
LECTURE 26 

Real Lie Algebras and Lie Groups 

In this lecture we indicate how to complete the last step in the process outlined at the 
beginning of Part II: to take our knowledge of the classification and representation 
theory of complex algebras and groups and deduce the corresponding statements in 
the real case. We do this in the first section, giving a list ofthe simple classical real Lie 
algebras and saying a few words about the corresponding groups and their (complex) 
representations. The existence of a compact group whose Lie algebra has as complexi­
fication a given semisimple complex Lie algebra makes it possible to give another 
(indeed, the original) way to prove the Weyl character formula; we sketch this in §26.2. 
Finally, we can ask in regard to real Lie groups G a question analogous to one asked 
for the representations of finite groups in §3.5: which of the complex representations 
V of G actually come from real ones. We answer this in the most commonly en­
countered cases in §26.3. In this final lecture, proofs, when we attempt them, are 
generally only sketched and may require more than the usual fortitude from the reader. 

§26.1: Classification of real simple Lie algebras and groups 
§26.2: Second proof ofWeyl's character formula 
§26.3: Real, complex, and quaternionic representations 

§26.1. Classification of Real Simple Lie Algebras 
and Groups 

Having described the semisimple complex Lie algebras, we now address the 
analogous problem for real Lie algebras. Since the complexification go ®R C 
of a semisimple real Lie algebra go is a semisimple complex Lie algebra and 
we have classified those, we are reduced to the problem of describing the real 
forms of the complex semisimple Lie algebras: that is, for a given complex Lie 
algebra g, finding all real Lie algebras go with 
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We saw many of the real forms of the classical complex Lie groups and 
algebras back in Lectures 7 and 8. In this section we will indicate one way to 
approach the question systematically, but we will only include sketches of 
proofs. 

To get the idea of what to expect, let us work out real forms of 512 C 
in detail. To do this, suppose 90 is any real Lie subalgebra of 512 C, with 
90 ®R C = 512 C. The natural thing to do is to try to carry out our analysis of 
semisimple Lie algebras for the real Lie algebra 90: that is, find an element 
H E 90 such that ad(H) acts semisimply on 90' decompose 90 into eigenspaces, 
and so on. The first part of this presents no problem: since the subset of 512 C 
of non-semis imp Ie matrices is a proper algebraic subvariety, it cannot contain 
the real subspace 90 C 512 C, so that we can certainly find a semisimple HE 90' 

The next thing is to consider the eigenspaces of ad (H) acting on 9. Of 
course, ad (H) has one eigenvalue 0, corresponding to the eigenspace ~o = 
IR . H spanned by H. The remaining two eigenvalues must then sum to zero, 
which leaves just two possibilities: 

(i) ad(H) has eigenvalues A. and - A., for A. a nonzero real number; multi­
plying H by a real scalar, we can take A. = 2. In this case we obtain a 
decomposition of the vector space 90 into one-dimensional eigenspaces 

90 = ~o EB 92 EB 9-2' 

We can then choose X E 92 and Y E 9-2; the standard argument then shows 
that the bracket [X, Y] is a nonzero multiple of H, which we may take to be 
1 by rechoosing X and Y. We thus have the real form 5121R, with the basis 

H=(~ _~), X=(~~). Y=(~~). 
(ii) ad (H) has eigenvalues iA. and - iA. for A. some nonzero real number; again, 

adjusting H by a real scalar we may take A. = 1. In this case, of course, there 
are no real eigenvectors for the action of ad(H) on 90; but we can decompose 
90 into the direct sum of ~o and the two-dimensional subspace 9{i,-i} corre­
sponding to the pair of eigenvalues i and - i. We may then choose a basis B 
and C for 9 {i, -i} with 

[H, B] = C and [H, C] = -B. 

The commutator [B, C] will then be a nonzero multiple of H, which we may 
take to be either H or -H (we can multiply Band C simultaneously by a 
scalar jJ., which multiplies the commutator [B, C] by jJ.2). In the latter case, we 
see that 90 is isomorphic to 5121R again: these are the relations we get if we 
take as basis for 512 C the three vectors 

( 0 t) (0 1) (1 0) 
H = _ to' B = 1 0' and C = 0 -1 . 
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Finally, if the commutator [R, C] = H, we do get a new example: go is in this 
case isomorphic to the algebra 

SU2 = {A: IX = -A and trace(A) = O} C sI2 C, 

which has as basis 

o ) ( 0 R= -i/2 ' -1/2 
1/2) (0 o ' and C = i/2 

i/2) o . 

Exercise 26.1. Carry out this analysis for the real Lie algebras S031R and S02.11R. 
In particular, give an isomorphism of each with either sI2 1R or SU2 · 

This completes our analysis of the real forms of sI2 C. In the general 
case, we can try to apply a similar analysis, and indeed at least one aspect 
generalizes: given a real form go c 9 of the complex semisimple Lie algebra 
g, we can find a real subalgebra 1)0 c go such that 1)0 ® C is a Cartan sub­
algebra of 9 = go ® C; this is called a Cartan subalgebra of go. There is a 
further complication in the case of Lie algebras of rank 2 or more: the values 
on 1)0 of a root IX E R of 9 need not be either all real or all purely imaginary. 
We, thus, need to consider the root spaces g«, ga' g_«, and g-a' and the 
subalgebra they generate, at the same time. Moreover, as we saw in the above 
example, whether the values of the roots IX E R of 9 on the real subspace 1)0 
are real, purely imaginary, or neither will in general depend on the choice of 
1)0· 

Exercise 26.2*. In the case of go = sI31R c 9 = sI3 C, suppose we choose as 
Cartan subalgebra 1)0 the space spanned over IR by the elements 

(2 0 0) (0 0 0) 
Hi = 0 - 1 0 and H 2 = 0 0 1 . 

o 0 -1 0 -1 0 
Show that this is indeed a Cartan subalgebra, and find the decomposition of 
9 into eigenspaces for the action of I) = 1)0 ® c. In particular, find the roots 
of 9 as linear functions on I), and describe the corresponding decomposition 
of go. 

