
Chapter 4
From Orbital Models to Accurate Predictions

Abstract Basic understanding and qualitative prediction of the isotropic magnetic
coupling between two magnetic centers can be obtained with two well-established
valence-only models. This chapter discusses the Kahn–Briat and Hay–Thibeault–
Hoffmann models, which have been (and still are) of fundamental importance for
understanding the basics of magnetism in polynuclear transition metal complexes.
After shortly presenting the basicmodel formagnetism in organic radicals, we review
themost evidentmagnetostructural relations and thenmove to the accurate prediction
of the magnetic coupling. An overview of the most widely used quantum chemical
methods is given, including wave function based methods and approaches within the
spin-unrestricted setting such as density functional theory. The last part of the chapter
is dedicated to the calculation of the interactions beyond the isotropic magnetic
coupling.

4.1 Qualitative Valence-Only Models

The simplest electronic structure models for magnetic interactions only consider the
unpaired electrons and their orbitals. All other electrons are taken as inactive and not
included in the description. This leads to very simple wave functions, especially in
the case of two identical S = 1

2 magnetic centers. Such valence-only models, where
valence is not used in its usual chemical context, are numerically not competitivewith
large-scale all-electron calculations, but have provided chemists and other scientists
working in the field with important insights to control the magnetic interactions in
transition metal complexes and materials with organic radicals.

4.1.1 The Kahn–Briat Model

Based on valence bond reasoning with nonorthogonal atomic-like orbitals, Kahn and
Briat derived an elegant model that is capable of explaining and predicting magnetic
behavior of transition metal complexes based on the shape of the localized magnetic
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106 4 From Orbital Models to Accurate Predictions

orbitals [1]. Let φa and φb be the optimal local orbitals for the unpaired electrons on
site A and B. These orbitals are normalized but not orthogonal

〈φa|φb〉 = S 〈φa|φa〉 = 〈φb|φb〉 = 1 (4.1)

Multiplying the spatial part of the wave function |φaφb| = |ab| with the singlet
and triplet (MS = 0) spin functions, the following normalized wave functions are
obtained

ΨS = |ab| + |ba|√
2 + 2S2

ΨT = |ab| − |ba|√
2 − 2S2

(4.2)

4.1 Confirm that the norms of ΨS and ΨT are equal to 1.

As shown in the previous chapter, the energy difference between singlet and triplet
is proportional to the magnetic coupling strength. The energy expectation values of
ΨS and ΨT are

ES,T = 〈ab ± ba|Ĥ|ab ± ba〉
〈ab ± ba|ab ± ba〉 = 〈ab ± ba|Ĥ|ab ± ba〉

2 ± 2S
(4.3)

with

Ĥ = ĥ1(1) + ĥ1(2) + 1 − P̂12

r12
(4.4)

where P̂12 is the permutation operator. To avoid lengthy equations, some parameters
will be introduced to facilitate the derivation.

ε = 〈a|ĥ1|a〉 = 〈b|ĥ1|b〉 (4.5a)

β = 〈a|ĥ1|b〉 = 〈b|ĥ1|a〉 (4.5b)

JC = 〈ab| 1

r12
|ab〉 (4.5c)

K = 〈ab| 1

r12
|ba〉 (4.5d)

This results in the following expressions for the energy of the singlet and triplet
states.
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ES = 4ε + 4βS + 2JC + 2K

2 + 2S2
= 2ε + 2βS + JC + K

1 + S2
(4.6a)

ET = 4ε − 4βS + 2JC − 2K

2 − 2S2
= 2ε − 2βS + JC − K

1 − S2
(4.6b)

The energy difference is

ES − ET = (2ε + 2βS + JC + K)(1 − S2)

(1 + S2)(1 − S2)
− (2ε − 2βS + JC − K)(1 + S2)

(1 − S2)(1 + S2)

= 4βS + 2K − 4εS2 − 2JCS2

1 − S4
(4.7)

In general the overlap between the orbitals a and b is rather small given the fact
that the magnetic centers are separated in space. Hence, the S4 term can safely be
discarded, and often the terms that are quadratic in the overlap are also neglected.

ES − ET ≈ 2K − 4εS2 + 4βS − 2JCS2 (4.8)

≈ 2K + 4βS (4.9)

The second equation is the basis of the Kahn–Briat model. Given that K is positive
and S opposite in sign to β, the energy difference between singlet and triplet can be
interpreted as the sum of two opposite contributions. The direct exchange interaction
between the electrons on both magnetic sites is dominant in case of negligible or
zero overlap, for example due to different symmetries of the orbitals a and b. This
favors a ferromagnetic alignment of the spin moments, while a large overlap between
the magnetic orbitals favors the singlet, and hence, enhances the antiferromagnetic
character of the coupling.

The generalization to two magnetic centers with more than one unpaired electron
can be made by the introduction of exchange pathways. The total magnetic coupling
parameter J of theHeisenbergHamiltonian is decomposed as a sumof all the possible
pairwise interactions weighted by the product of the number of unpaired electrons

J = 1

nanb

∑

i∈A

∑

j∈B

Jij (4.10)

where each Jij is evaluated with the equation derived for two unpaired electrons
(Eq.4.9) and na and nb make reference to the number of the unpaired electrons on
the magnetic centers A and B.
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4.1.2 The Hay–Thibeault–Hoffmann Model

The second valence-only model starts from a molecular orbital viewpoint and was
derived in the mid 1970s by Hay, Thibeault and Hoffmann (HTH) [2], approximately
at the same time as the Kahn–Briat model. Themagnetic orbitals are defined as linear
combinations of orthogonal atomic-like orbitals

φ1 = 1√
2

(ψa + ψb) φ2 = 1√
2

(ψa − ψb) (4.11)

Similar to φa and φb of the Kahn–Briat model, the atomic-like orbitals of the HTH
model have the largest amplitudes on the magnetic centers, but in contrastψa andψb
show delocalization tails on the ligands to ensure the orthogonality between them.
Therefore, in generalψa andψb are slightlymore delocalized than the nonorthogonal
φa and φb.

In the original derivation, three determinants were constructed with the molecular
orbitals φ1 and φ2

T = |φ1φ2| S1 = |φ1φ1| S2 = |φ2φ2| (4.12)

with the following energy expectation values

ET = 〈φ1|ĥ1|φ1〉 + 〈φ2|ĥ1|φ2〉 + 〈φ1φ2| 1

r12
|φ1φ2〉 − 〈φ1φ2| 1

r12
|φ2φ1〉

= h1 + h2 + J12 − K12 (4.13)

ES1 = 2〈φ1|ĥ1|φ1〉 + 〈φ1φ1| 1

r12
|φ1φ1〉 = 2h1 + J11

ES2 = 2〈φ2|ĥ1|φ2〉 + 〈φ2φ2| 1

r12
|φ2φ2〉 = 2h2 + J22

S1 and S2 have the same spin and spatial symmetry and to obtain the energy of the
lowest singlet a 2×2 matrix has to be diagonalized with ES1 and ES2 on the diagonal
and the interaction between the two determinants as off-diagonal element

〈S1|Ĥ|S2〉 = 〈φ1φ1| 1

r12
|φ2φ2〉 = 〈φ1φ2| 1

r12
|φ2φ1〉 = K12 (4.14)

The second-order equation that arises from the condition that the secular determinant
is equal to zero can be solved straightforwardly and gives the energy of the singlet

ES = h1 + h2 + 1

2
(J11 + J22) − 1

2

√
(2h1 − 2h2 + J11 − J22)2 + 4K2

12 (4.15)
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and the energy difference between singlet and triplet becomes

ES−ET = 1

2
(J11 + J22)−1

2

√
(2h1 − 2h2 + J11 − J22)2 + 4K2

12−J12+K12 (4.16)

The square root term in the difference can be simplified by assuming that J11−J22 is
small and that 4K2

12 is significantly larger than (h1 − h2)2. The term then reduces to

√
(2h1 − 2h2 + J11 − J22)2 + 4K2

12 ≈
√

(2h1 − 2h2)2 + 4K2
12

≈ 2K12 + (h1 − h2)2

K12
(4.17)

using the Taylor series
√

p + q = √
p + 1

2q/
√

p + . . . with p � q. The expression
for the energy difference now reads

ES − ET = 1

2
(J11 + J22) − (h1 − h2)2

2K12
− J12 (4.18)

which is further simplifiedby introducing the orbital energies of themagnetic orbitals,
which for the triplet state are defined as

ε1 = h1 + J12 − K12 ε2 = h2 + J12 − K12 (4.19)

and makes that h1 − h2 can be replaced by ε1 − ε2, which is a much easier quantity
to work with. The expression shows that in the HTH model the magnetic coupling
can be obtained from the outcomes of one single restricted Hartree–Fock (RHF)
calculation for the triplet state. Furthermore, by expressing the integrals using the
local orbitals ψa and ψb instead of the molecular orbitals φ1 and φ2, the expression
can be written even more compact. Through a somewhat tedious but straightforward
derivation it can be shown that

J11 = 1

2
(Jaa + Jab) + Kab + 2〈aa| 1

r12
|ab〉

J22 = 1

2
(Jaa + Jab) + Kab − 2〈aa| 1

r12
|ab〉 (4.20)

J12 = 1

2
(Jaa + Jab) − Kab

K12 = 1

2
(Jaa − Jab)
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4.2 Use the definitions of φ1 and φ2 given in Eq.4.11 to express the
integral J11 in terms of local orbitals. Remember that

∫
φa(1)φa(2)(1/r12)

φb(1)φb(2)dτ = ∫
φa(1)φb(1)(1/r12)φa(2)φb(2)dτ = Kab.

