Chapter 16
Geometry of Surfaces in R?

Summary Using normal sections we define normal curvature, principal curvatures
and Gaussian curvature. Geometric interpretations and a method of calculating the
Gaussian curvature using parametrization are given.

Our geometric study of surfaces in R? is motivated by some very simple basic ques-
tions such as; what is curvature and how does one measure it? Is there any relationship
between surface area and curvature? What is the shortest distance between two points
on a surface? We start by taking an intuitive and non-rigorous look at an apparently
very special case and this leads us to mathematical concepts which are both useful
and natural. The surface we study is one with which we are already familiar and
this simple example gives us everything. We have already used all the techniques
that we require, and all the facts that we need are known to us—we just have to
look at things in a slightly different way. The surface S we consider is the graph
of the smooth function f where f(x, y) is the height above sea level. We suppose
f has a local maximum at (xo, yo) and we study S near p = (xo, yo, f(x0, yo)).
Since the point (xg, yo) is a critical point of f the tangent plane to S at p is the
plane through the point (xo, yo, f (X0, y0)) parallel to the xy-plane in R>. The unit
normals to the surface at p are £(0, 0, 1) and, for convenience, we choose (0, 0, 1)
as our unit normal n(p). The tangent plane of S at p consists of all vectors of the
form (vq, v2, 0).

If our notion of curvature is meaningful it should say something when we take
cross-sections of a surface. For instance, if we keep getting circles when we take
cross-sections we should not be surprised if the surface is a sphere and if each cross-
section is either a line or a plane we expect the surface to be a plane. We consider
cross-sections of R? through the point p which contain the unit normal at p, n(p).
Since cross-sections of R are two-dimensional this will cut the tangent plane and
we can find a unit tangent vector at p, v, such that our cross-section has the form

p+{xv+yn(p):x,ye€ Rz}.

We identify this cross-section of R with R?
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Fig. 16.1

p+xv+yn(p) € R? «— (x,y) € R2.

The intersection of this cross-section of R3 and the surface S is a curve on the surface
called a normal section of the surface at p (Fig. 16.1).

Using this correspondence we may identify the normal section of the surface with
a curve I' in R? passing through the origin. We direct I' by requiring (0, 1) to be
the unit normal at the origin and calculate its curvature using the concept of plane
curvature in Chap. 7. The curvature of I" at the origin in R? will depend on the
unit vector v and the choice of normal and we denote it by k,(v). We call k), (v)
the normal curvature of S at p in the direction v. By examining k,(v) as v ranges
over all unit tangent vectors to S at p we hope to draw conclusions on the shape
of the surface near p. For example, if k,(v) = 1/r for all v then we might expect
the surface to approximate a sphere of radius r near p. All normal sections are
paths on the surface leading to the point p (i.e. to the top of the mountain) and the
different normal curvatures distinguish between the steep and the not so steep paths.
Visualising circles of different radii going through p, with p as their highest point,
gives us an idea of the shape of the surface near p. Of course it is very laborious to
examine all these curves and to calculate all their curvatures so instead we examine
them collectively to see if any particular features of the set of all normal curvatures
captures the essence of the shape near p.

Since f has a local maximum at (xq, yo) and n(p) = (0, 0, 1) all normal circles
of curvature will lie on the same side of the tangent plane and on the opposite side
to the normal. This means that all normal curvatures will be negative. Choosing
(0,0, —1) as unit normal at p changes the signs of all normal curvatures. If we were
examining a local minimum at (xg, yp) and n(p) = (0, 0, 1) we would have found
that all normal curvatures were positive.

