Chapter 6
Line Integrals

Summary We integrate vector-valued and scalar-valued functions along a directed
curve in R". We discuss scalar and vector potentials and define the curl of a vector
field in R3.

The differential calculus was developed to study extremal (i.e. maximal and minimal)
values of functions. Since it is only possible to discuss the maximum and minimum of
areal-valued function it is not surprising that such functions occupy a prominent role
in several-variable differential calculus. However, in moving to integration theory it
is more natural (and more natural in mathematics usually means more useful, more
efficient and more elegant) to consider vector-valued functions where the domain
and the range share, in perhaps a loose way, a common dimension. Formally, we
have the following definition of a vector field.

Definition 6.1 A function F which maps a subset U of R" into R" is called a vector
field on U.

If U is an open subset of R" and the vector field has derivatives of all orders we
call it a smooth vector field and if U is arbitrary and the vector field is continuous
we use the term continuous vector field. We shall also use the notation F to denote a
vector field.

The gradient is an important example of a vector field, i.e. if U is open and
f: U C R" — Ris differentiable then Vf: U — R" is a vector field on U.

Another useful example occurs when I' is a directed curve in R” and F is a
function which assigns a vector in R” to each point on I'—in this case we say that F
is a vector field along I'. For example, if P is a parametrization of a directed curve
I" in R” then the mapping

Pt)el — P'(t) e R?

is a smooth vector field along I'.
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Vector fields, which assign vectors to points in the domain of definition, are often
represented as in Fig. 6.1.

This representation is useful in locating zeros and suggesting properties such as
continuity and smoothness. Furthermore, it allows various physical interpretations
of vector fields, e.g. as the velocity of a moving fluid and the flow of an electric
current which lead, in turn, to important physical and engineering applications.

We begin our study of integration theory by defining the integral of a vector field
F along a directed curve I'. Let P: [a, b] — T denote a parametrization of I". To
each partition of [a, b] we obtain a partition of I" (Fig.6.2) and the Riemann sum

> F(P@) - (P(ti1) — P(t)) = D" F(P()) - P'(t) At

where Af; = t;11 —t; and - denotes the inner product in R”. Note that we are using,
as usual, the linear approximation to P (¢ + At), P(t) + P’(¢t) At. If F is a continuous
vector field along I, i.e. if the mapping t € [a, b] — F(P(t)) is continuous, then
as we take finer and finer partitions of [a, b] the Riemann sums converge to the limit

b
/ F(P(1)) - P'(t)dr.

We denote this integral by fr F, since we shall shortly prove that it is independent of
the parametrization P, and call it the line integral of F over I'. In terms of coordinates,
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for instance in the case n = 3, we have
F=(fg.h), P@=(x@),y0),z20), P =),y ®),7®)

and

b
/er/ [f(x@), (@), 2(0)) - x" (1) + g(x(0), y(1), 2(1)) - ¥'(0)
+ h(x(0), y(@),z(1)) - 2'(t)] dt.

This is frequently written in the form
/ fdx+gdy+hdz.
r

If (T', A, B, V) is a directed curve and I is obtained by changing the direction along

thecurvel',i.e. = (I', B, A, —v),thenclearly | F = — [ F forany continuous
r r
vector field F.
Example 6.2 We evaluate
/ xydx +xz° dy +xyzdz
r
where the curve I' is parametrized by
P(t)= (15,13, 0<1<I1.
In coordinates we have
dx ,
—=xt)=1
x=x(t)=t jt dx = dt
y=y)=> =12 _yn=20 = ldy=2d
r=z(t) =13 flh dz = 3t*dt
< ’ 2
E =z () =3t

and

1
/xydx+xzzdy+xyzdz=/ Bdr+17 - 2tdt + 15 3t% dt
r 0

2% 30291 29
-[ir 55 l=%
4 9 9 lo ™~ 36

Alternatively, changing to vector notation, we let F(x, y, z) = (xy, xz%, xyz). Then
F(P(t) = (t3,¢7,t% and P'(t) = (1, 2t, 3¢*). Hence
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/ / (P(0) - P'(t)dt = /(t 17,10 - (1,21,3%) dt

3+ 28 + 38y ar =
/(+ Fatdr =2,

We return to the general situation. If P: [a,b] — T" and Q: [c,d] — T are two
parametrizations of I" with length functions s and s respectively, then, as we saw in
Chap. 5,

Pos ! = Qo sl_1 on [0,/], [ =lengthofI.

