
LECTURE 23 

Complex Lie Groups; Characters 

This lecture serves two functions. First and foremost, we make the transition back 
from Lie algebras to Lie groups: in §23.1 we classify the groups having a given 
semisimple Lie algebra, and say which representations of the Lie algebra, as described 
in the preceding lectures, lift to which groups. Secondly, we introduce in §23.2 the 
notion of character in the context of Lie theory; this gives us another way of describing 
the representations of the classical groups, and also provides a necessary framework 
for the results of the following two lectures. Then in §23.3 we sketch the beautiful 
interrelationships among Dynkin diagrams, compact homogeneous spaces and the 
irreducible representations of a Lie group. The first two sections are elementary 
modulo a little topology needed to calculate the fundamental groups of the classical 
groups in §23.1. The third section, by contrast, may appear impossible: it involves, at 
various points, projective algebraic geometry, holomorphic line bundles, and their 
cohomology. In fact, a good deal of §23.3 can be understood without these notions; 
the reader is encouraged to read as much of the section as seems intelligible. A final 
section §23.4 gives a very brief introduction to the related Bruhat decomposition, which 
is included because of its ubiquity in the literature. 

§23.1: Representations of complex simple groups 
§23.2: Representation rings and characters 
§23.3: Homogeneous spaces 
§23.4: Bruhat decompositions 

§23.1. Representations of Complex Simple Lie Groups 

In Lecture 21 we classified all simple Lie algebras over C. This in tum yields 
a classification of simple complex Lie groups: as we saw in Lecture 7, for any 
Lie algebra 9 there is a unique simply connected group G, and all other 
(connected) complex Lie groups with Lie algebra 9 are quotients of G by 
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discrete subgroups of the center Z(G). In this section, we will first describe the 
groups associated to the classical Lie algebras, and then proceed to describe 
which of the representations of the classical algebras we have described in 
Part III lift to which of the groups. We start with 

Proposition 23.1. For all n ~ 1, the Lie groups SL.C and SP2.C are connected 
and simply connected. For n ~ 1, SOnC is connected, with 7t t (S02C) = 7L, and 
7t t (SO.C) = 7L/2for n ~ 3. 

PROOF. The main tool needed from topology is the long exact homotopy 
sequence of a fibration. If the Lie group G acts transitively on a manifold 
M, and H is the isotropy group of a point Po of M, then G/H = M, and the 
map G .... M by g 1-+ g . Po is a fibration with fiber H. The resulting long exact 
sequence is, assuming the spaces are connected, 

... .... 1t2(M) .... 7t t(H) .... 7t t (G) .... 7t t(M) .... {1}. (23.2) 

(The base points, which are omitted in this notation, can be taken to be the 
identity elements of Hand G, and the point Po in M.) In practice we will know 
M and H are connected, from which it follows that G is also connected. From 
this exact sequence, if M and H are also simply connected, the same follows 
for G. 

To apply the long exact homotopy sequence in our present circumstance 
we argue by induction, noting first that SLt C = SOt C = {1}. Now consider 
the action of G = SL.C on the manifold M = C·\ {O}. The subgroup H 
fixing the vector Po = (1,0, ... ,0) consists of matrices whose first column is 
(1,0, ... ,0) and whose lower right (n - 1) by (n - 1) matrix is in SL._t C; it 
follows that as topological spaces H ~ SL._t C x C·-t. Since M is simply 
connected for n ~ 2 (having the sphere S2.-t as a deformation retract), and H 
has SL._t C as a deformation retract, the claim for SL.C follows from (23.2) 
by induction on n. 

The group S02C is isomorphic to the multiplicative group C*, which has 
the circle as a deformation retract, so 1tt(S02C) = 7L. The group G = SO.C 
acts transitively on M = {v E C'; Q(v, v) = 1}, where Q is the symmetric bi­
linear form preserved by G. (The transitivity of the action is more or less 
equivalent to knowing that all nondegenerate symmetric bilinear forms are 
equivalent.) For explicit calculations take the standard Q for which the 
standard basis {e;} of C· is an orthonormal basis. This time the subgroup H 
fixing et is SO._t C. From the following exercise, it follows that M has the 
sphere sn-t as a deformation retract. By (23.2) the map 

7t t (SO.-t C) -+ 7t t (SO.C) 

is an isomorphism for n ~ 4. So it suffices to look at S03C. This could be 
done by looking at the maps in the sme exact sequence, but we saw in Lecture 
10 that S03 C has a two-sheeted covering by SL2 C, which is simply connected 
by the preceding paragraph, so 7t t (S03C) = 7L/2, as required. 
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The group G = SP2nC acts transitively on 

M = {(v, w) E c2n X C 2n: Q(v, w) = I}, 

where Q is the skew form preserved by G, and the isotropy group is SP2n-2C 
Since SP2 C = SL2 C, the. first case is known. By the following exercise, since 
M is defined in C4 n by a nondegenerate quadratic form, M has s4n-1 as a 
deformation retract, so we conclude again by induction. 0 

Exercise 23.3*. Show that {(Z1, ... ,Z.)Ecn: Lzr = I} is homeomorphic to 
the tangent bundle to the (n - I)-sphere, i.e., to 

Tsn-, = {(u, v) E sn-1 X iRn : U·V = OJ. 
Using the exact sequence {1} -+ SLnC -+ GLnC -+ C* -+ {I} we deduce 

from the proposition and (23.2) that 

1t 1(GLnC) = Z. (23.4) 

Exercise 23.5. Show that for all the above groups G, the second homotopy 
groups 1t2(G) are trivial. 

We digress a moment here to mention a famous fact. Each of the above 
groups G has an associated compact subgroup: SU(n) c SLnC, Sp(n) c SP2nC, 
and SO(n) c SOnC In fact, each of these subgroups is connected, and these 
inclusions induce isomorphisms of their fundamental groups. 

Exercise 23.6. Prove these assertions by finding compatible actions of the 
subgroups on appropriate manifolds. Alternatively, observe that in each case 
the compact subgroup in question is just the subgroup of G preserving a 
Hermitian form on cn or C2n, and use Gram-Schmidt to give a retraction of 
G onto the subgroup. 

Now, by Proposition 23.1 the simply-connected complex Lie groups corre­
sponding to the Lie algebras 9 = sInC, SP2nC, and sOmC are 

G = SLnC, SP2nC, and SpinmC 

We also know the center Z(G) of each of these groups. From Lecture 7 we 
also know the other connected groups with these Lie algebras: 

• The complex Lie groups with Lie algebra sI.C are SL.C and quotients of 
SLn C by subgroups of the form {e2"Ii/m. I} I for m dividing n (in particular, 
if n is prime the only such groups are SLnC and PSL.C). 

• The complex Lie groups with Lie algebra SP2nC are SP2nC and PSP2nC 
• The complex Lie groups with Lie algebra S02n+1 Care Spin2n+1 C and 

S02n+1 C 
and 

• The complex Lie groups with Lie algebra S02nC are Spin2.C, S02nC and 
PS02nC; in addition, ifn is even, there are two other groups covered doubly 
by Spin2nC and covering doubly PS02nC [cf. Exercise 20.36]. 
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These are called the classical groups. In the cases where we have observed 
coincidences of Lie algebras, we have the following isomorphisms of groups: 

and 

Spin3C ~ SL2C and S03C ~ PSL2C; 

Spin4C ~ SL2C x SL2C and PS04C ~ PSL2C x PSL2C; 

SpinsC ~ SP4C and SOsC ~ PSP4C; 

Spin6C ~ SL4 C and PS06C ~ PSL4C. 

Note that in the first case n = 4 where there is an intermediate subgroup 
between SLnC and PSLnC, the subgroup in question is interesting: it turns 
out to be S06 C. In general, however, these intermediate groups seldom arise. 

Consider now representations of these classical groups. According to the 
basic result of Lecture 7, representations of a complex Lie algebra 9 will 
correspond exactly to representations of the associated simply connected Lie 
group G: specifically, for any representation 

p: 9 -+ gl(V) 

of g, setting 

p(exp(X» = exp(p(X» 

determines a well-defined homomorphism 

p: G -+ GL(V). 

For any other group with algebra g, given as the quotient GIC of G by a 
subgroup C c Z(G), the representations of G are simply the representations 
of G trivial on C. It is therefore enough to see which of the representations 
of the classical Lie algebras described in Part III are trivial on which sub­
groups C c Z(G). 

This turns out to be very straightforward. To begin with, we observe that 
the center of each group G with Lie algebra 9 lies in the image of the chosen 
Cartan subalgebra g c 9 under the exponential map. It will therefore be 
enough to know when exp(p(X» = I for X E g; and since the representations 
p of 9 are particularly simple on g this presents no difficulty. 

