Chapter 12
Surface Integrals

Summary We define the integral of a vector field over an oriented surface. Geomet-
rical interpretations are discussed.

Integrals are used to measure quantities such as length, area, expected value, etc., and
as with all measurements, there has to be a unit of measurement. Our basic unit of
measurement in integration theory over R is obtained by assigning the value 1 to the
rectangle of height 1 over an interval of length 1 measured from left to right. From
this we are able to define Riemann sums and afterwards the Riemann integral of a
continuous function over a closed interval. The inclusion of “left to right” is crucial
for without it we would have an ambiguous definition—and to a mathematician an
ambiguous definition is no definition. To emphasis this point we call an interval [a, b]
directed from left to right a positive interval in R.

Now suppose I" is a curve in R? and, for the sake of simplicity, we suppose that I is
not closed and that we are interested in defining the integral of a function over I'. We
have seen in Chap. 7 that we can define fwo integrals over I since I can be directed
in two different ways and we have to decide, before doing any calculations, which
interests us. We may think of a curve as having two sides—one for each direction of
motion—Ilike two escalators side by side, one going up and the other coming down
(Fig. 12.1). We call one side positive and the other negative. If we are interested in
evaluating integrals over {I", A, B} we call I directed from A to B the positive side.

We use a parametrization to transfer the integral over {I', A, B} to an integral
over an interval in R which we subsequently evaluate. However, the parametrization
must be directed correctly. This means that it must map a positive interval in R onto
the positive side of I". Surface integrals are defined in the same way—just step up a
dimension.

Consider the unit sphere x> + y 4+ z% = 1 in R3. It has two sides—an inside and
an outside. More generally, the surface S which is the level set {X € U : f(X) =
0 and Vf(X) # 0} has :I:Vf(X)/||Vf(X)|| as unit normals at each point and we
may consider Vf(X)/||Vf(X) | and —Vf(X)/||Vf(X) || as lying on different sides.
We distinguish between the sides of a surface by using normals.
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Fig. 12.1

Definition 12.1 An oriented surface in R3 is a pair (S, n) where S is a surface and
n is a continuous mapping from S into R such that n(P) is a unit normal to the
surface S at P.

We will also use S to denote an oriented surface. The appearance of S signals that
we have fixed an orientation on the underlying surface S. The notation S is simpler
but if we need to specify the normal or if there is any possibility of confusion we
write (S, n).

Clearly if (S, n) is an oriented surface, then (S, —n) is also an oriented surface and
the continuity requirement in the choice of normal implies that a connected surface
can have at most two orientations. There exist, however, surfaces which do not
admit any orientation and integration theory cannot be defined over such surfaces.
Fortunately, every simple surface admits an orientation. If ¢: U C R*> — Sisa
parametrization of S then (S, bx X ¢y/||¢x X ¢y||) and (S, —¢y X ¢y/||q§x X ¢y||)
are two oriented surfaces associated with § and if S is connected these are the only
two oriented surfaces associated with S. Given an oriented surface (S, n) we call the
side of S containing n the positive side and the side which contains —n the negative
side. In the case of a simple oriented surface (5, n) a parametrization ¢ is said to be
consistent with the orientation if

dx X Py —n
lléx < &yl

If F is a continuous vector field on a simple oriented surface S we define

/I

S

by using a parametrization (¢, U) consistent with the orientation and a process
involving Riemann sums similar to that used to define surface area in the previous
chapter (see Figs.11.2 and 11.3 for reference). We find it convenient to use (u, v)
for the variables in the domain of ¢ and (x, y, z) for the range, i.e. x = x(u,v),
y = y(u,v) and z = z(u,v). We begin by partitioning the domain U into small
rectangles and consider a typical rectangle R in this partition. Now, however, instead
of taking the absolute area of ¢ (R) we take the (signed) volume of the parallelepiped
with base ¢ (R) and height determined by F (see Fig. 12.2).

