
Chapter 3
Two (or More) Magnetic Centers

Abstract The description of the magnetic interactions is now extended to more
than one magnetic center. First it is shown that the two-electron/two-orbital system
can be approached from different viewpoints using (de-)localized, (non-)orthogonal
orbitals. After this quantum chemical description of the magnetic interaction we dis-
cuss the more phenomenological approach based on spin operators. Starting with
the standard Heisenberg Hamiltonian for isotropic bilinear interactions, the chapter
discusses how biquadratic, anisotropic and four-center interactions can be accounted
for within this spin formalism. Furthermore, it is shown how the microscopic elec-
tronic interaction parameters can be used to describe macroscopic properties by
diagonalization of model Hamiltonians, Monte Carlo simulations and some other
techniques.

3.1 Localized Versus Delocalized Description
of the Two-Electron/Two-Orbital Problem

The most simple magnetic systems have only two magnetic sites, each with spin
1
2 . Examples are doubly bridged binuclear CuII complexes. The energy splitting
between the lowest singlet and triplet spin states in such complexes turns out to
depend strongly on the geometry of the bridging Cu–L2–Cu units (R1, R2, α, β, etc.)
depicted in Fig. 3.1 and this magneto-structural correlation can be well explained by
using simple quantum theoretical models that can be developed “on the back of an
envelope”. The basis for such models is provided in this section, they are further
elaborated in Chap.4. We consider a many-electron system, which, in addition to
closed shells of electrons, has two magnetic electrons which are mainly localized
on two magnetic sites A and B. We assume that the orbitals of the complex, i.e. its
molecular orbitals (MOs), have been determined by a self-consistent field procedure.

Configuration Interaction using delocalized orbitals: We first consider the case
where the two magnetic electrons are coupled to a spin triplet, S = 1. The simplest
description of the MS = 1 component of the lowest lying triplet state is one single
Slater determinant
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Fig. 3.1 Schematic
representation of a complex
with a bridging CuL2Cu unit
and four external ligands Le

Φ12(S, MS) = Φ12(1, 1) = |. . . φ1φ2| (3.1)

where the MOs φ1 and φ2 are bonding and antibonding combinations of atomic
orbitals localized at/around the magnetic centers A and B. In other words: φ1 and
φ2 are molecular orbitals that are delocalized over the two magnetic centers. In
the case of two CuII centers they will mainly be built from bonding and antibonding
combinations ofCu-3d orbitals. Thedots in the determinant denote the other electrons
of the system, in doubly occupied MOs. In the following these closed shell, inactive,
electrons will be omitted from the notation for the Slater determinants:

Φ12(1, 1) = |φ1φ2| (3.2a)

The orbitals φ1 and φ2 are occupied with one electron and are often referred to as
the magnetic orbitals. The Slater determinant shown in Eq.3.2a has the correct spin
symmetry for the MS = 1 component of an S = 1 manifold, the corresponding wave
function of the MS = −1 component is given by

Φ12(1,−1) = |φ1φ2| (3.2b)

and for the MS = 0 component we need two Slater determinants:

Φ12(1, 0) = (|φ1φ2| − |φ2φ1|
)
/
√
2 (3.2c)

These three S = 1 wave functions belong to the electronic configuration . . . φ1
1φ

1
2 ,

which in addition gives rise to a spin-singlet wave function,

Φ12(0, 0) = (|φ1φ2| + |φ2φ1|
)
/
√
2 (3.3)

In addition to the . . . φ1
1φ

1
2 electronic configuration, two more configurations can be

defined using the two MOs φ1 and φ2. Both are of closed-shell character and can be
written as . . . φ2

1 and . . . φ2
2 . They give rise to two more Slater determinants

Φ11(0, 0) = |φ1φ1| (3.4)

and
Φ22(0, 0) = |φ2φ2| (3.5)
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Fig. 3.2 Schematic
representation of the four
MS = 0 CSFs that can be
generated with two electrons
in two orbitals

As we have seen in Eq.3.2, the configuration . . . φ1
1φ

1
2 leads also to three S = 1 wave

functions, with MS = 1, 0 and−1. It is customary to call the simplest wave functions
built from one electronic configuration that obey the spin (and spatial) symmetry
requirements a Configuration State Function, CSF. Hence the approximate wave
functions of Eqs. 3.2a–3.5 constitute the six CSFs that can be formed by distributing
two electrons over the two MOs φ1 and φ2. Summarizing: the two electrons in two
orbitals model, i.e. distributing two electrons over two orbitals in all possible ways
yields three electronic configurations, which give rise to six CSFs. Three of them
form the MS = 1, 0,−1 components of an S = 1 state, the other three represent each
a separate S = 0CSF. Figure3.2 represents the four MS = 0CSFs. From left to right,
we have Ψ 11(0, 0), Ψ 12(0, 0) (plus combination), Ψ 12(1, 0) (minus combination),
and Ψ 22(0, 0).

The relative energies of the four states can of course be computed by performing a
complete active space configuration interaction (CASCI) calculation with the active
orbitals being φ1 and φ2, but here we are going to analyze the relative energies by
considering the physics of the system.