Judging from these examples, it is probably prudent to resist the temptation 
to try to carry out an analysis of real semisimple Lie algebras via an analogue 
of the decomposition 9 = I) $ (EEl g«) in this case. Rather, in the present book, 
we will do two things. First, we will give the statement of the classification 
theorem for the real forms of the classical algebras-that is, we will list all 
the simple real Lie algebras whose complexifications are classical algebras. 
Second, we will focus on two distinguished real forms possessed by any real 
semisimple Lie algebra, the split form and the compact form. These are the 
two forms that you see most often; and the existence of the latter in particular 
will be essential in the following section. 
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For the first, it turns out to be enough to work out the complexifications 
go ®R C == go $ i' go of the real Lie algebras go we know. The list is: 

Real Lie algebra 

slnlR 
slnC 
sln~ == gln~/IR 
SOp,qlR 
SOnC 
SP2n IR 
SP2nC 
SUp,q 
Up,q~ 
U:~ 

Complexification 

slnC 
slnC x slnC 
sI2nC 
sOp+qC 
SOnC X SOnC 
SP2nC 
SP2nC X SP2nC 
slp+qC 
SP2(p+q)C 
S02nC 

The last two in the left-hand column are the Lie algebras of the groups Up,q~ 
and Un· ~ of automorphisms of a quaternionic vector space preserving a 
Hermitian form with signature (p, q), and a skew-symmetric Hermitian form, 
respectively. 

We should first verify that the algebras on the right are indeed the complexi­
fications of those on the left. Some are obvious, such as the complexification 

(slnlR)c == slnlR $ i' slnlR == slnlC. 

The same goes for SOp,qlR and SP2nlR. 
Next, consider the complexification of 

SUn == {A E slnC: 'A == -A}. 

To see that slnC == SUn $ i· SUn' let M E slnC, and write 

M == t(M - 'M) + t(M + 'M) == tA + tB; 

then A E sUn, iB E SUn' and M == tA - i(i/2)B. 
The general case of SUp,q C slp+qC is similar: if the form is given by (x, y) == 

'xQy, then sUp,q == {A: 'AQ == -QA}. Writing M E slp+qC in the form 

M == t(M - Q.IM·Q) - i·H(iM + iQ·IM·Q)) 

and using Q == 'Q == Q-l == Q, one sees that M E SUp,q $ i' sup,q' 
For the complexification of slmC, embed slmC in slmC x slmC by A 1--+ (A, A). 

Given any pair (B, C), write 

(B, C) == t(B + C, B + C) + t(B - C, - B + C) 

== t(B + C, B + C) - i·H(iB + ie, iB + iC). 

For the quaternionic Lie algebra, from the description of GLn~ we saw in 
Lecture 7, we have 
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with J = ( 0 
-/ 

~). As before, for M E gl2nC, we can write 

M = t(M - J. M .J) - i·(t(iM + iJ ·iM .J)) 

to see that glnlHl ®R C = gl2n(:. 

Exercise 26.3. Verify the rest of the list. 

The theorem, which also goes back to Cartan, is that this includes the 
complete list of simple real Lie algebras associated to the classical complex types 
(An)-(Dn). In fact, there are an additional 17 simple real Lie algebras asso­
ciated with the five exceptional Lie algebras. The proof of this theorem is 
rather long, and we refer to the literature (cf. [H-S], [Hel], [Ar]) for it. 

Split Forms and Compact Forms 

Rather than try to classify in general the real forms go of a semisimple Lie 
algebra g, we would like to focus here on two particular forms that are 
possessed by every semisimple Lie algebra and that are by far the most 
commonly dealt with in practice: the split form and the compact form. 

These represent the two extremes of behavior of the decomposition 9 = 
1) ED (EBg,,) with respect to the real subalgebra go c g. To begin with, the split 
form of 9 is a form go such that there exists a Cartan subalgebra 1)0 c go (that 
is, a subalgebra whose complexification 1) = 1)0 ® C c go ® C = 9 is a Cartan 
subalgebra of g) whose action on go has all real eigenvalues-i.e., such that 
all the roots a ERe 1)* of 9 (with respect to the Cartan subalgebra 1) = 
1)0 ® C c g) assume all real values on the subspace 1)0. In this case we have a 
direct sum decomposition 

go = 1)0 Ei1 (EB i,,) 

of go into 1)0 and one-dimensional eigenspaces j" for the action of 1)0 (each j" 
will just be the intersection of the root space g" c 9 with go); each pair j" and 
j-" will generate a subalgebra isomorphic to SI2 R. As we will see momentarily, 
this uniquely characterizes the real form go of g. 

By contrast, in the compact form all the roots a ERe 1)* of g (with respect 
to the Cartan subalgebra 1) = 1)0 ® C c g) assume all purely imaginary values 
on the subspace 1)0. We accordingly have a direct sum decomposition 

go = 1)0 Ei1 (EB I,,) 

of go into 1)0 and two-dimensional spaces on which 1)0 acts by rotation (each 
I" will just be the intersection of the root space g" Ei1 g_" with go); each I" will 
generate a subalgebra isomorphic to su2. 

The existence of the split form of a semisimple complex Lie algebra was 
already established in Lecture 21: one way to construct a real-even rational 
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-form 90 of a semisimple Lie algebra 9 is by starting with any generator X«, 
for the root space for each positive simple root !Xi' completing it to standard 
basis X«" Y,." and Hi = [X«" Y,.,J for the corresponding s«, = S(2 C, and taking 
90 to be the real subalgebra generated by these elements. Choosing a way to 
write each positive root as a sum of simple roots even determined a basis 
{Hi E I), X« E 9«, Y,. E 9-«} for 90' as in (21.20). The Cartan subalgebra 1)0 of 90 
is the real span ofthese Hi' Note that once I) is fixed for g, the real subalgebra 
1)0 is uniquely determined as the span of the H« for all roots !X. The algebra 90 
is determined up to isomorphism; it is sometimes called the natural real form 
of 9. Note that this also demonstrates the uniqueness of the split form: it is 
the only real form 90 of 9 that has a Cartan subalgebra 1)0 acting on 90 with 
all real eigenvalues. 