We use n as our positive unit of measurement perpendicular to the surface. This is
reasonable since we are just considering a small portion of the surface ¢ (R), which
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Fig. 12.2

Fig. 12.3
lies approximately in the tangent plane, and n(¢> (u, v)) is perpendicular to the tangent
plane at ¢ (u, v). The height of the parallelepiped is |F| cos ¥ = F - n where ¥ is
the angle between F and n at ¢ (u, v) (see Fig. 12.3).
We have already seen, in calculating surface area, that the area of ¢ (R), the base
of the parallelepiped, is ||¢x x ¢y ||AxAy and hence the (signed) volume is
(F-n)llgy x ¢vllAulv = (F - ¢y X ¢y)Aulv.

Now taking the limit of Riemann sums in the usual way we define

//F =/ (F - 0)llgu x dlldudv
S U
= //(F -y X ¢y)dudv.
U

From this analysis we expect the volume of the solid one unit high on the positive
side of the surface to equal the total surface area and to be obtained by integrating
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the vector field n over S. Indeed, we have

//n = //(n -n)||¢y x ¢ylldudv = Surface area (S).
U

(S,m)

It is now natural to define the surface integral of a scalar-valued function f on (S, n)
by identifying f with fn, i.e.

//fdg//fnz//f(d’(”"’))”(l’u X ¢yl dudy

(S,m) (S,n)

where ¢ is a parametrization consistent with the orientation. This is analogous to the
way we defined, in Chap. 7, the integral of a scalar-valued function f along a curve
by identifying f with 7. Although we needed an orientation to define this integral

it is easily seen that
[[r=J] s

(S,n) (S,—n)

and the value of the integral is independent of the orientation. This might suggest
that it is possible to integrate a scalar-valued function over an arbitrary surface (see
Definition 10.6). This is not true. What is required is an orientable surface, i.e.
a surface which can be oriented. Simple surfaces are orientable. This means that
we can use any parametrization to integrate a scalar-valued function over a simple
surface.

If the vector field F is represented by vectors emanating from the surface and if
these all lie on the same side (of the surface) as n then the integral of F over (S, n) is
non-negative. On the right-hand diagram in Fig. 12.2 we see that {¢,,, ¢, n} follows
the right-hand rule and note that F and n lie on the same side of (S, n) if and only
if the angle between them lies in [—7 /2, 7 /2].

Example 12.2 We evaluate [ F where S is the sphere of radius » with centre at
(S,m)

the origin oriented outwards and F(x, y,z) = (x, y, z). Although a sphere is not

a simple surface we can treat it as one for integration theory (see our remarks in

the previous chapter). Here, however, we do not need any parametrization. The unit

normals at a point P on S are =P /|| P|| and since S is oriented outwards

p P

P)=—— =—.
nE) =TTy

Hence
P _|P|* _r?
F(P) - n(P)=P. — = =
p

r
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Fig. 12.4

and

//F = // rdA = r(Surface Area of S) =r - Arr? = 473,
S S

Example 12.3 We compute
/ / (x,y,z2—a)
V2az — 2

where S is the part of the surface x> 4+ y% + (z — @)> = a® which lies inside the
cylinder x> + y> = ay and underneath the plane 7 = a oriented with outward
pointing normal.

We first sketch the surface over which we are integrating. Initially this appears as
a rather formidable task but by sketching each part separately (Fig. 12.4) and then
combining (Fig. 12.5) them it becomes relatively simple. The surface x> + y2 + (z —
a)2 =a’isa sphere of radius a with centre (0, 0, a). The equation x2 + y2 = ay

can be rewritten as 5 5

2 2 a _a
x“+y ay + n n
i.e. 4 4
2 _42_ @
Cr-9= ()
and this surface is the cylinder parallel to the z-axis above the circle with centre
(0, a/2) and radius a/2 in the xy-plane. The plane z = a is parallel to the xy-plane
and a units above it. The outward normal to the sphere of radius a with centre (0, 0, a)
at (x,y,z)is (x,y,z —a)/a. Hence

//(x y,z—a) //(x y,z—a) (x,y,z—a)dA
2az—z 2az—z a

} /S/ G
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Fig. 12.5

From Fig. 12.5 we observe that our integral is over part of the lower right-hand
quarter of the sphere. We use geographical coordinates about the point (0, 0, a)

F: @,¥)—— (acosbcosyr,acosfsiny,a+ asinb).

