
LECTURE 25 

More Character Formulas 

In this lecture we give two more formulas for the multiplicities of an irreducible 
representation of a semisimple Lie algebra or group. First, Freudenthal's formula 
(§25.l) gives a straightforward way of calculating the multiplicity of a given weight 
once we know the multiplicity of all higher ones. This in turn allows us to prove in 
§25.2 the Weyl character formula, as well as another multiplicity formula due to 
Kostant. Finally, in §25.3 we give Steinberg's formula for the decomposition of the 
tensor product of two arbitrary irreducible representations of a semisimple Lie algebra, 
and also give formulas for some pairs ~ c 9 for the decomposition of the restriction 
to ~ of irreducible representations of g. 

§25.l: Freudenthal's multiplicity formula 
§25.2: Proof of (WSF); the Kostant multiplicity formula 
§25.3: Tensor products and restrictions to subgroups 

§25.1. Freudenthal's Multiplicity Formula 

Freudenthal's formula gives a general way of computing the multiplicities 
of a representation, i.e., the dimensions of its weight spaces, by working 
down successively from the highest weight. The result is similar to (but more 
complicated than) what we did for sl3 C in Lecture 13, where we found the 
multiplicities along successive concentric hexagons in the weight diagram. 

Let r A be the irreducible representation with highest weight A., which will 
be fixed throughout this discussion. Let nil = nll(rA) be the dimension of the 
weight space l of weight J1. in r A, i.e., Char(rA) = L nlle(J1.). Freudenthal gives 
a formula for nil in terms of multiplicities of weights that are higher than J1.. 

1 In the literature, these multiplicities n. are often referred to as "inner multiplicities." 
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Proposition 25.1 (Freudenthal's Multiplicity Formula). With the above 
notation, 

Here IIPII 2 = (P, P),( , ) is the Killing form, and p is halfthe sum ofthe positive 
roots. 

Exercise 25.2*. Verify that C(fl) is positive if fl =F A. and nil > o. 

The proof of Freudenthal's formula uses a Casimir operator, denoted C. 
This is an endomorphism of any representation V of the semisimple Lie 
algebra g, and is constructed as follows. Take any basis UI , ... , Ur for g, and 
let U~, ... , U: be the dual basis with respect to the Killing form on g. Set 

C = Ul U~ + ... + U,U:, 

i.e., for any v E V, C(v) = LUi' (U[· v). 

Exercise 25.3. Verify that C is independent of the choice of basis2• 

The key fact is 

Exercise 25.4*. Show that C commutes with every operation in g, i.e., 

C(X· v) = X· C(v) for all X E g, V E V. 

The idea is to use a special basis for the construction of C, so that each 
term Ui U[ will act as multiplication by a constant on any weight space, and 
this constant can be calculated in terms of multiplicities. Then Schur's lemma 
can be applied to know that, in case V is irreducible, C itself is multiplication 
by a scalar. Taking traces will lead to a relation among multiplicities, and a 
little algebraic manipulation will give Freudenthal's formula. 

The basis for 9 to use is a natural one: Choose the basis H l' ... , Hn for the 
Cart an subalgebra~, where Hi = Ha. corresponds to the simple root ai' and let 
H; be the dual basis for the restricti~n of the Killing form to ~. For each root 
a, choose a nonzero Xa Ega' The dual basis will then have X~ in g-a' In fact, 
if we let Y" E g-a be the usual element so that Xa, Y", and Ha = [Xa' y"] are 
the canonical basis for the subalgebra Sa ~ sI2 C that they span, then 

X~ = «a, a)/2) Y". (25.5) 

Exercise 25.6*. Verify (25.5) by showing that (Xa, y") = 2/(a, a). 

