Chapter 8
Geometry of Curves in R?

Summary We apply the Frenet—Serret equations to study the geometric significance
of torsion, to analyse curves in spheres and to characterise generalised helices.

We first provide a geometrical interpretation of zero torsion.

Proposition 8.1 If I' is a directed curve in R® with positive curvature at all points
then the following are equivalent

(a) I is a plane curve.
(b) the functiont — B(t) is constant.
(c) t(t) =0forallt.

Proof Since «(t) > 0, N(¢) is defined. By the Frenet-Serret equations B'(t) =
—1(t)N(t) and since |N(t)|| = 1 we have:

B(t) is independent of t <= B'(t) =0 < 1(¢) = 0.

Hence (b) and (c) are equivalent. Now suppose I" is a plane curve, i.e. there
exists a plane in R which contains I". Then there exists a unit vector A in R and
a real number ¢ such that I" C {X € R3 : X - A = ¢}. Let P denote a unit speed
parametrization of I" with domain [a, b]. For all ¢t € [a, b], P(t) - A = c¢. We have

d
(PO A)=T@0)-A=0

and
2

d—P(r) CA=T'(t)-A=k()N()-A=0.
dr?

Hence A is perpendicular to both 7'(¢) and N (¢) and B(¢) = £A for all t. Suppose
B(t1) = A and B(t;) = —A. The mapping g : t —> B(t) - A is a continuous real-
valued function on [a, b], g(t) = *1 for all 7, g(¢;) = 1 and g(t2) = —1. This
is impossible, since it would imply, by the Intermediate Value Theorem, that there
exists #p € (a, b) such that g(zp) = 0. Hence g(r) = +1 for all ¢ or g(¢r) = —1 for
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all ¢ and this implies B(t) = A for all r or B(t) = —A for all ¢. In either case B is a
constant function and (a) = (b).

Now suppose (b) holds. Let P denote a unit speed parametrization of I with
domain [a, b]. If ty € (a, b), Xo = P(typ) and B(¢t) = B for all ¢, then

d
—(P(t) = Xo, B) = (P'(1), B(t)) + (P(t) — X, 0)

dt
=(T(@), B(t))+0
=0 (since T(t) L B(1)).

Hence there exists a constant ¢ such that
(P(t) — Xo,B) =c

and P lies in the plane through X perpendicular to B. This shows that (b) = (a)
and completes the proof. O

Proposition 8.1 gives a precise geometric interpretation of zero forsion. To inter-
pret non-zero torsion we look at an expansion of the parametrization P about a fixed
point relative to the basis {7 (#9), N (ty), B(tp)}. For convenience we may suppose
to = 0.

In Chap.7 we obtained, using orthogonality, the Taylor series expansion and the
Frenet—Serret equations, the following three expansions of P (z):

P(t) = (P(1), T(0))T(0) + (P(t), N(0))N(0) + (P(2), B(0))B(O)  (8.1)

2
— P(0) + P'(O) + P”(())% + g2 (8.2)

k()N () ,
2

= P(0) + T (0)r + 2 + g(0)? (8.3)

where g(f) — 0inR3 ast — 0. From (8.3) we can identify the main influence—the

first non-constant term in the Taylor series expansion—on the shape of the curve in

the 7(0) and N (0) directions. Comparing (8.1-8.3) we see also that the first possi-
3

d
ble non-zero term in the B(0) direction will be F(P(t), B(0)) o By repeated
=

differentiation and use of the Frenet-Serret equation for 7’ we obtain

(P'(t), B(0)) = (T (1), B(0))
(P"(1), B(0)) = (T"(1), B(0)) = (k(t)N (1), B(0))

and, using the Frenet-Serret equation for N’,

(P"(1), B(0)) = (k" (t)N (1) + k (t)N'(t), B(0))
= (k' (ON () + 1 (1) (= ()T (1) + T(1) B(1)), B(0)).
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Letting t = 0 we get

(P"(0), B(0)) = k'(0)(N(0), B(0)) — *(0)(T'(0), B(0))
+ «(0)7(0)(B(0), B(0))
= ©(0)7(0)

since {T', N, B} are mutually perpendicular unit vectors. This gives us the approxi-

mation
2 3

Q@) = P@O)+TO) + K(O)N(O)% + K(O)r(O)B(O)%

called the Frenet approximation to the curve I" at 0. The Frenet approximation is
clearly a refinement of (8.3) which takes account of torsion. The function r — Q(¢)
defines a parametrized curve which has the same Frenet—Serret apparatus as the
original curve at P(0). From the Frenet approximation we see the influence of non-
zero torsion on the shape of the curve. Torsion controls the motion of the curve
orthogonal to the osculating plane. If T(0) > 0 then the curve twists towards the
side of the osculating plane which contains B(0) and the greater t(0) the more
dramatic the twist. If 7(0) < O the curve twists towards — B(0).

