
LECTURE 10 

Lie Algebras in Dimensions One, Two, 
and Three 

Just to get a sense of what a Lie algebra is and what groups might be associated to it, 
we will classify here all Lie algebras of dimension three or less. We will work primarily 
with complex Lie algebras and Lie groups, but will mention the real case as well. 
Needless to say, this lecture is logically superfluous; but it is easy, fun, and serves a 
didactic purpose, so why not read it anyway. The analyses of both the Lie algebras 
and the Lie groups are completely elementary, with one exception: the classification 
of the complex Lie groups associated to abelian Lie algebras involves the theory of 
complex tori, and should probably be skipped by anyone not familiar with this subject. 

§10.1: Dimensions one and two 
§10.2: Dimension three, rank one 
§10.3: Dimension three, rank two 
§1O.4: Dimension three, rank three 

§ 1 0.1. Dimensions One and Two 

To begin with, anyone-dimensional Lie algebra 9 is clearly abelian, that is, 
C with all brackets zero. 

The simply connected Lie group with this Lie algebra is just the group C 
under addition; and other connected Lie groups that have 9 as their Lie 
algebra must all be quotients of C by discrete subgroups A c Co If A has rank 
one, then the quotient is just C* under multiplication. If A has rank two, 
however, G may be anyone of a continuously varying family of complex tori 
of dimension one (or Riemann surfaces of genus one, or elliptic curves over C). 
The set of isomorphism classes of such tori is parametrized by the complex 
plane with coordinate j, where the function j on the set of lattices A c C is 
as described in, e.g., [Ahl]. 

Over the real numbers, the situation is completely straightforward: the only 
real Lie algebra of dimension one is again IR with trivial bracket; the simply 
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134 10. Lie Algebras in Dimensions One, Two, and Three 

connected Lie group associated to it is IR under addition; and the only other 
connected real Lie group with this Lie algebra is IR/Z ~ Sl. 

Dimension Two 

Here we have to consider two cases, depending on whether 9 is abelian or not. 

Case 1: 9 abelian. This is very much like the previous case; the simply con­
nected two-dimensional abelian complex Lie group is just C2 under addition, 
and the remaining connected Lie groups with Lie algebra 9 are just quotients 
of C2 by discrete subgroups. Such a subgroup A c C2 can have rank 1, 2, 3, 
or 4, and we analyze these possibilities in turn (the reader who has seen enough 
complex tori in the preceding example may wish to skip directly to Case 2 at 
this point). 

If the rank of A is 1, we can complete the generator of A to a basis for C2, 

so that A = 7i.e 1 c Ce l EB Ce2 and G ~ C* x C. If the rank of A is 2, there are 
two possibilities: either A lies in a one-dimensional complex subspace of C2 

or it does not. If it does not, a pair of generators for A will also be a basis 
for C2 over C, so that A = Zel EB Ze2' C2 = Ce l EB Ce2' and G ~ C* x C*. 
If on the other hand A does lie in a complex line in C2 , so that we have 
A = 7i.e 1 EB Zi:el for some t E C\ IR, then G = E x C will be the product of 
the torus C/(Z EB 7i.t) and C; the remarks above apply to the classification of 
these (see Exercise 10.1). 

The cases where A has rank 3 or 4 are a little less clear. To begin with, if 
the rank of A is 3, the main question to ask is whether any rank 2 sublattice 
A' of A lies in a complex line. If it does, then we can assume this sublattice is 
saturated (i.e., a pair of generators for A' can be completed to a set of 
generators for A) and write A = Ze l EB bel EB Ze2, so that we will have 
G = E x C*, where E is a torus as above. 

Exercise 10.1 *. For two one-dimensional complex tori E and E', show that 
the complex Lie groups G = E x C and G' = E' x C are isomorphic if and 
only if E ~ E'. Similarly for E x C* and E' x C*. 