2 In fancy language, C is an element of the universal enveloping algebra of g, but we do not need 
this. 
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Now we have the Casimir operator 

C = L HiH; + L XaX~, 
.. eR 

and we analyze the action of C on the weight space v,. corresponding to weight 
p. for any representation V. Let nIl = dim(V/l). First we have 

L HiH; acts on v,. by multiplication by (p., p.) = 11p.1I2. (25.7) 

Indeed, HiH; acts by multiplication by p.(H;)p.(HD. If we write p. = Lriwi' 
where the Wi are the fundamental weights, then p.(H;) = ri , and if p. = Lr[wi, 
with wi the dual basis to Wi' then similarly p.(HD = r[. Hence L P.(Hi)P.(HD = 
L rir[ = (p., p.), as asserted. 

Now consider the action of X .. X; = «a, a)/2)X .. y" on v,.. Restricting to the 
subalgebra s .. ~ sl2 and to the subrepresentation EBi V/l+ i" corresponding to 
the a-string through p., we are in a situation which we know very well. Suppose 
this string is 

Vp $ lIP_a $ ... $ Vp- ma , 

so m = P(Ha) [cf. (14.10)], and let k be the integer such that p. = P - ka. We 
assume for now that k :::;; m/2. 

On the first term Vp, Xa Y" acts by multiplication by m = P(Ha) = 
2(P, a)/(a, a), so X .. X~ acts by multiplication by (P, a). In general, on the 
part of VP- ka which is the image of Vp by multiplication by (Y,,)", we know 
[cf. (11.5)] that Xa Y" acts by multiplication by (k + l)(m - k). This gives us 
a subspace of v,. of dimension np on which XaX~ acts by multiplication by 

(k + 1)«P, a) - k(a, a)/2) = (k + 1)«p., a) + k(a, a)/2). 

Now peel ofT the subrepresentation (over sa) of V spanned by Vp, and apply 
the same reasoning to what is left. We have a subspace of VP- a of dimension 
np- a - np to which the same analysis can be made. From this we get a subspace 
of v,. of dimension np-a - np on which XaX; acts by multiplication by 

(k)«p., a) + (k - l)(a, a)/2). 

Continuing to peel ofT subrepresentations, the space V" is decomposed into 
pieces on which XaX~ acts by multiplication by a scalar. The trace of XaX~ 
on V/l is therefore the sum 

np· (k + 1)«p., a) + k(a, a)/2) + (np- a - np)· (k)«p., a) + (k - l)(a, a)/2) 

+ ... + «np-ka - np-(k-l)a)·(I)«p., a) + (O)(a, a)/2). 

Canceling in successive terms, this simplifies to 

k 

Trace(X .. X~lv ) = L (p. + ia, a)n/l+ia · 
" i=O 

(25.8) 

One pleasant fact about this sum is that it may be extended to all i ~ 0, since 
n/l+ ia = 0 for i > k. 
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In case k ~ m12, the computation is similar, peeling off representations from 
the other end, starting with JP-"",. The only difference is that the action of 
X,. 1';. on l'P-m,. is zero. The result is 

(25.9) 

Exercise 25.10. Show that X,.X~ = X_,.X'-,. + «a, a)/2)H,., and deduce (25.9) 
directly from (25.8) by replacing a by -a. 

In fact, (25.8) is valid for all Jl and a, as we see from the identity 

<Xl 

L (Jl + ia, a)np+i,. = O. (25.11) 
i=-co 

Exercise 25.12*. Verify (25.11) by using the symmetry of the a-string through p. 

Now we add the assumption that V is irreducible, so C is multiplication 
by some scalar c. Taking the trace of C on VI' and adding, we get 

cnp = (Jl, Jl)np + L L (Jl + ia, a)np+i,.. (25.13) 
,.eR i~O 

Note that when i = 0 the two terms for a and -a cancel each other, so the 
summation can begin at i = 1 instead. Rewriting this in terms of the positive 
weights, and using (25.11) the sums become 

<Xl 

= np L (Jl, a) + 2 L L (Jl + ia, a)np+i,. · 
l2eR+ ,.eR+ i=l 

Summarizing, and observing that L«eR+ (Jl, a) = (Jl, 2p), we have 

<Xl 

cnp = «Jl, Jl) + (Jl, 2p»np + 2 L L (Jl + irx, rx)np+i«· 
«eR+ i=l 

Note that (Jl, Jl) + (Jl, 2p) = (Jl + p, Jl + p) - (p, p) = IIJl + pll2 - IIp1l2. To 
evaluate the constant we evaluate on the highest weight space VA' where nA = 1 
and nHi« = 0 for i > O. Hence, 