An everyday example of non-zero torsion is given by the curve on the edge of a
screw. In tightening a screw one usually uses the right-hand and follows the right-
hand rule while in loosening a screw one follows the left-hand rule. If you have
any doubts about the difference change hands. This also illustrates the two different
orientations of R3.

Example 8.2 In this example we study a directed curve I" which lies in a sphere
with centre ¢ and radius r. Let P denote a unit speed parametrization of I". Our
hypothesis states that

IP(t) —cl|* = (P(t) — ¢, P(t) — ¢) = r*.

Consider the expansion of P(f) — c relative to the orthonormal basis {7T'(¢),
N(t), B(t)},i.e.

P(t)—c=(P@)—c, TO))T @)+ (P(1) —c, N1))N (1)
+ (P(t) —c, B(1))B(t). (8.4)

Differentiating we get

%(P(t) —¢,P(t)—c)=0=2(P(t) —c, P'(t)).

Since P is unit speed, P’(¢) = T (¢), and we may restate this as follows:

(P(t) — ¢, T(t)) = 0. (8.5)
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Differentiating again and using the Frenet-Serret equation for T’ gives us

d
0= (PO —c. T®) =(T®),TO)+(PE) —c, T'(1))
=14k(@)(P(t) —c, N@)).

Hence k (¢) # O for all t, N(¢) is defined and

(P(t) —c,N(1)) = — (8.6)

k()

Differentiating (8.6) and applying the Frenet-Serret equation for N’ we obtain

LY _d, N
—(m) _Z< @) —c, N@®))

= (T (1), N(t)) + (P(t) — ¢, N'(1))
= (P(t) —c, —k®)T(t) + t(t)B(t)) (since N L T)
=1(t)(P(t) —c, B(t)) (by (8.5)).

If 7 (t9) # O for some 7 then, by continuity, 7(¢) # 0 for all ¢ near 7y and

1 1Y
(P(t) —c, B(t)) = —m (m) . (8.7)

Substituting (8.5-8.7) into (8.4) we get

1 1 1y
o= =z50 = 5 () 20

and we have found P (¢) in terms of the Frenet—Serret apparatus of I". By Pythagoras’

theorem 5
1 1y 1
(@) )

Hence we have recovered the radius of the sphere from the curvature and torsion
when we know that the curve lies in a sphere. In particular, we see that r2>1 / K(l‘)z,
or k(¢t) > 1/r, which we may loosely rephrase as saying that a curve in a sphere is
at least as curved as the sphere in which it lies.

If (r) = Oforall in an open interval I then the above implies that « (7) is constant
on /. Since a plane circle has constant curvature, Proposition 8.1 and Example 8.5
imply that the part of I" parametrized by restricting P to [ is part of a circle contained
in a plane in R,

=Pt —cl*=

Example 8.3 The helix in Example 7.2 satisfies (T}, (0, 0, 1)) = hw for all p where
T), is the unit tangent at the point p. We generalise this by defining a generalised
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helix in R3, as a curve I of positive curvature (at all points) for which there exists a
unit vector u in R3 such that

(Tp,u) = c (constant)

for all p € I'. Let P denote a unit speed parametrization of the generalised helix
I' and let {T' (t), N(t), B(t), k(t), T(t)} denote the Frenet—Serret apparatus at P ().
We prove the following characterisation:

t
I' is a generalised helix < % is constant (i.e. independent of 7).
K

Since (7T(t),u) is constant it follows, by the Cauchy—Schwarz inequality
(Example 3.4), that
KT (@), w)] < ITO - llufl <1

and (T'(t),u) = cos for some 6. If & = nm then, by the equality case in the
Cauchy—-Schwarz inequality, 7'(f) = Fu. By the Intermediate Value Theorem (see
the proof of Proposition 8.1) this implies that 7'(¢) is a constant function of . Hence
T'(t) = 0 and this contradicts our hypothesis. We thus have (T'(¢), u) = cos@ for
some 0 # nm. Again using the orthonormal basis {T'(¢), N(t), B(¢)} we have

u=wT@)Tk)+ (u, N@))N(t)+ (u, B(t))B(t).

Since (T (t),u) = cos6

d
Z«T(t)’ W) =0=(T'(),u) +(T), W) = (KON, u)

(since u is a constant, (u)’ = 0). By our hypothesis «(t) # 0 and this implies
(u, N(t)) = 0. Hence
u =cosOT (t) + sinOB(t).