If, on the other hand, no such sublattice of A exists, the situation is much 
more mysterious. One way we can try to represent G is by choosing a generator 
for A and considering the projection of C2 onto the quotient of C2 by the line 
spanned by this generator; thus, if we write A = 7i.el EB Ze2 $ Z(lXel + pe2) 
then (assuming p is not real) we have maps 

expressing G as a bundle over a torus E = C/(Z ffi ZP), with fibers isomorphic 
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to IC*. This expression of G does not, however, help us very much to describe 
the family of all such groups. For one thing, the elliptic curve E is surely not 
determined by the data of G: if we just exchange e1 and e2' for example, we 
replace E by 1C/(7L EEl 7L(X), which, of course, need not even be isogenous to E. 
Indeed, this yields an example of different algebraic groups isomorphic as 
complex Lie groups: expressing G as a IC* bundle in this way gives it the 
structure of an algebraic variety, which, in turn, determines the elliptic curve 
E (for example, the field of rational functions on G will be the field of rational 
functions on E with one variable adjoined). Thus, different expressions of the 
complex Lie group G as a IC* bundle yield nonisomorphic algebraic groups. 

Finally, the case where A has rank 4 remains completely mysterious. 
Among such two-dimensional complex tori are the abelian varieties; these are 
just the tori that may be embedded in complex projective space (and hence 
may be realized as algebraic varieties). For polarized abelian varieties (that is, 
abelian varieties with equivalence class of embedding in projective space) there 
exists a reasonable moduli theory; but the set of abelian varieties forms only 
a countable dense union in the set of all complex tori (indeed, the general 
complex torus possesses no nonconstant meromorphic functions whatsoever). 
No satisfactory theory of moduli is known for these objects. 

Needless to say, the foregoing discussion of the various abelian complex 
Lie groups in dimension two is completely orthogonal to our present pur­
poses. We hope to make the point, however, that even in this seemingly trivial 
case there lurk some fairly mysterious phenomena. Of course, none of this 
occurs in the real case, where the two-dimensional abelian simply connected 
real Lie group is just IR x IR and any other connected two-dimensional abelian 
real Lie group is the quotient of this by a sublattice A c IR x IR of rank 1 or 
2, which is to say either IR x Sl or Sl x Sl. 

Case 2: 9 not abelian. Viewing the Lie bracket as a linear map [ , ]: N 9 -+ g, 
we see that ifit is not zero, it must have one-dimensional image. We can thus 
choose a basis {X, Y} for 9 as vector space with X spanning the image of 
[, ]; after multiplying Y by an appropriate scalar we will have [X, Y] = X, 
which of course determines 9 completely. There is thus a unique nonabelian 
two-dimensional Lie algebra 9 over either IR or IC. 

What are the complex Lie groups with Lie algebra g? To find one, we start 
with the adjoint representation of g, which is faithful: we have 

ad(X): XHO, ad(Y): XH -X, 

YHX, 

or in matrix notation, in terms of the basis {X, Y} for g, 

(0 1) (-1 0) ad (X) = 0 0' ad( Y) = 0 0 . 

These generate the algebra 9 = (~ ~) c gI2 1C;we may exponentiate to arrive 

at the adjoint form 
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Topologically this group is homeomorphic to C x C*. To take its universal 
cover, we write a general member of Go as 

( et s) o 1 . 

The product of two such matrices is given by 

s + ets') 
1 ' 

so we may realize the universal cover G of Go as the group of pairs (t, s) E 

C X C with group law 

(t, s)· (t', s') = (t + t', s + et s'). 

The center of G is just the subgroup 

Z( G) = {(2nin, O)} ~ 71., 

so that the connected groups with Lie algebra 9 form a partially ordered tower 

G 

! 

! 
Gn = G/n71. = {(a, b) E C* X C; (a, b)· (a', b') = (aa', b + anb')}. 

! 

Exercise 10.2*. Show that for n # m the two groups Gn and Gm are not 
isomorphic. 