But changing the normal or turning the surface upside down—this is equivalent
to changing local maxima into local minima and conversely—does not affect the
shape of the surface in any way and we conclude: if all normal curvatures are strictly
positive or all are strictly negative then the shape of S near p is similar to an ellipsoid
(Fig. 16.2). These points are called elliptic points of the surface. We can extend
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this analysis to arbitrary critical points and clearly if, at a point p, normal curvature
takes both positive and negative values then the surface near p is similar in shape to a
saddle point. Such points are called hyperbolic points of the surface. Our preliminary
investigation has shown that information on the shape of the surface can be obtained
from the range of values taken by k, (v) as v varies over the set of unit tangent vectors

at p. Since the range is determined by the extremal values we letk; (p) = ”rn”axl kp(v)
vV|=

andky(p) = Hnﬁin1 kp(v) and call k1 (p) and k2 (p) the principal curvatures at p. If the
v||=

maximum or minimum occurs at a vector v we call v a principal curvature direction.

We consider the various possibilities that may arise for k1 (p) and kz (p). If k1 (p) =
ko (p) then we call p an umbilic point and if k1 (p) = ko (p) = 0 we call p a flat spot.
If p is umbilic then k,(v) = ki(p) for all v, ||v|| = 1, and if k1 (p) # O then the
surface near p is similar to a portion of a sphere of radius 1/|k;(p)|. If p is a flat spot
then all normal curvatures are zero and the surface near p is very flat and almost like
a part of a plane. At an umbilic point all directions are principal curvature directions.

We now consider non-umbilic points,i.e. k1 (p) > kz(p).Ifk2(p) > 0then forany
v, [[v] =1, we have 0 < ka(p) < kp(v) and if k1(p) < O then kp(v) < k1(p) <O
forallv, ||v|| = 1. Hence, in both cases, all normal curvatures have the same sign and
near p the surface is shaped like an ellipsoid at one of its extreme points (i.e. like the
surface (x/a)? + (y/b)? + (z/c)* = 1 at the point (0, 0, ¢) ). If ka(p) < 0 < k1 (p)
then the surface near p is shaped like a saddle point.

To summarise our conclusions more concisely we introduce Gaussian curvature.

Definition 16.1 The Gaussian curvature, K (p), at a point p on a surface S, is the
product of the principal curvatures, k1 (p)ka(p).

We have noted already that k, (v) depends on the choice of normal—changing the
normal changes the sign of k, (v)—but since two changes of sign cancel one another
it follows that K (p) does not depend on the choice of normal.

Although we have only considered critical points on the graph in our analysis we
will see shortly that our analysis applies to all points on a surface and for this reason
we state the following result in its full generality.
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Proposition 16.2 At a non-umbilic point on a surface S in R> we have:

K(p) >0 <= nearp, S is shaped like an ellipsoid,
K(p) <0 <= nearp, S is shaped like a saddle point,
K(p) =0 <= near p, S is shaped like a cylinder or cone.

At an umbilic point K (p) > 0 and

K(p) > 0 <= nearp, S is shaped like a sphere,
K(p) =0 <= nearp, Sisvery flat.

Consider again the graph of a function f near a critical point (xg, yo). We suppose
for simplicity that (xg, yo) = (0,0) and f(0,0) = 0. The tangent plane at p =
(x0, yo, f(0,0)) = (0,0, 0) is the xy-plane and consists of the points {(v{, v2, 0) :
vi,v2 € R}, and n = n(p) = (0,0, 1) is our choice of unit normal. Let v =
(v1, v2,0) be a fixed unit vector. The section of R3 determined by n and v is the
plane

{(tvi,tvy,s) : t,s € R} (16.1)

and the graph of f is the set

{Ge,y, f(x,y) 2 (x,y) € domain(f)}. (16.2)

The points which satisfy both (16.1) and (16.2) form the normal section of the surface
through p defined by v and are easily seen near p to have the form

{(tvy, tva, f(tvy,tm)), t € [—a,al} ={tv+ f(tvi,tvo)n: t € [—a,a]} (16.3)

for some positive a.
On identifying the plane in R3 spanned by v and n with R%x y) We see that the
normal section can be parameterised by

P([) = ([, f(tVl, IVZ))J € [_a9 a]9

and may be identified with the graph of the function &: [—a,a] — R, h(t) =
f(tvy, tvy). If we parametrize the graph of 7 by t — (t, h(t)) we obtain (1, 0) as
unit tangent at (0, 0) and (0, 1) as unit normal (see Chap. 7). Hence the curvature of
the graph at the origin, directed by this parametrization, is the normal curvature of
S at p in the direction v. By Example 7.1 the curvature at (¢, h(t)) is

h//(t)
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By the chain rule
B (1) = vy fe(tv1, tva) + va fy(tvi, tva)

and
R (1) = fex(tvi, vV} + 2 fey (101, 2)v1v2 + fyy (01, 1v2)V3.