If the splitting between the bonding φ1 and the antibonding φ2 is large, the ground
state is expected to be a spin singlet state, which is rather well described byΦ11(0, 0).
This is the situation that we would encounter, for example, if the ions A and B would
be two Li atoms without any environment forming a Li2 molecule, or, even simpler,
two H atoms forming H2. In these cases the stabilization of φ1 is so large that the two
electrons pair to occupy jointly this strongly bonding orbital. However, in magnetic
systems the interaction between the magnetic ions A and B is quite weak. Moreover,
inmost complexes they are separated by bridging ligands. Then, the splitting between
φ1 and φ2 is small and the three configurations . . . φ2

1 , . . . φ
1
1φ

1
2 and . . . φ2

2 are close
in energy. The fact that we have three distinct low lying singlet CSFs suggests that we
can use variation theory to generate improved descriptions of these three states, by
forming linear combinations ofΦ11(0, 0),Φ12(0, 0) andΦ22(0, 0). On the contrary,
in order to improve the description of the S = 1 state we would have to go beyond
the two electrons in two orbitals model, but doing this only for the triplet and not
for the singlet states would destroy the balance between them, preventing us from
determining whether the ground state is magnetic (S �= 0) or not (S = 0).

In many cases the A–B system is centrosymmetric, i.e. there is at least one sym-
metry operation that transforms A into B and vice versa. Then φ1 and φ2 belong
to different irreducible symmetry representations, and consequently the wave func-
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tions corresponding to . . . φ1
1φ

1
2 belong also to a different representation compared to

those of . . . φ2
1 and . . . φ2

2 . As a result, in those cases there is no Hamiltonian matrix
element of Φ11(0, 0) and Φ22(0, 0) with Φ12(0, 0):

〈Φ11(0, 0)|Ĥ |Φ12(0, 0)〉 = 〈Φ22(0, 0)|Ĥ |Φ12(0, 0)〉 = 0 (3.6)

Then, improved singlet variational wave functions can be formed by making linear
combinations of onlyΦ11(0, 0) andΦ22(0, 0), whereas the singletwave function cor-
responding to . . . φ1

1φ
1
2 cannot be improved within this two electrons in two orbitals

scheme. In other magnetic systems there is no strict but only approximate symmetry,
giving rise to non-zero but still quite small matrix elements 〈Φ11(0, 0)|Ĥ |Φ12(0, 0)〉
and 〈Φ11(0, 0)|Ĥ |Φ12(0, 0)〉. In the following we will assume symmetry, hence
assume that these matrix elements are zero and turn our attention to the Hamil-
tonian matrix element 〈Φ11(0, 0)|Ĥ |Φ22(0, 0)〉 that leads to an improved singlet
wave function

Ψ (0, 0) = c1Φ
11(0, 0) + c2Φ

22(0, 0) (3.7)

where c1 and c2 are chosen to minimize the energy of Ψ (0, 0). Using the Slater–
Condon rules we find for the Hamiltonian matrix element between the two closed
shell determinants

〈Φ11(0, 0)|Ĥ |Φ22(0, 0)〉 = 〈φ1(1)φ1(2)| 1

r12
|φ2(1)φ2(2)〉 (3.8)

By rearranging the (real) functions in this integral, it becomes clear that the matrix
element is equal to the exchange integral K12

〈φ1(1)φ1(2)| 1

r12
|φ2(1)φ2(2)〉 = 〈φ1(1)φ2(1)| 1

r12
|φ2(2)φ1(2)〉 = K12 (3.9)

3.1 Demonstrate that 〈Φ11(0, 0)|Ĥ |Φ22(0, 0)〉 = K12.

The exchange integral K12 does not vanish, not even in case of weakly interacting
A and B centers. This becomes clear if we introduce the localized orthogonal orbitals
ψa andψb that can be constructed from the delocalized molecular orbitals φ1 and φ2:

ψa = 1√
2
(φ1 + φ2) ψb = 1√

2
(φ1 − φ2) (3.10a)

If A and B are strongly coupled,ψa will bemainly localized on A, but with important
orthogonalization tails on B and vice versa. Only if A and B are weakly coupled,
ψa and ψb are nearly completely localized on A and B, respectively.
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3.2 (a) Demonstrate that ψa and ψb are normalized and orthogonal (b) Con-
sider the example where the delocalized orbitals φ1 and φ2 are bonding and
antibonding combinations of atom centered basis functions χa and χb:

φ1 = χa + χb√
(2(1 + S)

φ2 = χa − χb√
(2(1 − S)

with S = 〈χa |χb〉. Compute the coefficient of the orthogonalization tail of ψa

on atom B, for S = 0.2 and for S = 0.003.

Using the inverse relations of Eq.3.10a

φ1 = 1√
2
(ψa + ψb) φ2 = 1√

2
(ψa − ψb) (3.10b)

the exchange integral K12 can be rewritten as a sum of Coulomb integrals

K12 = 1

4
〈(ψa + ψb)(ψa − ψb)|Ĥ |(ψa − ψb)(ψa + ψb)〉

= 1

4
〈ψaψa |Ĥ |ψaψa〉 − 2〈ψaψb|Ĥ |ψaψb〉 + 〈ψbψb|Ĥ |ψbψb〉

= 1

4

(
Jaa − 2Jab + Jbb

)
(3.11)

Only the term Jab approaches zero for small coupling between A and B. The other
terms are local Coulomb integrals which are both positive and both occur with a
positive coefficient: these two terms do not cancel each other. Note, that since we
have assumed centrosymmetry, Jaa = Jbb. Figure3.3 shows the localized orthogonal
orbitalsψa andψb and the product of these as they appear in the Coulomb integrals of
the expression of K12. From this pictorial representation it is obvious that Jab—with
ψaψa × ψbψb in the numerator—is small for weak interaction between A and B,
while Jaa and Jbb do not strongly depend on the distance between A and B.