Finally, in the real case things are simpler: when we exponentiate the 
adjoint representation as above, the Lie group we arrive at is already simply 
connected, and so is the unique connected real Lie group with this Lie algebra. 

§ 1 0.2. Dimension Three, Rank 1 

As in the case of dimension two, we look at the Lie bracket as a linear map 
from N 9 to 9 and begin our classification by considering the rank of this map 
(that is, the dimension of f»g), which may be either 0, 1,2, or 3. For the case 



§ 1 0 .2. Dimension Three, Rank 1 137 

of rank 0, we refer back to the discussion of abelian Lie groups above. We 
begin with the case ofrank 1. 

Here the kernel ofthe map [ , ]: N 9 -+ 9 is two dimensional, which means 
that for some X E 9 it consists of all vectors of the form X 1\ Y with Y ranging 
over all of 9 (X here will just be the vector corresponding to the hyperplane 
ker([ , ]) c Ng under the natural (up to scalars) duality between a three­
dimensional vector space and its exterior square). Completing X to a basis 
{X, Y, Z} of g, we can write 9 in the form 

[X, Y] = [X, Z] = 0, 

[Y, Z] = !XX + PY + yZ 

for some !x, p, Y E C. If either p or y is nonzero, we may now rechoose our basis, 
replacing Y by a multiple ofthe linear combination !XX + pY + yZ and either 
leaving Z alone (if P #- 0) or replacing Z by Y (if y #- 0). We will then have 

[X, Y] = [X, Z] = 0, 

[Y, Z] = Y 

from which we see that 9 is just the product of the one-dimensional abelian 
Lie algebra ex with the non-abelian two-dimensional Lie algebra e Y $ ez 
described in the preceding discussion. We may thus ignore this case and 
assume that in fact we have p = y = 0; replacing X by !XX we then have the 
Lie algebra 

[X, Y] = [X, Z] = 0, 

[Y, Z] = x. 

How do we find the Lie groups with this Lie algebra? As before, we need 
to start with a faithful representation of g, but here the adjoint representation 
is useless, since X is in its kernel. We can, however, arrive at a representation 
of 9 by considering the equations defining g: we want to find a pair of 
endomorphisms Y and Z on some vector space that do not commute, but that 
do commute with their commutator X = [Y, Z]; thus, 

Y(YZ - ZY) - (YZ - ZY)Y = y 2Z - 2YZY + Zy2 = 0 

and similarly for [Z, [Y, Z]]. One simple way to find such a pair of endo­
morphisms is make all three terms y2 Z, YZ Y, and Z2 Y in the above equation 
zero, e.g., by making Yand Z both have square zero, and to have YZ = 0 
while ZY #- O. For example, on a three-dimensional vector space with basis 
el' e2' and e3 we could take Y to be the map carrying e3 to e2 and killing 
e1 and e2 , and Z the map carrying e2 to e 1 and killing e1 and e3; we then have 
YZ = 0 while ZY sends e3 to e1 . We see then that 9 isjust the Lie algebra "3 
of strictly upper-triangular 3 x 3 matrices. When we exponentiate we arrive 
at the group 
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which is simply connected. Now the center of G is the subgroup 

Z(G)~ {G ! ~)'b€C} ~C, 
so the discrete subgroups of Z(G) are just lattices A ofrank 1 or 2; thus any 
connected group with Lie algebra 9 is either G, G/71., or G/(71. x 71.)-that is, 
an extension of C x C by either C, C*, or a torus E. 

Exercise 10.3. Show that G/A is determined up to isomorphism by the one­
dimensional Z(G)/A. 

A similar analysis holds in the real case: just as before, n3 is the unique real 
Lie algebra of dimension three with commutator subalgebra of dimension one; 
its simply connected form is the group G of unipotent 3 x 3 matrices and (the 
center of this group being IR) the only other group with this Lie algebra is the 
quotient H = G/71.. 