On letting t = 0 we obtain
kp(V) = frx (0, 00vF + 2 f1y (0, 0)vva + fy,4(0, 0)v3 = VH p(0,0)'V

where
o (0.0 fiy(0.0)
FOO = £,,00,0)  £,,(0,0)

is the Hessian of f at (0, 0). (We have taken the liberty of using v to denote both
(v1, v2) and (v1, v2,0) and hope that this does not cause any confusion—it is a
practice that we do not recommend except in special circumstances.)

This is familiar territory and we use our knowledge of the function vH y(0,0)'v
as v ranges over all unit vectors. In Chap. 4 we showed that the maximum and
minimum values of vH,0)'v over ||v|]| = 1 are the eigenvalues of Hy 0y and are
achieved at the corresponding eigenvectors. Hence the eigenvectors of H (0, 0) are
the principal curvature directions and p is non-umbilic if and only if H (0, 0) has
two distinct eigenvalues. Since eigenvectors corresponding to different eigenvalues
are perpendicular (Exercise 1.21) it follows that at a non-umbilic point there exist
precisely two principal curvature directions which are perpendicular to one another—
hence if we know one we can easily find the other. Note that we do not distinguish
between the directions v and —v.

We now discuss the case previously omitted, i.e. K (p) = 0, which corresponds to
a degenerate critical point of the function f. If K(p) = 0 and p is umbilic then since
K(p) = ki(p)kz2(p) and k1 (p) = ka(p) it follows that k1 (p) = k2(p) =0 and p is
aflat spot and we have already considered this case. If K (p) = 0 and p is not umbilic
then we have two possibilities, k2(p) < 0 = k1(p) and k2(p) = 0 < k1(p), and
which occurs depends on the choice of normal. Since both have the same geometrical
interpretation we just consider the first one. If v is the principal curvature direction
associated with ky(p), i.e. ky(p) = ki1(p), then the normal section near p in the
direction v is approximately a straight line. If w L v = 0 then w is the other principal
curvature direction and the normal section in this direction is approximately a circle
of radius 1/]k2(p)| on the opposite side of the surface to the normal (Fig. 16.3a, b).

Figure 16.3b suggests a cylinder as an example and indeed a cylinder has Gaussian
curvature zero at all points. For the cylinder in Fig. 16.3c we have k1(p) = 0 and
ko(p) = —1/r.In general, if K (p) = 0 then all normal circles of curvature will lie
on the same side of the tangent plane and all normal curvatures will have the same
sign, that is, either all non-negative or all non-positive. The cylinder and cone (see
Exercise 16.2) are typical examples of surfaces without umbilics and with K (p) = 0.
One should, however, not assume that every surface with K (p) = 0 is of this type as
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one can find quite strange surfaces with K (p) = 0 at isolated points. Our geometric
interpretations are meant as a rough guide and as such are reasonably useful in
visualising the shape of the surface but do not, of course, explain the full subtlety of
many situations—this requires further analysis.

So far we have considered a rather special situation—a critical point on a surface
which is the graph of a function—and it is time to see how representative this is of
the general situation.

What about non-critical points? Well, if looked at the right way, every point is a
critical point. For example, consider the torus in R? and take p as a typical point
on the surface (Fig. 16.4a). To turn p into a critical point we must choose a new
coordinate system for R3. We choose our first two coordinates so that the tangent
plane to the surface at p corresponds to the (x, y)-plane and then take the z-direction
as one of the normal directions (Fig. 16.4b).