This brings us to the final expression of the HTH model for the singlet-triplet
splitting

ES − ET = 2Kab − (ε1 − ε2)
2

Jaa − Jab
(4.21)

where immediately the two opposite contributions to the magnetic coupling can
be recognized. The direct exchange Kab favors the triplet, and hence, the parallel
alignment of the spin moments. On the other hand, a large splitting between the
orbital energies of φ1 and φ2 favors the antiferromagnetic component of the coupling
Jaa > Jab.

The magnetic coupling in systems with m unpaired electrons per magnetic center
can also be studied with the HTH model. The direct exchange is written as the sum
of exchange integrals between orbitals on center A and center B

K =
∑

i∈A

∑

j∈B

Kij (4.22)

To evaluate the antiferromagnetic part of the coupling, the magnetic orbitals are
grouped in pairs of bonding and antibonding orbitals and the total contribution is
defined as the sum of the individual couplings divided by m2

JAF = − 1

m2

m/2∑

i=1

(εi − ε2i)
2

Jaiai − Jaibi

(4.23)

where εi is the orbital energy of the binding combination of ψa and ψb, and ε2i the
orbital energy of the antibonding combination.

4.1.3 McConnell’s Model

The valence-only models discussed so far have been developed in the field of tran-
sition metal compounds, either molecular based or in extended systems. The domi-
nant magnetic interactions in these systems typically involve atoms that are bonded
through bridging diamagnetic ligands, the so-called through-bond interactions. In
magnetic materials based on organic radicals the mechanism is fundamentally dif-
ferent; there is no diamagnetic bridge between the magnetic centers and the descrip-
tion of the interaction given in Sect. 3.1 (and further analyzed in Chap.5) does not

http://dx.doi.org/10.1007/978-3-319-22951-5_3
http://dx.doi.org/10.1007/978-3-319-22951-5_5
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directly apply. Traditionally the magnetism caused by through-space interactions in
such organic materials is rationalized with the McConnell I model [3]. To describe
the interaction between two radicals, the model takes an atomic viewpoint and starts
with the Heisenberg Hamiltonian in the following form

Ĥ = −
∑

i<j

JijŜiŜj (4.24)

where the sum runs over all the atoms in the two radicals. The Jij parameters can be
interpreted as the parameter for the coupling of an electron in atomic orbital φi on site
i and another electron in φj on site j. In a valence bond setting with non-orthogonal
orbitals, the interaction can be written as the sum of a positive two-electron exchange
integral and a one-electron integral

Jij = 〈φiφj| 1

r12
|φjφi〉 + 〈φi|φj〉〈φi|ĥ(1)|φj〉 (4.25)

The one-electron integral is dominated by the electron-nucleus attraction in most
cases, and hence, negative in sign. From this it is concluded that, unless the overlap
between the orbitals φi and φj is very small, the Jij parameter is negative, favoring
singlet coupling of the electrons. This expression is not very easy to handle and in
all practical applications to rationalize the magnetic properties of radicals a series of
simplifications is introduced. In the first place the summation is restricted to pairs of
electrons on different units

Ĥ = −
∑

i∈A

∑

j∈B

JijŜiŜj (4.26)

assuming that the interactions within a unit do not depend on the coupling of the total
spin moment of the two radicals. The second and most fundamental approximation
of McConnell’s model is made by replacing the spin operators by a product of the
total spin operator for each unit and the atomic spin populations ρi

Ĥ = −ŜA · ŜB

∑

i∈A

∑

j∈B

Jijρiρj (4.27)

The third simplification lies in the restriction of the sum over i and j to the shortest
contacts only. Thus, second nearest neighbour interactions (and beyond) between the
units, which in many cases oppose the nearest neighbour interactions, are neglected.
These simplifications lead to a very simple model to rationalize or predict magnetic
properties of molecular crystals based on organic radicals. When regions of opposite
spin densities overlap, ρiρj < 0 one can expect ferromagnetic interactions and when
close contacts have spin populations with the same sign, ρiρj > 0, antiferromag-
netism prevails. To illustrate its application, we consider two stacked benzyl radicals
with the CH2 groups in para and meta as illustrated in Fig. 4.1. The spin populations
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Fig. 4.1 Left Benzyl radical with the spin populations of the carbon atoms. Two benzyl radicals
stacked with the CH2 group in para (middle) and meta position (right)

shown in the left part of the figure have been calculated with a simple CASSCF
calculation on the doublet spin state of the monomer, although in this case the alter-
nation of the sign of the spin population can be anticipated. The closest contacts
in the stacked dimers are formed by the aligned carbon atoms of the benzene ring.
The ρiρj products for these atoms are all negative in the case of the para conformer
(middle of Fig. 4.1) and therefore this dimer is expected to have a triplet ground state.
The aligned carbon atoms of the meta conformer (right) have spin populations of
the same sign, the ρiρj product is therefore positive, predicting an antiferromagnetic
(singlet) ground state.

The conclusions on the nature of the ground state in the benzyl dimer extracted
from the model ofMcConnell are in line with those of accurate ab initio calculations.
Also inmany organicmagneticmaterials, themodel has proven its ability to correctly
reproduce the dominant magnetic interactions. However, the careful step-by-step
analysis of the model by Novoa and co-workers [4, 5] showed that the success of
the model is at least partially due to a fortunate cancellation of errors. The analysis
shows that there is no firm theoretical foundation for replacing the spin operators
by atomic spin densities. Moreover, the model was shown to fail to predict the
dominant magnetic interactions in several crystals with nitronyl nitroxide radicals
and cannot reproduce the angle dependence of the magnetic interaction in the model
system containing two H2NO radicals. Hence, despite its numerous successes and
versatility, the McConnell model should be applied with caution.

4.3 Use the reasoning of McConnell’s model (Eq.4.27) to predict the ground
state of the benzyl dimer with the CH2 groups in ortho and for the conformer
where the two units are perfectly aligned.
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4.2 Magnetostructural Correlations

From the very beginning of the study of the magnetic interactions in transition metal
complexes a large part of the effort has been dedicated to derive relations between the
geometrical structure of the complex and the nature andmagnitude of the coupling of
the localized spin moments. These magnetostructural correlations can be extremely
useful to rationalize the variations in the magnetic behaviour of a family of similar
complexes or to design newcomplexeswith the desired properties.Magnetostructural
relations can be extracted from experimental studies by comparing a large group of
compounds and relate geometric parameters with the observed magnetic behaviour.
This requires a large set of data, but it is often difficult to separate different (opposing)
effects. On the other hand, theoretical studies can take a (model) complex andmodify
the geometry at will to establish the influence of a certain geometric parameter on the
magnetic interaction. Combined with the qualitative valence-only models discussed
in the previous sections one can boil down the complicated magnetic behaviour
to very simple concepts and straightforward magnetostructural correlations. These
concepts and correlations can yield design rules that can be utilized in the synthesis
of materials with pre-defined magnetic properties.

M–L–M angle: One of the most famous magnetostructural correlations concerns
the dependence of J on the M–L–M angle in transition metal complexes with a
double bridge as depicted in Fig. 3.1. For angles close to 90◦ the coupling of the spin
moments on the metal ions is ferromagnetic and for larger (and smaller) angles the
coupling becomes antiferromagnetic. The curve shown inFig. 4.2 is a typical example
of this correlation and was obtained by calculating J from the singlet-triplet energy
difference (see Eq.3.29) using the wave functions discussed in Sect. 3.1, Eqs. 3.2a
and 3.7. The change from ferromagnetic to antiferromagnetic interaction can be
explained with the Hay–Thibeault–Hoffmann model. The largest contributions to

Fig. 4.2 Magnetic coupling
strength of the copper dimer
shown in the inset versus the
angle α

http://dx.doi.org/10.1007/978-3-319-22951-5_3
http://dx.doi.org/10.1007/978-3-319-22951-5_3
http://dx.doi.org/10.1007/978-3-319-22951-5_3
http://dx.doi.org/10.1007/978-3-319-22951-5_3
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Fig. 4.3 Molecular orbital
diagram showing the
interaction of the plus and
minus combinations of the
3dxy orbitals on the metal
centers with the px and py
orbitals on the ligands

the magnetic orbitals arise from the plus and minus combinations of the Cu-3dxy

orbitals, shown on the left in Fig. 4.3. The plus and minus combinations of the px and
py orbitals on the bridge in the right column of theMO diagram interact with the 3dxy

orbitals to form bonding and antibonding combinations as shown in the middle of the
figure. The bonding orbitals are doubly occupied and not relevant for the magnetic
properties, but the antibonding combinations correspond to the magnetic orbitals,
in which we readily recognize the large contribution from the 3dxy orbitals with
non-negligible tails on the ligand. In the reasoning of the HTHmodel, the difference
in orbital energy ε of the two magnetic orbitals is directly related to the magnetic
coupling strength, cf. Eq. 4.21 and numerically proven by Ruiz and co-workers in
Ref. [6]. For (nearly) degenerate magnetic orbitals (ε1 ≈ ε2) the antiferromagnetic
term is small and the direct exchange Kab dominates. However, when the orbital
energies are sufficiently different, the antiferromagnetic term is the largest term and
J will become negative.