(25.14) 

Combining the preceding two equations yields Freudenthal's formula. 0 

Exercise 25.15. Apply Freudenthal's formula to the representations of 513 C 
considered in §13.2, verifying again that the multiplicities are as prescribed on 
the hexagons and triangles. 
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Exercise 25.16. Use Freudenthal's formula to calculate multiplicities for the 
representations r 1,0, rO,1' and r2,0 of (g2)' 

§25.2. Proof of (WCF); the Kostant 
Multiplicity Formula 

It is not unreasonable to anticipate that Weyl's character formula can be 
deduced from Freudenthal's inductive formula, but some algebraic manip­
ulation is certainly required. Let 

X). = Char(r).) = L nl'e(Jl) 

be the character of the irreducible representation with highest weight A.. 
Freudenthal's formula, in form (25.13), reads3 

00 

c· x). = L (Jl, Jl)nl'e(Jl) + L L L (Jl + ia, a)nl'+iae(Jl), 
I' I' aeR i=O 

where c = IIA. + pII2 - IIp112. To get this to look anything like Weyl's formula, 
we must get rid of the inside sums over i. If a is fixed, they will disappear if 
we multiply by e(a) - I, as successive terms cancel: 

00 

(e(a) - I) ' L L (Jl + ia, a)nl'+iae(Jl) = L (14 a)nl'e(Jl + a). 
I' i=O I' 

Let P = naeR (e(a) - 1) = (e(a) - 1)' Pa, where PIJ = nll,olJ(e(p) - 1). The 
preceding two formulas give 

c' p. x). = p. L (Jl, Jl)nl'e(Jl) + L (Jl, a)PlJnl'e(Jl + a). (25.17) 
I' 1',11. 

Note also that 

P=(-IYAp'Ap, 

where r is the number of positive roots, so at least the formula now involves 
the ingredients that go into (WCF). 

We want to prove (WCF): Ap ' X). = AHp' We have seen in §24.l that both 
sides of this equation are alternating, and that both have highest weight term 
e(A. + p), with coefficient 1. On the right-hand side the only terms that appear 
are those of the form ±e(W(A. + p», for W in the Weyl group. To prove 
(WCF), it suffices to prove that the only terms appearing with nonzero 
coefficients in Ap' X). are these same e(W(A. + p», for then the alternating 
property and the knowledge of the coefficient of e(A. + p) determine all the 
coefficients. This can be expressed as: 

3 In this section we work in the ring C[A] of finite sums Im.e(Jl) with complex coefficients m • . 
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Claim. The only terms e(v) occurring in Ap' Xl with nonzero coefficient are 
those with Ilvll = IIA + pli. 

To see that this is equivalent, note that by definition of Ap and lA, the terms 
in Ap' X.l. are all of the form ± e(v), where v = p. + W(p), for p. a weight of r.l. 
and W in the Weyl group. But if lip. + W(p)1I = IIA + plI, since the metric is 
invariant by the Weyl group, this gives II W- 1 (p.) + pll = IIA. + pll. But we saw 
in Exercise 25.2 that this cannot happen unless p. = W(A), as required. 

We are thus reduced to proving the claim. This suggests looking at the 
"Laplacian" operator that maps e(p.) to 1Ip.1I 2e(p.), that is, the map 

A: C[A] -+ C[A] 

defined by 

~(L ml'e(p.» = L (p., p.)ml'e(p.). 

The claim is equivalent to the assertion that F = Ap' X.l. satisfies the "differential 
equation" 

~(F) = IIA + p1l2F. 

From the definition ~(x.l.) = L(P., p.)n"e(p.). And ~(Ap) = IIp1l2Ap. In general, 
since II W(a) II = lIall for all WE W, 

~(A .. ) = L (_I)WII W(a)1I 2e(W(a» = lIaIl 2A ... 