We define a function ¢ on the tangent plane near p by letting ¢ (x, y) denote
the distance squared from the tangent plane in the n(p) direction to the surface
(Fig. 16.5). This means that the surface S near p is the graph of ¢ and that ¢, defined
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on the tangent space near p, has a local minimum at p. One can carry out a similar
analysis at any point on the surface, although it is not so easy to sketch at points
which become saddle points, e.g. the point ¢ in Fig. 16.4a.

We conclude that our analysis applies everywhere on a graph. Our examination
of graphs, level sets, simple surfaces and surfaces at the end of Chap. 10 shows that
these objects are locally equivalent and since normal curvature, principal curvatures
and Gaussian curvature are locally defined our results obtained using graphs are valid
at all points on all surfaces.

Gaussian curvature is the most important number that we can geometrically asso-
ciate with a point on a surface. To use it effectively we need to be able to calculate
it directly from any parametrization, without first finding normal curvatures or prin-
cipal curvatures. To find a way to do this we turn again to normal curvatures and
results from Chaps. 7 and 8 on the curvature of plane curves. If P is a unit speed
parametrized curve in R? then

P'(t) = T(1), T'(t) = k(@)N(1), k() = (T'(t), N(@)). (16.4)

Let ¢ denote a parametrization of the simple surface S. Let p € S,v €
T,(S), [Iv]l = 1,and letn(p) denote a choice of normalto Sat p.Let P : [—a, a] —
" be a parameterized curve in S with P(0) = p and P’(0) = v. If s denotes the
length function on I" defined by P and Q = P o s~1 then (see Chap. 5 and (8.9)),

P'(t) = (s'1))*Q"(s(1) + 5" (1) Q' (s(1)).
Since 5"(0) = 1 and Q’(s(0)) L n(p), (16.4) implies
(P"(0), n(p)) = (Q"(s(0)), n(p)) = kp(¥). (16.5)
Since T' C S we may suppose
Pt el—a,al — ¢(x(1), y(1))

where ¢ — x(¢) and y — y(¢) are real-valued smooth functions on [—a, a]. By the
chain rule

P'(t) = X' (0)gx (x (1), (1)) + ¥ ()y (x (1), (1))

and

P"(t) =x"(1) - g (x(2), y()) + y" (1) - py (x (1), y(1))
+ (' (1))? - ax (x (1), Y1) + 2" (1) - Y (1) - by (x (1), ¥(1))
+ (Y () - Py (x (1), y(1)).
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If p = (x(0), y(0)), vi = x'(0), vo = y’(0) and we write, for simplicity, ¢ in place
of ¢ (P), ¢xx in place of ¢, (p), n in place of n(p) etc., and let [ := (¢, n),
m = (¢xy, M) = (¢yx,n) and n := (¢yy, n). Then P0)=v=v¢p, + v2¢y and,
since ¢, and ¢, are tangent vectors, (¢, n) = (¢, n) = 0. Hence

(P"(0), n(p)) = kp(¥) = v}{¢xx, n) + 2v1v2(¢xy, 0) + v3(yy, 1)
= v} + 2mvyvy + nv3

for any unit tangent vector v € T),(S). If v = v1¢y + v2¢, is any non-zero vector in
T,(S) then ||v|> = Ev} + 2Fviv; + Gv3 and

( Vigy +Vvody ) _ lv% + 2mvivo + nv% _ lv% +2mvivy + nv%
P

= = . (16.6)
[vigx + v2opy |l lIvi? Ev} +2Fviva 4+ Gv3

This is an extremely useful formula, see Exercises 16.4, 16.9 and 17.2.