What we do have to do first is to describe the restriction of the exponential 
map to g, so that we can say which elements of g exponentiate to elements of 
Z(G). For the groups that are given as matrix groups, this will all be perfectly 
obvious, but for the spin groups we will need to do a little calculation. We 
will also want to describe the Cartan subgroup H of each of the classical groups 
G, which is the connected subgroup whose Lie algebra is the Cartan sub­
algebra g of g. For G = SLnC, H is just the diagonal matrices in G, i.e., 

H = {diag(zl' ... , zn): Zl· .. . ·Zn = I}. 

Similarly in SP2nC or S02nC, H = {diag(zl, ... , Zn, z11, ... , Z;;l)}, whereas in 
S02n+1C, H = {diag(zl' . .. ,zn,zI1, .. . ,Z;;I, I)}. In each of these cases the 
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exponential mapping from l) to H is just the usual exponentiation of diagonal 
matrices. 

To calculate the exponential mapping for Spin",C, we need to describe the 
elements in Spin",C that lie over the diagonal matrices in SO",c. This is not 
a difficult task. Calculating as in §20.2, we find that for any nonzero complex 
number Z and any 1 ~ j ~ n, and with m = 2n + 1 or m = 2n, the elements 

(23.7) 

in the Clifford algebra are in fact elements of Spin",C. Moreover, if 
p: Spin",C -+ SO"'C is the covering, the image p(Wj(z» is the diagonal matrix 
whose jth entry is Z2, (n + j)th entry is Z-2, and other diagonal entries are 1. 
These elements Wj(z) also commute with each other, so for any nonzero 
complex numbers Z 1, ... , Z. we can define 

(23.8) 

Then P(W(Zl' ... , z.» = diag(zI, ... , z;, z12, ... , Z;;2) if m = 2n, while if m = 
2n + 1, we get the same diagonal matrix but with a 1 at the end. 

Let Hi = Ei,i - E.+i,.+i' the usual basis for l) c sO"'c. 

Lemma 23.9. For any complex numbers a 1, . •• , a., 

exp(a1H1 + ... + a.H.) = w(eatl2, ... , ea"/2) 

PROOF. Since the map exp: l) -+ Spin",C is determined by the facts that it is 
continuous, it takes 0 to 1, and its composite with P is the exponential for 
SO"'C, this follows from the preceding formulas. 0 

Exercise 23.10*. Show that exp(I,ajHj) = 1 if and only if each aj is in 21tiZ 
and I,aj E 41tiZ. 

We see also that exp(l» contains the center of Spin",C. Indeed, 
-1 = w( -1, 1, .. . , 1), and if m is even, the other central elements are ±(O, 
with (0 = w(i, ... , i), as we calculated in Exercise 20.36. (This, of course, also 
contains the fact that there is a path between 1 and -1, proving again that 
Spin",C is connected.) 

Exercise 23.11*. Verify for all the classical groups G that: (i) H = exp(l» is 
a closed subgroup of G that contains the center of G; (ii) the map of funda­
mental groups 1tl (H, e) -+ 1tl (G, e) is surjective; (iii) for any connected covering 
1t: G' -+ G, 1t-1 (H) is connected and is the Cartan subgroup of G'. 

Now let G = ale be a semisimple Lie group with Lie algebra 9 and Cartan 
subalgebra l). Choose an ordering of the roots, and let r .. be the irreducible 
representation of 9 with highest weight A.. The basic fact that we need is 
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Lemma 23.12. The representation r). is a representation of G = Gle if and 
only if 

A(X) E 2niZ whenever exp(X) E C. 

PROOF. The representation r). is a representation of G when g. v = v for all 
gEe, where v is a highest weight vector in r).. Since exp(~) contains e, this 
says exp(X)· v = v for all X E ~ such that exp(X) E C. Now by the naturality 
of the exponential map, and since X . v = A(X)V for X E g, we have exp(X)· v = 
e).(X)v. Hence the condition is that e).(X)v = v, or that eA(X) = 1 if exp(X) E e, 
which is the displayed criterion. D 

Let us work this out explicitly for each of the classical groups. It may help 
to introduce a notation for the irreducible representations which, among other 
virtues, allows some common terminology in the various cases. Note that for 
each of sIn +1 , 5P2n' 502n , and 502n+1 the root space g* is spanned by weights 
we have called L 1, ••• , L n, so a weight can be written uniquely in form 
AILI + ... + AnLn. We may sometimes write A in place of the weight 
Al Ll + ... + AnLn· In the rest of this lecture at least, we write rA for the 
irreducible representation with highest weight AILI + ... + AnLn. Note that 
by our choice ofWeyl chambers the highest weights A = (AI' ... , An) that arise 
satisfy 

where the Ai are all integers in the first two cases, and for 502n+1 they are either 
all integers or all hjilf-integers; and 

Al ~ A2 ~ ... ~ An- 1 ~ IAnl ~ 0 for 502n, 

with the Ai all integers or all half-integers. 

Proposition 23.13. For each subgroup e of the center of G, the representation 
r). is a representation of Gle precisely under the following conditions: 

(i) ~ = SLn+1 C, e has order m dividing n + 1: L Aj == 0 mod(m). 
(ii) l! = SP2n C, e = {± 1}: L Aj is even. 

(iii) G = Spin2n C or Spin2n+1 C, e = {± 1}: all Ai are integers. 
(iv) ~ = Spin2nC, e = {± 1, ± w}: all Ai are integers, L Aj is even. 
(v) G = Spin2n C, n even, e = {t, w}: LAj is an even integer; and for e = 

{1, -w}: LAj - nl2 is an odd integer. 

In particular, representations of PSLn+1 C are given by partitions A with 
LAj == 0 mod(n + 1), and those for PSP2nC have LAj even. Case (iii) verifies 
what we saw in Lecture 19 about representations of SOme. Representations 
of PSOm C correspond to integral partitions A with L Aj even. 

PROOF. With the preceding lemma and the explicit description of everything 
in sight, the calculations are routine. In case (i), for example, a generator for 
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C is of the form exp(X), with 

X = (2ni/m) ( t Ei,i - nEn+1,n+1)' 
)=1 

and so A.(X) = (2ni/m)(I A.) will be a multiple of 2ni exactly when L A.j is 
divisible by m. For SP2.C, exp(X) = -1 when X = ni(L Hj ), so A.(X) = niL A.i , 

and (ii) follows. The calculations are similar for Spinm C, noting that 
exp(2ni(Hd = -1 and exp(ni(LHj )) = m. 0 

By way of an example, recall that any irreducible representation of sI2C is 
of the form Symkv, where V is the standard two-dimensional representation. 
Any such representation, of course, lifts to the group SL2C; but it lifts 
to PSL2 C ~ S03 C if and only if k is even (in particular, the "standard" 
representation ofS03C on C 3 is the symmetric square Sym2 V). For another 
example, we have seen that any irreducible representation of SP4C may be 
found in a tensor product SymkV ® Sym'w, where V is the standard four­
dimensional representation of SP4C and We Nv the complement of the 
trivial one-dimensional representation. All such representations lift to SP4 C, 
but they lift to PSP4C ~ SOsC if and only if k is even-equivalently, if they 
are contained in a representation of the form Sym'W ® Symk(N W), where 
W is the "standard" representation of SOs C. 

Exercise 23.14. Show that each of these semisimple complex Lie groups G has 
a finite-dimensional faithful representation. 

The result of the proposition can be put in a more formal setting, which 
brings out a feature that our alert reader has surely noticed: the center of 
the simply-connected form of 9 is isomorphic to the quotient group Aw/AR 
of the weight lattice modulo the root lattice. We note first that this abelian 
group Aw/AR is finite. We have seen this for the classical Lie algebras. In 
general, we have 

Lemma 23.15. The group Aw/AR is finite, of order equal to the determinant of 
the Cartan matrix. 

PROOF. The simple roots IX form a basis for the root lattice A R • The correspond­
ing elements Ha form a basis for 

rR = Z{Hy : Y E R}, 

a lattice in ~; this is proved in Appendix D.4. Since Aw is defined to be the 
lattice of elements of ~* that take integral values on rR , the determinant 

det(IX(Hp)) = det(na/l) 

is the index [Aw : ARJ. o 
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In particular, for the exceptional groups, Aw/AR is trivial for (G2), (F4 ), and 
(Es), and cyclic of order two for (E7) and order three for (E6). 

In fact, the center of the simply-connected group is naturally isomorphic 
to the dual of Aw/AR. To express this, consider the natural dual of this last 
group. The lattice rR defined in the preceding proof is a sublattice ofthe lattice 

rw = {X E~: IX(X) E 7L for all IX E R}. 

Note that Aw was defined to be the lattice of elements of ~* that take integral 
values on rR.1t follows formally from the definitions and the fact that Aw/AR 
is finite that we have a perfect pairing 

(X, IX) 1-+ IX (X). 

The claim is that there is a natural isomorphism from r W/rR to the center 
of G, which is given by the exponential. More precisely, let ea: ~ -+ He G be 
the homomorphism defined by 

ea(X) = exp(21tiX). 