A further application of the Frenet—Serret equations implies

d
0= U= cosOT'(t) + sin0B'(t)
= cosOk(t)N(t) —sinOt(t)N(t)
= (cos Ok (t) — sin Gr(t))N(t).
Since || N(¢)|| = 1 this implies cos Ok (t) = sinft(¢) and

(1) _ cosd _

= — =cotf.
k(1) sin 6
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We have shown 7(¢)/k (¢) is constant for any generalised helix. In obtaining this
result we obtained a formula for u and now use this to prove the converse. Let I
denote a directed curve with non-zero curvature in R3 such that (t) /K (t) is constant
(i.e. independent of ¢). This hypothesis implies that there exists a real number 6,
0 < 6 < m, such that cot & = t(¢)/k(¢) for all # (note that 6 does not depend on 7).
Let

u(t) =cos6 T(t) 4+ sin6 B(t).

By Pythagoras’ theorem ul?> = cos?6 + sin26 = 1 and u is a unit vector. To

d
show that u does not depend on r we prove E(u(t)) = 0. By the Frenet—Serret
equations

%(u(z)) = cosO T'(t) +sin 6 B'(¢)

= (k(t)cos® — 7(1) sin) N (1) = 0.
Hence u does not depend on ¢ and so is a constant. Moreover, since 7 L B,
(T (t),u) = (T (t),cosO T(t) +sin6 B(t)) = cosb.
This shows that I" is a generalised helix and justifies our claim.

Our analysis so far applies to unit speed parametrizations of a directed curve.
Unfortunately, many natural parametrizations of curves are not unit speed. It is thus
useful to be able to calculate the Frenet—Serret apparatus directly from an arbitrary
parametrization.

Let P: [a,b] — R3 denote an arbitrary parametrization of the directed curve
I'. We suppose P’(r) and P”(t) are both non-zero for all 7. Let s: [a, b] — [0, ]
denote the length function associated with P (see Chap. 5). Then [ is the length of
I, |P' ()] = s'(t) and Q := P os~!is a unit speed parametrization of I". Let
{T(t), N(t), B(t), k(t), t(¢)} denote the Frenet—Serret apparatus at the point P(t)
on I". We have

Qos(t)=Pos 'os(t) = P().

Hence

< (06@)) = ¢6w)s' @ = P = 1P IT0)

and
P'(1)

! :T — .
0'(s) =TO = 15

(8.8)
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Differentiating again

2

d d i /
(e6m) =2 (2w)-so)
= 0"(s()(s' ") + Q' (s))s" (1) = P"(t).

Since Q has unit speed the Frenet—Serret equations imply

Q" (s(1)) = k(N ()

and )
P"(t) = (s'(®)) k(OON (@) +5"(OT (1).

Hence
P'(t) x P"'(t) = s' ()T (t) x (s/(t)zlc(t)N(t) + s”(t)T(t))
= 5" (1) k(1) B(1)
since T x N =Band T x T = 0. Since |B(t)| = 1 and s'(t) = ||P'(2)] this

implies
IP'(t) x P" (1)

k(1) = (8.9)
P03
and P/ P//
t t
Bty = L DX P (8.10)
1P'(t) x P"(0)l
The simplest way to obtain N is to use the formula
N=BxT. (8.11)

The Frenet-Serret equation for N’ implies

Q" (s() = WN) (1) = k" ()N (1) + k()N (1)
=K' (ON@®) + k() (—k(OT (@) + (1) B(1))

and hence

(Q"(s(0), B(1)) = k() (0).
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On the other hand

3

d
F(Q(s(t))) = P"(1)

= Q" (s()s"(1)> +3Q"(s())s'()s" (1) + Q' (s()s"" (1)
= 0" (s))s' @) + 3k (0)s' )" ON 1) + 5" (T (1)

By orthogonality

P'(t) x P"(t)

P/// ,
(P 1P x P7(0)]

) = (P"' (1), B(t)) = 5'(1)*(Q" (s(1)), B(1))
= |P' (1) Pk ()T (1)
Finally

(P, PPy x P'@) (P, P'(t) x P"(1))
T(t) = / 1 ’ 3 - ’ " 2 . (8.12)
[P(2) x P (@) - | P"()]]°k (2) |P(z) x P" (1)l

Equations (8.8-8.12) are the Frenet—Serret apparatus at P(¢) for I" in terms of
the parametrization P.

Example 8.4 Calculate the Frenet—Serret apparatus of the curve parametrized by
P(t) = (t — cost,sint, t).
We first calculate the required derivatives of P; P/, P” and P”’. We have P’(t) =

(1 4+ sint, cost, 1), P”(t) = (cost, —sint,0) and P"”(t) = (—sint, —cost, 0).
Next, we obtain the cross product

i i Kk
P'(t) x P"(t) =|1+sint cost 1|=(sint,cost,—sint— 1)
cost —sint 0

and finally the norms or lengths

| P'(t)]| = (1 +2sint 4 sin? 7 + cos® 1 + 1)1/2 = (3 4+ 2sin1)!/?
1P’ (t) x P"(t)|| = (sin®¢ + cos> ¢ + sin>¢ + 2sint 4 1)!/2
= (2+2sint +sin’1)!/2.