Hence, there is significant interaction between the configurations . . . φ2
1 and . . . φ2

2 .
Note that the smaller Jab, the larger is K12, and therefore, in the case of weak
coupling between A and B we need to use the two-configuration wave function
of Eq.3.7 instead of simply Φ11(0, 0). Clearly, the best two-configuration wave
function is obtained by varying c1/c2 until the energy expectation value is minimal.
Only in case of strong coupling between A and B (remember the case of Li2 near
equilibrium distance) Jab may become so large that K12 and therewith c2 becomes
negligible so that the closed shell determinantΦ11(0, 0) is a reasonable ansatz for the
lowest singlet wave function. For intermediate and small couplings the lowest S = 0
and S = 1 states are competing, i.e. close in energy. An approximate yet balanced
treatment is obtained by describing the lowest S = 0 state using the expression of
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Fig. 3.3 Graphical representation of the localized orthogonal orbitals ψa (left) and ψb (right), and
the respective products (charge densities) as they appear in the numerator of the Coulomb integrals

Eq. 3.7 and the S = 1 state using Eq.3.2. Which state is the ground state, singlet or
triplet, depends on the magnitudes of the two electron integrals Jaa , Jab and Kab.

Summarizing: A Full CI treatment of two electrons in two orbitals in a symmetric
system leads to Eq.3.7 for S = 0 and to Eq.3.2 for S = 1. This approach forms a
basis for the Hay–Thibeault–Hoffmann (HTH) model discussed in Chap.4.

Valence Bond theory using localized orthogonal orbitals: For small couplings,
i.e. nearly degenerate S = 0 and S = 1 states, Valence Bond (VB) theory provides
a more intuitive starting point than the previous molecular orbital reasoning. For the
MS = 0 wave functions we make use of the local orthonormal orbitals ψa and ψb as
defined in Eq.3.10a and use them to construct two neutral determinants |ψaψb| and
|ψbψa |, where neutral does not mean that the centers A and B are uncharged, but
maintain their oxidation state as in the ground configuration. Moreover, two ionic
determinants are defined: |ψaψa | and |ψbψb|. The simplest VB wave function for
the lowest singlet state has the form

Ψ cov(0, 0) = 1√
2

(|ψaψb| + |ψbψa |) (3.12a)

which can also be written in terms of the symmetry-adapted, delocalized orbitals φ1
and φ2:

Ψ cov(0, 0) = 1√
2

(|φ1φ1| − |φ2φ2|
)

(3.12b)

The latter corresponds to a two-configuration CI wave function analogous to Eq.3.7,
be it with fixed coefficients c1 = −c2 = 1/

√
2. Note that it is tempting to charac-

terize 3.12a as an open shell wave function, while the same wave function in 3.12b
takes the form of a superposition of two closed shell determinants. The simplest VB
representation for the MS = 0 component of the lowest spin-triplet state is

Ψ cov(1, 0) = 1√
2

(|ψaψb| − |ψbψa |) (3.13a)

http://dx.doi.org/10.1007/978-3-319-22951-5_4
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which in terms of φ1 and φ2 lead to Ψ 12(1, 0) of Eq.3.2c. The other two S = 1
components are

Ψ cov(1, 1) = |ψaψb| (3.13b)

and
Ψ cov(1,−1) = |ψaψb| (3.13c)

which written in terms of φ1 and φ2 yield the familiar Slater determinants |φ1φ2|
(Eq. 3.2a) and |φ1φ2| (Eq. 3.2b).

3.3 Demonstrate the equivalence of the wave functions of Eqs. 3.12a and
3.12b, and those of Eqs. 3.2 and 3.13.

This simple Valence Bond ansatz with a common set of localized orthonormal
orbitals for both states leads to a separation of the energy expectation values for
singlet and triplet that reads

Ecov
S − Ecov

T = 2〈ψaψb| 1

r12
|ψbψa〉 = 2Kab (3.14)

which is positive because the exchange integral

Kab = 〈ψa(1)ψb(1)| 1

r12
|ψa(2)ψb(2)〉 � 0

3.4 Calculate the energy expectation values of the wave functions given in
Eqs. 3.12a and 3.13a to demonstrate that Ecov

S − Ecov
T = 2Kab.

2Kab is traditionally called the direct exchange. It favours high spin states. In this
two electron case, treated with only covalent VB determinants, it favours S = 1 over
S = 0. It is interesting to note that this positive energy difference between singlet
and triplet spin states can be seen as a manifestation of Hund’s rule for two electrons
in two orbitals, be it in this case not for two degenerate orbitals on one site, but for
two degenerate orbitals at two separate sites. In the single site case, i.e. for atoms,
this Hund rule is almost always correct, however, in the two site case the sign of
ES − ET is often wrong. The simple covalent VB model using localized orthogonal
orbitals is simply too crude.

The singlet VBwave function can be improved variationally bymixing in an ionic
term

Ψ ion(0, 0) = 1√
2

(|ψaψa | + |ψbψb|
)

(3.15)
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leading to
Ψ (0, 0) = CcovΨ

cov(0, 0) + CionΨ
ion(0, 0) (3.16)

which is the same as the CI wave function in Eq.3.7, but now written in terms of
the localized orthogonal orbitals ψa and ψb. Again, just as in the MO picture, there
is no way to improve the S = 1 wave functions. A balanced VB treatment uses the
wave functions of Eq.3.16 for S = 0 and of Eq.3.13 for S = 1, MS = 0.

We can now draw the following conclusions:

• If we limit ourselves to using (apart from the doubly occupied orbitals) only
two mutually orthogonal orbitals, either bonding and antibonding φa and φb, or
localized ψa and ψb, then the best wave function for the lowest triplet state is
the one given in Eq.3.2 or, equivalently, 3.13a and the best wave function for the
lowest singlet state is given in Eq.3.7 or, equivalently, 3.16.

• It makes no difference whether we use MO theory and optimize the ratio c1/c2 in
3.7 or use VB theory and optimize the ratio Ccov/Cion in 3.16, both procedures
lead to one and the same S = 0 wave function.