We claim that when G = G is the simply-connected group, Ker(eG) = rR and 
eG(r w) is the center of G, from which it follows that eG induces an isomorphism 

rW/rR ~ Z(G). 

More generally, for any G = G/C, define a lattice r( G) between rR and r w by 

r(G) = Ker(ea)· 

Then ea determines an isomorphism 

We may thus state our result as 

Theorem 23.16. There is a one-to-one correspondence between connected Lie 
groups G with the Lie algebra 9 and lattices A c ~* such that 

AR cAe Aw. 

The correspondence is given by associating to a group G the lattice dual to the 
kernel of the exponential map exp: 9 -+ G; in particular, the largest lattice Aw 
corresponds to the simply-connected group, the smallest AR to the adjoint group 
with no center. In terms of this correspondence, the irreducible representation 
V;. of 9 with highest weight A. E ~* will lift to a representation of the group G 
corresponding to A c ~* if and only if A. E A. 

Note also that 

H = ~/r(G) ~ C* x ... x P, 

with n = dimc~ copies of C*. 
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Exercise 23.17*. Show that these claims follow formally from what we have 
seen: that the image of the exponential map contains the center, and that for 
any weight C( there is a representation V of 9 whose weight space Ya is not zero. 
Show also that eG determines an isomorphism r( G)/rR ;;;;; 1t 1 (G). In diagram 
form, 

Go 

i 
G 

i 
G 

Exercise 23.18. Find the kernels of each of the spin and half-spin representa­
tions SpinmC ~ GL(S) and SpinmC -+ GL(Si). 

Exercise 23.19*. Classify the irreducible representations of the fuU orthogonal 
group OmlC. 

Note that by our analysis of the Lie algebra g2 there is a unique group G2 

with this Lie algebra, which is simultaneously the simply-connected and 
adjoint forms; the representations of this group are exactly those of the alge­
bra g2 . The same is true for the Lie algebras oftype (F4 ) and (Es), while (E7) 
and (E6) each have two associated groups, an adjoint one with fundamental 
group lL/2 and lL/3, and a simply-connected form with center lL/2 and lL/3 
respectively. 

It may be worth pointing out that each complex simple Lie group G can 
be realized as a closed subgroup defined by polynomial equations in some 
general linear group, i.e., that G is an affine algebraic group. Every irreducible 
representation G ~ GL(V) is also defined by polynomials in appropriate 
coordinates. This explains why the whole subject can be developed from the 
point of view of algebraic groups, as in [Borl] and [Hu2]. 

The Weyl group m, which we defined as a subgroup of Aut(~*), can be 
interpreted in terms of any connected Lie group G with Lie algebra g. Let H 
be the Cartan subgroup corresponding to ~, and let N(H) be the normalizer: 

N(H) = {g E G: gHg- 1 = H}. 

We have homomorphisms: 

N(H) -+ Aut(H) -+ Aut@ -+ Aut(~*), 

the first defined by conjugation, the second by differentiation at the identity, 
and the third using the identification of ~ and ~* via the Killing form. Fact 
14.11 can be sharpened to the claim that this map determines an isomorphism 

N(H)/N~m. (23.20) 

When G is the adjoint form of the Lie algebra, this isomorphism is proved 
in Appendix D. The general case follows, using: 
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Exercise 23.21. Show that if n: G' -+ G is a connected covering, with Cartan 
subgroups H' = n-1(H), then the induced map N(H')/H' -+ N(H)/H is an 
isomorphism. 

Exercise 23.22. For each of the classical groups, and each simple root a, find 
an element in N(H) that maps to the reflection w,. in 2B. 

§23.2. Representation Rings and Characters 

Just as with finite groups, we can form the representation ring R of a semi­
simple Lie algebra or Lie group: take the free abelian group on the isomorphism 
classes [V] of finite-dimensional representations V, and divide by the relations 
[V] = [V'] + [V"] whenever V ~ V' Ee V". By the complete reducibility of 
representations, it follows as before that R is a free abelian group on the classes 
[V] of irreducible representations. Again, the tensor product of representa­
tions makes R into a ring: [V]· [W] = [V ® w]. Many of our questions 
about decomposing representations and tensor products of representations 
can be nicely encoded by describing R more fully. We do this first for the Lie 
algebras. 

For a semisimple Lie algebra g, let A = Aw be the weight lattice, and let 
Z[A] be the integral group ring on the abelian group A. We write e(A.) for the 
basis element of Z[A] corresponding to the weight A.; for now at least these 
are just formal symbols, having nothing to do with exponentials (but see 
(23.40)). Elements of Z [ A] are expressions of the form L n;. e(A.), i.e., they assign 
an integer n;. to each weight A., with all but a finite number being zero. So Z[A] 
is a natural carrier for the information about multiplicities of representations. 
Define a character homomorphism 

Char: R(g) -+ Z[A] (23.23) 

by the formula Char[V] = L dim(V;.)e(A.), where V;. is the weight space of V 
for the weight A. and dim(V;.) its multiplicity. This is clearly an additive 
homomorphism. 

The first assertion about this character map is that it is injective. This comes 
down to the fact that a representation is determined by the multiplicities of 
its weight spaces, which is something we saw in Lecture 14. 

The product in the group ring Z[A] is determined by e(a)· e(f3) = e(a + 13). 
We claim next that Char is a ring homomorphism. This comes from the familiar 
fact that 

(V® W);. = EB ~® w". 
,,+.=;. 

The Weyl group \!Baets on Z[A], and a third simple claim is that the image 
of Char is contained in the ring of invariants Z [A] !ID. This comes down to the 
fact that, for an irreducible (and hence for any) representation V, the weight 
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spaces obtained by reflecting in walls of the Weyl chambers all have the same 
dimension. 

Let WI' .. . , Wn be a set of fundamental weights; as we have seen, these are 
the first weights along edges of a Weyl chamber, and they are free generators 
for the lattice A. Let r l , ... , rn be the classes in R(g) of the irreducible 
representations with highest weights WI' . . . , Wn . 

Theorem 23.24. (a) The representation ring R(g) is a polynomial ring on the 
variables r l , ... , rn. 

(b) The homomorphism R(g) ~ l[A]nI is an isomorphism. 

In particular, this says that l[A]nI is a polynomial ring on the variables 
Char(rl ), ... , Char(r.). In fact, the theorem is equivalent to this assertion, 
since if we take variables VI' ... , Vn and map the polynomial ring on the Vi 
to R(g) by sending Vi to r i , we have 

l[V" ... , V.] ~ R(g) ~ l[A]nI. 

If the composite is an isomorphism, the second being injective, both must be 
isomorphisms, which is what the theorem says. 

In spite of its fancy appearance, we will see that the theorem follows quite 
easily from what we know about the action of the Weyl group !ill on the 
weights. 

For any P E lEA] let us say that (X is a highest weight for P if the coefficient 
of e«(X) in P is nonzero, and, with a chosen ordering of weights as before, (X is 
the largest such weight. We first observe that if P is invariant under !ill, then 
the highest weight for P is in 11' n A, where 11' is our chosen (closed) Weyl 
chamber. In general, weights in 11' n A are often referred to as dominant 
weights. 

Now suppose {p . .} is any collection of elements in l[A]nI, one for each 
dominant weight 2, such that P). has highest weight 2 and the coefficient of 
e(2) is 1. We claim that the P). form an additive basis for l[A]nI over l. This 
is easy to see and is the same argument used in the theory of symmetric 
polynomials in any algebra text: given P with highest weight 2, ifthe coefficient 
of e(2) is m, then P - mP). is invariant whose highest weight is lower, and one 
continues inductively until one reaches weight zero, i.e., the constants. 

Let Pi = Char(rJ, which has highest weight Wi' and suppose the coefficient 
of e(wi ) is 1. Since any weight 2 E 11' n A can be uniquely expressed in the 
form 2 = L miwi, for some non-negative integers mi , and the highest weight 
of n (PJm, is L miwi, it follows that the monomials n (Pit' in PI' ... , Pn form 
an additive basis for l[A]nI. This says precisely that l[PI , . .. , Pn ] = l[A]nI, 
and completes the proof. 0 

Let us work this out concretely for each of our cases sIn+! C, sPnC, S02n+1 C, 
and s02nC. Each lattice A contains weights we have called L" ... , Ln; in the 
first case we also have Ln+1 with LI + . .. + Ln+! = O. We set 
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Xj = e(LJ, (23.25) 

Note that in case L l , ..• , L. is a basis for A, then 

Z[A] = Z[x l , . . . , x., xli, ... , X,; 1 ] = Z[x l , ... , x., (Xl· ... · x.f l] 

as a subring of the field Q (x l' ... , x.). 
(A.) For 51.+1C, fundamental weights are 

L l , L1 + L2, L1 + L2 + L 3 , ..• , L1 + ... + L., 

corresponding to the irreducible representations V, N V, ... , N V, with 
V = C·+1 the standard representation. The character of N V is L e((X), the sum 
over all (X that are sums of k different LJor 1 ::;; i ::;; n + 1. So Char(N V) = Ak , 

where Ak is the kth elementary symmetric function of Xl' ... , X.+ l . The Weyl 
group is the symmetric group 6.+1, acting by permutation on the indices, so 
the theorem in this case says that 

(23.26) 

Note that Z[A] = Z[xl , ... • x •• x.+1]/(Xl ..... X.+ I - 1). so Z[A] has an 
additive basis consisting of all monomials x«. with (X an n-tuple of non-negative 
integers, but with not all (Xi positive. 