The principal curvatures are the maximum and minimum values of lv% +
2mvivy + nv% on the set v%E + 2vin F + v%G = 1. To simplify the notation
we let vy = x and v = y. Then

l
Fry) =127 4 2my +ny? = (x. ) (m ’;’) (’y‘)

and

_ 2 2 E F X
g(x,y) =Ex“+2Fxy+ Gy —(x,y)(F G )

Since EG — F? > 0itis easily verified that {(x, y) : g(x, y) = 1}isacompact subset
of R? and Vg # 0 on this level set. Hence f achieves its maximum and minimum
on {(x,y) : g(x,y) = 1} and we may apply the method of Lagrange multipliers. On
writing the equation Vf (x, y) = AVg(x, y) in matrix form we obtain

()G o)) 17

and we may rewrite this as follows

| —XE m—AF X 0
(e 720) ()=o) s
By elementary linear algebra the A for which (16.8) has non-zero solutions (x, y)

satisfy the quadratic equation

(I —AE)(n —AG) — (m — AF)?> =0
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or equivalently
A(EG — F?) —M(En —2Fm+ Gl) +In —m?> = 0. (16.9)

If X1 and X, solve (16.9) then, since K (p) = A1i2, we have proved the following
result.

Proposition 16.3 The Gaussian curvature at a point p on a surface S is
In —m?

K =g

(16.10)

By (16.7) the principle curvatures satisfy

E F\''"(1 m\(x i (*
(F G) (m n) (y) - (y)
and we see that the principle curvatures are eigenvalues of a symmetric matrix and we
recover, using Exercise 1.21, aresult already observed using graphs: at a non-umbilic
point the principal curvature directions are perpendicular to one another.
The appearance of EG — FZ, previously encountered while calculating surface

area in Proposition 16.3, suggests a relationship between Gaussian curvature and
surface area. This comes to light in the Gauss—Bonnet theorem (Chap. 18).

Example 16.4 We calculate the Gaussian curvature of the surface z = xy. This
surface is the graph of the function f(x, y) = xy and we obtain a parametrization ¢
by letting ¢ (x, y) = (x, y, xy). We have

¢ =(1,0,y), ¢y,=1(0,1,x)
E=¢x.¢x:1+y2’ F=¢x-¢y=x)7v G:¢y_¢y=1+x2
EG—F*=(1+4y)( +x3) —x2y? =14 x2 4 y?

¢xx¢y= z(_yv —X, 1)

= <= =

i
0
1

O = e

ho Prxdy o yox D
lpx x Pyl (14 y2 +xH)1/2
Pxx =(0,0,0), ¢y = (0,0, 1), ¢y, =(0,0,0)

1
I = {pxx,m) =0, m=(¢ry,n) = RS n = (¢yy,n) = 0.
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Hence, if p = (x, y, xy), then

—m? -1

K(p) = - .
P = 6P = s 10

Since the Gaussian curvature is always strictly negative the surface z = xy consists
entirely of non-umbilic points which, looked at critically, are saddle points.

Although, in general, it may be difficult to find principal curvatures and principal
curvature directions it is possible in special cases and this is the content of the
following proposition. We say that a curve I' on a surface is a line of curvature if its
tangents are principal curvature directions at each point.

Proposition 16.5 If¢: U C R? — S is a parametrized surface then the coordinate
curves of ¢ are lines of curvature if and only if F = m = 0 at all non-umbilic points.
In this case, at non-umbilic points, the principal curvatures are l/E and n/G.

Proof Fix p € S and suppose the principles curvatures at p are A1 and Ao, A1 # Aj.
Since the lines of curvature passing through p cross one another at right angles it
follows, if the coordinate curves are lines of curvature, that F' = ¢, - ¢, = 0. Since
the vectors (1, 0) and (0, 1) solve (16.8) we obtain after making these substitutions
Il —XE = m = n— AG = 0. In particular, we see that m = 0 and note also
(A h) = {4, &)

Conversely, suppose F = m = 0 at all non-umbilic points. By (16.6)

L ( Vigx +Vvady )_ lv%~|—nv§
P\Ivige +maoyll) — Ev+Gv3

when v = vi¢, +12¢, # 0. The maximum and minimum of f (v, v2) = lv% + nv%
on the set Evy + Gv% = 1 are easily found using Lagrange multipliers and we see

that {1, A2} = {£, Z}. Since ||¢x|| = vE and [|¢y]| = +/G this implies

k, (%) = é and k), (%) - %

and the coordinate curves are lines of curvature. This completes the proof. O

Example 16.6 The surface obtained by rotating the graph of h: (a,b) — R
(Example 10.4) is parametrized by

P(t, 0) = (t, h(t) cosO, h(t)sin@).