• For Ψ (0, 0) to become the ground state, the energy lowering due to mixing in of
the ionic terms has to exceed the direct exchange 2Kab. This energy lowering is
traditionally called the kinetic exchange. We will see in Chap.4 that the kinetic
exchange equals, to good approximation,1 4t2ab/(Jaa − Jab) with the transfer

integral tab defined by tab = 〈ψaψa |Ĥ |ψaψb〉.
Valence Bond theory using localized nonorthogonal orbitals: In the abovewehave
used orthogonal localized orbitals ψa and ψb. What if we remove the orthogonality
restriction? This nonorthogonal VB approach appeared for the first time in the work
of Heitler and London [1]. It forms also the basis of the Kahn–Briat model discussed
in the next chapter. We define normalized localized orbitals φa and φb with mutual
overlap Sab = 〈φa |φb〉. Then we write the covalent singlet wave function in terms of
normalized Slater determinants that are now built from the nonorthogonal φa and φb:

Ψ (0, 0) = 1
√
2 + 2S2

ab

(|φaφb| + |φbφa |) (3.17)

Of course, we can formally express φa and φb in terms of our orthogonal localized
orbitals ψa and ψb:

φa = N (ψa + νψb) φb = N (ψb + νψa)

with N = 1√
1 + ν2

and Sab = 2ν

1 + ν2
(3.18)

Once we have optimized ν or, equivalently, Sab, to obtain the lowest energy possible
for the singlet wave function in Eq.3.18 we have retrieved once more our familiar

1This expression is reasonable for Jaa − Jab � tab, see Chap.4.

http://dx.doi.org/10.1007/978-3-319-22951-5_4
http://dx.doi.org/10.1007/978-3-319-22951-5_4
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singlet wave function shown earlier in Eqs. 3.7 and 3.16. Instead of introducing an
extra variational freedom by adding ionic contributions with optimized weight, the
extra freedom is now obtained by allowing the localized orbitals to be mutually
nonorthogonal and optimizing their overlap. Not surprisingly, we get no additional
improvement if we now include ionic terms, so this VB approachwith nonorthogonal
orbitals gives no improvement as compared to the VB approach with orthogonal
orbitals and ionic terms, but the nonorthogonal VB approach does allow us to write
the singlet wave function Ψ (0, 0) in terms of a covalent contribution alone.

3.5 Show that the S = 1, MS = 0 functions

1√
2 + 2S2

(|φaφb| + |φbφa |) and 1√
2

(|ψaψb| + |ψbψa |)

are identical.Hint: rewrite thefirstwave function in terms of orthogonal orbitals
using Eq.3.18.

It is not difficult to show that in order to make the singlet state the ground state, the
magnetic orbitals have to overlap considerably. However, atomic magnetic orbitals
such as first row transition metal 3d orbitals are quite compact and their mutual over-
lap, especially in compounds where they are separated by bridging ions, is negligible.
This suggests that in such systems only the direct exchange, would play a role, lead-
ing to parallel or ferromagnetic spin coupling. But in reality we have many systems
whose nearest neighbour paramagnetic ions have antiferromagnetic spin coupling.

Already in 1934 Kramers attempted to explain the magnetic interaction in antifer-
romagnetic ionic solids, by noting that it is possible to have a two-center spin coupling
that is mediated by the bridging non-magnetic atoms. He called this bridge-mediated
spin coupling superexchange. In 1959 Anderson described the physical basis respon-
sible for the generation of this superexchange: It is simply that spin-paired elec-
trons can gain energy by spreading into nonorthogonal overlapping orbitals, whereas
unpaired electrons cannot. The model of Anderson is easiest illustrated by consid-
ering again a centrosymmetric system of two magnetic ions A and B, for example
Cu2+ ions, with (apart from electrons in double occupied orbitals) one unpaired elec-
tron in a 3d-orbital, which are separated by a closed shell anion such as Cl− or O2−
with (formally) three doubly occupied valence p orbitals. We denote the relevant
atomic 3d functions χa and χb. It turns out that for structural and symmetry reasons
commonly only one of the three valence p orbitals plays a role, so we consider only
one bridging atomic function χh . We now allow the localized magnetic orbitals to
have optimum admixture of the bridging ligand function:

φa = caχa + chχh φb = cbχb + c′
hχh (3.19)

as illustrated in Fig. 3.4.
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Fig. 3.4 In the left column:
The localized magnetic
orbitals (χa and χb) and the
bridging atomic function
(χh , which has small
orthogonalization tails on the
magnetic centers). On the
right: Localized magnetic
orbitals with optimally
admixed ligand
delocalization (φa and φb)

This gives themagnetic orbitals non-vanishing amplitudes also at the intermediate
ligands and the exchange effects therefore need no longer be small. In quantum the-
oretical studies the name Anderson model is commonly associated with a CASSCF
approach, in which the active electrons are the magnetic electrons, the active orbitals
are predominantly themagnetic functions, but they are optimized in the SCF process.
This guarantees that they contain the optimum amount of intermediate ligand char-
acter, so that the superexchange is accounted for.

3.2 Model Spin Hamiltonians for Isotropic Interactions

Under the assumption of a common spatial part of the wave function, the lowest
energy levels of the two-electron/two-orbital problem discussed in the previous
section can be described with a model Hamiltonian that only contains spin oper-
ators. Starting from a general expression of the interaction of two spatially separated
spin moments S1 and S2 of arbitrary strength (not limiting ourselves to the S = 1

2
case discussed before), the spin Hamiltonian can be written in terms of local spin
operators Ŝ1 and Ŝ2

Ĥ = (
Ŝx,1 Ŝy,1 Ŝz,1

)
⎛

⎝
Axx Axy Axz

Ayx Ayy Ayz

Azx Azy Azz

⎞

⎠

⎛

⎝
Ŝx,2

Ŝy,2

Ŝz,2

⎞

⎠ (3.20)
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This expression is greatly simplified by orienting the system along the magnetic axis
frame making all non-diagonal elements of the A-tensor equal to zero.