Using the one-variable change of variables, y = s~ ') and x = sl_l (1), we obtain

1
/ F(Pos™'(t)-(Pos VY (t)dt
0
l
:/ F(Pos™'®)-P'(s7'®) N () dr
0
b
- / F(P() - P'(y)dy.

Similarly
1 d
/0 F(Qo sl_l(t)) (Qosy Y dr = / F(Q)) - Q'(x)dx.

Since P os™' = Q o sy ! this implies

b d
/ F(P()-P'(»dy =/ F(Q(W)) - Q'(x)dx

and we get the same value no matter which parametrization is used. This justifies the
notation [ F

If P: [a, b] — T isaparametrization of the directed curve I' in R” and ¢ € [a, b]
let T(t) = P'(t) / | P/(2)|]. We call T(t) the unit tangent to the (directed) curve
at P(t). It is easily seen that any two parametrizations define the same unit tangent
vector at each point of I". This leads to another way of writing line integrals. If F is
a vector field along I' (always of course assumed to be continuous) then

/ / P(t) P'(t)dt

P'(1)
= P'()d
/a F(P®) - s 1P Oldt
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b
_ / F(P() - T |[P'@)]dt
ab

and when written in this form one should remember, in applying a parametrization
P, that F and T are both evaluated at P(¢) and ds = || P'(r)|| dt.

Real-valued functions or scalar fields, such as the speed of a parametrization,
can also be defined along a directed curve I". Since these are not endowed with a
sense of direction we cannot apply directly our definition of integral. Fortunately, we
have just observed a special or privileged direction associated with each point on a
curve, the tangent direction, and by associating the continuous real-valued function
f: T — R with the vector field f7: ' — R” we can define fr f. The privileged
direction on an oriented surface in R? is the normal direction and in this case it is
also possible to consider scalar-valued integration as a special case of vector-valued
integration.

If P: [a, b] — T is a parametrization of the directed curve I" we define

b
/Ffz/FfTZ/ F(PO)T (@) - TP (1)l dt
b

=/ FPO)IP' 0 dr (6.1)

a

Because of (6.1) we sometimes write [ fds in place of [ f.

We now seek to identify those vector fields in R” which are the gradient of a
scalar-valued function. Vector fields of this kind are called conservative and are
said to have a scalar potential. If Vf = F we call f a scalar potential of F. Our
investigation of this problem leads to a generalisation of the fundamental theorem of
one-variable calculus

b
/ g0 dt = g(b) — g(a)

where g is continuous on [a, b] and differentiable on (a, b).
We begin by considering properties of the gradient of f: U C R" — R.IfI" is
a directed curve in U parametrized by P: [a, b] — R” then

b
/vf=/ Vf(P()) - P'(t)dt
r ab 4
:/ E(foP)(t)dt (chain rule)

b
(fundamental theorem of calculus in R)
a

- [foP(t)]
= f(P®) — f(P(@).
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Fig. 6.3

Thus the line integral of Vf along I depends only on the values of f at the initial
and final points of the curve. This, as we shall see in Proposition 6.3, characterises
vector fields which have a scalar potential. If I is a piecewise smooth directed curve
in R” which is the union of directed curves (F,-)f.‘:1 and F is either a vector field
along I" or a real-valued function on I" we let

/FFZZ‘/DF'

In the next proposition it is necessary to assume that any pair of points in the open
set U can be joined by a piecewise smooth directed curve which lies in U; an open
set of this kind is said to be connected.