Since 6 refers to latitude and we are considering the lower portion we have
—n/2 < 6 < 0. From the sketch y > 0 and hence sinyy > 0,ie.0 < ¥ < m,
and since the surface lies inside the cylinder we also have x2 + y> < ay, i.e.
a®cos? 6 < a®cosf sin . Hence cosf < siny = cos(yy — 7). By considering
separately the cases 0 < < Z and 7 < ¢ <7 weobtain 5 +6 < ¢ < 5 — 6.
Now

2

2az — 72 = —a® 4 2az — > + a* = a® — (a — 2)*

and changing this into our new coordinates we get
2az — 72 = (a* — a*sin?0)'/? = (4% cos? 0)'/? = a cos 6.
From Example 10.5 we recall that
A =VEG — F2d0dy = a® cos 0d0dy.

Hence
// (x,y,z—a) /0 [/n/ze a2 cosf 'adw] o — n2a2/4.
V2az -2 —72 lJrj210  acos®

An alternative approach to vector-valued integration is possible by using ori-
ented (coordinate) planes in R3. In oriented planes we can define positive and neg-
ative area and an anticlockwise sense of direction. The idea is to use consistent
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O

Rio) y

2
T Q R(wﬁy)

parameterizations to transfer integration from an oriented surface in R? to integra-
tion over subsets of the coordinate planes in R3, i.e. the xy-plane, the yz-plane and
the xz-plane. Each of these planes is a surface in R? and to define our integral we must
assign a positive side to each of these planes for the same reason that we required
positive intervals in R.

We first define the positive unit vectors in the x, y and z directions in R? as
(1,0,0), (0,1,0) and (0,0, 1). These choices are natural in view of the way we
sketch graphs in R? and R3. Consider now the xy-plane in R? as the surface defined
by f’1 (0) where f(x, y,z) = z. The unit normals to this surface are £(0, 0, 1) and
we must choose between them to define a positive side to the xy-plane. We use the
positive unit vectors in the x and y directions in that order and the right-hand rule
or cross product to define the positive side of the xy-plane as that oriented by the
normal

2
R(y,Z)

Fig. 12.6

(1,0,0) x (0,1,0) = (0,0, 1).

We denote the positively oriented xy-plane in R by Rz )" Similarly the positive
side of the yz- plane is defined by the normal (0, 1 O) x (0,0,1) = (1,0,0)
and denoted by R and the positive side of the zx-plane is defined by (0, 0, 1) x
(1,0,0) = (0, 1, 0) and denoted by R?,

In Fig. 12.6 we see the direction of rotation (i.e. rotation to the left) used
to measure angles in each of the coordinate planes and also the direction of a closed
anticlockwise oriented curve.

If we look at each individual coordinate plane we get, using Fig. 12.6, the diagrams
in Fig. 12.7 showing the anticlockwise directions.

In Chap. 9 we discussed Green’s theorem

%de—i—Qdy—/ —_— - d dy (12.1)

where the boundary of €2, I is oriented in an anticlockwise direction. From (12.1) it
does not appear that 2 has been assigned any orientation but, in fact, if we identify
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Fig. 12.8
R? with R? C R? then the integration on R? is really over the positive side of

(x,y)
R%x) - This is the matching up of orientations in Green’s theorem.

Let F = (f, g, h) denote a continuous vector field on the simple oriented surface
S. Let
¢: (u,v) e U —— (x(u, v), y(u,v), z(u, v))

denote a parametrization consistent with the orientation. We now take an independent
approach to defining separately [[(f,0,0), [[(0, g, 0) and [[(0, 0, &).
S S S

First observe that (f, 0, 0) is parallel to the x-axis and may be represented as in
Fig. 12.8, where we have rotated the axes but preserved the orientation.