Ĥ = Axx Ŝx,1 Ŝx,2 + Ayy Ŝy,1 Ŝy,2 + Azz Ŝz,1 Ŝz,2 (3.21)

It is common practice to divide the interaction in a part that does not depend on the
spatial orientation of spin—the isotropic part, parametrized by the scalar J—and
another part that models the anisotropy of the interaction parametrizing it with a
diagonal tensor D.

Ĥ = −J
(
Ŝx,1 Ŝx,2 + Ŝy,1 Ŝy,2 + Ŝz,1 Ŝz,2

)

+ Dxx Ŝx,1 Ŝx,2 + Dyy Ŝy,1 Ŝy,2 + Dzz Ŝz,1 Ŝz,2 (3.22)

The minus sign in front of J is by convention, but be aware that other definitions are
often used in the literature. Negative J -values indicate antiferromagnetic coupling
and positive values are characteristic of ferromagnetic interactions in the definition
that we use here.

3.2.1 Heisenberg Hamiltonian

For themoment, we leave aside the anisotropic part of the interaction and concentrate
on the isotropic part. The equation can then be written in the following from

Ĥ = −J Ŝ1 · Ŝ2 (3.23)

which is known as the Heisenberg or Heisenberg-Dirac-van Vleck Hamiltonian.
For systems with two magnetic sites, the eigenvalues of the Hamiltonian are easily
derived by rewriting the product of local operators using the relation

Ŝ2 = (Ŝ1 + Ŝ2)
2 = Ŝ2

1 + Ŝ2
2 + 2Ŝ1 · Ŝ2 (3.24)

from this follows

Ŝ1 · Ŝ2 = 1

2
(Ŝ2 − Ŝ2

1 − Ŝ2
2 ) (3.25)

which leads to an alternative formulation of the Heisenberg Hamiltonian

Ĥ = −1

2
J (Ŝ2 − Ŝ2

1 − Ŝ2
2 ) (3.26)

for which the eigenvalues can be written down directly
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E(S) = −1

2
J
(
S(S + 1) − S1(S1 + 1) − S2(S2 + 1)

)
(3.27)

3.6 Calculate the eigenvalues of theHeisenbergHamiltonian of the spin eigen-
functions with maximum and minimum spin moment of a dimeric system with
S1 = S2.

Since the reference point of energy can be chosen arbitrarily, the expression for the
eigenvalues is usually simplified by adding a constant factor equal to − 1

2 J
(
S1(S1 +

1) + S2(S2 + 1)
)
, leading to

E(S) = −1

2
J S(S + 1) (3.28)

From this it is easily derived that the difference between two subsequent eigenvalues
is given by

E(S − 1) − E(S) = J S (3.29)

where S runs from S1 + S2 to |S1 − S2|. This regular Landé pattern gives the exact
energy differences as long as the interaction with excited electronic configurations
is negligible and is the basis for extracting magnetic coupling parameters from elec-
tronic structure calculations. The generalization of the Heisenberg Hamiltonian to
multiple sites is straightforward

Ĥ =
∑

i> j

−Ji j Ŝi Ŝ j (3.30)

In systems with multiple magnetic sites, the number of energy differences between
the different spin functions is not always enough to determine all the J -values. An
obvious example is the three-center/three-electron case as depicted in Fig. 3.5. The
Hamiltonian has three different J -values while the quartet and the two doublet states
only define two energy differences. The effective Hamiltonian theory described in
Chap.1 is a more general approach to extract J -values, because it not only uses
the energies but also information contained in the wave function. To illustrate the
procedure we first treat a simple biradical model with two S = 1

2 spins and after that
focus on the three center problem.

The following results for the singlet and triplet states were obtained from an ab
initio calculation on a dimer with two S = 1

2 centers:

http://dx.doi.org/10.1007/978-3-319-22951-5_1
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Fig. 3.5 Three center
S = 1/2 system with a
quartet (Q) and two doublets
(D1, D2). The three J -values
cannot be determined from
the two energy differences

ΨS = 0.6776|φ1φ̄2| − 0.6776|φ̄1φ2| + 0.1287|φ1φ̄1| + 0.1287|φ2φ̄2| + . . .

ΨT = 0.7029|φ1φ̄2| + 0.7029|φ̄1φ2| + . . .

ES = −29.441750 Eh

ET = −29.438299 Eh

Here, φ1 and φ2 are basis functions localized on site 1 and 2, respectively. The
model space of the Heisenberg Hamiltonian is spanned by the MS = 0 determinants
|φ1φ̄2| and |φ̄1φ2| and the matrix representation of the Hamiltonian can be obtained
by calculating the matrix elements 〈φ1φ̄2|Ĥ |φ1φ̄2〉 and 〈φ1φ̄2|Ĥ |φ̄1φ2〉. For this
purpose, we first substitute the Ŝx and Ŝy operators by the ladder operators Ŝ±

Ĥ = −J

(
1

2

{
Ŝ+
1 Ŝ−

2 + Ŝ−
1 Ŝ+

2

}
+ Ŝz,1 Ŝz,2

)
(3.31)

The action of the different operators on the model space determinants gives:

Ŝ+
1 Ŝ−

2 |φ1φ̄2| = 0 Ŝ+
1 Ŝ−

2 |φ̄1φ2| = |φ1φ̄2|
Ŝ−
1 Ŝ+

2 |φ1φ̄2| = |φ̄1φ2| Ŝ−
1 Ŝ+

2 |φ̄1φ2| = 0

Ŝz,1 Ŝz,2|φ1φ̄2| = −1

4
|φ1φ̄2| Ŝz,1 Ŝz,2|φ̄1φ2| = −1

4
|φ̄1φ2|

(3.32)

and from this the matrix elements can directly be written down:

〈φ1φ̄2|Ĥ |φ1φ̄2〉 = −J 〈φ1φ̄2|
(
0 + 1

2
|φ̄1φ2〉 − 1

4
|φ1φ̄2〉

)
= 1

4
J

〈φ1φ̄2|Ĥ |φ̄1φ2〉 = −J 〈φ1φ̄2|
(
0 + 1

2
|φ1φ̄2〉 + 0

)
= −1

2
J (3.33)

In matrix form:
|φ1φ2〉 |φ1φ2〉

〈φ1φ2| 1
4 J − 1

2 J
〈φ1φ2| − 1

2 J 1
4 J

(3.34)
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The diagonalization of this matrix gives E1 = 3
4 J and E2 = − 1

4 J and the cor-
responding eigenvectors are Ψ1 = 1√

2

{|φ1φ̄2| − |φ̄1φ2|
}
and Ψ2 = 1√

2

{|φ1φ̄2|+
|φ̄1φ2|

}
. Note that the eigenfunctions of the Heisenberg Hamiltonian are multideter-

minantal functions; linear combinations of the basis determinants |φ1φ̄2| and |φ̄1φ2|.
In the next step, we build an effective Hamiltonian that connects the ab initio results
with the model Hamiltonian. In the first place the wave functions are projected on
the model space and orthonormalized:

Projections: Ψ̃T = 0.7029|φ1φ̄2| + 0.7029|φ̄1φ2|
Ψ̃S = 0.6776|φ1φ̄2| − 0.6776|φ̄1φ2|

Norms: 〈Ψ̃T |Ψ̃T 〉 = 0.70292 + 0.70292 = 0.9881

〈Ψ̃S|Ψ̃S〉 = 0.67762 + 0.67762 = 0.9183

Normalized projections: Ψ̃ N
T = 0.707107|φ1φ̄2| + 0.707107|φ̄1φ2|

Ψ̃ N
S = 0.707107|φ1φ̄2| − 0.707107|φ̄1φ2|

〈Ψ̃ N
T |Ψ̃ N

S 〉 = 0

In the next step, the effectiveHamiltonian is constructed by substituting these normal-
ized projections and the corresponding energies in the Bloch equation as discussed
in Sect. 1.4.

Ĥ eff =
∑

i

|Ψ̃ N
i 〉Ei 〈Ψ̃ N

i | (3.35)

The basis of the effective Hamiltonian is the same as for the Heisenberg Hamil-
tonian. The use of orthonormal projections ensures that the effective Hamiltonian is
hermitian with 〈φ1φ̄2|Ĥ eff |φ̄1φ2〉 = 〈φ̄1φ2|Ĥ eff |φ1φ̄2〉.

〈φ1φ̄2|Ĥeff |φ1φ̄2〉 = 〈φ1φ̄2|
{
0.707107|φ1φ̄2〉 + 0.707107|φ̄1φ2〉

} · −29.438299

· {
0.707107〈φ1φ̄2| + 0.707107〈φ̄1φ2|

} |φ1φ̄2〉
+ 〈φ1φ̄2|

{
0.707107|φ1φ̄2〉 − 0.707107|φ̄1φ2〉

} · −29.441751

· {
0.707107〈φ1φ̄2| − 0.707107〈φ̄1φ2|

} |φ1φ̄2〉
= 0.7071072〈φ1φ̄2|φ1φ̄2〉 · −29.438299 + 0.7071072〈φ1φ̄2|φ1φ̄2〉·

− 29.441751 = 0.5 {−29.438299 − 29.441751} = −29.440025 Eh
(3.36)

The other diagonalmatrix element, 〈φ̄1φ2|Ĥ eff |φ̄1φ2〉, has the same numerical value.
The off-diagonal matrix element is calculated by the same procedure:

〈φ1φ̄2|Ĥ eff |φ̄1φ2〉 = 0.707107〈φ1φ̄2|φ1φ̄2〉 · −29.438299 · 0.707107〈φ̄1φ2|φ̄1φ2〉
+0.707107〈φ1φ̄2|φ1φ̄2〉 · −29.438299 · −0.707107〈φ̄1φ2|φ̄1φ2〉

= 0.5(−29.438299 + 29.441751) = 0.001726 Eh (3.37)

http://dx.doi.org/10.1007/978-3-319-22951-5_1
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Finally, the numerical effective Hamiltonian becomes:

|φ1φ2〉 |φ1φ2〉

〈φ1φ2| −29.440025 0.001726
〈φ1φ2| 0.001726 −29.440025

(3.38)

The two Hamiltonians (Eqs. 3.34 and 3.38) can only be compared when they have
the same zero of energy. Therefore the diagonal matrix elements of the Heisen-
berg Hamiltonian are shifted by − 1

4 J and those of the effective Hamiltonian
by −29.440025 Eh. The comparison shows that there is a one-to-one correspon-
dence between both matrices and that the magnetic coupling parameter is equal to
−2 × 0.001726 Eh = −757.6cm−1. In this simple case, the eigenfunctions of the
Heisenberg Hamiltonian are the same as those of Ŝ2; Ψ1 and Ψ2 are directly the
singlet and triplet functions, respectively. Hence J is also given by the difference
of the singlet and triplet energies: J = ES − ET = −29.441751 − −29.43830 =
−0.003452 Eh = −757.6 cm−1.