Incidentally, the group H represents an interesting example of a group that 
cannot be realized as a matrix group, i.e., that admits no faithful finite­
dimensional representations. One way to see this is to argue that in any 
irreducible finite-dimensional representation V the center SI of H, being 
compact and abelian, must be diagonalizable; and so under the corresponding 
representation of the Lie algebra 9 the element X must be carried to a 
diagonalizable endomorphism of V. But now if v E V is any eigenvector for X 
with eigenvalue A., we also have, arguing as in §9.2, 

X(Y(v)) = Y(X(v)) = Y(A.v) = A.Y(v) 

and similarly X(Z(v)) = A.Z(v), i.e., both Y(v) and Z(v) are also eigenvectors 
for X with eigenvalue A.. Since Y and Z generate 9 and the representation V 
is irreducible, it follows that X must act as a scalar multiple A. . I of the identity; 
but since X = [Y, Z] is a commutator and so has trace 0, it follows that A. = O. 

Exercise 10.4*. Show that if G is a simply connected Lie group, and its Lie 
algebra is solvable, then G cannot contain any nontrivial compact subgroup 
(in particular, it contains no elements of finite order). 

The group H does, however, have an important infinite-dimensional repre­
sentation. This arises from the representation ofthe Lie algebra 9 on the space 
V of f(/OO functions on the real line IR with coordinate x, in which Y, Z, and X 
are the operators 
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Y: JI-+ nix' J, 

dJ 
Z:JI-+ dx 

139 

and X = [Y, Z] is -ni times the identity. Exponentiating, we see that e'Y acts 
on a function J by multiplying it by the function (cos tx + i' sin tx); etZ sends 
J to the function Ft where F,(x) = J(t + x), and etX sends J to the scalar 
multiple e-1<it . J. 

§10.3. Dimension Three, Rank 2 

In this case, write the commutator subalgebra ~g c 9 as the span of two 
elements Y and Z . The commutator of Y and Z can then be written 

[Y,Z]=aY+pZ. 

Bllt now the endomorphism ad(Y) of 9 carries 9 into ~g, kills Y, and sends Z 
tp a Y + pZ, and so has trace p; on the other hand, since ad( Y) is a commutator 

.1n End(g), it must have trace O. Thus, p, and similarly a, must be zero; i.e., the 
subalgebra ~g must be abelian. It follows from this that for any element X E 9 
not in ~g, the map 

ad(X): ~g -+ ~g 

must be an isomorphism. We may now distinguish two possibilities: either 
ad(X) is diagonalizible or it is not. 

(Note that for the first time we see a case where the classification of the 
real Lie algebra will be more complicated than that of the complex: in the real 
case we will have to deal with the third possibility that ad(X) is diagonalizible 
over C but not over IR, i.e., that it has two complex conjugate eigenvalues. 
Though we have not seen it much in these low-dimensional examples, in fact 
it is generally the case that the real picture is substantially more complicated 
than the complex one, for essentially just this reason.) 

Possibility A: ad(X) is diagonalizable. In this case it is natural to use as a basis 
for ~g a pair of eigenvectors Y, Z for ad (X); and by multiplying X by a suitable 
scalar we can assume that one ofthe eigenvalues (both of which are nonzero) 
is 1. We thus have the equations for 9 

[X, Y] = Y, [X, Z] = aZ, [Y, Z] = 0 (10.5) 

for some a E C*. 

Exercise 10.6. Show that two Lie algebras gat' gat' corresponding to two different 
scalars in the structure equations (10,5) are isomorphic if and only if a = a' or 
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IX = 1/1X'. Observe that we have for the first time a continuously varying family 
of nonisomorphic complex Lie algebras. 

