the energy-momentum tensor (18.32) to
derive the densities and currents

1
Map# = — (xaTp" —xpTo") (18.126)

of the corresponding conserved charges
Myg = /d3xj\/lo,,30.

Hint: You have to add the improvement term 9, (xgAoF*" — x,AgF*”)/uo to j*
from equation (16.13) to get the gauge invariant expression (18.126) for the angular
momentum densities and currents.

18.5b. The angular momentum of the electromagnetic fields is

1
M= Ee,»e,-jijk = /d3x €ox x (E x B), (18.127)

but what is the meaning of the conserved quantities M%?
We define an energy weighted location of the electromagnetic fields,

(x) = %/d%xﬂ, (18.128)

where H is the energy density (18.33) of the electromagnetic fields. Show that the
conservation of M% implies a conservation law for “center of energy” motion for
the freely evolving electromagnetic fields,

2
x) (@) = (x)(0) + %r. (18.129)
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18.6. A helium-neon laser produces a light wave with a central wavelength of
632.8 nm and a power of 5 mW. Suppose the electric component is a sine oscillation
|E(x,1)| o sin(k-x — ckt) and is polarized in x direction. We also assume that the
frequency profile is Gaussian with a relative width Af/f = 3.16 x 107°. Which
photon state describes this light wave? How many photons does the electromagnetic
wave contain?

18.7. Show that the state

I, € me, ok, o) = / X Wy VY )T R)]0)

satisfies
Holn, £, my, 0k, a) = (Eqq + hck)|n, £, my, 0k, o),
where
K2 € .2 (VxA)?
Hy= | x| — Vyt .V, VY, + —A -— ).
0 [x<2m; v w+Xg:w0 Vot 24+

You have to use that the atomic orbital satisfies

hz
- %A\pn,l,mg (x) + V(x)an.(.m( (x) = En,(‘ljn,é,mz (x)

It is also useful to keep the x representation for the electronic part of Hy, but to use
the k representation for the photon contributions in Hy.

18.8. Calculate the emission rate for unpolarized photons from the 2p state to the
ground state of hydrogen in first order and dipole approximation.

Which estimate do you get from this for the lifetime of 2p states?

Which estimate do you get from this for the radiated power from decay of 2p
states?

18.9. Calculate the integrated photon absorption cross section,

© dk
Gissop = f — 01,0-2,1(k)
o k

due to the transition from 1s to 2p states in hydrogen.

18.10a. Show that the first order scattering matrix elements (18.78) and (18.93) for
emission and absorption can also be gotten in a semi-classical approximation from
a perturbation operator

V() = —gx-E(x, 1) (18.130)
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with E(x, r) corresponding to a single photon electric field

. T
EP (.0 = —AS (e.1) = —iy/ 1“6003 €0 (k) exp[—i(k -x — ck)]
T

for emission, and to

o Aok
EQ@n=-A" @ =i %ea(k) explitk -x — ckf)]
T

for absorption.

18.10b. If we would use the same substitution of semi-classical perturbation
operators V(f) from (18.79) to (18.130) for the calculation of scattering in dipole
approximation exp(zik-x) ~ 1, we would find the Kramers-Heisenberg for-
mula (18.118) from (18.130), while (18.79) yields the correct result (18.117). Why
does the substitution (18.79) — (18.130) not work beyond first order perturbation
theory, except in the case of resonances?

Hint: The justification for the transition from the velocity form to the length form
of matrix elements is based on

p_ 1 P, _ . .
== —[H,x] = (f[=i) = iws(f[x]i).

m h m

18.11. Show that the transition rate (18.85) can formally be derived by incorrectly
assuming a Golden Rule for transition between the discrete states |n, £, my) —

|n',¢,m;) in a semi-classical approximation (18.130) for the monochromatic
perturbation V(7), if we use the density of final states

0(E)dE = &’k = dQUk*dk = dQUE*dE/ (hc)?. (18.131)

This works because (18.131) is the density of continuous final states of the emitted
photon in the infinite volume limit, but we would have missed that important piece
of information if we would just have naively insisted on using the Golden Rule
for calculating the transition rate between states |n,£,m¢) — |n',€',m)) due to
the monochromatic perturbation V(¢). Instead, we would have tried to make sense
of the energy preserving § function by invoking a final electron density of states
o(E,), e.g. by using some finite energy width of the final electron state. Any such
guess would certainly not have produced the correct factor E?, and we would also
have missed the factor d$2 because the final electron state |n’, £', m) uses angular
momentum quantum numbers instead of angles.
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18.12. Ultraviolet photons with an energy E, = 10.15eV are nearly resonant with
the n = 1 — n” = 2 transition in hydrogen. Use both the result (18.117) and the
Kramers-Heisenberg formula (18.118) to estimate the differential scattering cross
section for a photon scattering angle of /2 if the incident photons are polarized in
z direction and move in x direction. Assume that the scattered photons move in y
direction with polarization e, cos @ + e, sin .

18.13. Express the photon absorption cross sections from Section 18.7 using the
velocity form (instead of the length form) for the matrix elements.
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