(Cn) For 5P2.C, the lattice A and fundamental weights have the same 
description as in the preceding case. The corresponding irreducible represen­
tations are the kernels V(k) of the contraction maps Nv -+ N-2v, with now 
V = C 2• the standard representation, k = 1 •...• n. The character of Nv is 
Le((X). the sum over all (X that are sums of k different ±Lj for 1 ::;; i ::;; n. The 
character Char(NV) is thus the elementary symmetric polynomial Ck in the 
variables Xl' Xli, X2' Xll • ... , x., X';l. The theorem then says that 

= Z[C1, C2 , C3 • ••• , Cnl 
(23.27) 

(Bn) For 502n+1 C. A is spanned by the Li together with t(L l + ... + L.). 
The fundamental representations are V, N V, ... , N-l V, and the spin 
representation S. The character of Nv is the kth elementary symmetric 
function of the 2n + 1 elements Xl' xil • . .. , Xn , X,; I , and 1; denote this by Bk• 

The character of S. which we denote by B, is the sum L X r 1/2 ..... x; 1/2, where 

Xil/2 = e(LJ2), X;1/2 = e( - LJ2). (23.28) 

So B is the nth elementary symmetric polynomial in the variables xil/2 + X;1/2. 

Therefore. 

(23.29) 

(D.) For 502.C, A and Z[A] are the same as in the preceding case. 
The fundamental representations are V, N V, . . . , N- 2 V, and the half-spin 
representations S+ and S-. The character of Nv, denoted Dk , is the kth 
elementary symmetric function of the 2n elements Xl' XI1, ...• X., X;;-l. The 
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character D± of S± is the sum I Xf1/2 ..... X;1/2, where the number of plus 
signs is even or odd according to the sign. We have 

Exercise 23.31 *. (a) Prove the following relation in R(So2n+l C): 

B2 = Bn + ... + Bl + 1, 

corresponding to the isomorphism 

S ® S ~ NVEB ... Efj NVEfj Nv. 

(23.30) 

This describes R(S02n+1 C) as a quadratic extension of the ring Z [B1, .•. , Bnl 
(b) Let D: (respectively, Dn-) be the character of the representation whose 

highest weight is twice that of D+ (resp., D-), so that, for example, the sum of 
the representations D: and D;; is NV. Prove the relations in R(S02nC): 

D+ . D+ = D: + Dn- 2 + Dn- 4 + "', 
D- . D- = Dn- + Dn- 2 + Dn - 4 + "', 
D+ . D- = Dn- 1 + Dn- 3 + Dn- s + .. , . 

We can likewise describe the representation ring for 92' Here, we may take 
as generators for the weight lattice the weights Ll and L2 as pictured in the 
diagram 

and correspondingly write Z[A] as Z[Xl' x1\ X2' X21], where Xi = e(LJ It 
will be a little more symmetric to introduce L3 = - Ll - L2 as pictured and 
X3 = x11 . X2 l = e(L3)' and write 

Z[A] = Z[Xl' X2' X3]/(XlX2X3 - 1). 
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In these terms the Weyl group is the group W generated by the symmetric 
group 6 3 permuting the variables Xi and the involution sending each Xi to xil . 
The standard representation has weights ± L j and 0, and so has character 

A = A(Xl' X2' x 3) = 1 + Xl + xl l + X2 + Xl l + X3 + Xil. 

Similarly, the adjoint representation has weights ± Li, ± (Li - L), and 0 
(taken twice); its character is 

B = A(Xl' X2, x 3) + A(xdx2' X2 /X3, x3/xd. 

The theorem thus implies in this case the equality 

R(g2) = Z[A]'ID = Z[A, B]. (23.32) 

Exercise 23.33. Verify directly the statement that any element ofZ[xl' X2' X3]/ 
(Xl X2X3 - 1) invariant under the group W as described is in fact a polynomial 
in A and B. 

Similarly we can define the representation ring R( G) of a semisimple group 
G. When G is the simply-connected form of its Lie algebra g, R(G) = R(g), 
so R(SLnC), R(SP2nC), R(Spin2n+l C), and R(Spin2nC) are given by (23.26), 
(23.27), (23.29), and (23.30). In general, R(G) is a subring of R(g); we can read 
off which subring by looking at Proposition 23.13. We have, in fact, 

R(S02n+1 C) = Z[Bl' ... , BnJ; 

R(S02nC) = Z[Dl' ... , Dn- l , D;;, D;], 

(23.34) 

(23.35) 

with D;; and D; as in Exercise 23.31. But this time there is one relation: 

(D;; + Dn- 2 + Dn- 4 + ... + I)(D; + Dn- 2 + Dn- 4 + ... + 1) 

= (Dn- l + Dn - 3 + ... + )2. 

Exercise 23.36*. 

(a) Prove (23.34). 
(b) Show that the relation in (23.35) comes from Exercise 23.31 (b). Show that 

R(S02nC) is the polynomial ring in the n + 1 generators shown, modulo 
the ideal generated by the one polynomial indicated. 

(c) Describe the representation rings for the other groups with these simple 
Lie algebras. 

(d) Prove the isomorphism 

R(GLnC) = Z[El' ... , En, E;l], 

where the Ek are the elementary symmetric functions of Xl' ... , X n• 

Exercise 23.37*. (a) Show that the image of R(OmC) in R(SOmC) is the poly­
nomial ring Z[Bl' . .. , Bn] ifm = 2n + 1, and Z[Dl' . .. , Dn] ifm = 2n. 
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(b) Show that 

R(02n+l C) = R(S02n+l C) ® R(7l./2) 

= 7l.[Bl' ... , Bn, B2n+l]/«B2n+l)2 - 1) 

and 

R(02nC) = 7l.[D1 ,· · ·, Dn, D2n ]/I, 

where I is the ideal generated by (D2n)2 - 1 and DnD2n - Dn. 

Exercise 23.38*. The mapping that takes a representation V to its dual V* 
induces an involution ofthe representation ring: [V]* = [V*]. The ring 7l.[A] 
has an involution determined by (e(A))* = e( -A). Show that the character 
homomorphism commutes with these involutions. Show that for sIn+l' 

(Ak)* = An+1- k ; for S02n+l C, and SP2nC, and S02nC for n even, the involution is 
the identity; while for S02nC with n odd, (Dk )* = Dk , (D+)* = D-, (D-)* = D+. 
Deduce that all representations of all symplectic and orthogonal groups are 
self-dual. Note that when * is the identity, all representations are self-dual. In 
the other cases, compute the duals of irreducible representations with given 
highest weight. 

The following exercise deals with a special property of the representation 
rings of semisimple Lie groups and algebras. 

Exercise 23..39*. The representation rings R = R(g) and R(G) have another 
important structure: they are A-rings. There are operators 

Ai: R(G) -+ R(G), i = 0, 1,2, . .. , 

determined by Ai([V]) = [NV] for any representation V. 
(a) Show that this determines well-defined maps, satisfying A 0 = 1, A 1 = Id, 

and 

Ai(X + y) = L Ai(X)·Aj(y) 
i+j;k 

for any x and y in R. In fact, R is what is called a special A-ring: there are 
formulas for A i(X· y) and A i(Aj(X)), valid as if x and y could be written as sums 
of one-dimensional representations (see, e.g., [A-T]). 

(b) Show that A i extends to 7l. [A], and use this to verify that R( G) is a special 
A-ring. 

Define Adams operators I/Ik: R -+ R by I/Ik(x) = Pk(A1 x, ... , A nx), where Pk is 
the expression for the kth power sum (cf. Exercise A.32) in terms of the 
elementary symmetric functions, n ~ k. Equivalently, 

I/Ik(x) _l/Ik-l(X)A1(X) + .. . + (_1)kkAk(X) = o. 

(c) Show that, regarding R as the ring of functions on the group G, 
(I/Ikx)(g) = X(gk). Equivalently, I/I k(e(..1.)) = e(kAo). 
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(d) Show that each tjlk is a ring homomorphism, and tjlk 0 tjI' = tjlHI. 
(e) Show that for a representation V, 

Char(Sym2V) = t Char(V)2 + ttjl2(Char(V)), 

Char(NV) = t Char(V)2 - ttjl2(Char(V». 
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Show that Char(SymdV) and Char(NV) can be written as polynomials in 
tjlk(Char(V», 1 :::;; k :::;; d. 