The upper part of Fig. 4.4 shows that the interaction of the px and py bridge
orbitals with the 3dxy orbitals on the metal is approximately equal around α = 90◦.
Therefore, the near degeneracy of the plus and minus combination of the 3d orbitals
is maintained and one can expect a small ferromagnetic interaction of the spins. On
the contrary, for larger angles, the interaction along the x-direction becomes stronger
than for the y orbitals. This is reflected in a larger delocalization onto the ligand
in the gerade orbital than in the ungerade orbital,1 see the lower part of Fig. 4.4.
The energies of the two magnetic orbitals are no longer similar and a considerable
antiferromagnetic contribution exists, which for large enough angles overcomes the
ferromagnetic contribution and turns the net coupling in an antiferromagnetic one.

Out-of plane angle: A second interesting magnetostructural relation that can easily
be explained with the HTHmodel is the increase in ferromagnetic coupling when the
side group of the bridging atoms is rotated out of the M–(L)2–M plane. This relation
was described in detail in Ref. [6] and it was found that ferromagnetic coupling can
be obtained even in thosemolecules that have a rather largeM–L–Mangle. Figure4.5

1Gerade and ungerade (odd and even in German) make reference to the effect of the sign of the
orbital under the action of the inversion operator. The gerade orbital does not change sign, while
the ungerade orbital is converted to its opposite.
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Fig. 4.4 Upper part gerade
and ungerade magnetic
molecular orbitals for a
M–L–M angle of 90◦. The
dxy orbitals on the metal
centers have an equal overlap
with the px and py orbitals on
the ligand. Lower part In a
system with a larger M–L–M
angle, the overlap is larger
for px than for py

Fig. 4.5 Magnetic coupling
strength J = ES − ET as
function of the out-of-plane
angle τ for two different
Cu–O–Cu angles

shows how themagnetic coupling varies when the hydrogen atom of the bridging OH
groups is moved out of the plane formed by the Cu and O ions. In the case of the 103◦
Cu–O–Cu angle (squares), the magnetic coupling is diminished by approximately
4.5 meV but the ferromagnetic regime is not reached. Considering a slightly smaller
M–L–M angle (circles), a similar change in the coupling is observed but now the
behaviour is changed from antiferromagnetic to ferromagnetic near τ = 30◦.

The increased ferromagnetic character of the coupling upon the out-of-plane
movement of the side group of the bridging ligand (in this simple case a hydro-
gen atom, but the same tendency is observed for bigger residues) is easily explained
with theMOdiagram represented in Fig. 4.3. In the case of a completely flatmagnetic
core, that is τ = 0◦, the ligand orbital in the xy-plane oriented along the y-axis (φ1) is
typically composed of sp hybrids, mixtures of s and py orbitals. When τ is different
from zero, the xy-plane is no longer a symmetry plane of the complex and the pz

orbitals can also contribute to φ1. This means that the hybridization is no longer
purely sp, but has also some sp2 character. The increased p-character of the hybrid
increases the ligand orbital energy and reduces the gap with the 3dxy orbitals in the
left of Fig. 4.3. Consequently, the interaction becomes stronger and the antibonding
combination, the magnetic orbital with energy ε2, will be higher in energy. This
reduces (ε1 − ε2)

2 and weakens the antiferromagnetic contribution to the coupling.
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Fig. 4.6 Schematic representation of the Cu/V binuclear complex with a double alkoxo bridge.
Left and right Magnetic orbitals for the Cu site and the V site, respectively. Middle superposition
of the two magnetic orbitals

Exchange pathways: We will now further expand the relation between geometry
and magnetic coupling strength by exploiting the concept of the exchange pathway,
which was already briefly mentioned at the end of Sect. 4.1.1. For systems with more
than one unpaired electron per magnetic center the Kahn–Briat model decomposes
the total coupling in pairwise contributions as given in Eq. 4.10. These exchange
pathways provide a very powerful tool to predict the nature of the magnetic coupling
(ferro- or antiferromagnetic; weak, strong) in nearly all combinations of dn magnetic
ions. Many examples were discussed in the book by Kahn [7] and the concept has
recently been reviewed by Launay and Verdaguer [8]. Here we will shortly discuss
two examples to clarify the way of reasoning to rationalize or predict the nature of the
coupling between two transition metals bridged by one or more diamagnetic ligands.
For a full account on this subject we refer to the books of Kahn, and Launay and
Verdaguer.

The first step in the procedure consist of an inspection of the coordination sphere
of the magnetic centers to determine the shape and symmetry of the optimal local
magnetic orbitals. This can either be done through calculation or by ligand field
reasoning. Our first example is a binuclear complex of Cu2+ and V4+ with a double
alkoxo-bridge. The copper ion has a d9 electronic configuration. This means that all
3d-orbitals are doubly occupied except the 3dxy orbital, which is highest in energy
because it directly points to the atoms of the first coordination sphere. The vanadium
ion is covalently bound to the apex oxygen and the resulting vanadyl group has a
formal oxidation state of VO(II) with one unpaired electron in the orbital of lowest
energy, the largely non-bondingV-3dx2−y2 orbital. Figure4.6 shows the twomagnetic
orbitals of the twomagnetic centers, the left panel corresponds to themagnetic orbital
on Cu and the right panel to the VO site. The superposition of these two pictures in
the middle defines the exchange pathway and can help us to decide upon the overlap
between the two orbitals as they appear in the main equation of the Kahn–Briat
model, see Eq.4.9. Note, that this does not define a molecular orbital, it is merely
a construction by superimposing the two magnetic orbitals. The product of the two
functions is an odd function with respect to the xz-plane, and hence, integrating over
the cartesian coordinates gives a zerooverlap integralS of these twomagnetic orbitals.
When S is equal or close to zero, the first term in the Kahn–Briat equation determines
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Fig. 4.7 Trinuclear model complex with C2v symmetry. TM is one of the transition metals with
an incomplete dn electronic configuration with high spin coupling. The orbitals in the lower part
are 3dz2 (a1), 3dyz (b2), 3dxz (b1), 3dx2−y2 (a1) and 3dxy (a2) and are ordered from left to right by
increasing orbital energy

the nature of the coupling. Therefore, the magnetic coupling in this Cu/V dimer is
expected to be ferromagnetic, in line with the triplet ground state and singlet-triplet
gap of approximately 100cm−1 observed experimentally [9].

In complexes with more than one unpaired electron on at least one of the magnetic
sites, the overall magnetic coupling is the sum of the couplings along all exchange
paths weighted by the product of the number of unpaired electrons on each magnetic
center (the number of paths). To illustrate the potential of the Kahn–Briat model for
predicting the nature of the magnetic coupling, we will focus on the trinuclear CuII

complex schematically depicted in the upper part of Fig. 4.7 and discuss the effect of
replacing the copper ion in the middle by other transition metals. The complex has
approximate C2v symmetry and the five 3d orbitals belong to the a1 (2x), a2, b1 and
b2 irreducible representations as shown in the lower part of the figure. The copper
ions on the left and right sides of the complex with their 3d9 electronic configuration
have only one unpaired electron, which resides in the 3dxy orbital of a2 symmetry.
When the magnetic center in the middle is also occupied by a Cu2+ ion, the three
magnetic orbitals are all of the same symmetry and hence there is a non-zero overlap
leading to an antiferromagnetic coupling between the TM ions in the complex, in
line with experiment [10].

Keeping track of the relative energy of the five 3d orbitals (see Fig. 4.7), we now
consider the complexes that contain transition metals with other electronic configu-
rations. Starting with the 3d1 configuration (for example, Ti3+), the natural magnetic
orbital in the middle is 3dz2 with a1 symmetry and the Cu orbitals on the outside are
3dxy of a2 symmetry. Hence, the exchange path includes orthogonal orbitals and fer-
romagnetic interactions are expected. Putting a transition metal with two d-electrons
in the middle leads to an electronic configuration with the unpaired electrons in the
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3dz2 and 3dyz orbitals belonging to the a1 and b2 irreducible representations, respec-
tively. The total coupling is a sum of four exchange paths, which appear in two pairs
because of the left–right symmetry of the complex. Exchange path type 1 goes from
the 3dz2 orbital in the middle to the 3dxy orbital on the Cu. Since they transform
differently under the symmetry operations of the C2v group, the overlap integral of
the two orbitals is zero and this path contributes in a ferromagnetic way to the cou-
pling. The same holds for the second pair of exchange paths involving the 3dyz and
3dxy orbitals. Hence, again a ferromagnetic coupling can be anticipated. The situ-
ation changes when the middle position is occupied by an ion with a d5 electronic
configuration. Five different exchange paths are now active; four of them involve
orthogonal orbitals, but the fifth connects the 3dxy natural magnetic orbitals of the
centers. The latter gives an antiferromagnetic contribution and counterbalances the
four weaker ferromagnetic exchange paths. When TM ions are placed in the cen-
ter with more than 5 d-electrons, the ferromagnetic exchange paths disappear, the
coupling gets gradually more antiferromagnetic until we arrive again at the strong
antiferromagnetic coupling in the case of three ionswith d9 electronic configurations.

4.4 Consider the complex sketched in this box and predict the nature of the
coupling when site A is occupied by Ni2+ and site B by Cr3+. The out of plane
TM-ligand distances are larger than the in-plane distances.

What is the number of exchange paths when Cr3+ is replaced by Mn2+? What
coupling can be expeced?