So we would be in good shape if we had a formula for ~ of a product of two 
functions. One expects such a formula to take the form 

~(fg) = ~(f)g + 2(VJ, Vg) + f~(g), (25.18) 

where V is a "gradient," and ( , ) is an "inner product." Taking f = e(p.), 
9 = e(v), we see that we need to have (Ve(p.), Ve(v» = (p., v)e(p. + v). There is 
indeed such a gradient and inner product. Define a homomorphism 

V: C[A] -+ 1)* ® C[A] = Hom(l), C[A]) 

by the formula V(e(p.» = p.. e(p.), and define the bilinear form ( , ) on 
1)* ® C[A] by the formula (ae(p.), f3e(v» = (a, f3)e(p. + v), where (a, 13) is the 
Killing form on 1)*. 

Exercise 25.19. With these definitions, verify that (25.18) is satisfied, as well as 
the Leibnitz rule 

V(fg) = V(f)g + jV(g). 

For example, V(X.l.) = L" n"p.· e(p.), and, by the Leibnitz rule, 

V(P) = L Paa' e(ex) . 
.. eR 

But now look at formula (25.17). This reads 
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c ' PX;, = Pd(X;,) + (VP, VX;,). 

Since, also by the exercise, V(P) = 2( -t)'Ap V(Ap), we may cancel (-t)'Ap 
from each term in the equation, getting 

c· ApX;, = Apd(X;,) + 2(VAp, VX;,). 

By the identity (25.18), the right-hand side of this equation is 

d(ApX;,) - d(Ap)X;, = d(ApX;,) - IlpIl2ApX;,. 

Sincec = 11.1. + pII 2 - IIpll2,thisgives 11.1. + p1I2ApX;, = d(ApX;,), which finishes 
the proof. 0 

We conclude this section with a proof of another general multiplicity 
formula, discovered by Kostant. It gives an elegant closed formula for the 
multiplicities, but at the expense of summing over the entire Weyl group 
(although as we will indicate below, there are many interesting cases where all 
but a few terms of the sum vanish). It also involves a kind of partition counting 
function. For each weight J.L, let P(J.L) be the number of ways to write J.L as a 
sum of positive roots; set P(O) = 1. Equivalently, 

1 
J]+ 1 - e(lX) = ~ P(J.L)e(J.L). (25.20) 

Proposition 25.21. (Kostant's Multiplicity Formula). The multiplicity nll(r;,) of 
weight J.L in the irreducible representation r;, is given by 

nir;,) = I (-I)WP(W(A. + p) - (J.L + p)), 
We'lll 

where p is half the sum of the positive roots. 

PROOF. Write (Ap)-l = e( -p)/n (1 - e( -IX)) = I.P(v)e( -v - pl. By (WCF), 

X;, = A),+p(Apfl = I (-l)w e(W(A. + p)P(v)e( - v - p) 
W.' 

= L (-I)wP(v)e(W(A. + p) - (v + p)) 
W.' 

= L ( - l)wP(W(A. + p) - (J.L + p))e(J.L), 
W.1l 

as seen by writing J.L = W(A. + p) - (v + pl. o 
In fact, the proof shows that Kostant's formula is equivalent to Weyl's 

formula, cf. [Cart]. 
One way to interpret Kostant's formula, at least for weights J.L close to the 

highest weight A. of r;" is as a sort of converse to Proposition 14.13(ii). Recall 
that this says that r;, will be generated by the images of its highest weight 
vector v under successive applications of the generators of the negative root 
spaces; in practice, we used this fact to bound from above the mUltiplicities of 
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various weights Jl close to A. by counting the number of ways of getting from 
A. to Jl by adding negative roots. The problem in making this precise was always 
that we did not know how many relations there were among these images, if 
any. Kostant's formula gives an answer: for example, if the difference A. - Jl is 
small relative to A., we see that the only nonzero term in the sum is the principle 
term, corresponding to W = 1; in this case the answer is that there are no 
relations other than the trivial ones X(Y(v)) - Y(X(v» = [X, Y](v). When Jl 
gets somewhat smaller, other terms appear corresponding to single reflections 
W in the walls of the Weyl chamber for which W(A. + p) is higher than Jl + p; 
we can think ofthese terms, which all appear with sign -1, as correction terms 
indicating the presence of relations. As Jl gets smaller still, of course, more 
terms appear of both signs, and this viewpoint breaks down. 