As for the compact form of a semisimple Lie algebra, it owes much of its 
significance (as well as its name) to the last condition in 

Proposition 26.4. Suppose 9 is any complex semisimple Lie algebra and 90 c 9 
a real form of 9. Let 1)0 be a Cartan subalgebra of go, I) = 1)0 ® C the corre­
sponding Cartan subalgebra of 9. The following are equivalent: 

(i) Each root !X ERe 1)* of g assumes purely imaginary values on 1)0' and 
for each root !X the subalgebra of 90 generated by the intersection (<< of 
(9« ~ 9-«) with 90 is isomorphic to su2 ; 

(ii) The restriction to 90 of the Killing form of 9 is negative definite; 
(iii) The real Lie group Go with Lie algebra 90 is compact. 

In (iii), Go can be taken to be the adjoint form of 90' However, a theorem 
of Weyl ensures that the fundamental group of any such Go is finite, so the 
condition is independent ofthe choice of Go . Note also that, by the equivalence 
with (ii) and (iii), the condition (i) must be independent of the choice of Cart an 
subalgebra 1)0' This is in contrast with the split case, where we require only 
that there exist a Cartan subalgebra whose action on 9 has all real eigenvalues; 
as we saw in the case of S(21R, in the split case a different 1)0 may have imaginary 
eigenvalues. 

PROOF. We start by showing that the first condition implies the second; this 
will follow from direct observation. To begin with, the value of the Killing 
form on H E 1)0 is visibly 

B(H, H) = L (a(H))2 < O. 

Next, the subspaces (<< are orthogonal to one another with respect to B, so it 
remains only to verify B(Z, Z) < 0 for a general member Z E 1«. To do this, 
let X and Y be generators of 9« and 9_« c 9 respectively, chosen so as to form, 
together with their commutator H = [X, Y] a standard basis for S(2 C. By the 
analysis of real forms of sI2 C above, we may take as generators of the algebra 
generated by Ia the elements iH, U = X - Yand V = iX + iY. If we set 

Z = aU + bV= (a + ib)'X + (-a + ib)' Y, 
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then we have 

ad(Z) 0 ad(Z) = (a + ib)2 ad (X) 0 ad (X) 

- (a2 + b2 )(ad(X) 0 ad(Y) + ad(Y) 0 ad (X)) 

+ (a - ib)2 ad(Y) 0 ad(Y). 

Now, ad(X) 0 ad (X) and ad(Y) 0 ad(Y) have no trace, so we can write 

trace(ad(Z) 0 ad(Z)) = - 2· (a 2 + b2 ). trace(ad(X) 0 ad(Y)). (26.5) 

By direct examination, in the representation Sym"V of sI2 C, ad (X) 0 ad(Y) 
acts by multiplication by (n - A.)(n + A. - 2)/4 ~ 0 on the A.-eigenspace for H, 
from which we deduce that the right-hand side of (26.5) is negative. 

Next, we show that the second condition implies the third. This is imme­
diate: the adjoint form Go is the connected component of the identity of the 
group Aut(90). In particular, it is a closed subgroup of the adjoint group of 9, 
and it acts faithfully on the real vector space 90' preserving the bilinear form 
B. If B is negative definite it follows that Go is a closed subgroup of the 
orthogonal group SO .. IR, which is compact. 

Finally, if we know that Go is compact, by averaging we can construct a 
positive definite inner product on 90 invariant under the action of Go. For any 
X in 90 ' ad(X) is represented by a skew-symmetric matrix A = (ai) with 
respect to an orthonormal basis of 90 (cf. (14.23)), so B(X, X) = Tr(A 0 A) = 
'D,jai,jaj,i = - ~>L ~ O. In particular, the eigenvalues of ad (X) must be 
purely imaginary. Therefore 1X(I)0) c ilR and a = -IX for any root IX, from 
which (i) follows. 0 

We now claim that every semisimple complex Lie algebra has a unique 
compact form. To see this we need an algebraic notion which is, in fact, crucial 
to the classification theorem mentioned above: that of conjugate linear involu­
tion. If 9 = 90 ® n C is the complexification of a real Lie algebra 90' there is a 
map a : 9 -+ 9 which takes x ® z to x ® z for x E 90 and Z E C; it is conjugate 
linear, preserves Lie brackets, and a2 is the identity. The real algebra 90 is the 
fixed subalgebra of a, and conversely, given such a conjugate linear involution 
a of a complex Lie algebra 9, its fixed algebra 9C7 is a real form of 9. To prove the 
claim, we start with the split, or natural form, as constructed in Lecture 21 
and referred to above. With a basis for 9 chosen as in this construction, it is 
not hard to show that there is a unique Lie algebra automorphism cp of 9 that 
takes each element of 1) to its negative and takes each X" to y.. (this follows 
from Claim 21.25). This automorphism cp is a complex linear involution which 
preserves the real subalgebra 90' This automorphism commutes with the 
associated conjugate linear a. The composite acp = cpa is a conjugate linear 
involution, from which it follows that its fixed part gc = gC7tp is another real 
form of g. This has Cart an subalgebra 1)c = 1)C7tp = i · £}o. We have seen that the 
restriction of the Killing form to 1)0 is positive definite. It follows that its 
restriction to 1)c is negative definite, and hence that 9c is a compact form of 9. 
Finally, this construction of 9c from 90 is reversible, and from this one can 
deduce the uniqueness of the compact form. 
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We may see directly from this construction that 

9c = ~c $ EB la, 
aeR+ 

437 

where la = (ga $ g_a)'"<P is a real plane with la ®R C = ga $ g-a and [~" la] cIa· 

Exercise 26.6. Verify that {A j = i· Hj : 1 ~j ~ n} is a basis for ~c, {Ba = Xa - Yr. , 
Ca = i ' (Xa + Yr.)} is a basis for la, and the action is given by 

[Aj , Ba] = p ' Ca and [Aj' Ca] = - p' Ba, 

where p is the integer a(H). In particular, ~c acts by rotations on the planes la. 