Formal Characters and Actual Characters 

Let G be a Lie group with Lie algebra g. For any representation V of g, the 
image of [V] E R(g) in Z[A] is called the Jormal character of V. As it turns 
out, this formal character can be identified with the honest character of the 
corresponding representation of the group G, restricted to the Cartan sub­
group H: 

(23.40) IJChar(V) = L m"e(a) is the Jormal character, and exp(X) is an element 
oj H, then the trace oj exp(X) on V is L m"e"(X). 

This is simply because exp(X) acts on the weight space J-;, by multiplication 
by e/.l(X), as we have seen. In particular, a representation is determined by the 
character of its restriction to a Cartan subgroup. 

Another common notation for this is to set e(X) = exp(2niX), and 
e(z) = exp(2niz). Then the trace of e(X) is Lm"e(a(X». 

Exercise 23.41. As a function on H, the character of a representation is 
invariant under the Weyl group m = N(H)/H. Describe R(G) as a ring of 
m-invariant functions on H . 

This is also compatible with our descriptions of elements of Z[A]W as 
Laurent polynomials in variables Xj or XF2. For SLn+1 C, for example, if the 
character Char(W) of a representation W is P(x 1 , ••. , xn+d, the trace of the 
matrix diag(z 1, ... , Zn+l) on V is P(Z l' ... , Zn+l). Similarly for the other groups, 
using the diagonal matrices described in the first section of this lecture. For 
the spin groups, the element w(z l' ... , zn) defined in (23.8) has trace given 
by substituting Zj for xt/z, and zi1 for xi1/z in the corresponding Laurent 
polynomial. 

Exercise 23.42*. If g1 and g2 are two semisimple Lie algebras, show that 

R(g1 x gz) = R(g1) ® R(gz)· 

Exercise 23.43*. (a) For the natural inclusion sInC c SIn+l C, restriction of 
representations gives a homomorphism R(sIn+l C) -+ R(sInC)' which can be 
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described by saying what happens to the polynomial generators. Since 
N(Cn $ C) = N(Cn ) $ N-l(Cn), this is 

Ai 1-+ At + Ai-I· 

Give the analogous descriptions for the following inclusions: 

slnC c SP2nC, slnC c S02n+l C, slnC c S02nC; 

SP2nC C sl2nC, s02n+! C C SI2n+I C, S02nC C sl2nC. 

(b) The inclusion slnC x slmC c sln+mC determines a restriction homo­
morphism R(sIn+mC) ~ R(sInC x sImC) = R(s(nC) ® R(sImC), which takes 
polynomial generators Ai to Ai ® 1 + At- I ® Ai + .. . + 1 ® At. Compute 
analogously for 

Which of these inclusions correspond to removing nodes from the Dynkin 
diagrams? 

Exercise 23.44. Compute the isomorphisms of representation rings corre­
sponding to the isomorphisms S(2C ~ S03C, sOsC ~ SP4C, and sI4C ~ S06C. 

§23.3. Homogeneous Spaces 

In this section we will introduce and describe the compact homogeneous 
spaces associated to the classical groups. As we will see, these are classified 
neatly in terms of Dynkin diagrams, and are, in tum, closely related to the 
representation theory of the groups acting on them. Unfortunately, we are 
unable to give here more than the barest outline of this beautiful subject; but 
we will at least try to say what the principal objects are, and what connections 
among them exist. In particular, we give at the end of the section a diagram 
(23.58) depicting these objects and correspondences to which the reader can 
refer while reading this section. 

We begin by introducing the notion of Borel subalgebras and Borel sub­
groups. Recall first that a choice of Cartan subalgebra l) in a semisimple Lie 
algebra 9 determines, as we have seen, a decomposition 9 = l) Ee EBaER ga. To 
each choice of ordering of the root system R = R+ U R-, we can associate a 
subalgebra 

called a Borel subalgebra. Note that b is solvable, since §)b c EB ga' 
§)2b C EB g.+/I' etc. In fact, b is a maximal solvable subalgebra (Exercise 
14.35). 
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If G is a Lie group with semisimple Lie algebra g, the connected subgroup 
B of G with Lie algebra b is called a Borel subgroup. 

Claim 23.45. B is a closed subgroup of G, and the quotient G/B is compact. 

PROOF. Consider the adjoint representation of G on g. The action ofthe Borel 
subalgebra b obviously preserves the subspace beg, and, in fact, b is just the 
inverse image of the subalgebra of gl(g) preserving this subspace: if X = LXII. 
is any element of g with XII. E gil. and XII. #- 0 for some ex E R -, we could find an 
element H of~ c b with ad(X)(H) ¢ b-any H not in the annihilator of ex E ~* 

would do. B is thus (the connected component of the identity in) the inverse 
image in G of the subgroup ofGL(g) carrying b into itself. It follows that B is 
closed; and the quotient G/B is contained in a Grassmannian and hence 
compact. (Alternatively, we could consider the action of G on the projective 
space I?(!\m g), where m is the number of positive roots, and observe that B is 
the stabilizer of the point corresponding to the exterior product of the positive 
root spaces.) 

In fact, in the case of the classical groups, it is easy to describe the Borel 
subgroups and the corresponding quotients. 

For G = SLn+1 C, B is the group of all upper-triangular matrices in G, i.e., 
those automorphisms preserving the standard flag. It follows that G/B is the 
usual (complete) flag manifold, i.e., the variety of all flags 

G/B = {O c VI C ... c v" c en+!} 

of subspaces with dim(v,.) = r. 
For G = S02n+! C the orthogonal group of automorphisms of c2n+! pre­

serving a quadratic form Q, B is the subgroup of automorphisms which 
preserve a fixed flag VI c ... c v" of isotropic subspaces with dim(v,.) = r. 

All such flags being conjugate, G/B is the variety of all such flags, i.e., 

G/B = {O c VI c · ·· c v" C C2n+!: Q(v", v,,) '= OJ. 

Note that B automatically preserves the flag of orthogonal subspaces, so that 
we could also characterize G/B as the space of complete flags equal to their 
orthogonal complements, i.e., 

G/B = {VI c .,. C V2n C C211+!: Q(V;, V2n+!-i) = OJ. 

The same holds for SP2I1C: the Borel subgroups Be SP2nC are just the 
subgroups preserving a half-flag of isotropic subspaces, or equivalently a full 
flag of pairwise complementary subspaces; and the quotient G/B is corre­
spondingly the variety of all such flags. 

For G = S02nC, B fixes an isotropic flag VI c ... C v,,-I, and 

G/B = {O c VI C ... C Vn- I C c2n: Q(v,,-I, v,,-d = OJ. 

Exercise 23.46. With our choice of basis {ei}' let v,. be the subspace spanned 
by the first r basic vectors. If B is defined to be the subgroup that preserves 
v,. for 1 :$ r :$ n, verify that the Lie algebra of B is spanned by the Cartan 
subalgebra and the positive root spaces described in Lectures 17 and 19. 
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We now want to consider more general quotients of a semisimple complex 
group G. To begin with, we say that a (closed, complex analytic, and con­
nected 1) subgroup P of G is parabolic if the quotient G / P can be realized as 
the orbit of the action of G on IP( V) for some representation V of G. In 
particular, G / P is a projective algebraic variety. It follows from the proof of 
Claim 23.45 that any Borel subgroup B of G is parabolic. The following two 
claims characterize parabolic subgroups as those containing a Borel sub­
group, i.e., the Borel subgroups are exactly the minimal parabolic subgroups. 

Claim 23.47. If B is a Borel subgroup and P a parabolic subgroup of G, then 
there is an x E G with 

Oaim 23.48. If a subgroup P of G contains a Borel subgroup B, then P is 
parabolic. 

The first claim is deduced from a version of Borel's fixed point theorem: if 
B is a connected solvable group, V a representation of B and X C IP V a 
projective variety carried into itself under the action of B on IP V, then B 
must have a fixed point on X. This is straightforward: we observe (by Lie's 
theorem (9.11)) that the action of the solvable group B on V must preserve a 
flag of subspaces 

OcV1C· ·· Cv,,=V 

with dim(l';) = i. We can thus find a subspace J.-i C V fixed by B such that X 
intersects IP J.-i in a finite collection of points, which must then be fixed points 
for the action of B on X. As for Claim 23.48 we will soon see directly how 
G / P is a projective variety whenever P is a subgroup containing B. 