To see how this works in practice, the reader can for example carry out the 
analysis of the example at the end of§13.l. 

Exercise 25.22* (Kostant). Prove the following formula for the function P, 
which can be used to calculate it inductively: P(O) = 1, and, for Jl =1= 0, 

P(Jl) = - L (-l)Wp(Jl + W(p) - pl. 
W,.l 

Exercise 25.23* (Racah). Deduce from Kostant's formula and the preceding 
exercise the following inductive formula for the multiplicities n,. of Jl in 
r),: n,. = 1 if Jl = A., and if Jl is any other weight of r)" then 

n,.= - L (-l)Wn,.+p_W(p)' 
W,.l 

Show, in fact, that for any weight Jl 

L (-1)w n,.+p-W(p) = L (_I)W', 
Wem r 

where the second sum is over those W' E W such that W'(A. + p) = Jl + p. 

Note that Kostant's formula, more than any of the others, shows us directly 
the pattern of multiplicities in the irreducible representations of s13C. For 
one thing, it is easy to represent the function P diagrammatically: in the 
weight lattice of sl3 C, the function P(Jl) will be a constant 1 on the rays 
{aL2 - aLda~o and {aL3 - aL2}a~O through the origin in the direction of 
the two simple positive roots L2 - Ll and L3 - L 2 • It will have value 2 on 
the translates {aL2 - (a + 3)Lda~-1 and {aL3 - (a - 3)L2}a~2 of these two 
rays by the third positive root L3 - L 1 : for example, the first of these can be 
written as 

aL2 - (a + 3)Ll = (a + 1) ' (L2 - Ld + L3 - Ll 

= (a + 2)'(L2 - Ld + L3 - L 2 ; 

and correspondingly its value will increase by 1 on each successive translate 
of these rays by L3 - L 1• The picture is thus 



§2S.2. Proof of (WCF); the Kostant Multiplicity Fonnula 423 

p=) 

Now, the prescription given in the Kostant formula for the multiplicities is to 
take six copies of this function flipped about the origin, translated so that 
the vertex of the outer shell lies at the points w(A. + p) - p and take their 
alternating sum. Superimposing the six pictures we arrive at 

which shows us clearly the hexagonal pattern of the multiplicities. 

Exercise 25.24*. A nonzero dominant weight A. of a simple Lie algebra is called 
minuscule if A.(Ha) = 0 or 1 for each positive root IX. 

(a) Show that if A. is minuscule, then every weight space of r;. is one 
dimensional. 



424 25. More Character Formulas 

(b) Show that A. is minuscule if and only if all the weights of r l are conjugate 
under the Weyl group. 

(c) Show that a minuscule weight must be one of the fundamental weights. 
Find the minuscule weights for each simple Lie algebra. 

§25.3. Tensor Products and Restrictions To Subgroups 

In the case of the general or special linear groups, we saw general formulas 
for .describing how the tensor product r A ® r" of two irreducible representa­
tions decomposes: 

rA ® r" = EB N).".r •. 
• 

In these cases the multiplicities Nl ". can be described by a combinatorial 
formula: the Littlewood-Richardson rule. In general, such a decomposition 
is equivalent to writing 

(25.25) 

in Z[A], where 1.). = Char(rl ) denotes the character.4 By Weyl's character 
formula, these multiplicities NA". are determined by the identity 

(25.26) 

This formula gives an effective procedure for calculating the coefficients NA". , 

if one that is tedious in practice: we can peel off highest weights, i.e., successively 
subtract from AHp · A,,+p multiples of Ap· A.+p for the highest v that appears. 