Our classical Lie algebras 9 all came equipped with a natural real form go, 
and with a basis of the above type. These split forms are: 

Complex simple Lie algebra Split form 

sln+1 C s("+1 1R 

S02"+1 C SO"+1." 

SP2"C SP2n IR 
S02nC sOn." 

Exercise 26.7. For each of these split forms, find the corresponding compact 
form gc. 

Exercise 26.8. Let go be a real semisimple Lie algebra. Show that a subalgebra 
~o of go is a Cartan subalgebra if and only if it is a maximal abelian subalgebra 
and the adjoint action on go is semisimple. 

Exercise 26.9*. Starting with a real form go of 9 with associated conjugation 
u, show that one can always find a compact form 9c of 9 such that U(9c) = gt' 
and such that 

go = t$ p, 

where t = ~o = go (\ gt' and P = go (\ (i ' 9c). Such a decomposition is called a 
Cartan decomposition of go. It is unique up to inner automorphism. 

Exercise 26.10*. For any real form go of g, given by a conjugation u, show 
that there is a Cartan subalgebra ~ of 9 that is preserved by u, so go (\ ~ is 
a Cartan subalgebra of go. 

Naturally, the various special isomorphisms between complex Lie algebras 
(s12C ~ S03C ~ SP2C, etc.) give rise to special isomorphisms among their real 
forms. For example, we have already seen that 

sl21R ~ SU 1, 1 ~ S02,1 ~ SP21R, 

while 
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(cf. Exercise 26.1). Similarly, each of the remaining three special isomorphisms 
of complex semisimple Lie algebras gives rise to isomorphisms between their 
real forms, as follows: 

(i) S04C ~ sI2 C X sI2 C 

compact forms: S041R ~ SU2 x 5U2 

split forms: S02,2 ~ sI2 1R x sI21R 

others: 503, 1 ~ 512 C, u!!HI ~ 5U2 x 5121R. 

(ii) 5P4C ~ 50sC 

compact forms: U21H1 ~ 50sIR 

split forms: SP41R ~ S03,2 

other: u 1, 11H1 ~ 504 , l' 

(iii) 514 C ~ 506 C 

compact forms: su4 ~ S061R 

split forms: 5141R ~ 503,3 

others: 5U2,2 ~ 504,2; 5U3,1 ~ uJIHI; 5121H1 ~ SOS,l' 

In addition, the extra automorphism of 50sC coming from triality gives 
rise to an isomorphism u! IHI ~ 5°6,2' 

Exercise 26.11. Verify some of the isomorphisms above. (Of course, in the case 
of compact and split forms, these are implied by the corresponding iso­
morphisms of complex Lie algebras, but it is worthwhile to see them directly 
in any case.) 

Real Groups 

We tum now to problem of describing the real Lie groups with these Lie 
algebras. Let G be the adjoint form of the semisimple complex Lie algebra 9. 
If 90 is a real form of g, the associated conjugate linear involution (1 of 9 that 
fixes 90 lifts to an involution a of G. (This follows from the functorial nature 
of the adjoint form, noting that G is regarded now as a real Lie group.) 
The fixed points G" of this involution then form a closed subgroup of G; its 
connected component of the identity Go is a real Lie group whose Lie algebra 
is 90' G is called the complexification of Go. 

We have seen in §23.1 that if r = r w is the lattice of those elements in ~ on 
which all roots take integral values, then 2nir is the kernel of the exponential 
mapping exp: ~ --. G to the adjoint form. If ~o is a Cartan subalgebra of 90' 
T = exp(~o) will be compact precisely when the intersection of ~o with the 
kernel 2nir is a lattice of maximal rank. In this case, T will be a product of n 
copies of the circle Sl, n = dim@, and, since the Killing form on ~o is negative 
definite, the corresponding real group Go will also be compact. Such a Go will 
be a maximal compact subgroup of G. 

When Go c: G is a maximal compact subgroup, they have the same irreduc­
ible complex representations. Indeed, for any complex group G', each complex 
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homomorphism from G to G' is the extension of a unique real homomorphism 
from Go to G'. This follows from the corresponding fact for Lie algebras and 
the fact that Go and G have the same fundamental group. This is another 
general fact, which implies the finiteness of the fundamental group of Go; we 
omit the proof, noting only that it can be seen directly in the classical cases: 

Exercise 26.12*. Prove that 7tl (Go) --+ 7tl(G) is an isomorphism for each of the 
classical adjoint groups. 

Exercise 26.13*. The special isomorphisms of real Lie algebras listed above 
give rise to special isomorphisms of real Lie groups. Can you find these? 

It is another general fact that any compact (connected) Lie group is a 
quotient 

(G1 X G2 X ... x G, x T)/Z, 

where the Gj are simple compact Lie groups, T ~ (SI)k is a torus, and Z is a 
discrete subgroup of the center. In particular, its Lie algebra is the direct sum 
of a semisimple compact Lie algebra and an abelian Lie algebra. This provides 
another reason why the classification of irreducible representations in the real 
compact case and the semisimple complex case are essentially the same. 