However, the extraction strategy based on effective Hamiltonians is generally
applicable and in cases where the energies of the different spin states do not provide
enough information to determine all the magnetic coupling parameters one necessar-
ily has to rely on the effective Hamiltonian procedure. The three different magnetic
coupling strengths J12, J13 and J23 of the three center/three electron case of Fig. 3.5
cannot be extracted from the two energy differences defined by the quartet and the
two doublets states. Instead an effective Hamiltonian has to be constructed from the
ab initiowave functions and compared to thematrix representation of the Heisenberg
Hamiltonian

Ĥ = −J12 Ŝ1 · Ŝ2 − J13 Ŝ1 · Ŝ3 − J23 Ŝ2 · Ŝ3 (3.39)

|φ1φ2φ3〉 |φ1φ2φ3〉 |φ1φ2φ3〉
〈φ1φ2φ3| 1

4 (J12 + J13 − J23) − 1
2 J12 − 1

2 J13

〈φ1φ2φ3| − 1
2 J12

1
4 (J12 − J13 + J23) − 1

2 J23

〈φ1φ2φ3| − 1
2 J13 − 1

2 J23
1
4 (−J12+ J13+ J23)

(3.40)

The quartet spin function Q = |ααα〉 is an eigenfunction of the Heisenberg
Hamiltonian of Eq.3.39 with eigenvalue − 1

4 (J12 + J13 + J23). However, the doublet
functions D1 and D2 defined in Eq.1.41 are not:

Ĥ
{|ααβ〉 − |βαα〉} = −1

4
(J12 − J23)

(|ααβ〉 + |βαα〉)

+ 3

4
J13

(|ααβ〉 − |βαα〉) + 1

2
(J12 − J23)|αβα〉 (3.41)

http://dx.doi.org/10.1007/978-3-319-22951-5_1
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Ĥ
{
2|αβα〉 − |ααβ〉 − |βαα〉} = (

J12 + J23 − 1

2
J13

)|αβα〉

+ (1
4

J12 − 5

4
J23 + 1

4
J13

)|ααβ〉 + ( − 5

4
J12 + 1

4
J23 + 1

4
J13

)|βαα〉
(3.42)

In the special case of J12 = J23 = J1; J13 = J2, these two expression reduce to

Ĥ D1 = 3

4
J2D1 (3.43a)

Ĥ D2 = (
J1 − 1

4
J2

)
D2 (3.43b)

and the two J -values can be directly extracted from the energy differences of the
quartet and doublet states using the relations

J1 = 2

3

(
E(D2) − E(Q)

)
(3.44a)

J2 = J1 − (
E(D2) − E(D1)

)
(3.44b)

3.2.2 Ising Hamiltonian

The elimination of the anisotropic part in Eq.3.22 leads to the Heisenberg Hamil-
tonian for isotropic magnetic interactions. The spins are considered as co-linear
vectors whose principal quantization axis has no spatially preferred orientation. An
even simpler model Hamiltonian can be obtained by putting Axx and Ayy to zero in
Eq.3.21. Then, the spin reduces to a classical vector whose orientation in space is
not defined and the resulting model Hamiltonian describes the isotropic coupling of
two (anti-)parallel spins. Replacing Azz by −J, the following expression is obtained

Ĥ = −J Ŝz,1 Ŝz,2 (3.45)

which is known as the Ising Hamiltonian. The big advantage of this simpler Hamil-
tonian is the fact that the eigenfunctions correspond tomonodeterminantal functions,
and therefore, this Hamiltonian can be used to determine the magnetic coupling
strength from density functional theory (DFT) calculations and in extended systems
treated in the periodic approximation. This is further discussed in the next chapters
in Sects. 4.3.4 and 6.3. For now, we will restrict ourselves to some formal properties
of the Ising Hamiltonian and a comparison with the Heisenberg Hamiltonian. To
determine the magnetic coupling of the two-electron/two-orbital problem, two func-
tions are needed describing parallel and anti-parallel coupling, |φ1φ2| and |φ1φ̄2|.
By acting with the Ising Hamiltonian on these two function we get

http://dx.doi.org/10.1007/978-3-319-22951-5_4
http://dx.doi.org/10.1007/978-3-319-22951-5_6
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−J Ŝz,1 Ŝz,2|φ1φ2| = −1

4
J |φ1φ2| (3.46)

−J Ŝz,1 Ŝz,2|φ1φ̄2| = 1

4
J |φ1φ̄2| (3.47)

Assuming that the spatial part is identical in both functions (only spin degrees of
freedom are taken into account for the moment), the energy difference between the
two determinants gives an estimate of the magnetic coupling through EL S − EH S =
1
2 J . Here LS refers to the determinant with antiparallel alignment of the spins andHS
to the parallel alignment. This expression is easily generalized to a pair of arbitrary
spins

EL S − EH S = 2S1S2 J (3.48)

In any real case, the orbital part plays an important role and the influence of this on the
extraction of the J -value from calculations will be discussed in the next chapter. The
dimeric system S1 = S2 = 1

2 only has HS and LS states, but for systems with higher
spins there are several intermediate states. Remembering that the eigenfunctions
of the Ising Hamiltonian are not necessarily spin eigenfunctions, we use a label to
characterize the eigenfunctions that consists of the MS-value of the two magnetic
centers. Then the HS determinant is |± 1

2 ,± 1
2 〉 and the LS state is represented as

|± 1
2 ,∓ 1

2 〉. For a system with two S = 1 spins, nine different determinants can
be defined. The HS and LS states are separated by 2J as follows from the above
equation, but in between these two, there is a set of five determinants with MS = 0
functions on one or both magnetic centers with an expectation value equal to zero.