To find the groups with these Lie algebras we go to the adjoint represen­
tation, which here is faithful. Explicitly, ad(Y) carries X to - Y and kills Y 
and Z; ad(Z) carries X to -IXZ and also kills Y and Z; and ad(X) carries Y 
to itself, Z to IXZ, and kills X. A general member aX - bY - cZ of the Lie 
algebra is thus represented (with respect to the basis {Y, Z, X} for g) by the 
matrix 

(
a 0 b) 
o lXa IXC • 

o 0 0 

Exponentiating, we find that a group with Lie algebra 9 is 

G~ m e; :).',","EC} cGL,C 

Here we run across a very interesting circumstance. If the complex number IX 
is not rational, then the exponential map from 9 to G is one-to-one, and hence 
a homeomorphism; thus, in particular, G is simply connected. If, on the other 
hand, IX is rational, G will have nontrivial fundamental group. To see this, 
observe that we always have an exact sequence of groups 

1 -+ B -+ G -+ A -+ 1, 

where 

A~m 
0 

~)"EC} e'" 

0 

and 

B~m 
0 

:)'~"EC } 1 ~Cxc. 

0 

Now when IX ¢ Q, the group A ~ C is simply connected; but when IX E Q­
whatever its denominator-we have A ~ C*and correspondingly 7t,(G) = 7L. 

Exercise 10.7. Show that G has no center, and hence when IX #- Q, it is the 
unique connected group with Lie algebra g. For IX E Q, describe the universal 
covering of G and classify all groups with Lie algebra g. 

Observe that in this case, even though we have a continuously varying 
family of Lie algebras g", we have no corresponding continuously varying 
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family of the adjoint (linear) Lie groups; the simply-connected forms do form 
a family, however. 

Possibility B: ad(X) is not diagonalizable. In this case the natural thing to do 
is to choose a basis {Y, Z} of E»g with respect to which ad (X) is in Jordan 
normal form; replacing X by a multiple, we may assume both its eigenvalues 
are 1 so that we will have the Lie algebra 

[X, Y] = Y, [X,Z] = Y + Z, [Y, Z] = o. (10.8) 

With respect to the basis {Y, Z, X} for g, then, the adjoint action of the general 
element aX - bY - cZ of the Lie algebra is represented by the matrix 

(
a a b + C) 
o a c 

000 

and exponentiating we find that the corresponding group is 

{(
et tet U) } 

G = ~ ~ ~' t, u, VEe . 

Exercise 10.9. Show that this group has no center, and hence is the unique 
connected complex Lie group with its Lie algebra. 

Note that the real Lie groups obtained by exponentiating the adjoint action 
ofthe Lie algebras given by (10.5) and (10.8) are all homeomorphic to 1R3 and 
have no center, and so are the only connected real Lie groups with these Lie 
algebras. 

Exercise 10.10. Complete the analysis of real Lie groups in Case 2 by con­
sidering the third possibility mentioned above: that ad(X) acts on E»g with 
distinct complex conjugate eigenvalues. Observe that in this way we arrive 
at our first example of two nonisomorphic real Lie algebras whose tensor 
products with C are isomorphic. 

§ 1 0.4. Dimension Three, Rank 3 

Our analysis of this final case begins, as in the preceding one, by looking for 
eigenvectors of the adjoint action of a suitable element X E g. Specifically, we 
claim that we can find an element H E 9 such that ad(H): 9 -+ 9 has an 
eigenvector with nonzero eigenvalue. To see this, observe first that for any 
nonzero X E g, the rank of ad(X) must be 2; in particular, we must have 
Ker(ad(X» = ex. Now start with any X E g. Either ad(X) has an eigenvector 
with nonzero eigenvalue or it is nilpotent; if it is nilpotent, then there exists a 
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vector Y E g, not in the kernel of ad(X) but in the kernel of ad(X)2-that 
is, such that ad(X)( Y) = IXX for some nonzero IX E Co But then of course 
ad(Y)(X) = -aX, so that X is an eigenvector for ad(Y) with nonzero 
eigenvalue. 