Proposition 6.3 Let F: U C R" — R" denote a continuous vector field on the
connected open subset U of R". If for any two points A and B in R" and any two
piecewise smooth directed curves I'1 and T3 joining A and B we have

/F:/F
I 1)

Proof Let A denote a fixed point in U. For any X in U let f(X) = fr F where I'
is any piecewise smooth directed curve in U joining A to X. By our hypothesis f is
well defined, i.e. there is no ambiguity in the definition. Let ' = (f1, ..., f,) and
let I" denote a curve joining A to X. Fix j, 1 < j < n, and let Y = he; where h
denotes a real number close to 0. Let I'; denote the directed curve parametrized by
P(t)=X+1tY,0 <t <1.Then T joins X to X + Y and I' U T is a piecewise
smooth directed curve in U which joins A to X + Y (Fig.6.3).

then F has a potential.
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Hence

f(X+Y)—f(X)=/ F—/F
rur, r

1
:/ F:/ F(P(1)) - P'(t)dt.
I 0

Since P'(t) =Y = he;

1
f(X+Y)—f(X)=/ F(P(1)) - hejdt
0
1
=h/ fi(X +1Y)dt
0
1
=hf/(X)+h/O (fj(X—i—tY)—f/(X))dt.

As F is continuous, each component in F and, in particular, f i is also continuous.
Hence
Omax1|fj(X +1Y) — f;(X)| ——> 0as h —> 0
<t<

and

1
(/0 (£G4 1Y) = £500) di| = max [ ;X +07) = £;00].

We have shown
f(X +hej) = f(X)+hfj(X)+ g(X, h)h

a
where g(X,h) — 0 as h — 0. Hence a—f(X) = fj(X) and this completes the
X

J
proof. O

Proposition 6.3 can be used to find potentials but is not very practical for showing
existence. We need a simpler method which follows from the observation:

if F = (f1,..., fu)is acontinuously differentiable vector field with potential f,

0
ie. fj = % for all j, then for all i and j

J

o LD Ay BF 8 8y 0

3)6]' - 3)Cj 3)6,‘ - axj‘axi - 8x,~ 3)Cj 3)6,‘ ’

The converse is true for suitable open sets—the whole space R" is always suitable
and so also is any convex set in R”. In R? an open set U is suitable if and only
if the “interior” of any closed curve in U also lies in U; roughly speaking this
means that U contains no holes. In particular the open set R?\ {(0, 0)} is not suitable.
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However, in R? the whole space with a finite number of points removed is suitable.
These examples show that the concept of suitability is rather subtle. The proof of the
following result involves Green’s theorem (Chap. 9) and Proposition 6.3.

Proposition 6.4 If F = (f1, ..., fu) is a continuously differentiable vector field on
a suitable open set in R" then F has a potential if and only if

af; afj

i — i (6'2)
0x; ax;

foralli and j.

Example 6.5 We wish to show that F(x, y,z) = (ye?, xe*, xye?) has a potential.
Let F = (f1, f2, f3). To apply Proposition 6.4 we must verify (6.2), that is we must

show
af _0p i _dfs 0h _ifs
dy  9x 9z  dax 9z Ay’
We have
afi . dfr IN . _0fz 0f2 . 0f3
——=e'=_=, ——=yef=—-=, ——=xel=—_=
dy ax 0z ax 0z ay

and hence F has a potential on R3.
The following is probably the simplest way to find a potential. If f is a potential

for F then
of . of . of .
— =ye*, — =uxe° .
0x

= xe’, 6.3
ay 0z ©3)

Hence

where ¢ is the constant of integration with respect to x which may, however, depend
on y and z. Differentiating with respect to y we get

) 0
o =xet + %
dy dy

0
and comparing this with the formula for —f in (6.3) we have
Yy

and
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(z,y,2)
I3
(07 07 0)
Yy n
x (x,0,0) I’ (z,9,0)

Fig. 6.4

Hence ¢ does not depend on y and we let ¢ (y, z) = ¥ (z). Now differentiating

fx,y,2) =xye* + ¥ (2)

and comparing this with (6.3) gives

d
B_J; = xye’ + ¥'(z) = xye’

and v’ (z) = 0. This implies that v is a constant and we have shown
fx,y,2) =xye +c¢

for some constant c.