Since f points in the direction of the normal (1, 0, 0) to R%y 2 it is natural to
project onto R%y’z) and to define [[(f,0,0) as I f where Py . is the
s P ICE,
projection (x,y,z) — (y,z) and Py ,(S) is given the induced orientation from
R%y’ »)- Although the set Py ;(S) may not be open and the mapping

P)HZ: (M, V) —_— (Y(Ms V)v Z(M, V))
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is not necessarily a parametrization of P, .(S) we may proceed as if they were.
Partition U into rectangles (R;j)ij. We consider the “boundary” of Py .(R;;) as a
directed curve in R parameterlzed” by Py, restricted to the boundary of the
anticlockwise orlented rectangle R;; in the uv-plane. Hence Py (R;;) will have
positive (or at least non-negative) area if it is oriented in an anticlockwise fashion in

R%y 2 This gives us the approximation

L om2 | Ve
Area(Py ;(Rij)) inR(, ) ~

" (i, vj)Au;Av;.

Next we transfer the partition of U to Py ,(S) by using Py, and ¢ and form
the Riemann sum of f with respect to this partition. This analysis shows that the
Riemann sum

Z Z £ v))) x [ Area (P, (R;j)) in R(Zy)z)]
i

is approximately equal to

ZZf(¢(ui, vj))

Yu

" (u,-, Vj)AM,'AVj

and on taking a limit we get

/S <f,0,0>=/U

We proceed in the same way with (0, g, 0) and obtain the diagram shown in
Fig. 12.9. This implies that z precedes x (see also Fig. 12.7¢) and so the correctly
oriented “parametrization” in this case is

(u,v) —— (2(u, v), x(u, v))

and we obtain

/ (0’ g, O) = / Y deV
Xy
S U
Similarly we are led to
_ Yu
0,0,h) = dudv.
v
S U
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, A z

Fig. 12.9

Although each of these integrals looks rather complicated when we add them together
we obtain a familiar expression. Since

¢, v) = (x@u,v), y(u,v), z(u,v))

we have ¢, = (x,, yu, zy) and ¢, = (x,, yy, Z,). Hence

i j k
Gu X Gy = |Xu Yu Zu Z(yu Zu,_xu Zu, u YM)
X Yz W 2y Xy 2y Xy Wy
v v v
Yu Zu Xu Zu Xu  Yu
F- X ¢y = +h
Gu X G f W 2y Xy 2y Xy Yy
f g h F
=|Xy Yu Zzu|=4det| ¢y,
Xy W 2y oy
and
[[ro0+ [[oc0+ [[o0mn
S S S
Yu Zu Zu Xu Xu  Yu
= h dud 12.2
[l weeslze ol ) anar 22
U
= //F(d)(u,v)) -y X ¢y (u, vydudv (12.3)
U
F
=// det | ¢, | dudv. (12.4)
U ¢v
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Formula (12.3) is our original definition of the integral of F over S and thus (12.2)
and (12.4) are new expressions for [| F. We have also shown, provided we use the

S
correct orientations on Py . (S), P, »(S) and P, ,(S), that

JJr=J] o ] e ]

Py, (S) x(S) Py y(S)

In certain cases these projections map S onto geometrically nice domains in the
coordinate planes and this may lead to simpler calculations -see for instance our next
example, Example 13.2 and Exercises 12.1, 12.2 and 12.8.

From (12.3) and the results of the previous chapter we also have

//F=/ (F - 0)lgy x by lldudv
S U

=/ (F-n)VEG — F2dudbv. (12.5)
U

Using the notation
ax,y)
d(u,v)

Xu  Yu
Xy Yy

etc.

we obtain yet another formula for the integral:
_ 00, y)\2 | (31, 2)\2 | (3(z,2)\2]"?
//F_//(F'n)[(a(u,v)) +(8(u,v)) +(8(u,v))i| dudy. (12.6)
S U

In view of formula (12.5) the notation f ] (F,m)dA is also used in place of [[ F
(S,m)

where dA denotes surface area.