Counter-complementarity: Another relation between structure and magnetic cou-
pling strength is covered by the concept of counter-complementarity. In systems
with two magnetic centers connected by two different ligands the total magnetic
coupling is in general not equal to the sum of the magnetic coupling via the two indi-
vidual bridges but often significantly smaller. This anti-synergistic effect can most
efficiently be explained for a system with two S = 1/2 spin moments based on two
molecular orbital diagrams using the HTH model. Figure4.8 shows the interaction
of the atomic-like orbitals on the magnetic centers A and B with those of the bridge
(L1) that is expected to give the largest contribution to the coupling. The molecule is
in the xy-plane and the A–B ‘bond’ is along the x-axis. The interaction of the L1 − px

orbital with the gerade combination of dxy orbitals is stronger than the interaction
of the L1 − 2py with the ungerade dxy orbitals. Therefore a gap is opened between
the magnetic orbitals ϕ1 and ϕ2 with the antibonding combination of gerade dxy

and L1 − 2px at higher energy. Equation4.21 shows that this gap (Δ1) is directly
proportional to the magnetic coupling through L1.
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Fig. 4.8 Molecular orbital
diagram of the interaction of
the atomic-like orbitals on
the magnetic centers A and B
and the orbitals on the lower
bridge parallel and
perpendicular to the A–B
‘bond’

Fig. 4.9 Molecular orbital
diagram of the interaction of
the magnetic orbitals ϕ1 and
ϕ2 (obtained by the
interaction of the magnetic
centers with the lower
bridge) and those of the
upper ligand. Δ1 > Δ2

The next step takes into account the interaction with the second bridge (L2) and is
schematically depicted in Fig. 4.9. For symmetry reasons, ϕ1 interacts with ϕ3, and
ϕ2 with ϕ4. If we take a perturbational point of view, the interaction strength is deter-
mined not only by the energy separation of the levels but also by the interactionmatrix
elements. The shape of the orbitals on the left and the right of the figure strongly
suggest that the matrix elements can be assumed to be nearly the same, and hence,
the final result of the interaction is solely determined by the differences in the orbital
energies. ϕ3 and ϕ4 lie at lower energy than ϕ1 and ϕ2, but the separation between
these two is much smaller than Δ1. From this directly follows that ε(ϕ1) − ε(ϕ3)

is smaller than ε(ϕ2) − ε(ϕ4). Consequently, the destabilization in the antibond-
ing combination of ϕ1 and ϕ3 is larger than for ϕ2 and ϕ4 and leads to a smaller
gap between the magnetic orbitals than after the considering only L1: Δ1 > Δ2.
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According to the HTH model this gives a reduction of the antiferromagnetic con-
tribution to the magnetic coupling (see Eq.4.21) and illustrates the anti-synergistic
effect or counter-complementarity of the two ligands.

4.3 Accurate Computational Models

Although the qualitative models discussed so far are very useful for a basic under-
standing of the magnetic interactions between two spin moments, more quantitative
predictions can only be obtained by going beyond the valence-only description con-
sidered so far. As shown in the previous chapter, themagnetic interaction parameter J
of the Heisenberg Hamiltonian can in many cases be related to the energy difference
of electronic states with different spin couplings. Hence, precise theoretical estimates
of the magnetic coupling strengths are intimately related to the correct application
of high-level computational schemes.

As shown in Sect. 3.1, the basic description of the magnetic coupling problem is
intrinsically multideterminantal and in most cases one needs a multiconfigurational
description for minimally accurate results. Before discussing the different compu-
tational schemes that can be used for quantitative estimates, we want to stress that
a multideterminantal wave function is not necessarily a multiconfigurational wave
function. This is best illustrated for the 2-electrons/2-orbitals case discussed before.
The simplest representation of the triplet state is obtained with a single Slater deter-
minant

ΦT = |φaφb| (4.28)

where all the doubly occupied orbitals have been omitted. On the other hand, the
most basic description of the open-shell singlet requires a wave function with two
Slater determinants to fulfill the requirements of the spin symmetry.

ΦS = |φaφb| − |φaφb|√
2

(4.29)

This multideterminantal wave function only describes one electronic configuration
since the occupation of the orbitals is the same in both determinants and is in general
known as a configuration state function. In this simple monoconfigurational descrip-
tion, the energy of the triplet is lower than the singlet by twice the exchange integral
Kab. A more satisfactory description is obtained with a multiconfigurational singlet
wave function by adding the Slater determinants with two electrons in the same
orbital

Φ ′
S = c1

{|φaφb| − |φaφb|
} + c2

{|φaφa| + |φbφb|
}

(4.30)

where c1 is much larger than c2 for biradicalar systems, and their precise value has
to be determined in a configuration interaction calculation. Wave functions of this

http://dx.doi.org/10.1007/978-3-319-22951-5_3


4.3 Accurate Computational Models 121

type are often used as multideterminantal-multiconfigurational reference—mostly
multireference (MR), for short—wave function.

MR-CISD is one of the most accurate ab initio computational schemes that can
be used to describe the electronic structure of systems with a markedly multirefer-
ence character. Although the ever increasing computing power constantly pushes the
frontiers forward, the applicability of MR-CISD remains limited to small (model)
systems. Moreover, the method suffers from the size-extensivety problem inherent
to any truncated CI method. For these reasons, MR-CISD is hardly ever used in com-
putational studies of molecules with unpaired electrons. There are, however, several
alternative wave function based schemes that can provide very useful information
about themagnetic interactions. In the following sections wewill first discuss the ins-
and-outs of a good reference wave function and introduce the difference dedicated
CI (DDCI) method. Thereafter a short account will be given of two implementa-
tions of MR perturbation theory, and the chapter will be closed with a discussion of
the consequences of lifting the restrictions of the spin symmetry as done in density
functional theory (DFT).

4.3.1 The Reference Wave Function and Excited Determinants

An important factor in the accurate prediction of magnetic coupling (and other elec-
tronic structure) parameters is the proper choice of the referencewave function. There
are many possible ways to construct the reference, but the complete active space
(CAS) approach has emerged as one of the most versatile methods. The molecular
orbitals are divided in three groups: the inactive, the active and the virtual orbitals.
The orbitals in the first group are doubly occupied in all the Slater determinants of
the multireference wave function, while the orbitals in the last group remain always
unoccupied. The orbitals in the second class span the active space. The multiconfigu-
rational wave function is generated by distributing Nact electrons—where Nact is the
total number of electrons minus two times the number of inactive orbitals—over the
Mact active orbitals. This is schematically outlined in Fig. 4.10. The doubly occupied
or empty Hartree Fock orbitals shown on the left are divided in inactive, active and
virtual orbitals. The multiconfigurational wave function is constructed by making a
linear combination of Slater determinants Φ1, Φ2, etc. that differ by the occupation
of the active orbitals. The CAS procedure generates a MR wave function in which
all possible distributions of the active electrons over the active orbitals are consid-
ered. Although this approach often generates many determinants that are very high
in energy and are not specially important in the final wave function, it has several
important practical and conceptual advantages like the good convergence proper-
ties, size extensivity, orbital invariance, etc. [11]. Moreover, it has the advantage that
selecting the active orbital space (although far from being trivial) is in most cases
easier than making an unbiased selection of the most important configurations.
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Fig. 4.10 Complete Active Space procedure to generate a multireference wave function. The occu-
pied and virtual orbitals from a Hartree–Fock calculation (left) are divided in three groups (right):
Inactive, active and virtual orbitals. A linear combination of Slater determinants is formed in which
the inactive orbitals are always doubly occupied, the virtual orbitals are always empty and the active
orbitals can be doubly occupied, singly occupied or unoccupied

4.5 How many determinants with MS = 0 can be generated for the active
space with 4 active orbitals and 4 electrons as shown in Fig. 4.10.

In virtually all calculations of magnetic interactions or related electronic structure
parameters, the wave function expansion is restricted to singly and doubly excited
determinants with respect to the reference. These determinants are often classified
in eight different groups depending on how many holes/particles are created in the
inactive/virtual orbitals. This can be very useful to decompose the wave function in
smaller contributions and in this way facilitate the analysis of the results. Table4.1
overviews the different classes and lists the labels used in some post Hartree–Fock
methods that will be described in the remainder of this chapter. In the Table we have
used Êrs to define the excitation operator â†s âr , eliminating an electron in orbital r
and creating one in orbital s.

It is rather complicated to give generally applicable formulas for the number of
determinants in each class, but rough estimates are rather easily calculated. Consider
a systemwith k inactive orbitals, l virtual orbitals and n determinants in the reference
wave function, the number of electrons is even andwe restrict ourselves to theMS = 0
subspace without any further spin or spatial symmetry. The approximate number of
2h-2p replacements is given by the product of the number of ways in which 2 holes
can be created in the inactive orbitals (k2) and the ways in which two particles can be
placed in the virtual orbitals (l2) multiplied with the number of determinants in the
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Table 4.1 Classification of the singly and doubly excited determinants by the number of
holes/particles created in the inactive (h, h′)/virtual (p, p′) orbitals
Excitation operator(s) CASPT2 DDCI NEVPT2

Êha; ÊhaÊbc Internal 1h V̂+1
h

ÊhaÊh′b 2h V̂+2
hh′

Êap; ÊapÊbc Semi-internal 1p V̂−1
p

Êhp; ÊhpÊab 1h-1p V̂0
h,p

ÊhpÊh′a 2h-1p V̂+1
hh′,p

ÊapÊbp′ External 2p V̂−2
pp′

ÊhpÊap′ 1h-2p V̂−1
h,pp′

ÊhpÊh′p′ 2h-2p V̂0
hh′,pp′

a, b and c are active orbitals. The nomenclature used in some post Hartree–Fock methods is also
listed

reference wave function, that is n×k2l2. A similar reasoning can be used to estimate
the number of excitations with 2h-1p (n × k2l), 1h-2p (n × kl2) and so forth.