Representations of Real Lie Algebras 

Finally, we should say a word here about the irreducible representations 
(always here in complex vector spaces!) of simple real Lie algebras. In some 
cases these are easily described in terms of the complex case: for example, the 
irreducible representations of SUm or slmlR are the same as those for slmC, i.e., 
they are the restrictions of the irreducible representations r .. = § .. Cm corre­
sponding to partitions or Young diagrams A.. This is the situation in general 
whenever the complexification 9 = 90 ® C of the real Lie algebra 90 is still 
simple: the representations of 90 on complex vector spaces are exactly the 
representations of 9. The situation is slightly different when we have a simple 
real Lie algebra whose complexification is not simple: for example, the irreduc­
ible representations of slmC, regarded as a real Lie algebra, are of the form 
r .. ® rll , where rll is the conjugate representation of rll" The situation in 
general is expressed in the following 

Exercise 26.14. Show that if 90 is a simple real Lie algebra whose complexifica­
tion 9 is simple, its irreducible representations are the restrictions of (uniquely 
determined) irreducible representations of 9. If 90 is the underlying real algebra 
of a simple complex Lie algebra, show that the irreducible representations of 
90 are of the form V ® W, where V and Ware (uniquely determined) irreduc­
ible representations of the complex Lie algebra. 
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§26.2. Second Proof of Weyl's Character Formula 

The title of this section is perhaps inaccurate: what we will give here is actually 
a sketch of the first proof of the Weyl character formula. Weyl, in his original 
proof, used what he called the "unitarian trick," which is to say he introduces 
the compact form of a given semisimple Lie algebra and uses integration on 
the corresponding compact group G. (This trick was already described in §9.3, 
in the context of proving complete reducibility of representations of a semi­
simple algebra.) 

Indeed, the main reason for including this section (which is, after all, 
logically unnecessary) is to acquaint the reader with the "classical" treatment 
of Lie groups via their compact forms. This treatment follows very much the 
same lines as the representation theory of finite groups. To begin with, we 
replace the average (l/IGI) LgeG!(g) by the integral fG!(g) dJ1., the volume 
element dJ1. chosen to be translation invariant and such that fG dJ1. = 1. If 
p: G -+ Aut(V) is a finite-dimensional representation, with character 

XV(g) = Trace(p(g», 

then fGP(g) dJ1. E Hom(V, V) is idempotent, and it is the projection onto the 
invariant subspace VG• So fG Xv(g) dJ1. = dim(VG). Applied to Hom(V, W) as 
before, since XHom(V .W) = XvXw, it follows that 

L XvXw dJ1. = dim(HomG(V, W». 

So if V and W are irreducible, 

f {I ifV~ W 
G XvXw dJ1. = 0 otherwise. 

Up to now, everything is completely analogous to the case of finite groups, 
and is proved in exactly the same way. The last general fact, analogous to the 
basic Proposition 2.30, is harder in the compact case: 

Peter-Weyl Theorem. The characters of irreducible representations span a 
dense subspace of the space of continuous class functions. 

It is, moreover, the case that the coordinate functions of the irreducible matrix 
representations span a dense subspace of all continuous (or L2) functions on 
G. For the proof of these statements we refer to [Ad] or [B-tD]. Given the 
fundamental role that (2.30) played in the analysis of representations of finite 
groups, it is not surprising that the Peter-Weyl theorem is the cornerstone of 
most treatments of compact groups, even though it has played no role so far 
in this book. 

We now proceed to indicate how the original proof of the Weyl character 
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formula went in this setting. In this section, G will denote a fixed compact 
group, whose Lie algebra 9 is a real form of the semisimple complex Lie 
algebra 9c = 9 ®R C. We have seen that 

9 = ~ Ef> EB 1«, 
«eR+ 

compatible with the usual decomposition 9c = ~c Ef> EB(9« Ef> 9_«) when com­
plexified. The real Cartan algebra ~ acts by rotations on the planes 1«. 

Now let T = exp(~) c: G. As before we have chosen ~ so that it contains 
the lattice 2nir which is the kernel of the exponential map from ~c to the 
simply-connected form of 9c, so T ~ (S1)" is a compact torus. 

In this compact case we can realize the Weyl group on the group level again: 

Claim 26.15. N(T)/T ~ 9:0. 

PROOF. For each pair of roots IX, -IX, we have a subalgebra S« ~ sI2 C c: 9c, 
with a corresponding SU2 c: 9. Exponentiating gives a subgroup SU(2) c: G. 

The element ( _ ~ ~) acts by Ad, taking H to - H, X to Y, and Y to X . It 

is in N(T), and, with B as in the preceding section, ( _ ~ ~) = exp G niB ). 

Then exp G niB) E 9 acts by reflection in the hyperplane IXL c: ~. 0 

Note that 9:0 acting on ~ takes the lattice 2nir to itself, so 9:0 acts on 
T = ~/2n;r by conjugation. 

Theorem 26.16. Every element of G is conjugate to an element of T. A general 
element is conjugate to 19:01 such elements of T. 

Sketch of a proof Note that G acts by left multiplication on the left coset space 
X = G/T. For any Z E G, consider the map f.: X ~ X which takes yT to zyT. 
The claim is that I. must have a fixed point, i.e., there is a y such that 
y-1 zy E T. Since allf. are homotopic, and X is compact, the Lefschetz number 
of f. is the topological Euler characteristic of X . The first statement follows 
from the claim that this Euler characteristic is not zero. This is a good exercise 
for the classical groups; see [Bor2] for a general proof. For another proof see 
Remark 26.20 below. 

For the second assertion, check first that any element that commutes with 
every element of T is in T. Take an "irrational" element x in T so that its 
multiples are dense in T. Then for any y E G, yxy-1 E T <=> yTy-1 = T, and 
yxy-1 = x<=> YET. This gives precisely 19:01 conjugates of x that are in T. 