For this parametrization P; = (1, ' cos6, i’ sinf) and Py = (0, —hsin6, h cos0).
Hence E =1+ (W)2, F =0, G = h?,

Pi; = (0, h” cos B, h'” sin6)
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Py = (0, —h'sinB, h' cosB)

and
Pyg = (0, —hcos®, —hsinb).
Moreover,
Pi x Py = (h'h, —hcos@, —hsinh)
and
ne (h', —cosf, —sin0)
(1 + (h/)2)1/2
Hence
_h//
I =(Py,n) = ————
(14 m?)"?
m = <P197 n) = O
(Pgp, m) "
n= (Pp,m) =———"%.
(1+ @)

By Proposition 16.5 the coordinate curves are lines of curvature and the principal
curvatures and Gaussian curvature are

l —hn" n 1 —h"

—_—5 775, _—_——-— K = ——--G
E (1 + (h’)2)3/2 G h(l + (h,)2)1/2 h(l + (h/)2)2

An interesting case occurs when h(#) = ccosh(z/c). This is the shape assumed
by a hanging chain and is called a catenary. The surface of revolution is called a
catenoid. Using the identities

d d
E(cosh t) = sinht, E(sinh t) = cosht, cosh? 7 —sinh?t = 1,

we see that the principal curvatures for the catenoid are +1/c cosh?(¢/c). Hence k1 +
ko = 0. A surface with this property is called a minimal surface. This terminology
arose in the following way. Take a closed curve in R3—shaped, for instance, from a
piece of wire—and place a bubble over it. This will assume a certain shape in order
to minimise a physical quantity on the boundary called surface tension. The shape
assumed by the bubble is a minimal surface. The catenoid is the only surface of
revolution which is a minimal surface. On minimal surfaces k>(p) = —k1(p) and
hence

K(p) = ki(p)ka(p) = —k1(p)* < 0.

k k
The quantity M is called the mean curvature.
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In this chapter we have covered a lot of theoretical and practical material in identi-
fying and calculating Gaussian curvature. In the next chapter we will summarise the
information we already have on this important concept and discuss further geometric
implications.

Exercises

16.1

16.2

16.3

16.4

16.5

16.6

16.7

Calculate the Gaussian curvature at an arbitrary point of the helicoloid parame-
trized by
P(t,0) = (tcos6,tsinb, bo)

t € R,0 € (0,2m) and b a non-zero real number.

Find the principal curvatures and the Gaussian curvature at an arbitrary point
on the cone zZ = x? + y2. Show that the cone has no umbilics.

Let S denote the surface parametrized by ¢ (u, v) = (u, v, u?+v2), (u,v) € R2.
Show that the curve I' parametrized by

P(t) = ¢ (%, 1), —% <t<2,

lies in S. Find the unit tangent to " at P(1) and find the (absolute) normal
curvature to S at P (1) in the direction P’(1).

If P: U c R> - R3 is a parametrization of a simple surface S show that
a point p is an umbilic point if and only if there exists a real number o such
that (I, m,n) = a(E, F, G) where each term is evaluated at p. Hence find all
umbilics on the surface z = xy.

Find the elliptic and hyperbolic points on the surface parametrized by ¢ (i, v) =
(u,v, ud + v3).

Prove that the surface parametrized by

f(s,t) = (coss,2sins, 1), 0<s<2m, t>0

has constant Gaussian curvature. Describe this surface.
If the surface S is defined by the equations

x=awu+v), y=bu—v), z=uv

show that the coordinate curves are straight lines.
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16.8 Find the Gaussian curvature at an arbitrary point on the ellipsoid

16.9 Show that a surface S is a minimal surface if and only if
En+ Gl =2Fm.

Show that the level set e? cos x = cos y is a minimal surface.
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