We have established five formulae for calculating surface integrals. Furthermore,
our excursion into oriented planes has led to geometric insights on the construction of
the integral and to a method of evaluating integrals by projecting onto the coordinate
planes. There are still a number of topics to be sorted out, e.g. independence of the
parametrization, and we discuss these in examples as we proceed.

Example 12.4 In this simple example we use projections to calculate the area of the
triangle with vertices (1, 0, 0), (0, 1, 0) and (0, 0, 1). The fact that we can easily find
the answer independently allows us to check our solution.

From Fig. 12.10, P = (1/2,1/2,0) and

1 1 1/2 \/3
||<1/2,1/2,o>—(o,o,1)||=(Z+Z+1) -2
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Fig. 12.10

Since ||(1,0,0) — (0, 1,0)|| = +/2 the (surface) area is 1/2 - v/2 - \/3/2 = +/3/2.

We now calculate the area using [ n. Since the triangle is part of a plane the
(S,n)

normal n is constant on S. By symmetry it is easily seen that the triangle lies in

the plane x + y + z = 1 and hence the unit normals are :I:(l/\/g, 1/\/5, 1/\/5).

Let us take (1/+/3, 1/4/3, 1/+/3) as our unit normal. By symmetry we only have

to calculate [[ (1/ V3,0, 0). Clearly Py . projects onto the anticlockwise oriented
(Sm)

triangle A} C R%y 2) with vertices (0, 0), (0, 1) and (1, 0) and

//(L()o)_LA (A)_Ll
N _\/5 rea 1_\/§~2.

(S.m)

Hence

and this agrees with our earlier result.

Exercises

12.1 Find [[F where F(x,y,z) = (1,2,3) and S is the triangle with vertices

S
(1,0,0), (0,2,0), (0, 0, 3) oriented so that the origin is on the negative side.
12.2 By using projections and the portion of the sphere that lies in the first octant
calculate the area of a sphere of radius r.
12.3 Express as an integral over a region in R? the integral il f F where F(x, y, z) =
S

(—2/y3, —6xy?, 223/x3), S is the graph of f(u,v) = uv3, (u,v) € [1,2] x
[1, 2] and the parametrization ¢ (i, v) = (u, v, uv?) is consistent with the ori-
entation. Evaluate the integral.
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12.4

12.5

12.6

12.7

12.8

Let 0 < a < b and let I" denote the circle of centre (b, 0) and radius a in the
xz-plane. Let S denote the surface obtained by rotating I" about the z-axis. If S
is oriented with outward normal and

bx by
F(x,y,z)z(x— VY = ,z)
/x2 + y2 /x2 + y2
show that
/ / F = 472%4°b.
S
Evaluate

(a) //y2+z2

’ 1
o ]
S @y +e+a?)”

where S is the portion of the sphere x> + y? + z> = a? above the xy-plane
oriented by the outward normal.

Describe the surface S = {(x, y, 2) : 2 =xr+ y2, 1 <z <3} Ifnisthe
outward pointing normal to S find

/ (—xz, —yz, x2 4+ y?)

x2 4+ y2
(S,n)

Let S denote the portion of the level set z = tan~!(y/x) which lies between
the planes z = 0 and z = 2, inside the cone x4+ y2 = 72 and outside the
cylinder x2 4+ y? = 72. Let

(_-xv - _Z)

G s Vs = .
(x,y,2) 2+ 2 + 22)32

Show that

F(r,0) =(rcosf,rsinf,0), mw<r<06, 1 <6 <2m

F. x F
is a parametrization of S. If n = 2% evaluate /] G.
|Fr x Fgll (S,n)

Evaluate [| F where F(x, y,z) = (y? + 22, tan"!(x/2), zexp(x? + y?)) and
S

S is the part of the sphere of radius a centered at the origin in the first octant
oriented outwards by (a) using a parametrization and (b) projecting onto the
coordinate planes.
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