There are some explicit formulas for the other classical groups. R. C. King 
[Ki2] has showed that for both the symplectic or orthogonal groups, the 
multiplicities NA". are given by the formula 

(25.27) 

where the M's denote the Littlewood - Richardson multiplicities, i.e., the corre­
sponding numbers for the general linear group, and the sum is over all 
partitions (, a, T. For other formulas for the classical groups, see [Murl], 
[WeI, p. 230]. 

Exercise 25.28*. For 504 C, show that all the nonzero multiplicities NA". are I's, 
and these occur for v in a rectangle with sides making 45° angles to the axes. 
Describe this rectangle. 

4 In the literature these multiplicities NA • • are often caIled "outer multiplicities," and the problem 
of rmding them, or decomposing the tensor product, the "Clebsch-Gordan" problem. 
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Steinberg has also given a general formula for the multiplicities N;'fJv' Since 
it involves a double summation over the Weyl group, using it in a concrete 
situation may be a challenge. 

Proposition 25.29 (Steinberg's Formula). The multiplicity of rv in r;. ® rfJ is 

N;'fJv = L (-1)WW'P(W(A. + p) + W'(Jl + p) - v - 2p), 
W,W' 

where the sum is over pairs W, W' E ~, and P is the counting function appearing 
in Kostant's multiplicity formula. 

Exercise 25.30*. Prove Steinberg's formula by multiplying (25,25) by Ap , using 
(WCF) to get X;.AfJ+p = LN;'fJvAv+p. Write out both sides, using Kostant's 
formula for X ... and compute the coefficient of the term e(p + p) on each side, 
for any p. This gives 

L (-l)ww'P(W(A. + p) + W'(Jl + p) - p - 2p) = L (-1)wN;',fJ ,w(f/+P)_P' 
W,W' W 

Show that for p = v all the terms on the right are zero but N;'fJv' 

Exercise 25.31 (Racah). Use the Steinberg and Kostant formulas to show that 

N;'fJv = L (-1)Wnv+p-W(fJ+P)(r;.). 
W 

The following is the generalization of something we have seen several times: 

Exercise 25.32. If A. and Jl are dominant weights, and (X is a simple root with 
A.(H",) and Jl(H",) not zero, show that A. + Jl - (X is a dominant weight and 
r;. ® rfJ contains the irreducible representation r HfJ -", with multiplicity one. 
So 

r;. ® rfJ = rHfJ EB r HfJ-", EB others. 

In case Jl = A., with A.(H",) "# 0, Sym2 (r;.) contains r HfJ , while N(r;.) contains 

r;'+fJ-"" 

Exercise 25.33. If A. + , is a dominant weight for each weight' of r fJ , show 
that the irreducible representations appearing in r;. ® rfJ are exactly the r HC ' 
In fact, with no assumptions, every component ofr;. ® rfJ always has this form. 
One can show that N;'fJV is the dimension of 

{v E (r;')v-fJ: Hf·+l(V) = 0, 1 ~ i ~ n, Ii = Jl(H;)}. 

For this, see [Zel, §131]. 
For other general formulas for the multiplicities N;'fJv see [Kern], [K-N], 

[Li], and [Kum1], [Kum2]. 
We have seen in Exercise 6.12 a formula for decomposing the representa-
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tion r;, of GL C when restricted to the subgroup GLm- 1 C. In this case the m • 
multiplicities of the irreducible components again have a simple combma-
torial description. There are similar fonnulas for other classical groups. In the 
literature, such fonnulas are often called "branching fonnulas," or "modifica­
tion rules." We will just state the analogues of this fonnula for the symplectic 
and orthogonal cases: 

For S02.C C s02n+l C, and r;, the irreducible representation of S02n+1 C 
given by A = (AI ~ ... ~ An ~ 0), the restriction is 

the sum over all I = (II' ... , I.) with 

Al ~ II ~ A2 ~ Iz ~ ... ~ In-I ~ An ~ IInl, 

with the Ii and Ai simultaneously all integers or all half integers. 