We can also use Proposition 6.3 to find a potential f. This proposition tells us
that

fw»osz
I

where I" is any piecewise smooth directed curve in R, joining a fixed point to
(x,y,2), is a potential of F. We take the fixed point to be the origin in R? and a
piecewise smooth curve I' consisting of three straight lines parallel to the axis I'y,
I'», T'3. Specifically we use the following:

Iy joins (0,0, 0)to (x,0,0), Pi(t) =(1,0,0), P{(t) =(1,0,0), 0<t<x
[ joins (x,0,0)to (x, y,0), Pa(t) = (x,1,0), P,(t) =(0,1,0), 0<r<y
I3 joins (x, y,0)to (x,y,2), P3(r) = (x,y,1), P3(t) =(0,0,1), 0<r<z

(see Fig.6.4).
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Then

f(x,y,z)z/ F+/ F+/ F
I 1) '3

X y Z
- / A (PL©)di + / £ (Pyo) di + / £(Ps) dt
0 0 0

X y z
=/ fl(r,0,0>dz+/ fz(x,r,O)dt+/ sy, Dy dt
0 0 0

X y z
=/ Oodt—i-/ xeodt—i-/ xye' dt
0 0 0

=0+xy+ [xy-¢'];
=xy+xyet —xy

= xye®.

We verity this result by noting

a Zz Ve a Z e 8 Z Z
—xye?) =ye* = fi, ——(xye’) =xe* = fo, —(xye’)=uxye" = f3.
0x dy 0z

We now define the cross-product of two vectors in R3. This allows us to present the
classical notation for what are essentially vector derivatives. We shall also need this
product when we discuss the Frenet-Serret equations in Chap.7. If v = (v, v2, v3)
and w = (w1, wp, w3) are two vectors in R3 then the cross product of vand w, v x w,
is defined as

i j Kk
VXW=|V] Vv V3
wi w2 w3

= (1pw3 — v3w2)i — (viw3 — vawy)j + (viwz — vowp)k

= (vaw3 — v3wp, —Viw3 + V3w, Viwa — vawp).
0 0 0

o oy 5z
vector field, by the formula

Since Vf = ( (f) we define curl(F) or V x F, F = (f1, f2, f3) a

i j k

0 a 9 d d 0 0 a 0
vxr—|2 9 _Z(ﬁ_ﬂ)i_(ﬁ_i)#(ﬁ_i)k‘
dx dy 0z ay 0z ox 0z ox ay

fi 2

One easily sees that curl(Vf) = 0 for any real-valued function with continuous first-
and second-order partial derivatives while Proposition 6.4 says the converse is true
on suitable domains, that is
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F =Vf < curl(F) =0.

If F is the velocity of a fluid then curl (F) measures the tendency of the fluid to
curl or rotate about an axis. Curl(F') gives the direction of the axis of rotation and
|lcurl(F)|| measures the speed of rotation.

Since the symbolism V x F has proved useful we consider the analogous symbol
V - F where the dot replaces the cross product. This makes sense for a vector field
onR". If F = (f1, f2,..., fu), welet

0 0 " af .
VF:( "’ax)'(flv“'sfn)zza—;}:::le(F).
" i=1 O

ax;

This is called the divergence of F and written div(F) (see Chap. 15). A vector field
G is a vector potential for the vector field F on the open subset U of R? if on U we
have

curl(G) =V xG=F.

On “suitable” open sets a vector field F has a vector potential if and only if V - F =
div(F) = 0.