We can now completely classify the parabolic subgroups of a simple group, 
up to conjugacy. By the above, we may assume that P contains a Borel 
subgroup B. Correspondingly, its Lie algebra p is a subspace of g containing 
b and invariant under the action of Bon g; i.e., it is a direct sum 

for some subset T of R that contains all positive roots. Now, in order for p to 
be a subalgebra of g, the subset T must be closed under addition (that is, if 
two roots are in T, then either their sum is in T or is not a root). Since, in 
addition, T contains all the positive roots, we may observe that if Gt, P, and y 
are positive roots with (X = P + y, then we must have 

- (X E T => - PET and - YET 

1 It is a general fact that P must be connected if G / P is a projective variety. 
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Clearly, any such subset T must be generated by R+ together with the 
negatives of a subset L of the set of simple roots. Thus, if for each subset L 
of the set of simple roots we let T(L) consist of all roots which can be written 
as sums of negatives of the roots in L, together with all positive roots, and 
form the subalgebra 

p(L) = ~ $ EB 9." (23.49) 
aeT(I:) 

then p(L) is a parabolic subalgebra, the corresponding Lie group P(L) is a 
parabolic subgroup containing B, and we obtain in this way all the parabolic 
subgroups of G. We can express this as the observation that, up to conjugacy, 
parabolic subgroups of the simple group G are in one-to-one correspondence 
with subsets of the nodes of the Dynkin diagram, i.e., with subsets of the set of 
simple roots. 

Examples. In the case of sI3 C, there is a symmetry in the Dynkin diagram, so 
that there is only one parabolic subgroup other than the Borel, corresponding 
to the diagram 

o • 

This, in turn, gives the subset of the root system 

corresponding to the subgroup 

and the homogeneous space 

GIP = p2. 

In the case of sp 4 C, there are two subdiagrams of the Dynkin diagram: 

• < () and (O)==:1<~::::e • 
these correspond to the subsets of the root system 
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and 

(Here we are using a black dot to indicate an omitted simple root, a white dot 
to indicate an included one.) The corresponding subgroups of SP4 C are those 
preserving the vector e1 , and preserving the subspace spanned by e1 and e2 , 

respectively. The quotients GjB are thus the variety of one-dimensional iso­
tropic subspaces (i.e., the variety 1P3 of all the one-dimensional spaces) and 
the variety of two-dimensional isotropic subspaces. 

Exercise 23.50. Interpret the diagrams above as giving rise to parabolic 
subgroups of the group SOs C of automorphisms of C s preserving a symmetric 
bilinear form. Show that the corresponding homogeneous spaces are the 
variety of isotropic planes and lines in CS, respectively. In particular, deduce 
the classical algebraic geometry facts that: 

(i) The variety of isotropic 2-planes for a nondegenerate skew-symmetric 
bilinear form on C4 is isomorphic to a quadric hypersurface in 1P4. 

(ii) The variety of isotropic 2-planes for a nondegenerate symmetric bilinear 
form on C S (equivalently, lines on a smooth quadric hypersurface in 1P4) 
is isomorphic to 1P3. 

In general, it is not hard to see that any parabolic subgroup P in a classical 
group G may be described as the subgroup that preserves a partial flag in 
the standard representation. In particular, a maximal parabolic subgroup, 
corresponding to omitting one node of the Dynkin diagram, may be described 
as the subgroup of G preserving a single subspace. Thus, for G = SLmC, the 
kth node of the Dynkin diagram 

corresponds to the Grassmannian G(k, m) of k-dimensional subspaces of cm. 
(Note that the symmetry of the diagram reflects the isomorphism of the 
Grassmannians G(k, m) and G(m - k, m).) 

For SP2nC, the kth node of the Dynkin diagram 
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corresponds to the Lagrangian Grassmannian of isotropic k-planes, for k = 1, 
2, ... , n. Similarly, for G = S02n+1 C, the kth node of the Dynkin diagram 
corresponds to the orthogonal Grassmannian of isotropic k-planes in c2n+1 . 
Finally, for S02n C,for k = 1,2, ... , n - 2 the kth nodeofthe Dynkin diagram 

yields the orthogonal Grassmannian of isotropic k-planes in C2n, but there is 
one anomaly: either of the last two nodes 

gives one of the two connected components of the Grassmannian of isotropic 
n-planes. 

Exercise 23.51*. Compute p(I:) directly for each of the classical groups, and 
verify the above statements. Why is the orthogonal Grassmannian of isotropic 
(n - I)-planes in Un not included on the list? 

As we saw already in Exercise 23.50, the low-dimensional coincidences 
between Dynkin diagrams can be used to recover some facts we have seen 
before. For example, the coincidence (D2) = (Ad x (AI) identifies the two 
family of lines on a quadratic surface in p3 with two copies of pl. The 
coincidence (A3) = (D3) 

< 
gives rise to two identifications of marked diagrams: we have 

< 



388 23. Complex Lie Groups; Characters 

corresponding to the isomorphism between the Grassmann varieties 
p 3 = G(l, 4), p3 = G(3, 4) and the two components of the family of 2-planes 
on a quadric hypersurface Q in pS; and 

o • 0 

corresponding to the isomorphism of the Grassmannian G(2, 4) with the 
quadric hypersurface Q itself. Finally, an observation that is not quite so 
elementary, but which we saw in §20.3: the identification of the diagrams 

says that either connected component of the variety of 3-planes on a smooth 
quadric hypersurface Q in p7 is isomorphic to the quadric Q itself. 

There is another way to realize the compact homogeneous spaces associated 
to a simple group G. Let V = rA be an irreducible representation of G with 
highest weight A., and consider the action of G on the projective space P V. Let 
p E PV be the point corresponding to the eigenspace with eigenvalue A.. We 
have then 

Claim 23.52. The orbit G . p is the unique closed orbit of the action of G on P V. 

PROOF. The point p is fixed under the Borel subgroup B, so that the stabilizer 
of p is a parabolic subgroup PA; the orbit G/PA is thus compact and hence 
closed. Conversely, by the Borel fixed point theorem, any closed orbit of G 
contains a fixed point for the action of B; but p is the unique point in P V fixed 
byB. 0 

In fact, it is not hard to say which parabolic subgroup PA is, in terms of the 
classification above: it is the parabolic subgroup corresponding to the subset of 
simple roots that are perpendicular to the weight A.. Now, sets l: of simple 
roots correspond to faces of the Weyl chamber, namely, the face that is the 
intersection of all hyperplanes perpendicular to all roots in l:. 

We thus have a correspondence between faces of the Weyl chamber and 
parabolic subgroups P, such that if V = r A is the irreducible representation 
with highest weight A., then the unique closed orbit of the action of G on PV 
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is of the form GjP, where P is the parabolic subgroup corresponding to the 
open face of 11' containing 1. In particular, weights in the interior of the Weyl 
chamber correspond to p;. = B, and so determine the full flag manifold GjB, 
whereas weights on the edges give rise to the quotients of G by maximal 
parabolics. Note that we do obtain in this way all compact homogeneous 
spaces for G. 

For example, we have the representations of SL3 1C: as we have seen, the 
representations SymkV and SymkV*, with highest weights on the boundaries 
ofthe Weyl chamber, have closed orbits {vk}vev and W}lev., isomorphic to 
I?Vand I?V*. By contrast, the adjoint representation-the complement of 
the trivial representation in Hom(V, V) = V ® V*-has as closed orbit the 
variety of traceless rank 1 homomorphisms, which is isomorphic to the flag 
manifold via the map sending a homomorphism <p to the pair (1m <p, Ker <p). 
The picture is 

representations SymkV· 
have closed orbit II' 2 " 

• 

adjoint representation has 
closed orbit the flag manifold 

/ (= hyperplane section of 
/ IPV x IPV· c IP(V ®V.) = f8) 

__ 1 __ 

representations SymkV 
have closed orbit II' 2 

In general, if V is the standard representation of SLnlC, in the representa­
tions of SLnlC of the form W = SymkV we saw that the vectors of the form 
{vk}vev formed a closed orbit in I?w, called the Veronese embedding of I?n-l. 
Likewise, in representations of the form W = Nv the decomposable vectors 
{v 1 1\ V2 1\ • •• 1\ Vk} formed a closed orbit in I? W; this is the Plucker embedd­
ing of the Grassmannian. 

Similarly, we may identify the closed orbits in representations of SP41C. 
Recall here that the basic representations of SP41C are the standard represen­
tation V ~ 1C4 and the complement W of the trivial representation in the 
exterior square j\2V; all other representations are contained in a tensor 
product of symmetric powers of these. Now, Sp41C acts transitively on I?V; 
the closed orbit is all of 1?3. In general, in I?(SymkV) the closed orbit is just 
the set of vectors {vk}ve V ~ 1?3. By contrast, the closed orbit in I?W is just the 
intersection of the hyperplane I?W c I?(N V) with the locus of decomposable 
vectors {v 1\ w}v,weV; this is the variety 
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x = {v " w: Q(v, w) = O} 

of isotropic 2-planes A c V for the skew form Q. 

representation W has 
closed orbit a quadric 

hypersurface in IPW 

• 

____ I ____ 

representations Sym~V 
have closed orbit IP 3 

For the group Spin2n +1 C, the closed orbit of the spin representation S is 
the orthogonal Grassmannian of n-dimensional isotropic subspaces of c2n+l . 
The corresponding subvariety 

G/P c:..1P(S) 

is a variety of dimension (n + 1 )n/2 in lPN, N = 2n - 1, called the spinor variety, 
or the variety of pure spinors. Similarly for Spin2nC, the two spin representa­
tions S+ and S- give embeddings of the two components of the orthogonal 
Grassmannian of n-dimensional isotropic subspaces of C2n, one in \Pl(S+), one 
in IP(S-). These spinor varieties have dimension n(n - 1)/2 in projective spaces 
of dimension 2n- 1 - 1. 