So: choose H and X E 9 so that X is an eigenvector with nonzero eigenvalue 
for ad (H), and write [H, X] = ax' Since HE .@g, ad (H) is a commutator in 
End(g), and so has trace 0; it follows that ad(H) must have a third eigenvector 
Y with eigenvalue -a. To describe the structure of 9 completely it now 
remains to find the commutator of X and Y; but this follows from the Jacobi 
identity. We have 

[H, [X, Y]] = - [X, [Y, H]] - [Y, [H, X]] 

= - [X, IXY] - [Y, aX] 

= 0, 

from which we deduce that [X, Y] must be a multiple of H; since it must be 
a nonzero multiple, we can multiply X or Y by a scalar to make it 1. Similarly 
multiplying H by a scalar we can assume a is 1 or any other nonzero scalar. 
Thus, there is only one possible complex Lie algebra 9 of this type. One could 
look for endomorphisms H, X, and Y whose commutators satisfy these 
relations, as we did before. Or we may simply realize that the three-dimensional 
Lie algebra sl2C has not yet been seen, so it must be this last possibility. In 
fact, a natural basis for sl2 C is 

whose Lie algebra is given by 

[H, X] = 2X, [H, Y] = -2Y, 

Y = (~ ~) 

[X, Y] = H. (to.11) 

What groups other than SL2C have Lie algebra s12C? To begin with, the 
group SL2 C is simply connected: for example, the map SL2 C -+ C2 - {(O, O)} 
sending a matrix to its first row expresses the topological space SL2 C as a 
bundle with fiber Cover C2 - {(O, 0) }. Also, it is not hard to see that the center 
of SL2 C is just the subgroup { ± I} of scalar matrices, so that the only other 
connected group with Lie algebra sl2C is the quotient PSL2C = SI2C/{±I}. 

As in the preceding case, the analysis of real three-dimensional Lie algebras 
9 with .@g = 9 involves one additional possibility. At the outset of the argu­
ment above, we started with an arbitrary H E 9 and said that if ad(H) had no 
eigenvector other than H itself, then it would have to be nilpotent. Of course, 
in the real case it is also possible that ad(H) has two distinct complex conjugate 
eigenvalues A and I Since ad(H) is a commutator in End(g) and so has trace 
0, A will have to be purely imaginary in this case; and so multiplying H by a 
real scalar we can assume that its eigenvalues are i and - i. It follows then 
that we can find X, Y E 9 with 
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[B,X] = Y and [B, Y] = -x. 

Using the Jacobi identity as before we may conclude that the commutator of 
X and Y is a multiple of B; after multiplying each of X and Y by a real scalar 
we can assume that it is either B or - B. Finally, if [X, Y] = - B, then 
we observe that we are in the case we considered before: ad(Y) will have 
X + B as an eigenvector with nonzero eigenvalue, and following our previous 
analysis we may conclude that 9 ~ s[21R. Thus, we are left with the sole 
additional possibility that 9 has structure equations 

[B,X] = Y, [B, Y] = -X, [X, Y] = B. (10.12) 

This, finally, we may recognize as the Lie algebra SU2 of the real Lie group 
SU(2) (as you may recall, the isomorphism su2 <8l C ~ s[2C was used in the 
last lecture). 

What are the real Lie groups with Lie algebras sI21R and SU2? To start, the 
center of the group SL21R is again just the scalar matrices {±I}, so the only 
group dominated by SL21R is the quotient PSL21R. On the other hand, unlike 
the complex case SL21R is not simply connected: now the map associating to 
a 2 x 2 matrix its first row expresses SL21R as a bundle with fiber IR over 
1R2 - {(O, O)}, so that 1t1(SL21R) = l. More precisely PSL21R maps to the real 
projective line ~11R, which is homeomorphic to the circle, with fiber homeo­
morphic to 1R2, so 1t1 (PSL21R) = l. We thus have a tower of covering spaces of 
PSL21R, consisting of the simply-connected group S with center 7l. and its 
quotients Sn = S/n71. (not all of these are covers of SL21R, despite the diagram 
below). 