Corollary 26.17. The class functions on G are the 9:O-invariant functions on T. 
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Suppose G is a real form of the complex semisimple group Gc, i.e., G is a 
real analytic closed subgroup of Gc, and the Lie algebra of Gc is 9c. The 
characters on Gc can be written L n,..eZ•d ,.., the sum over J1. in the weight lattice 
A; they are invariant under the Weyl group. From what we have seen, they 
can be identified with 2l3-invariant functions on the torus T. Let us work this 
out for the classical groups: 

Case (A,,): G = SU(n + 1). The Lie algebra SU,,+1 consists of skew-Hermitian 
matrices, 

~ = SU,,+1 () sl"+11R = {imaginary diagonal matrices of trace O}, 

and T = {diag(eZrti .9I, ... , e2rti.9n+I): L.9j = O}. In this case, the Weyl group 213 
is the symmetric group 6,,+1' represented by permutation matrices (with one 
entry ± 1 on each row and column, other entries 0) modulo T. Let Zi: T --+ SI 
correspond to the ith diagonal entry eZ1<i.9i • So characters on T are symmetric 
polynomials in Z l' ... , Z,,+1 modulo the relation Z 1 ••••• z,,+1 = 1. Therefore, 
characters on SU(n + 1) are symmetric polynomials in Z l' ... , Z,,+I' 

Case (Bit): G = SO(2n + 1). I) consists of matrices with n 2 x 2 blocks of the 
form 

( cOS(2n.9 j ) 

sin (2n.9;) 
- Sin(2n.9j )) 

cos(2n.9;) 

along the diagonal, and one 1 in the lower right corner. Again we see that 
T = (SI )". This time N(T) will have block permutations to interchange the 

blocks, and also matrices with some blocks (~ ~) in the squares along the 

diagonal, with the other blocks 2 x 2 identity matrices, with a ± 1 in the 
corner to make the determinant positive; these take .9 j to -.9 j for each i where 

a block is (~ ~). This again realizes the Weyl group as a semidirect product 

of 6" and (lL/2f. With Zi identified with eZrtj8i again, we see that the characters 
are the symmetric polynomials in the variables Zj + ziI, i.e., in cos(2n.9d, ... , 
cos(2n.9,,). 

Case (D It): G = SO(2n).1) is as in the preceding case, but with no lower corner. 
Since we have no corner to put a-I in, there can be only an even number of 

blocks of the form (~ ~), reflecting the fact that 213 is a semidirect product 

of(Z/2r-l and 6 n• This time the invariants are symmetric polynomials in the 
Zi + zit, and one additional ni(Zi - zi1). 

Case (Cit): G = Sp(2n). I) consists of imaginary diagonal matrices, T consists 
of diagonal matrices with entries eZrtj8i. The Weyl group in generated by 
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permutation matrices and diagonal matrices with entries which are l's and 
quaternionic j's: W is a semidirect product of (7L/2f and 6 n • The invariants 
are symmetric polynomials in the Zj + zil. 

The key to Weyl's analysis is to calculate the integral of a class function f 
on G as a suitable integral over the torus T. For this, consider the map 

n: G/T x T~ G, n(xT, y) = xyx-l. 

By what we said earlier, n is a generically finite-sheeted covering, with IWI 
sheets. It follows that 

f f dll = 1';"1 f n*(f)n*dll· 
G .;u) G/Tx T 

Now n*(f)(xT, y) = f(y) since f is a class function. To calculate n*dll, con­
sider the induced map on tangent spaces 

n* = dn: g/I) x g ~ g. 

At the point (xo T, Yo) E G/T x T, 

(xoetXT, yoetY ) t-+ xoetXYoetYe-txx(jl. 

We want to calculate 

which is 

xo(xYo + YoY - yoX)X(jl (xoy(jl X(jl) = xo(x + yoyy(jl - yoxy(jl )X(jl. 

Now yoyy(jl = y since Yo E T and y E g. To calculate the determinant of n* 
we can ignore the volume-preserving transformation xo( )X(jl. If we identify 
9 with g/I) x g, the matrix becomes 

(I - Ad(yo) 0) 
o I . 

So the determinant of n* is det(l - Ad(yo)). Now (g/g)c = ffi g", and Ad(yo) 
acts as e27tj,,(yo) on g". Hence 

det(n*) = n (1 - e2"j,,), (26.18) 
"eR 

as a function on T alone, independent of the factor G/T. This gives Weyl's 
integration formula: 

f f dllG = _1_ f f(y) n (1 - e2!tj,,(y») dllT · 

G IWI T "eR 
(26.19) 

Remark 26.20. The same argument gives another proof of the theorem that G 
is covered by conjugates of T. This amounts to the assertion that the map 
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n: G/T x T .... G of compact manifolds is surjective. By what we saw above, 
for a generic point Yo E T there are exactly Iml points in n-1(yo), and at each 
of these the Jacobian determinant is the same (nonzero) number. It follows 
that the topological degree ofthe map n is Iml, so the map must be surjective. 

Now (1 - e2"i«)(1 - e- 2"i«) = (e"i« - e-"iIz)(e"i« - e >ri«), so if we set 

A = n (e"i« - e-"i«), 
aeR+ 

then det(n.) = A~. As we saw in Lemma 24.3, A = Ap , where p is half the sum 
of the positive roots and, for any weight p., 

A/l = L (_I)w e2"iW(/l). 

We'llJ 

Now we can complete the second proof of Weyl's character formula: the 
character of the representation with highest weight A. is AHp/ Ap. Since we saw 
in §24.1 that AHP/Ap has highest weight A. and (see Corollary 24.6) its value 
at the identity is positive, it suffices to show that the integral of fG XX = 1, 
where X = AHP/Ap. By Weyl's integration formula, 

f If - If -
G xx = Iml T xxAA = Iml T AHpAHp 

= _1_ f L (_I)W e2"iW(Hp). L (_I)W e- 2"iW(Hp) = 1, 
Iml T We'llJ We'llJ 

which concludes the proof. 

§26.3. Real, Complex, and Quaternionic 
Representations 

The final topic we want to take up is the classification of irreducible complex 
representations of semisimple Lie groups or algebras into those of real, quatern­
ionic, or complex type. To define our terms, given a real semisimple Lie group 
Go or its Lie algebra 90 and a representation of Go or 90 on a complex vector 
space V we say that the representation V is real, or of real type, if it comes 
from a representation of Go or 90 on a real vector space Vo by extension of 
scalars (V = Vo ®R C); this is equivalent to saying that it has a conjugate linear 
endomorphism whose square is the identity. It is quaternionic ifit comes from 
a quaternionic representation by restriction of scalars, or equivalently if it has 
a conjugate linear endomorphism whose square is minus the identity. Finally, 
we say that the representation is complex if it is neither of these. (Compare 
with Theorem 3.37 for finite groups.) 