(25.34) 

For S02.-1 C C S02.C, and r;, the irreducible representation of S02nC given 
by A = (AI ~ '" ~ IAnl), 

Res:~~:~IC(r),) = EB r,;:, 
the sum over all I = (II' ... , I._I) with 

Al ~ II ~ A2 ~ I z ~ .. , ~ I._I ~ IAnl, 

with the Ii and Ai simultaneously all integers or all half integers. 

(25.35) 

For SP2.-2 C C SP2.C, and r), the irreducible representation of SPlnC given 
by A = (AI ~ ... ~ An ~ 0), the restriction is 

Res::~:~2dr),) = EBN),J,rJ" (25.36) 

the sum over all I = (II' ... , In-d with II ~ ... ~ In-I ~ 0, and the multi­
plicity N),J. is the number of sequences PI' ... , P. of integers satisfying 

and 
PI ~ II ~ pz ... ~ P.-I ~ In-I ~ Pn' 

As in the case of GLnC, these fonnulas are equivalent to identities among 
symmetric polynomials. The reader may enjoy trying to work them out from 
this point of view, cf. Exercise 23.43 and [Boe]. A less computational approach 
is given in [Zel]. 

As we saw in the case of the general linear group, these branching rules can 
be used inductively to compute the dimensions of the weight spaces. For 
example, for sOm C consider the chain 

sOmC ::::> SOm_1 C ::::> SOm_2C ::::> ••• ::::> S03C. 

Decomposing a representation successively from one layer to the next will 
finally write it as a sum of one-dimensional weight spaces, and the dimension 
can be read ofT from the number of "partitions" in chains that start with the 
given A. The representations can be constructed from these chains, as described 
by Gelfand and Zetiin, cf. [Zel, § 1 0]. 
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Similarly, one can ask for formulas for decomposing restrictions for 
other inclusions, such as the natural embeddings: SP2nC C SL2nC, 
SOmC c SLmC, GLmC x GL.C c GLm+nC, GLmC x GLnC c GLmnC, 
SLnC c SP2nC, SLnC c S02n+1 C, SLnC c S02nC, to mention just a few. 
Such formulas are determined in principle by computing what happens 
to generators of the representation rings, which is not hard: one need 
only decompose exterior or symmetric products of standard representations, 
cr. Exercise 23.31. A few closed formulas for decomposing more general 
representations can also be found in the literature. We state what happens 
when the irreducible representations ofGLmC are restricted to the orthogonal 
or symplectic subgroups, referring to [Lit3] for the proofs: 

For OmC c GLmC, withm = 2n or 2n + 1, given A = (AI ~ ~ An ~ 0), 

Resg~cc(r).) = EBN).xrx, (25.37) 

the sum over all I = (I1 ~ ••• ~ In ~ 0), where 

N).x=LN6x)., 
,) 

with N')H the Littlewood-Richardson coefficient, and the sum over all 
l> = (l>1 ~ b2 ~ . . . ) with alibi even. 

Exercise 23.38. Show that the representation r(2,2) of GLmC restricts to the 
direct sum 

[(2,2) Ef) r(2) Ef) rIO) 

over OmC. (This decomposition is important in differential geometry: the 
Riemann-Christoffel tensor has type (2, 2), and the above three components 
of its decomposition are the conformal curvature tensor, the Ricci tensor, and 
the scalar curvature, respectively.) 

Similarly for SP2nC C GL2nC, 

Res~..';:·{(r).) = EBN).xrx, 

the sum over all I = (I1 ~ •• • ~ In ~ 0), where 

N).i. = LN~x)., 
~ 

(25.39) 

N~X). is the Littlewood-Richardson coefficient, and the sum is over all 
" = ("1 = "2 ~ '13 = "4 ~ ... ) with each part occurring an even number of 
times. 