4.6 Compute the number of 1h-1p determinants in the case of k inactive
orbitals, l virtual orbitals and a (2,2) CAS space for MS = 0.

4.3.2 Difference Dedicated Configuration Interaction

The majority of the excited determinants belong to the class of the 2h-2p excitations.
This class easily constitutes 90% of the determinants in medium-sized molecules
using basis sets of reasonable quality, and hence, the contribution to the correlation
energy is extremely large. However, including this class of excitations in the con-
figuration interaction expansions has only a small effect on the vertical excitation
energies (that is, the relative energies of the different electronic states at a fixed
geometry). Hence, this differential effect can be neglected in the calculation of the
relative energies of the spin states needed to extract J , the magnetic coupling parame-
ter of the Heisenberg Hamiltonian, and various other electronic structure parameters.
The elimination of the 2h-2p determinants leads to a drastic shortening of the con-
figuration interaction expansion and widens the field of applicability of variational
wave function based methods. The resulting variant of MRCI is generally known
as the difference dedicated configuration interaction (DDCI) [12], which provides
accurate vertical energy differences but cannot be used to compare total energies at
different geometries.
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4.7 Make a rough estimate of the total number of determinants in the MR-
CISD wave function for a system with 74 electrons, 154 orbitals and a
CAS(2,2)CI reference wave function. Calculate the percentage of 2h-2p exci-
tations in the MR-CISD wave function (neglect the 1h, 1p, 1h-1p, 2h and 2p
excitations, they give rise to a very small number of determinants).

The justification for eliminating the 2h-2p determinants relies on second-order
perturbation theory in its quasi-degenerate formulation as exposed in Chap.1.
Although it can be done for an arbitrary number of unpaired electrons, we will
elaborate the 2-electrons/2-orbitals case for simplicity. The model space is spanned
by the neutral and ionic determinants

ΦI = {|hhab|, |hhba|, |hhaa|, |hhbb|} (4.31)

where h is one of the inactive orbitals, doubly occupied in all determinants of the
model space. The lowest two eigenstates of the model space are the singlet and triplet
spin functionswhose energy difference is related to J . However, before diagonalizing
we will first evaluate the effect of the 2h-2p external determinants on the matrix
elements between the determinants of the model space with QDPT. First, we take
a look at the off-diagonal elements and calculate the second-order contributions of
ΦR = |ppab| and ΦS = |ppba| to the dressed matrix element of ΦI = |hhab| and
ΦJ = |hhba| according to the expression given in Eq.1.86. The 2h-2p determinant
ΦR is obtained by making a double replacement in ΦI , exciting the electrons in
h to the unoccupied orbitals p and ΦS arises from ΦJ in an analogous way. The
contributions to the effective matrix element are

ΦR:
〈hhab|V̂ |ppab〉〈ppab|V̂ |hhba〉

EJ − ER
(4.32a)

ΦS:
〈hhab|V̂ |ppba〉〈ppba|V̂ |hhba〉

EJ − ES
(4.32b)

For the contribution of ΦR, the second matrix element in the numerator is zero
because the determinants on the left and the right of the operator have more than
two different columns, and the same occurs for the first matrix element in the ΦS

contribution. This eliminates any second-order perturbation contribution from the
2h-2p determinants to the off-diagonal elements of the model space.

4.8 Write down the second-order contribution of ΦQ to 〈ΦI |Ĥeff |ΦL〉, where
ΦQ arises from a double excitation from orbital h to orbital p acting on the
ionic determinant ΦL = |hhbb|. Argue that this contribution is equal to zero.

http://dx.doi.org/10.1007/978-3-319-22951-5_1
http://dx.doi.org/10.1007/978-3-319-22951-5_1
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On the contrary, the diagonal elements do have a contribution from the 2h-2p
excitations. Continuing with the external determinants ΦR and ΦS , it is easily shown
that the former only contributes to 〈ΦI |Ĥeff |ΦI 〉 and the latter to 〈ΦJ |Ĥeff |ΦJ〉

ΦR:
|〈hhab|V̂ |ppab〉|2

EI − ER

= 0

|〈hhba|V̂ |ppab〉|2
EJ − ER

= 0 (4.33a)

ΦS:
|〈hhab|V̂ |ppba〉|2

EI − ES
= 0

|〈hhba|V̂ |ppba〉|2
EJ − ES


= 0 (4.33b)

Both non-zero integrals are identical and through the Slater–Condon rules we arrive
at the following second-order contribution of ΦR and ΦS to the diagonal elements
〈ΦI |Ĥeff |ΦI 〉 and 〈ΦJ |Ĥeff |ΦJ〉

|〈pp| 1−P̂12
r12

|hh〉|2
2εh − 2εp

(4.34)

where the denominator is obtained by assuming the Møller–Plesset division for Ĥ =
Ĥ(0) + V̂ . In the general case the contribution of all the 2h-2p determinants to the
diagonal elements is given by

∑

h,h′

∑

p,p′

|〈pp′| 1−P̂12
r12

|hh′〉|2
εh + εh′ − εp − εp′

(4.35)

The summation only involves integrals that depend on the inactive (h, h′) and virtual
(p, p′) orbitals, and hence, is exactly the same for all the diagonal elements in the
model space. This uniform shift of the diagonal elements does not affect the energy
differences of the eigenstates of the model space and in combination with the zero
contribution to the off-diagonal elements, this shows that the 2h-2p determinants can
be skipped in the CI expansion of the wave function. Note that this argument is based
on second-order perturbation theory, the inclusion of higher-order interactions gives
rise to small contributions and strictly speaking the mutual interaction between the
2h-2p determinants could affect the energy differences.

4.9 Consider a (non-degenerate) model space with neutral and ionic determi-
nants. (a) Show that the 2h-1p determinant ΦR = |aapb| introduces non-zero
off-diagonal elements between the ionic and neutral determinants of the model
space. (b) Are the diagonal elements of the model space shifted uniformly by
ΦR?

The number of external determinants can even be more reduced when the model
space is reduced to the neutral determinants ΦI = {|hhab|, |hhba|}. Under these
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circumstances, the list of determinants that do not affect the energy difference of the
two states contained by the model space can be extended with the 2h-1p and 1h-2p
classes. Taking as an example ΦR = |aapb| and ΦS = |bbpa| (2h-1p determinant
generated from ΦI and ΦJ , respectively), the same reasoning will be followed as
above. In the first place it is easily seen that the second-order contribution to the
off-diagonal elements is zero

ΦR:
〈hhab|V̂ |aapb〉〈aapb|V̂ |hhba〉

EJ − ER
= 0 (4.36a)

ΦS:
〈hhab|V̂ |bbpa〉〈bbpa|V̂ |hhba〉

EJ − ES
= 0 (4.36b)

The first integral in the numerator of the ΦR contribution is non-zero because the
determinants in the bra and the ket only differ by two columns, but |aapb| differs at
three places from |hhba|, and hence, leads to a zero contribution. The same holds for
ΦS . At first sight, the contribution to the diagonal elements of the model space may
seem non-uniform:

ΦR:
|〈hhab|V̂ |aapb〉|2

EI − ER

= 0

|〈hhba|V̂ |aapb〉|2
EJ − ER

= 0 (4.37a)

ΦS:
|〈hhab|V̂ |bbpa〉|2

EI − ES
= 0

|〈hhba|V̂ |bbpa〉|2
EJ − ES


= 0 (4.37b)

At differencewith the 2h-2pdeterminants discussed above, the twonon-zero integrals
are not necessarily equal in this case. However, the effect of Φ ′

R = |aabp| and
Φ ′

S = |bbap| exactly compensates this disequilibrium:

Φ ′
R:

|〈hhab|V̂ |aabp〉|2
EI − E′

R
= 0

|〈hhba|V̂ |aabp〉|2
EJ − E′

R

= 0 (4.38a)

Φ ′
S:

|〈hhab|V̂ |bbap〉|2
EI − E′

S

= 0

|〈hhba|V̂ |bbap〉|2
EJ − E′

S
= 0 (4.38b)

The denominators in the non-zero contributions of ΦR and Φ ′
R are equal since

ER = E′
R, and EI = EJ in a degenerate model space. Furthermore, the integral

〈hhab|V̂ |aapb〉 in Eq.4.37a is exactly the same as the integral 〈hhba|V̂ |aabp〉 of
Eq.4.38a

〈hhab|V̂ |aapb〉 = 〈hhab|Ĥ|aapb〉 = −〈hhab|Ĥ|paab〉 =

− 〈hh|1 − P̂12

r12
|pa〉 =

∫
h(1)h(2)p(1)a(2)

r12
dτ1dτ2 (4.39a)
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〈hhba|V̂ |aabp〉 = 〈hhba|Ĥ|aabp〉 = −〈hhba|Ĥ|apba〉 =

− 〈hh|1 − P̂12

r12
|ap〉 =

∫
h(1)h(2)a(1)p(2)

r12
dτ1dτ2 (4.39b)

The same reasoning holds for ΦS and Φ ′
S showing that taking into account the 2h-1p

and 1h-2p excitations only causes a uniform shift of the diagonal matrix elements,
and hence, they can be left out of the calculation of the energy difference between
the states of the model space.