Example 6.6 We show that F(X) = X / [X)® has a vector potential on
R3\{ the z-axis}. Let

(yz, —xz,0) z 1

G(x,y,2) = = :
2+ yH2+y2+2)172 0 X12 =22 x|

(yv -X, 0)

on R3\{the z-axis} = R3\{(x,y,2) : x = y = 0}. We calculate curl(G).
To simplify our calculations we use symmetry and the following result which follows
immediately from Exercise 1.10:

X
—(IX) = —=-
8x( ) 1 X1l
We have
i j k
0
CuI‘l (G) = (gls 82, g3) = a 5 &
vz —XZ

@2+ yDIXT G2+ D)X


http://dx.doi.org/10.1007/978-1-4471-6419-7_15

66 6 Line Integrals

which implies

_ ( Xz )_ X 3( Z )
T\ DIX T 20z X
Z2
X (”X” - ||XH)

24y X
_x (x1P =2
S x24y? X113
. X
P Y{EN

since x2 + y? 4+ z2 = || X||*>. By symmetry g» = y / [ X3 Finally

B ( —Xxz ) a ( vz )
g3 =\ — 1\
i\ o) T @ i
[(x2 FDIX] = 202 X | — 220D
—2Z

X
(2 + )2 X2

@2+ y)IX ] — 292X — W}
(2 + y2)2||X |2
_—z(=l) z
X0 x3
and we have shown
s ) X
curl(G) = (. y,2) _

(2 +y2 42232 x|IP
Exercises

6.1 Evaluate |,  F where F isavector field and P is a parametrization of the directed
curve I'

(a) F(x,y,2) = (x,y,2), P(t) = (sint,cost,1),0 <t < 2m,
(b) F(x,y,2) =x%dx + xyzdy +xzdz, P(t) = (t,1%,13),0 <1 < 1,
(¢) F(x,y,z) =coszi+e'j+ek, P(t) =(1,t,e),0<t <4

6.2 Find, if they exist, scalar potentials for the following vector fields

(@) F(x,y,z) = 2x+ze't, z, y + xe™),

() G(x,y,z) = (y, zcos yz, ycosyz),

(c) H(x,y,2) = (y + yzcos(xyz), x + xzcos(xyz), 2z + xy cos(xyz)),
(d) K(x,y,2) = (2xcos(x? + yz), zcos(x? + yz), ycos(x? + yz)).
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6.3 Let f(x,y,2) = x>y? 4+ y2z2. Verify directly that V x Vf = 0.

6.4 Compute the curl of each of the following vector fields:

(@) Fi(x,y,2) = G.12
1(x,y,2) = ( X |
_ Oz, zx, xy
(b) Fa(x,y,2) = Xl
© F(x) = XXX
) X4

where X = (x, y,z) € R*\ {0}.
6.5 If a, b, ¢ and d are vectors in R? show that
ay ap as
(a) a-bxc=c-axb=|by by b3]|.
cr €2 C3

b)ax(bxe)=(a-c)b—(a-b)c

© (@xb)-(cxd) = :‘)z z:g’.

6.6 Let f, g: R > Rand F, G: R? — R? denote smooth functions. Prove

(a) div(fF) = fdiv(F) + Vf -F
(b) div(F x G) = curl(F) - G — F - curl(G)
(¢) curl(fF) = Vf x F + f curl(F).

6.7 If f: U (open) C R?> — R has continuous second-order derivatives show that

2f  %f  9*f
div(Vf) = —% + —= + —=
Vv dx2 + dy? + 972

Symbolically the left-hand side has the form V - Vf and is written (for this
reason) V2 f. (V2 f is called the Laplacian of f and if V2f = 0 then f is

called harmonic).
6.8 Show that = y22+ I is harmonic on R\ {0, 0, 0}.
6.9 If f: RT — Rand g(X) = (| X|) for X € R3\ {0, 0, 0} show that

X 2
Ve(X) = f'(|X|)— and VZ3g(X)= f"(|X £ AXD.
g(X) = f'(ll II)”X|| an g(X) = f( I|)+”X”f(|| 1)}

Show that g is harmonic on R3 \ {0, 0, 0} if and only if

A
f==+8
.

forall r # 0inR.
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