It is perhaps worth pointing out the the decomposition of tensor products 
is a special case of the decomposition of restrictions: the exterior tensor 
product r), [g] r ll of two irreducible representations of G is an irreducible 
representation of G x G, and the restriction ofthis to the diagonal embedding 
of G in G x G is the usual tensor product r), ® rw 

There are also some general formulas, valid whenever 9 is a semisimple Lie 
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subalgebra of a semisimple Lie algebra g. Assume that the Cartan subalgebra 
Ij is a subalgebra of~, so we have a restriction from ~* to Ij*, and we assume 
the half-spaces determining positive roots are compatible. We write ji for 
weights of g, and we write Il! ji to mean that a weight Il of 9 restricts to ji. 
Similarly write W for a typical element of the Weyl group ofg, and p for half 
the sum of its positive weights. If A. (resp. J:) is a dominant weight for 9 
(resp. g), let N;.J. denote the multiplicity with which rJ. appears in the restriction 
of r ... to g, i.e., 

Exercise 25.40*. Show that, for any dominant weight A. of 9 and any weight ji 
ofg, 

Exercise 25.41 * (Klimyk). Show that 

NAJ. = L (_1)w L n,,(r;.). 
W "H+p-W(p) 

Exercise 25.42. Show that if the formula of the preceding exercise is applied 
to the diagonal embedding of 9 in 9 x g, then the Racah formula of Exercise 
25.31 results. 

For additional formulas of a similar vein, as well as discussions of how they 
can be implemented on a computer, there are several articles in SIAM J. Appl. 
Math.25,1973. 

Finally, we note that it is possible, for any semisimple Lie algebra g, to 
make the direct sum of all its irreducible representations into a commutative 
algebra, generalizing constructions we saw in Lectures 15, §17, and §19. Let 
r",., ... , r"'n be the irreducible representations corresponding to the funda­
mental weights W l' .. . , w". Let 

A· = Sym·(r",. E!3 ... E!3 r.,J 

This is a commutative graded algebra, the direct sum of pieces 

A a = EB Syma'(r",.) ® ... ® Syman(r",J, 
al.···'an 

where a = (al' ... ,a,,) is an n-tuple of non-negative integers. Then A a is 
the direct sum of the irreducible representation r ... whose highest weight is 
A. = L aiwi, and a sum r of representations whose highest weight is strictly 
smaller. As before, weight considerations show that J. = EB. Ja is an ideal in 
A·, so the quotient 

A·p· = EB r ... 
... 
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is the direct sum of all the irreducible representations. The product 

r;. ®r,..-+ rH ,.. 

in this ring is often called Cartan multiplication; note that the fact that rH ,.. 

occurs once in the tensor product determines such a projection, but only up 
to multiplication by a scalar. 

Using ideas of §25.1, it is possible to give generators for th~ ideal J'. If C is 
the Casimir operator, we know that C acts on all representations and is 
multiplication by the constant C;. = (A., A.) + (2A., p) on the irreducible represen­
tation with highest weight A.. Therefore, if A. = L ajWj, the endomorphism 
C - c;.l of A" vanishes on the factor r;., and on each of the representations 
r,.. of lower weight Jl. it is multiplication by c,.. - C;. :I: 0 [cf. (25.2)]. It follows 
that 

Exercise 25.43*. Write C = L UjU; as in§25.1. Show that for VI"'" V", vectors 
in the fundamental weight spaces, with Vj E r«J and L a.j = L ajwj , the element 
(C - C;.l)(VI • V2· •. • • vm) is the sum over all pairs j, k, with 1 :::;; j < k :::;; m, of 
the terms 

(L (Uj(Vj)' U;(Vk) + Ui(Vj)' Uj(vk)) - 2(a.j' a.k)Vj · Vk) ' n V" 
j 1#1k 

From this exercise follows a theorem of Kostant: J" is generated by the 
elements 

L (Uj(v) ' U;(w) + U;(v)· Ui(w)) - 2(a., P)v' w 
i 

for v E r«, WE rp, with a. and P fundamental roots. For the classical Lie 
algebras, this formula can be used to find concrete realizations of the ring. If 
one wants a similar ring for a semisimple Lie group, one has the same ring, 
of course, when the group is simply connected; this leads to the ring described 
in Lectures 15 and 17 for SLII C and SP211 C. For SOm C, little change is needed 
when m is odd, but there is more work for m even. Details can be found in 
[L-T]. 
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