Exercise 23.53. Show that the spinor variety for Spin2n-1 C is isomorphic to 
each ofthe spinor varieties for Spin2nC In fact they are projectively equivalent 
as subvarieties of projective space lPN, N = 2n- 1 - 1. 

It follows that, for m ~ 8, the spinor varieties for SpinmC are isomorphic 
to homogeneous spaces we have described by other means. The first new one 
is the lO-dimensional variety in IP IS , which comes from Spin9C or SpinlOC 

It is worth going back to interpret some of the "geometric plethysm" of 
earlier lectures (e.g., Exercises 11.36 and 13.24) in this light. 

Finally, we can describe (at least one of) the compact homogeneous spaces 
for the group G2 in this way. To begin with, G2 has two maximal parabolic 
subgroups, corresponding to the diagrams 

( ) « • and • « () 
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These are the groups whose Lie algebras are the parabolic subalgebras spanned 
by the Cart an subalgebra 1) c 9 together with the root spaces corresponding 
to the roots in the diagrams 

and 

In particular, each of these parabolic subgroups will have dimension 9, so 
that both the corresponding homogeneous spaces will be five-dimensional 
varieties. We can use this to identify one of these spaces: if V is the standard 
seven-dimensional representation of G2 , the closed orbit in JPV ~ JP6 will be 
a hypersurface, which (since it is homogeneous) can only be a quadric hyper­
surface. Thus, the homogeneous space for G2 corresponding to the diagram 

• « () 
is a quadric hypersurface in JP6. In particular, we see again that the action of 
G2 on V preserves a nondegenerate bilinear form, i.e., we have an inclusion 

G2 c.. S07C. 

The other homogeneous space Y of 92 is less readily described. One way 
to describe it is to use the fact that the adjoint representation W of 92 is 
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contained in the exterior square Nv of the standard. Since the Grassmannian 
G (1, 7) c IP'(N V) oflines in IP'V is closed and invariant in IP'(N V), it follows 
that Y is contained in the intersection of G with the subspace P W c 1P'(1\2 V). 
In other words, in terms of the skew-symmetric trilinear form w on V preserved 
by the action of G2 , we can say that Y is contained in the locus 

1: = {A c V: w(A, A,') == O} c G(2, V). 

Problem 23.54. Is Y = ~? 

Exercise 23.55. Show that the representation of E6 whose highest weight is 
the first fundamental weight Wi determines a 16-dimensional homogeneous 
space in 1P'26. 

These homogeneous spaces have an amazing way of showing up as extremal 
examples of subvarieties of projective spaces, starting with a discovery of 
Severi that the Veronese surface in p 5 is the only surface in p5 (nonsingular 
and not contained in a hyperplane) whose chords do not fill up iP'5. For recent 
work along these lines, see [L-V dVJ, with its appendix by Zak on interesting 
projective varieties that arise from representation theory. 

Although we have described homogeneous spaces only for semisimple Lie 
groups, this is no real loss of generality: any irreducible representation V of a 
Lie group G comes from a representation of its semisimple quotient, up to 
multiplying by a character (see Proposition 9.17), and this character does not 
change the orbits in IP'(V). 

It is possible to take this whole correspondence one step further and 
use it to give a construction of the irreducible representations of G; this is 
the modern approach to constructing the irreducible representations, due 
primarily to Borel, Weil, Bott, and, in a more general setting, Schmid. We do 
not have the means to do this in detail in the present circumstances, but we 
will sketch the construction. 

The idea is very straightforward. We have just seen that for every irreduc­
ible representation V of G there is a unique closed orbit X = G j P of the action 
of G on iP'V. We obtain in this way from Va projective variety X together with 
a line bundle L on X invariant under the action of G (the restriction of the 
universal bundle from IP'V). In fact, we may recover V from this data simply 
as the vector space of holomorphic sections of the line bundle L on X. What 
ties this all together is the fact that this gives us a one-to-one correspondence 
between irreducible representations of G and ample (positive) line bundles on 
compact homogeneous spaces Gj P. More generally, using the projection maps 
GjB -+ GjP, we may pull back all these line bundles to line bundles on GIB. 
This then extends to give an isomorphism between the weight lattice of 9 and 
the group of line bundles on GIB, with the wonderful property that for 
dominant weights A., the space of holomorphic sections of the associated line 
bundle LA is the irreducible representation of G with highest weight A.. 
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The point of all this, apart from its intrinsic beauty, is that we can go 
backward: starting with just the group G, we can construct the homogeneous 
space G/B, and then realize all the irreducible representations of G as co­
homology groups ofline bundles on G/B. To carry this out, start with a weight 
A. E ~. for g. We have seen that A. exponentiates to a homomorphism H ..... C·, 
i.e., it gives a one-dimensional representation C.t of H. We want to induce this 
representation from H to G. If H c BeG is a Borel subgroup, the representa­
tion extends trivially to B, since B is a semidirect product of H and the 
nilpotent subgroup N whose Lie algebra is the direct sum of those ga for 
positive roots ct. Then we can form 

L.t=GxBC.t 

= (G x C.t)/{(g, v) '" (gx, x-1v), x E B}, 

which, with its natural projection to G/B, is a holomorphic line bundle on the 
projective variety G I B. The cohomology groups of such a line bundle are finite 
dimensional, and since G acts on L.t, these cohomology groups are representa­
tions of G. 

We have Bott's theorem for the vanishing of the cohomology of this line 
bundle: 

Claim 23.56. Hi(G/B, LA.} = 0 for i # i(A.), 

where i(A.) is an integer depending on which Weyl chamber A. belongs to. If A. is 
a dominant weight (i.e., belongs to the closure of the positive Weyl chamber 
for the choice of positive roots used in defining B), then i( - A.) = O. In this case 
the sections HO(G/B, L_.t) are a finite-dimensional vector space, on which G 
acts. 

Claim 23.57. For A. a dominant weight, the space of sections HO(G/B, L_;.) is the 
irreducible representation with highest weight A.. 

In this context the Riemann-Roch theorem can be applied to give a for­
mula for the dimension ofthe irreducible representation. In fact, the dimension 
part ofWeyl's character formula can be proved this way. More refined analy­
sis, using the Woods Hole fixed point theorem, can be used to get the full char­
acter formula (cf. [A-B]). For a very readable introduction to this, see [Bot]. 

We conclude this discussion by giving a diagram showing the relationships 
among the various objects associated to an irreducible representation of a semi­
simple Lie algebra g. The objects and maps in diagram (23.58) are explained 
next. 

First of all, as we have indicated, the term "Grassmannians" means the 
ordinary Grassmannians in the case of the groups SLnC, and the Lagrangian 
Grassmannians and the orthogonal Grassmannians of isotropic subspaces in 
the cases of SP2nC and SOme, respectively. Likewise, "flag manifolds" refers 
to the spaces parametrizing nested sequences of such subspaces. In the cases 
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of the exceptional Lie algebras, the term "Grassmannian" should just be 
ignored; except for the quotient of G2 by one of its two maximal parabolic sub­
groups, the homogeneous spaces for the exceptional groups are not varieties 
with which we are likely to be a priori familiar. 

With this said, we may describe the maps A, B, etc., as follows: 

A, A': the map A associates to a subset of the nodes of the Dynkin diagram 
(equivalently, a subset S of the set of simple roots) the face of the Weyl 
chamber described by 

ifS = {A.: (A., a) > 0, 'Va E S;}, 
(A., a) = 0, 'Va ¢ S 

where (, ) is the Killing form; the inverse is clear. 
B, B': the map B associates to a face ifS of the Weyl chamber the subalgebra 

9s spanned by the Cartan subalgebra~, the positive root spaces 9a' a E R+, 
and the root spaces 9-a corresponding to those positive roots a perpendic­
ular to ifS. Equivalently, in terms of the corresponding subset S of the 
simple roots, 9s will be generated by the Borel subalgebra, together with 
the root spaces 9-a for a ¢ S. Again, since every parabolic subalgebra is 
conjugate to one of this form, the inverse map is clear. 

C, C: The map C simply associates to a parabolic subalgebra p c: 9 the 
quotient G/P of G by the corresponding parabolic subgroup Pc: G. In the 
other direction, given the homogeneous space X = G/P, with the action of 
G, the group P is just the stabilizer of a point in X. Note that the connected 
component of the identity in the automorphism group of G/P may be 
strictly larger: for example, p 2n-l is a compact homogeneous space for 
SP2nlC, and we have seen that a quadric hypersurface in p6 is a homoge­
neous space for G2 . 