Having completely classified the irreducible representations of the classical 
complex Lie algebras, and having described all the real forms of these Lie 
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algebras, we have a clear-cut problem: to detemine the type of the restriction 
of each representation to each real form. Rather than try to answer this in 
every case, however, we will instead mention some of the ideas that allow us 
to answer this question, and then focus on the cases of the split forms (where 
the answer is easy) and the compact forms (where the answer is more interest­
ing, and where we have more tools to play with). We assume the complexifica­
tion g of go is simple, so irreducible representations of go are restrictions of 
unique irreducible representations of g (cf. (26.14»; in particular, we have the 
classification of irreducible representations by dominant weights. 

To begin with, the tensor products of two real, or two quatemionic, or of 
a pair of complex conjugate representations is always real; and exterior powers 
of real and quatemionic representations are equally easy to analyze, as for 
finite groups (see Exercise 3.43). Such tensor and exterior powers may not be 
irreducible, but the following criterion can often be used to describe an 
irreducible component of highest weight that occurs inside them: 

Exercise 26.21 *. Suppose W is a representation of a semisimple group G that 
is real or quaternionic, and suppose W has a highest weight ,1. that occurs 
with multiplicity 1. Show that the irreducible representations r .. with highest 
weight ,1. has the same type as W. 

We may apply this in particular to the tensor product r .. ® r" of the 
irreducible representations of g with highest weights ,1. and p.; since the irreduc­
ible representation rH " with highest weight ,1. + P. appears once in this tensor 
product, we deduce 

Exercise 26.22*. (i) If r;. and r" are both real or both quatemionic, then rH " 

is real. (ii) If r;. is real and r" is quaternionic, then rH " is quaternionic. (iii) If 
r;. and r" are complex and conjugate, then rH " is real. 

The last two exercises almost completely answer the question of the repre­
sentations of the split forms of the classical groups: we have 

Proposition 26.23. Every irreducible representation of the split forms sIn+1lR, 
SOn+1,nlR, sP2nlR, and sOn,nlR of the classical Lie algebras is real. 

PROOF. In each of these cases, the standard representation V is real, from which 
it follows that the exterior powers Nv are real, from which it follows that the 
symmetric powers Syma"(NV) are real. Now, in the cases ofsln+11R and SP2n IR, 
we have seen that the highest weights w. of the representations Nv for k = 
1, ... , n form a set offundamental weights: that is, every irreducible representa­
tion r has highest weight La •. w. for some non-negative integers at, . .. , an' 
It follows that r appears once in the tensor product 

Syma, V ® Syma2(N V) ® ... ® Syman(NV) 
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and so is real. (Alternatively, Weyl's construction produces real representa­
tions when applied to real vector spaces.) 

The only difference in the orthogonal case is that some of the exterior 
powers Nv of the standard representation must be replaced in this descrip­
tion by the spin representation(s). That the spin representations are real 
follows from the construction in Lecture 20, cr. Exercise 20.23; the result in 
this case then follows as before. 0 

The Compact Case 

We turn now to the compact forms of the classical Lie algebras. In this case, 
the theory behaves very much like that of finite groups, discussed in Lecture 
5. Specifically, any action of a compact group Go on a complex vector space 
V preserves a nondegenerate Hermitian inner product (obtained, for example, 
by choosing one arbitrarily and averaging its translates under the action of Go). 
It follows that the dual of V is isomorphic to its conjugate, so that V will be 
either real or quaternionic exactly when it is isomorphic to its dual V*. (In 
terms of characters, this says that the character Char(V) is invariant under 
the automorphism of Z[A] which takes e(Jl) to e( - Jl); for groups, this says 
the character is real.) More precisely, an irreducible representation of a 
compact group/Lie algebra will be real (resp. quaternionic) if and only if it has 
an invariant nondegenerate symmetric (resp. skew-symmetric) bilinear form. 
In other words, the classification of an irreducible V is determined by whether 

V® V= Sym2V$NV 

contains the trivial representation, and, if so, in which factor. So determining 
which type a representation belongs to is a very special case of the general 
plethysm problem of decomposing such representations. 

With this said, we consider in turn the algebras SUn' unD-D, and sOmlR. 
Let r;, be the irreducible representation of sine with highest weight A. = 

L a i ' Wi' where Wi = L 1 + ... + L i , i = 1, ... , n - 1 are the fundamental weights 
of sin C. The dual of r will have highest weight L an-i' Wi' so that r will be 
real or quaternionic if and only if ai = a n- i for all i. We now distinguish three 
cases: 

(i) If n is odd, then the sublattice of weights A. = L a i . Wi with ai = a n- i for 
all i is freely generated by the sums Wi + Wn-i for i = 1, . .. , (n - 1)/2. Now, Wi 

is the highest weight of the exterior power Nv, so that the irreducible repre­
sentation with highest weight Wi + Wn-i will appear once in the tensor product 

which by Exercise 26.21 above is real. It follows that for any weight 
A. = L ai' Wi with ai = a n- i for all i, the irreducible representation r;, is real. 

(iia) If n = 2k is even, then the sublattice of weights A. = L ai ' Wi with 
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ai = an- i for all i is freely generated by the sums Wi + Wn-i for i = 1, ... , k - 1, 
together with the weight w", As before, the irreducible representations with 
highest weight Wi + Wn - i are all real. Moreover, in case n is divisible by 4 the 
representation NVis real as well, since NVadmits a symmetric bilinear form 

Nv®Nv-+N"v= c 
given by wedge product. It follows then as before that for any weight A. = 
L ai . Wi with ai = an- i for all i, the irreducible representation r .. is real. 