A note: In §1O.2 we encountered a real Lie group with no faithful finite­
dimensional representations; only its universal cover could be represented as 
a matrix group. Here we find in some sense the opposite phenomenon: the 
groups Sand Sn have no faithful finite-dimensional representations, all finite­
dimensional representations factoring through SL21R or PSL21R. This fact will 
be proved as a consequence of our discussion of the representations of the Lie 
algebra s[2C in the next lecture. 

What about groups with Lie algebra SU2? To begin with, there is SU(2), 
which (again via the map sending a matrix to its first row vector) is homeo­
morphic to S3 and thus simply connected. The center of this group is again 
{± I}, so that the quotient PSU(2) is the only other group with Lie algebra 
SU2. (Alternatively, we may realize SU(2) as the group of unit quaternions, cf. 
Exercise 7.15.) 

Finally, we remark that there are other representations of the real and 
complex Lie groups discussed above. As we will see, the Lie algebra 503 C is 
isomorphic to 512 C, which induces an isomorphism between the correspond­
ing adjoint forms PSL2 C and S03 C (and between the simply-connected forms 
SL2C and the spin group Spin3 e). This in turn suggests two more real forms 
of this group: S031R and SO + (2, 1). In fact, it is not hard to see that S031R ~ 
PSU(2), while SO+(2, 1) ~ PSL21R. Lastly the isomorphism SUi, 1 <8l C ~ 
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SU2 ® C ~ 512 C implies that the real Lie algebra SU 1,l is isomorphic to either 
su2 or sI2 1R; in fact, the latter is the case and this induces an isomorphism of 
groups SU 1 , l ~ SL2 IR, We summarize the isomorphisms mentioned in the 
diagram below: 

S 

I 
SA Spin 3 1R 

I II 
SU(I, 1) = SL2 1R SU(2) = {unit quaternions} 

j I 
PSL2 1R c.......-...... PSL2C ~ PSU(2) = {unit quaternions}/ ± 1 

II II II 
(10.13) 

Note also the coincidences: 

(10.14) 

which follow from the fact that Sp refers to preserving a skew-symmetric 
bilinear form, and for 2 x 2 matrices the determinant is such a form. 

Exercise 10.15. Identify the Lie algebras 503 ' SU2 , SU1, l , 502,1, and verify the 
assertions made about the corresponding Lie groups in the diagram. 

Exercise 10.16. For each of the Lie algebras encountered in this lecture, 
compute the lower central series and the derived series, and say whether the 
algebra is nilpotent, solvable, simple, or semisimple. 

Exercise 10.17. The following are Lie groups of dimension two or three, so 
must appear on our list. Find them: (i) the group of affine transformations of 
the line (x H ax + b, under composition); (ii) the group of upper-triangular 
2 x 2 matrices; (iii) the group of orientation preserving Euclidean transforma­
tions of the plane (compositions of translations and rotations). 

Exercise 10.lS. Locate 1R3 with the usual cross-product on our list of Lie 
algebras. More generally, consider the family of Lie algebras parametrized by 
real quadruples (a, b, c, d), each with basis X, Y, Z with bracket given by 

[X, y] = aZ + dY, [Y, Z] = bX, [Z,X]=cY-dZ. 
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Classify this Lie algebra as (a, b, c, d) varies in ~4, showing in particular that 
every three-dimensional Lie algebra can be written in this way. 

Exercise 10.19. Realize the isomorphism of SU(I, 1) with SL2 ~ by identifying 
them with the groups of complex automorphisms of the unit disk and the 
upper half-plane, respectively. 

Exercise 10.20. Classify all Lie algebras of dimension four and rank 1; in 
particular, show that they are all direct sums of Lie algebras described above. 

Exercise 10.21. Show more generally that there exists a Lie algebra of dimen­
sion m and rank 1 that is not a direct sum of smaller Lie algebras if and only 
if m is odd; in case m is odd show that this Lie algebra is unique and realize 
it as a Lie subalgebra of sInlC. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /DEU <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