D, D': The map D associates to the irreducible representation V of 9 with 
highest weight A. the open face of the Weyl chamber containing A.. In 
the other direction, given an open face ifS of "11', choose a lattice point 
A. E ifS () Aw and take V = rA• 

E: We send the representation V to the subalgebra or subgroup fixing the 
highest weight vector v E V 

F, F': We associate to the representation V the (unique) closed orbit of the 
corresponding action ofthe group G on the projective space PV Going in 
the other direction, we have to choose an ample line bundle L on the space 
G/P, and then take its vector space of holomorphic sections. 

§23.4. Bruhat Decompositions 

We end this lecture with a brief introduction to the Bruhat decomposition of 
a semisimple complex Lie group G, and the related Bruhat cells in the flag 
manifold G / B. These ideas are not used in this course, but they appear so often 
elsewhere that it may be useful to describe them in the language we have 
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developed in this lecture. We will give the general statements, but verify them 
only for the classical groups. General proofs can be found in [Bor 1] or [Hu2]. 

As we have seen, a choice of positive roots determines a Borel subgroup B 
and Cartan subgroup H, with normalizer N(H), so N(H)/H is identified with 
the Weyl group W. For each WE W fix a representative nw in N(H). The 
double coset B· nw' B is clearly independent of choice of nw, and will be 
denoted B· W ' B. 

Theorem 23.59 (Bruhat Decomposition). The group G is a disjoint union of the 
IWI double cosets B· W' B, as W varies over the Weyl group. 

Let us first see this explicitly for G = SLmC. Here N(H) consists of all 
monomial matrices in SLmC, i.e., matrices with exactly one nonzero entry in 
each row and each column, and W = 6 m; a monomial matrix with nonzero 
entry in the O'(j)th row of the jth column maps to the permutation 0'. To see 
that the double cosets cover G, given 9 E G, use elementary row operations by 
left multiplication by elements in B to get an element b· g-l, with bE B chosen 
so that the total number of zeros appearing at the left in the rows in b· g-l is 
as large as possible. If two rows of b · g-l had the same number of zeros at the 
left, one could increase the total by an elementary row operation. Since all the 
rows of b· g-l start with different numbers of zeros, this matrix can be 
put in upper-triangular form by left multiplication by a monomial matrix; 
therefore, there is a permutation (f so that b' = na' b · g-l is upper triangular, 
i.e., 9 = (bTl. na' b is in B· (f' B. To see that the double cosets are disjoint, 
suppose na, = b'· na . b for some band b' in B. From the equation b = 
(nar 1 • (bTl. na, one sees that b must have nonzero entries in each place where 
(na)-l . na, does, from which it follows that 0" = 0'. 

In fact, this can be strengthened as follows. Let U (resp. U-) be the subgroup 
of G whose Lie algebra is the sum of all root spaces g", for all positive (resp. 
negative) roots ex. For G = SLmC, U (resp. U-) consists of upper- (resp.lower-) 
triangular matrices with l's on the diagonal. For W in the Weyl group, define 
subgroups 

U(W) = Un nw' u- · nwt, 

of U, which are again independent of the choice of representative nw for W. 

Corollary 23.60. Every element in B· W· B can be written U' nw' b for unique 
elements u in U(W) and bin B. 

To see the existence of such an expression, note first that the Lie algebra 
of U(W) is the sum of all root spaces 9", for which ex is positive and W- 1(ex) is 
negative; and the Lie algebra of U(W)' is the sum of all root spaces g", for 
which ex and W- 1(ex) are positive. One sees from this that U(W) · U(W)" His 
the entire Borel group B. Since H· nw = nw' Hand U(W)" nw = nw ' U, and 
Hand U are subgroups of B, 
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B'nw' B = U(W)· U(W)" H'nw ' B 

= U(W)'U(W)"nw' B 

= U(W)·nw·B. 

397 

To see the uniqueness, suppose that nw = U· nw' b for some U in U(W) and b 
in B. Then n;1 . U· nw is in U- fl B = {I}, so u = 1, as required. 

Note in particular that the dimension of U(W) is the cardinality of R+ fl 
W(R-), where R+ and R- are the positive and negative roots; this is also the 
minimum number I(W) of reflections in simple roots whose product is W, cf. 
Exercise 0.30. It is a general fact, which we will see for the classical groups, 
that U(W) is isomorphic to an affine space C'(W). 

It follows from the Bruhat decomposition that GIB is a disjoint union of 
the cosets Xw = B· nw' BIB,again with W varying over the Weyl group. These 
X ware called Bruhat cells. From the corollary we see that X w is isomorphic 
to the affine space U(W) ~ C'(W). 

For G = SLmC and u in m = 6 m , the group U(u) consists of matrices with 
1 's on the diagonal, and zero entry in the i, j place whenever either i > j or 
u-1(i) < u-1(j), which is an affine space of dimension l(u) = # {(i,j): i > j and 
u(i) < u(j)}. 

Exercise 23.61. Identifying SLmC/B with the space of all flags, show that X" 
consists of those flags 0 C VI C V2 C •.. such that the dimensions of inter­
sections with the standard flag are governed by u, in the following sense: for 
each 1 ~ k ~ m, the set of k numbers d such that v,. fl Cd- 1 ~ v,. (l Cd is 
precisely the set {u(I), u(2), ... , u(k)}. 

We will verify the Bruhat decomposition for SP2nC by regarding it as a 
subgroup of SL2nC and using what we have just seen for SL2nC, following 
[Ste2]. Our description of SP2nC in Lecture 16 amounts to saying that it 
is the fixed point set of the automorphism qJ of SL2nC given by qJ(A) = 

M- 1 . tA -1. M, with M = ( ~In ~ ). The Borel subgroup of SP2nC will be the 

intersection of the Borel subgroup B of SL2n C with SP2n C, provided we change 
the order of the basis of C2n to e l' ••• , en, e2 ., ••• , e.+1 , SO that B consists of 
matrices whose upper left block is upper triangular, whose lower left block is 
zero, and whose lower right block is lower triangular. The automorphism qJ 
maps this B to itself, and also preserves the diagonal subgroup H and its 
normalizer N(H), and the groups U and U- . The Weyl group of SP2.C can 
be identified with the permutations in 6 2• such that u(n + i) = u(i) ± n for 
all 1 ~ i ~ n, and it is exactly for these u for which one can choose a monomial 
representative n" in SP2.C. Now if 9 is any element in SP2nC, write 9 = U · n,,' b 
according to the above corollary. Then 

9 = qJ(g) = qJ(u) ' qJ(n,,)' qJ(b), 
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and by uniqueness ofthe decomposition we must have q>(u) = u, q>(nO') = nO" h, 
hE H , and q>(b) = h- 1 . b. It follows that u belongs to the Weyl group ofSp2nC. 
This gives the Bruhat decomposition, and, moreover, a unique decomposition 
of 9 E SP2nC into U ' nO" b, with u in U(u) II Sp2nC. Since this latter is an affine 
space, this shows that the corresponding Bruhat cell in the symplectic flag 
manifold is an affine space. 

Exactly the same idea works for the orthogonal groups SOmC, by realizing 
them as fixed points of automorphisms ofSLmC ofthe form A 1-+ M-1 " A -1. M, 
with M the matrix giving the quadratic form. 

Note finally that if W' is the element in the Weyl group that takes each 
Weyl chamber to its negative, then B· W' . B is a dense open subset of G, a 
fact which is evident for the classical groups by the above discussion. The 
corresponding Bruhat cell X W ' is the image of U- in G / B, which is also a dense 
open set. It follows that a function or section of a line bundle on G/B is 
determined by its values on U-. For treatises developing representation 
theory via functions on U-, see [N-S] or [Zel]. 

The following exercise uses these ideas to sketch a proof of Claim 23.57 
that the sections of the bundle L _). on G/B form the irreducible representation 
with highest weight A.: 

Exercise 23.62*. (a) Show that sections s of L_A. are all of the form s(gB) = 
(g,J(g», where f is a holomorphic function on G satisfying 

f(g . x) = ..1.(x)f(g) for all x E B. 

(b) Let n' E N(H) be a representative of the element W' in the Weyl group 
which takes each element to its negative. Show that f is determined by its 
value at n'. 

(c) Show that any highest weight for f must be A, and conclude that 
HO(G/B, L_A.) is the irreducible representation rA. with highest weight A. 

The hoi om orphic functions f of this exercise are functions on the space 
GjU. In other words, all irreducible representations of G can be found in spaces 
offunctions on G/U. This is one common approach to the study of represent a­
tions, especially by the Soviet school, cf. [N-S], [Zel]. 

Functions on G/U form a commutative ring, which indicates how to make 
the sum of all the irreducible representations into a commutative ring. In fact, 
for the classical groups, these rings are the algebras § ., § <. >, and §[.) con­
structed in Lectures 15, 17, and 19, cf. [L-T]. They are also coordinate rings 
for natural embeddings of flag manifolds in products of projective spaces. 
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