This variant of the difference dedicated CI is commonly known as DDCI2 and
gives reasonable energy differences for systems with a moderate importance of the
ionic determinants. This is specially interesting for the treatment of organic biradicals
or TM complexes with weakly coupled spin moments. However, the DDCI2 energy
difference becomes increasingly more approximate when the CAS reference wave
function contains non-negligible contributions from non-degenerate determinants.
In these cases, one necessarily has to rely on the more expensive DDCI procedure.
Finally, the external space is sometimes even further reduced by eliminating also
the 2h and 2p determinants from the CI. The resulting CAS+S or DDCI1 method
can be used to obtain a first impression of the relative size of the parameters, but
does normally not provide accurate answers. Moreover, one should be aware of
the practical problem that the implementations of this variant in different computer
programs do not consider exactly the same list of determinants.

4.3.3 Multireference Perturbation Theory

As an alternative for the variational methods, one can also apply multireference
perturbation theory (MRPT) to calculate magnetic interactions. In principle, this
type of calculations makes it possible to treat larger systems with more unpaired
electrons. Among the many different implementations, two schemes are especially
popular in the field of magnetic interactions: CASPT2 [13] and NEVPT2 [14, 15],
which will be shortly overviewed here.

The standard Møller–Plesset perturbation theory uses a single determinant refer-
ence wave function and defines the zeroth-order Hamiltonian as the sum of the Fock
operators

Ĥ(0)
MP =

∑
F̂i (4.40)

By Koopmans’ theorem, the eigenvalues of the Fock operator applied on occupied
orbitals are proportional to ionization potentials and the eigenvalues corresponding
to unoccupied orbitals are related to the electron affinities. CASPT2 extends the
applicability to multireference cases by defining an effective one-electron Fock-type
operator as zeroth order Hamiltonian in the following way
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Fig. 4.11 Structure of the
f -matrix of Ĥ(0)in CASPT2.
The dark grey blocks have
non-zero values, the white
blocks are zero and the light
grey blocks are zero when
the orbitals are optimized for
the state under study. For
zero active orbitals only the
diagonal elements survive
and the Møller–Plesset
definition of Ĥ(0)emerges

Ĥ(0) =
∑

rsσ

frsσ Êrs; with frsσ = −〈0|[[Ĥ, â†sσ ], ârσ ]+|0〉 (4.41)

where |0〉 is the CASSCF reference wave function and σ a general index for the spin
coordinates. This definition may appear complicated at first sight, but a closer look
on the f -matrix learns that it is in fact a rather straightforward expression that reduces
to the Møller–Plesset zeroth-order Hamiltonian in the limit of zero active orbitals.

frs = 〈0|ârĤâ†s |0〉 − 〈0|â†s Ĥâr |0〉 − 〈0|âr â†s Ĥ|0〉 + 〈0|Ĥâ†s âr |0〉 (4.42)

The structure of the matrix is schematically presented in Fig. 4.11. The inactive-
virtual block of the matrix is given by

fhp = 〈0|âhĤâ†p|0〉 − 〈0|â†pĤâh|0〉 − 〈0|âhâ†pĤ|0〉 + 〈0|Ĥâ†pâh|0〉 = 0 (4.43)

where the first term is zero by 〈0|âh = â†h|0〉 = 0, since no particle can be created
in an occupied orbital. The second and third term can be shown to be zero with an
equivalent reasoning, while the fourth term is zero by the extendedBrillouin theorem.
The operator â†pâh generates a singly excited configuration, which does not interact
with the CASSCF wave function provided optimized orbitals are used. The diagonal
elements of the inactive-inactive block are

fhh = 〈0|âhĤâ†h|0〉 − 〈0|â†hĤâh|0〉 − 〈0|âhâ†hĤ|0〉 + 〈0|Ĥâ†hâh|0〉 = −IPh (4.44)

In this case, the first and third term are again zero for the same reason as exposed
above. However, the operators in the second term annihilate an electron in the bra
and the ket, which result in 〈N − 1|Ĥ|N − 1〉, the energy of the ionized system.
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The operator â†hâh in the fourth term first annihilates an electron in orbital h and

subsequently creates it again in the same orbital. This leads to 〈0|Ĥ|0〉, the CASSCF
energy of the N-electron system. The off-diagonal terms fhh′ are all zero. Finally, we
consider the virtual-virtual diagonal elements of f :

fpp = 〈0|âpĤâ†p|0〉 − 〈0|â†pĤâp|0〉 − 〈0|âpâ†pĤ|0〉 + 〈0|Ĥâ†pâp|0〉 = −EAp (4.45)

The action of âp on |0〉 (annihilation of an electron in an empty orbital) results in
zeros for the second and fourth terms. 〈0|âp and â†p|0〉 generate an electron in orbital
pmaking the first term equal to the energy of the corresponding (N+1)-electron state.
The third term is the energy of the CASSCF reference, and hence, the diagonal terms
of the virtual-virtual block of f are electron affinities. The off-diagonal elements fpp′

are zero. Then it is readily seen that the CASPT2 Ĥ(0)reduces to the Møller–Plesset
Hamiltonian in the limit of zero active orbitals.

It is important to realize that the one-electron nature of Ĥ(0) makes that the expec-
tation values of the excited configurations E(0)

R appearing in the denominator of the
corrections to the energy and wave function do not coincide with the expectation
values of the real Hamiltonian Ĥ. In some specific cases, it can happen that E(0)

R is
very close to (or even smaller than) the expectation value of the ground state. Such
intruder states may cause a break-down of the perturbation theory. CASPT2 imple-
mentations provide a pragmatic solution to this problem by the so-called level-shift
technique, in which near-degeneracies are removed by adding an extra term to the
denominator.

Although this approach often resolves the intruder state problem very efficiently,
a methodologically more satisfying route is taken in the n-electron valence state
second-order perturbation theory (NEVPT2). By including two-electron interactions
in Ĥ(0), this perturbative scheme does not suffer from the intruder state problem,
except in some pathological cases. The zeroth-order Hamiltonian proposed by Dyall
[16] reads

Ĥ(0)
D = Ĥi + Ĥν + C (4.46)

where Ĥi is of one-electron nature and acts on the inactive and virtual orbitals

Ĥi =
∑

h

εhÊhh +
∑

p

εpÊpp (4.47)

Ĥν is a two-electron operator but is restricted to the active space

Ĥν =
∑

a,b

heff
ab Êab + 1

2

∑

a,b,c,d

〈ab|1 − P̂12

r12
|cd〉(ÊacÊbd − δbcÊad

)
(4.48)
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and C is an appropriate constant shift to ensure that Ĥ(0)
D is equivalent to the full

Hamiltonian in the active part.

Contracted versus uncontracted: The simplest way to define the first-order wave
function is to apply single and double excitation operators on all the determinants
(or CSFs) of the reference wave function.

ψ(1) =
∑

I

∑

rstu

cI,rstuÊrsÊtuΦI (4.49)

The second-order correction to the energy is relatively straightforward to evaluate,
but the number of terms in the summation rapidly becomes very large, especially for
large reference wave functions. A second approach is to apply excitation operators
not on the individual determinants ofCSFs of the reference space, but on the reference
wave function as a whole.

ψ(1) =
∑

rstu

crstuÊrsÊtuψ
(0) (4.50)

This approach generates much less terms since the external determinants appear
as contracted sums in the first-order wave function. Moreover, the dimension of the
external space does not grow as fast with the size ofψ(1) as in the uncontractedway of
generating ψ(1). On the other hand, the calculation of the second-order correction to
the energy relies on significantlymore complicated expressions but onceprogrammed
this is just a minor issue compared to the limited length of ψ(1).

The differences between the contracted and uncontracted procedure are best
illustrated by giving two examples with a very simple reference wave function:
ψ(0) = λ|hhaab| + μ|hhabb|. In the first place, we will apply the single excitation
operator involving the occupied orbital h and the unoccupied orbitals p and p′. The
uncontracted wave function reads

ψ(1) = c1|haabp| + c2|haabp| + c3|haabp′| + c4|haabp′|
+ c5|habbp| + c6|habbp| + c7|habbp′| + c8|habbp′| (4.51)

and in the contracted formalism, the following function is generated

ψ(1) = c1{λ|haabp| + μ|habbp|} + c2{λ|haabp| + μ|habbp|}
+ c3{λ|haabp′| + μ|habbp′|} + c4{λ|haabp′| + μ|habbp′|} (4.52)

The uncontracted first-order correction has eight different coefficients to be deter-
mined, while the contracted variant generates the same determinants with only four
different coefficients. The fact that the external determinants are weighted by the
coefficients of the reference wave function does only slightly influence the final
result. The second example applies the single excitation operator involving the active
orbitals a and b, and the virtual orbital p. Again, the uncontracted algorithm generates



4.3 Accurate Computational Models 131

a list of all five possible excited determinants

ψ(1) = c1|abp| + c2|abp| + c3|aap| + c4|bbp| + c5|abp| (4.53)

where the hh-part has been omitted for simplicity. The contracted wave function is
shorter:

ψ(1) = c1{λ|abp| + μ|bbp|} + c2λ|abp| + c3{λ|aap| + μ|abp|} + c4μ|abp| (4.54)

Since the determinants of the second and fourth term are the same, the wave function
presents a linear dependence, which should be removed and further reduces the
number of coefficients.