(iib) In case n is congruent to 2 mod 4, the analysis is similar to the last case 
except that wedge product gives a skew-symmetric bilinear pairing on Nv. 
The representation NVis thus quaternionic, and it follows that for any weight 
A. = L ai . Wi with ai = an- i for all i, the irreducible representation r .. is real if 
a" is even, quaternionic if a" is odd. In sum, then, we have 

Proposition 26.24. For any weight A. = L ai' Wi of SUn' the irreducible repre­
sentation r .. with highest weight A. is: complex if ai # an-i for any i; real if 
ai = an- i for all i and n is odd, or n = 4k, or n = 4k + 2 and a2Hl is even; and 
quaternionic if ai = an - i for all i and n = 4k + 2 and a2"+1 is odd. 

Next, we consider the case of the compact form unlHl of sP2nc. To begin 
with, we note that since the restriction to Un IHI of the standard representation 
of SP2n C on V ~ c2n is quaternionic, the exterior power N V is real for k even 
and quaternionic for k odd. Since the highest weights w" of Nv for k = 1, ... , n 
form a set of fundamental weights, this completely determines the type of the 
irreducible representations of un IHI: we have 

Proposition 26.25. For any weight A. = L ai' Wi of unlHl, the irreducible repre­
sentation r.. with highest weight A. is real if ai is even for all odd i, and 
quaternionic if ai is odd for any odd i. 

Next, we consider the odd orthogonal algebras. Part of this is easy: since 
the restriction to S02n+11R of the standard representation V of S02n+l C is real, 
so are all its exterior powers; and it follows that any representation of S02n+ llR 

whose highest weight lies in the sublattice of index two generated by the 
highest weights of these exterior powers is real. It remains, then, to describe 
the type of the spin representation; the answer, whose verification we leave as 
Exercise 26.28 below, is that the spin representation r .. of S02n+1 C (that 
is, the irreducible representation whose highest weight is one-half the highest 
weight of NV) is real when n == 0 or 3 mod 4, and quaternionic if n == 1 or 
2 mod 4. This yields 

Proposition 26.26. Let Wi be the highest weight of the representation Nv of 
S02n+1 C. For any weight A = a l WI + ... + an- 1 W n- I + anwn/2 of S02n+1lR, the 
irreducible representation r .. with highest weight A is real if an is even, or if n is 
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congruent to 0 or 3 mod 4; if an is odd and n == 1 or 2 mod 4, then r). is 
quaternionic. 

(Note that, in each of the last two cases, the fact that every representation 
is either real or quaternionic follows from the observation that the Weyl group 
action on the Cartan subalgebra ~ c 9 includes multiplication by -1.) 

Finally, we have the even orthogonal Lie algebras. As before, the exterior 
powers of the standard representation V are all real, but we now have two 
spin representations to deal with, with highest vectors (in the notation of 
Lecture 19) a = (Ll + ... + Ln)/2 and P = (Ll + ... + Ln- 1 - Ln)/2. The first 
question is whether these two are self-conjugate or conjugate to each other. In 
case n is even, as in the case of the symplectic and odd orthogonal algebras, 
the Weyl group action on the Cartan subalgebra contains multiplication by 
-1 (the Weyl group contains the automorphism of ~* reversing the sign of 
any even number of the basis elements L j ), so that r .. and r/l will be isomorphic 
to their duals; if n is odd, on the other hand, we see that r .. will have - p as a 
weight, so that r .. and r/l will be complex representations dual to each other. 
We consider these cases in turn. 

(i) Suppose first that n is odd, and say A. is any weight, written as 

A. = a1 WI + ... + an-2wn-2 + a n- 1 P + ana. 

If a n- l :f: an, the representation r). with highest weight A. will not be isomorphic 
to its dual, and so will be complex. On the other hand, r .. +/I appears once in 
r .. ® r/l = End(r .. ), and so is real; thus, if an - 1 = an, the representation r). will 
be real. 

(ii) If, by contrast, n is even then all representations of S02n~ will be either 
real or quaternionic. The half-spin representations r" and r/l are real if n == 0 
(mod 4), quaternionic if n == 2 (mod 4), a fact that we leave as Exercise 26.28. 
It follows that, with A. as above, r). will be real if either n is divisible by 4, or 
if an- 1 + an is even; ifn == 2 mod 4 and an- 1 + an is odd, r). will be quaternionic. 
In sum, then, we have 

Proposition 26.27. The representation r). of S02n~ with highest weight A. = 
a1w l + ... + an-2wn-2 + an-lP + ana will be complex if n is odd and an- 1 :f: 
an; it will be quaternionic if n == 2 mod 4 and an- 1 + an is odd; and it will be 
real otherwise. 

Exercise 26.28*. Verify the statements made above about the types of the 
spin representation r.. of the orthogonal Lie algebras, i.e., that the spin 
representation r .. of $02n+l ~ is real when n == 0 or 3 (mod 4); and quater­
nionic if n == 1 or 2 (mod 4), and that the half-spin representations of $02n~ 
are real if n == 0 (mod 4) and quaternionic if n == 2 (mod 4). Show, in fact, that 
the even Clifford algebras c:,ven c Cm = C(O, m) are products of one or two 
copies of matrix algebras over ~, C, or IHI, with ~ occurring for m == 0 or 
± 1 mod 8, C occurring for m == ± 2 mod 8, and IHI for m == ± 3 or 4 mod 8. 
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Exercise 26.29. Show that for a representation V of a compact group G, 

if V is complex 

if Vis real 

if V is quatemionic. 

449 

Exercise 26.30*. Show that for a representation V of a compact group, the 
number of irreducible real components it contains, minus the number of 
quatemionic representations, is the number of times the trivial representation 
occurs in 1/1 2 V in the representation ring, where 1/1 2 is the Adams operation 
(cf. Exercise 23.39). 
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