Hence

P'(t) (1 +sint, cost, 1)

TO =101 = Gr2snn?
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P’y x P (2+2sint +sin?1)!/2

KO="Tmor T Grasnn”
P'(t) x P"(t) (sint, cost, —sint — 1)
B(t) = = - -
[P'(t) x P"(t)] (24 2sint + sin?7)!/2
(1) = (P"(t), P'(t) x P"(1))

| P'(t) x P"(1)|?
(—sint, —cost,0) - (sint,cost, —sint — 1)
2+ 2sint + sin® ¢t
B -1
"~ 24 2sint +sin?r
N(t) = B(t) x T(t)

X i j Kk
= sin ¢ cost —sint —1
V3 2sinty2 4 2sint +sin®1 || Lging coss 1

_ (2cost +sintcost, —1 —3sint — sin? 1, —cCost)
N (6 + 10sin7 4+ 7sin? 7 4 2sin3 1)1/2

Example 8.5 In Example 8.2 we showed that curvature and torsion together allowed
us to deduce properties of spherical curves. In this example we show that curvature
and torsion completely determine the shape of a curve in R3. Let I" and I'y denote two
directed curves having the same length [ in R?. We suppose that both have positive
curvature. Now transfer I'] so that its initial point coincides with the initial point of
I' and rotate it so that the tangents, normals and binormals of I" and I} coincide at
the initial point. These operations do not affect the shape of I'1. Let P: [0,]] — I
and Pp: [0,!] — I7 denote unit speed parametrizations. We now suppose that the
curvature and torsion of I" and Iy at P(¢) and P;(t) coincide for all ¢ and thus we
have the Frenet-Serret apparatus {T', N, B, «, t} and {1}, Ny, By, x, t} for I" and
I respectively. Using the dot product in R we define g: [0, /] — R by

gy =T() -Ti() + N@) - Ni(t) + B(t) - Bi(2).
By our hypothesis g(0) = 3 and by the Cauchy—Schwarz inequality (Example 3.4)
—3 < g(t) <3foralltand g(r) =3 ifand only if T'(¢+) = T1(¢), N(t) = N1(¢) and
B(t) = Bj(t). From the Frenet-Serret equations

g/ =kN-T1+«kT-N1+(—«T+tB)-N{+N-(—«T1+1tB;)—tN-Bi—1tB-N; = 0.

Hence g is a constant mapping and, since g(0) = 3, we have g(¢r) = 3 for all ¢
and the Frenet—Serret apparatus is the same for both curves. In particular

(P—P)'(t)=P@)—P(t)=T@)—Ti(t) =0
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and P(t) = P1(t) + C for all ¢. Since P(0) = P;(0) this implies P(¢) = P;(t) for
all # and one curve lies on top of the other. We conclude that I" and I} have the same
shape.

Exercises

8.1

8.2

8.3

8.4

8.5

8.6

8.7

Show that each of the directed curves in Exercise 7.5 is a generalised helix. In
each case find a unit vector u such that (7' (), u) is independent of ¢.

Let P(t) = (¢, 1 + I t),1 <t < 2, denote a parametrization of the
curve I in R3. Show that B(r) = (1/+/3, —1/+/3, 1/+/3) for all ¢ and hence
deduce that I" lies in the plane x — y 4z = —1. Find the Frenet—Serret apparatus
for I'.

If I" is parametrized by

. /4 b4
P(©) = (logcos O, logsinb, «/59), n <6< 3

show that I" has curvature sin 26/ V2 at P@©).
For the curve parametrized by P (1) = (3t2, 3t—13, 3¢ +t3), —1 <1t <1,show

that
1

N=—-1(t)= ——.
K=t =30y
Find a unit vector u such that (7'(¢), u) is independent of 7.
Find the curvature and torsion of the curve parametrized by

P(t) = (¢’ cost,e'sint, e"), t € R.

The plane through a point on a curve perpendicular to the tangent line is called
the normal plane to the curve at the point. Show that a curve lies on a sphere if
the intersection of all normal planes is non-empty. Hence show that the curve
parametrized by

P(®) = (—cos20, —2cos0,sin20), 6 € [0, 2]
lies in a sphere. Find the centre and radius of the sphere.

Show that the curve parametrized by P (t) = (at, bt%, 13), ab # 0, is a gener-
alised helix if and only if 4b* = 94?.
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