The contraction written in Eq.4.50 is used in CASPT2 and in the partially-
contracted variant of NEVPT2. The latter method is also available in a strongly-
contracted variant of NEVPT2, in which the contracted external functions are
grouped together depending on the number of electrons added or removed from the
active space. In this way a reduced set of orthogonal external functions is generated.

4.3.4 Spin Unrestricted Methods

The observation that except for the state of maximummultiplicity, spin states cannot
be rigorously represented with a single determinant makes it very interesting to look
at the possibility to study magnetic interactions in a spin unrestricted setting using
a single determinant description of the spin states. We will start with the spatially
symmetric 2-electron/2-orbital case and afterwards generalize for systems with more
unpaired electrons.

The most widely applied approximation to extract J within a single determinant
description of the spin states is the so-called Broken Symmetry approach which uses
two determinants:

ΦBS = |φ1φ2| ΦHS = |φ1φ2| (4.55)

where the closed-shell orbitals havebeenomitted for convenience.The Ŝ2 expectation
value of ΦHS is not exactly equal to 2 since the closed shell spin orbitals appear in
pairs with slightly different spatial orbitals. However in most cases it is close to 2
and is generally considered as a good approximation to the triplet state obtained in
a spin-restricted setting.

ΦHS ≈ ΦT (4.56)

EHS = 〈ΦHS|Ĥ|ΦHS〉 ≈ ET (4.57)

〈Ŝ2〉HS = 〈ΦHS|Ŝ2|ΦHS〉 ≈ 2 (4.58)
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One the other hand, the Ŝ2 expectation value of ΦBS is neither close to zero (singlet)
nor to two (triplet), but rather somewhere in between. It is therefore a logical step
to approximate the broken symmetry determinant as a linear combination of the
spin-restricted singlet and triplet states [17]:

|ΦBS〉 = λ|ΦS〉 + μ|ΦT 〉 with λ2 + μ2 = 1 (4.59)

with the following energy and Ŝ2 expectation value

EBS = 〈λΦS + μΦT |Ĥ|λΦS + μΦT 〉 = λ2ES + μ2ET (4.60)

〈Ŝ2〉BS = λ2〈ΦS|Ŝ2|ΦS〉 + μ2〈ΦT |Ŝ2|ΦT 〉 = 2μ2 (4.61)

After substituting μ2 = 1 − λ2 from the normalization condition in Eq.4.61, we
obtain

λ2 = 1 − 〈Ŝ2〉BS

2
and μ2 = 〈Ŝ2〉BS

2
(4.62)

which can be substituted in the energy expression of the BS determinant given in
Eq.4.60

EBS =
(
1 − 〈Ŝ2〉BS

2

)
ES + 〈Ŝ2〉BS

2
ET (4.63)

The energy difference of the BS and HS determinants now reads

EBS − EHS = ES − 〈Ŝ2〉BS

2
(ES − ET ) − ET

=
(
1 − 〈Ŝ2〉BS

2

)
(ES − ET )

= 2 − 〈Ŝ2〉BS

2
(ES − ET ) (4.64)

which leads to the final expression of the magnetic coupling parameter J as function
of the energies of the spin-unrestricted HS and BS determinants

J = ES − ET = 2(EBS − EHS)

2 − 〈Ŝ2〉BS
(4.65)

This is not the only expression used to relate the energy of the two determinants
with the singlet-triplet energy difference. Under the assumption that the spin polar-
ization in the closed shell orbitals is small enough to ensure their orthogonality, one
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can express the energy difference as function of the overlap of the magnetic orbitals.
From Eq.1.27 we can calculate 〈Ŝ2〉BS

〈φ1φ2|Ŝ2|φ1φ2〉 = 〈φ1φ2|φ1φ2 + φ1φ2〉 = 〈φ1φ2|φ1φ2 − φ2φ1〉
= 1 − 〈φ1|φ2〉2 (4.66)

The substitution of this expression in Eq.4.65 leads to

J = ES − ET = 2(EBS − EHS)

1 + 〈φ1|φ2〉2 (4.67)

which in the weak overlap limit evolves to

J = 2(EBS − EHS) (4.68)

and in the strong overlap limit to

J = EBS − EHS (4.69)

Note that in the latter case the overlap 〈φ1|φ2〉 tends to one, which means that φ1
becomes equal to φ2 and ΦBS = |φ1φ1| represents a closed shell singlet state.

Expression 4.67 can be rewritten in terms of spin densities to avoid the less
generally available overlap of the magnetic orbitals [18]. The simplest way to do this
is to express the non-orthogonal magnetic orbitals φ1 and φ2 in the local orthogonal
orbitals ψ1 and ψ2:

|ΦBS〉 = |φ1φ2〉 = |(λψ1 + μψ2)(μψ1 + λψ2)〉 (4.70)

with 〈φ1|φ1〉 = 〈φ2|φ2〉 = λ2 + μ2 = 1 and 〈φ1|φ2〉 = 2λμ. The α and β spin
densities arise from φ1 and φ2, respectively, and are equal to λ2 and μ2 for site 1.
From this the total spin density can be obtained

ρα
1 = λ2

ρ
β
1 = μ2

}
⇒ ρ

α−β
1 = λ2 − μ2λ2+μ2=1=⇒

{
2λ2 = 1 + ρ

α−β
1

2μ2 = 1 − ρ
α−β
1

(4.71)

Now the relation with 〈φ1|φ2〉 in Eq.4.67 is easily made

〈φ1|φ2〉2 = 4λ2μ2 = (1+ ρ
α−β
1 )(1− ρ

α−β
1 ) = 1− (ρ

α−β
1 )2 = 1− (ρBS

1 )2 (4.72)

Note that this equation assumes that all the spin density is localized on the magnetic
centers.

With a slightlymore elaborate derivation one can also handle cases with an impor-
tant delocalization of the spin density onto the ligands [19]. The magnetic orbitals
are written as a linear combination of three nonorthogonal basis functions

http://dx.doi.org/10.1007/978-3-319-22951-5_1
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φ1 = λχ1 + μχ2 + νχ3 φ2 = μχ1 + λχ2 + νχ4 (4.73)

with 〈χi|χj〉 
= 0, 〈χi|χi〉 = 1 and λ � μ, ν. The basis functions χ1 and χ2 are
centered on the magnetic site 1 and 2, respectively. The other two functions are
ligand orbitals around site 1 (χ3) and site 2 (χ4). Furthermore, it holds that 〈χ1|χ4〉 =
〈χ2|χ3〉 � 〈χ1|χ3〉 = 〈χ2|χ4〉 in a centro-symmetric system. The overlap of the two
magnetic orbitals is

〈φ1|φ2〉 = 2λμ + ν2〈χ3|χ4〉 + (λ2 + μ2)〈χ1|χ2〉
+ 2λν〈χ1|χ4〉 + 2μν〈χ1|χ3〉 (4.74)

Many terms can be neglected in this expression. The termswithμ2, ν2 orμν are small
because these coefficients are much smaller than λ. Being located in different parts of
the complex, the overlap integrals 〈χ1|χ4〉 and 〈χ1|χ2〉 are also expected to be small.
This makes that the overlap of the magnetic orbitals can be roughly approximated
by 2λμ. The spin density on site 1 can be determined using the Mulliken population
reasoning. The contribution due to φ1 and φ2 are

φ1 contribution: λ2 + 1

2
(2λμ〈χ1|χ2〉 + 2λν〈χ1|χ3〉) (4.75)

φ2 contribution: μ2 + 1

2
(2λμ〈χ1|χ2〉 + 2μν〈χ1|χ4〉) (4.76)

which reduce to λ2 and μ2 if we apply the same approximations as for the overlap
of the magnetic orbitals. The spin density at the magnetic sites for ΦHS and ΦBS are
given by

ρHS
1 = λ2 + μ2 ρBS

1 = λ2 − μ2 (4.77)

Now it is easily derived that

(ρHS
1 )2 − (ρBS

1 )2 = 4λ2μ2 = 〈φ1|φ2〉2 (4.78)

which can be used to replace the overlap integral in Eq. 4.67 with the more generally
available spin populations. This expression is valid for centro-symmetric systems
but improves the previous one by the fact that it is no longer implicit that the spin
density in the HS state is entirely located on the magnetic center.

The extension of Eq.4.65 to the general case of magnetic coupling between two
centers with more than one unpaired electron is straightforward and follows the same
logics. The spin-unrestricted HS determinant ΦHS is assumed to be a good approxi-
mation to the spin eigenfunction of maximum multiplicity ΦSmax , and therefore,

〈Ŝ2〉HS = Smax(Smax + 1) EHS = ESmax (4.79)
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The broken symmetry determinant is written as a linear combination of the singlet
ΦS and the Smax spin eigenfunctions.2

|ΦBS〉 = λ|ΦS〉 + μ|ΦSmax 〉 = λ|ΦS〉 + μ|ΦHS〉 (4.80)

From the Ŝ2 expectation value

〈Ŝ2〉BS = λ2〈ΦS|Ŝ2|ΦS〉 + μ2〈ΦHS|Ŝ2|ΦHS〉 = 〈Ŝ2〉HSμ
2 (4.81)

one arrives at

EBS = λ2ES + μ2EHS =
(
1 − 〈Ŝ2〉BS

〈Ŝ2〉HS

)
ES + 〈Ŝ2〉BS

〈Ŝ2〉HS
EHS (4.82)

Then, the energy difference between ΦBS and ΦHS is given by

EBS − EHS = ES − 〈Ŝ2〉BS

〈Ŝ2〉HS
(ES − EHS) − EHS

= 〈Ŝ2〉HS − 〈Ŝ2〉BS

〈Ŝ2〉HS
(ES − EHS) (4.83)

⇒ ES − EHS = 〈Ŝ2〉HS(EBS − EHS)

〈Ŝ2〉HS − 〈Ŝ2〉BS
(4.84)

from which the expression for J is directly derived

J = 2(ES − EHS)

Smax(Smax + 1)
= 2(ES − EHS)

〈Ŝ2〉HS
= 2(EBS − EHS)

〈Ŝ2〉HS − 〈Ŝ2〉BS
(4.85)

This is the famous Yamaguchi relation originally derived in the framework of unre-
stricted Hartree–Fock calculations [20], but later also widely applied in DFT calcu-
lations. In the limit of zero overlap of the magnetic orbitals, 〈Ŝ2〉BS becomes equal
to Smax and the following expression emerges

J = 2(EBS − EHS)

Smax(Smax + 1) − Smax
= 2(EBS − EHS)

S2
max

(4.86)

derived earlier by Noodleman [21] and which reduces to Eq. 4.68 for two magnetic
centers with S=1/2. On the other hand, 〈Ŝ2〉BS is zero in the strong overlap limit and
J relates to the energies of the HS and BS determinants as

2This is of course an approximation. There is no obvious reason to exclude the intermediate spin
states from the linear combination.
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J = 2(EBS − EHS)

Smax(Smax + 1)
(4.87)

which is the generalized form of Eq.4.69. This expression is also used in DFT when
the BS determinant is considered to be a good representation of the singlet (or lowest
spin) state as proposed by Ruiz and co-workers [6, 19, 22]. These authors often
replace the denominator by 2(2S1S2 + S2) with S2 � S1 and S1 + S2 = Smax to
reflect situations with unequal spin moments on the two magnetic centers.

4.10 Calculate the expectation value of Ŝ2 for Φ1 = |φ1φ2φ3φ4| in the zero
overlap limit: 〈φi|φj〉 = δij.

4.3.5 Alternatives to the Broken Symmetry Approach

The introduction of the broken symmetry determinant as representation of the low-
spin coupled spin state not only provides (computational) chemists with a tool to
calculate magnetic interactions with single determinant methods, it also makes a
connection with the intuitive representations of spins with up- and downwards point-
ing arrows at each magnetic center. However, this representation does not lead to
spin functions that are eigenfunctions of the total spin operator Ŝ2, as expected in a
non-relativistic setting and explained in Chap.1. From this point of view the broken
symmetry approach is less satisfactory and there have been many attempts to design
alternative approaches to calculate magnetic interactions with DFT to improve upon
the shortcomings of the standard approach.

A natural starting point is to combine a multiconfigurational SCF approach to
treat the static electron correlation3 and DFT for the remaining (mainly dynamic)
electron correlation. It is, however, not easy to design functionals that only take into
account this latter part of the electron correlation and do not consider (part of) the
static correlation. Despite many efforts, there seems no definitive solution to the
double counting problem.

Restricted ensemble Kohn–Sham DFT Alternatively one can perform standard
KS-DFT calculations on a collection of determinants with different occupations and
take a weighted average of the individual energies to obtain an estimate of the mul-
tideterminantal situation. To avoid the independent calculation of several KS deter-
minants, a generalization of this approach was proposed by Filatov and Shaik based
on the coupling operator technique developed by Roothaan for restricted open-shell
Hartree–Fock. This restricted open-shell Kohn–Sham (ROKS) approach was later
extended to situations where fractional occupation numbers are not imposed by the

3In the case of magnetic interactions, the multideterminantal character of the N-electron states with
S < Smax .

http://dx.doi.org/10.1007/978-3-319-22951-5_1
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symmetry (as in atomic multiplets or ligand-field states in coordination complexes)
but due to accidental (near-)degeneracies. This extended approach was named the
restricted ensemble Kohn–Sham (REKS) method [23, 24]. An optimal set of Kohn–
Sham orbitals and occupation numbers is obtained by a minimization procedure that
always maintains the spin and spatial symmetry of the N-electron state under study.

The approach has been used to calculate the coupling of two localized spin
moments in binuclear transition metal complexes and the singlet-triplet splitting in
biradical systems, such as twisted ethylene. Rather reasonable values of themagnetic
coupling parameters were obtained. In general, the couplings are slightly too small,
which may be attributed to the lack of spin polarization. An important advantage of
the method is the fact that geometries can be optimized for open-shell singlet states
within the DFT framework.

Spin-flip time-dependent DFT The energy differences of the spin states involved
in the magnetic interaction of two (or more) spin moments can be seen to some
extent as vertical excitation energies, and hence, time-dependent DFT (or other lin-
ear response methods as equation of motions coupled cluster [25]) could in principle
be used to determine the magnetic interaction between two spin moments. However,
the standard implementation of TD-DFTonly considers single, spin-conserving exci-
tations, which prevents accounting for the multideterminantal character of the states
with low-spin coupling [26]. Figure4.12 shows the five determinants that are essen-
tial to describe the magnetic coupling in a two-electron/two-orbital problem. Using
determinantΦ1,Φ2 orΦ3 as reference will not generate all five determinants in stan-
dard TD-DFT, while Φ4 and Φ5 lead to the same spin contamination problems as
in the BS approach discussed above. The spin-flip formalism (originally developed
in the framework of Hartree–Fock and coupled cluster, and later implemented for
TD-DFT) offers an interesting solution to this shortcoming. The determinant with
maximumMS-value is taken as reference (Φ1 in Fig. 4.12) and all single excited deter-
minants involving one spin-flip are generated from this. Within the space of the two-
electron/two-orbital problem, this procedure generates the determinants Φ2 . . . Φ5
of Fig. 4.12, and hence, gives access to the energy of the open-shell singlet within
the TD-DFT framework without spin-contamination problems.

Constrained DFT The basic shortcomings of the BS approach can be summarized
in two points. In the first place, the spin contamination, or the impossibility to rep-
resent the low-spin states with a single Kohn–Sham determinant. The second point
is the fact that nearly all todays functionals tend to overestimate the delocalization
of the spin density and overestimate the antiferromagnetic character of the coupling.

1 2 3 4 5

Fig. 4.12 The reference determinant Φ1 and the four spin-flip determinants (Φ2 . . . Φ5) generated
in SF-TDDFT with a two-electron/two-orbital target space
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Constrained DFT (C-DFT) remedies, at least partially, the latter by putting restric-
tions on the spatial distributions of the α and β electrons [27]. Two fragments p and
q are defined such that both include one magnetic center and the atoms around it.
Subsequently, the density is optimized under the restrictions that Np

α − Np
β = Mp

S

and Nq
α − Nq

β = Mq
S , where Np,q

α,β are the summed spin populations of the atoms in

the fragments and Mp,q
S the prefixed excess of α or β electrons in each fragment.

C-DFT results in less delocalized spin densities and therefore, in general, to smaller
interaction parameters.

Problems

4.1 A master student wants to study the energy splitting ES − ET in a planar
[Cu2F6]2− model system, since experimental studies of similar di Cl-bridged CuII

dimers suggested that ES − ET depends strongly on the Cu–Cl–Cu angle θ . She
performs RHF calculations on the triplet state in order to predict ES − ET with the
HTH model. She produces a Table of results, where the gerade and ungerade open
shell orbitals are denoted 1 and 2, respectively.

θ J11+J22
2 − J12 [K] K12 [Eh] ε1 − ε2 [Eh]

85◦ 24 0.4324 −0.0078
90◦ 20 0.4376 −0.0025
95◦ 22 0.4419 0.0034
100◦ 26 0.4456 0.0094
105◦ 32 0.4483 0.0150

Compute J (in K) for θ = 85◦ . . . 105◦ using the HTH model. Do you observe a
strong dependence of the coupling on the angle? Can the same conclusions be drawn
when only considering the orbital energies?

4.2 Quantifying the counter-complementarity effect. Standard optimization of
the molecular orbitals of a magnetic complex with two magnetic centers bridged
by two different ligands normally leads to magnetic orbitals with contributions on
both ligands (as ϕ5 and ϕ6 in Fig. 4.9). This makes it very hard to quantify the
counter-complementary effect of the two ligands. Design a computational strategy
to determine quantitatively the reduction of the magnetic coupling through ligand
1 by the counter-complementary effect of ligand 2. Hint: Many quantum chemical
programs can divide the whole system into fragments.

4.3 Broken symmetry approach. The magnetic coupling of three binuclear TM
complexes has been studied with DFT. The following results were obtained for the
HS and BS determinants. (a) Calculate the magnetic coupling parameter J with the
Yamaguchi equation (Eq.4.85) and compare the outcomes to the alternative relations
of Noodleman (Eq.4.86) and Ruiz (Eq.4.87).
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TM Energy [Eh] 〈Ŝ2〉
ΦHS ΦBS ΦHS ΦBS

Cu2+ −4061.7435920 −4061.7442381 2.0035 0.9957
Ni2+ −3797.4742498 −3797.4767694 6.0083 1.9931
Mn2+ −3082.7586297 −3082.7630415 30.0086 4.9936

(b) Calculate J in the Cu complex combining Eqs. 4.67 and 4.78 using ρα−β is 0.6864
and 0.6757 for HS and BS, respectively.
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