Fig. 3.6 Comparison of the Heisenberg and Ising eigenvalues for a dimeric systemwith S1 = S2 =
1
2 (left) and 1 (right). The levels in gray are eigenfunctions of the Ising hamiltonian, but lie at much
higher energy when the spatial part of the wave function is also considered
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In the general case of S1 �= S2, the gap between the lowest state and the group of
degenerate first excited states of the Ising Hamiltonian is given by the value of the
smallest spin. Figure3.6 summarizes the energy levels of the Heisenberg and Ising
Hamiltonians for the two systems.

3.2.3 Comparing the Heisenberg and Ising Hamiltonians

Table3.1 compares some formal properties of the Ising and the Heisenberg Hamil-
tonian for symmetric dimeric systems with different spin moments. The spectral
width W—defined as the difference between the lowest and highest eigenvalue—
increases with the spin moment for both Hamiltonians. In absolute values the dif-
ference between Ising and Heisenberg grows larger, but it should be noted that the
relative difference is significantly smaller for the system with S = 5/2 (16.7%) than
for the S = 1/2 case (50%). For antiferromagnetic coupling (negative J ), the first
excited state of the Heisenberg Hamiltonian is always a threefold degenerate triplet
state with a relative energy equal to J . In the Isingmodel, the gap depends linearly on
the spin moment. For S = 1/2, the gap is smaller than in the Heisenberg model, but
for the S = 5/2 system the separation of the ground state and the first excited state is
much larger in the Isingmodel. In the case of ferromagnetic interaction, the spectrum
of the Ising Hamiltonian is simply inverted, being symmetric around E = 0. This
is not the case for the Heisenberg Hamiltonian. Except for the S = 1/2 system, the
gap between ground and first excited state is larger, as is the degeneracy of the latter.

3.7 Complete the Table for atoms with six and seven unpaired electrons as
can be found in the rare earth metal ions.

Before closing this section, a word of warning is needed concerning all the eigen-
states of the Ising Hamiltonian between the ones with the highest and lowest energy.

Table 3.1 Spectral width (W), gap (Δ) and degeneracy of the first excited state of the Heisenberg
and Ising Hamiltonian for a dimeric system with S1 = S2 = 1/2 . . . 5/2 and J = ±1 K

Spin Heisenberg Ising

W Δ Degen. W Δ Degen.

AF F AF F
1/2 1 1 1 3 1 1/2 1/2 2

1 3 1 2 3 3 2 1 5
3/2 6 1 3 3 5 9/4 3/2 4

2 10 1 4 3 7 4 2 4
5/2 15 1 5 3 9 25/2 5/2 4
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These eigenstates share the common feature that at least one of the local MS values
is not equal to ±Mmax

S . For example the Ising eigenstates in Fig. 3.6 with energy J
have either on the left or the right (or both) centers an αβ determinant. As soon as
one adds the spatial part to the wave function, these determinants are raised in energy
since they lack the stabilization by the exchange integral K present in the energy
expression of the |αα| and |ββ| determinants. Consequently, in any practical appli-
cation focused on magnetic interactions one should only consider the eigenstates of
the Ising Hamiltonian with MS = 0 or Mmax

S .

3.3 From Micro to Macro: The Bottom-Up Approach

In Sect. 2.3.2, we have shown how the temperature dependence of the magnetic
susceptibility can be calculated based on the knowledge of the energy levels of
the ion in a magnetic field. Substituting an analytical expression in the van Vleck
equation, we derived the Curie law for paramagnetic systems without interaction
between the magnetic centers. The same strategy can be followed for systems in
which the interaction between the magnetic centers cannot be neglected, such as
those discussed in this chapter so far. At difference with the derivation of Curie’s
law for isolated magnetic ions, we no longer can ignore the excited states and have
to substitute E (0) by Eq.3.28 in the van Vleck equation (Eq.2.33). Using the same
expression as before for E (1) we obtain

χ = NAμ2
B g2

e

kT

Smax∑

S=Smin

S∑

MS=−S
M2

S exp(J S(S + 1)/2kT )

Smax∑

S=Smin

S∑

MS=−S
exp(J S(S + 1)/2kT )

(3.49)

which reduces to

χ = NAμ2
B g2

e

3kT

Smax∑

S=Smin

S(S + 1)(2S + 1) exp(J S(S + 1)/2kT )

Smax∑

S=Smin

(2S + 1) exp(J S(S + 1)/2kT )

(3.50)

by using Eq.2.35. This so-called Bleaney–Bowers equation [2], which is normally
used to fit experimental data to extract numerical values for J and ge. The other way
around is of course also possible; the equation can also be used to generate the χ(T )

from an ab initio calculation of the microscopic parameters, J and sometimes ge.

http://dx.doi.org/10.1007/978-3-319-22951-5_2
http://dx.doi.org/10.1007/978-3-319-22951-5_2
http://dx.doi.org/10.1007/978-3-319-22951-5_2
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3.8 Confirm that the Bleaney–Bowers expression for a dimer with S1 = S2 =
1
2 equals

χ = 2NAμ2
B g2

e

kT
(
3 + exp(−J/kT )

) .

This is rather trivial as long as dimeric systems are concerned, because there is
actually only one parameter in the analytical expression of χ and no new information
is obtained by calculating χ(T ) from the theoretical estimates of the J -value. The
situation is different when polynuclear systems are considered. Most importantly,
there are not many systems for which an exact expression of χ has been derived. In
addition to the above stated expression for binuclear complexes, Boča derived expres-
sion for tri- and tetra-nuclear systems [3], which turn out to be rather lengthy. The
situation is even more complicated for extended systems, which have (in principle)
an infinite number of interacting magnetic centers.

In fact, the one-dimensional uniform Heisenberg chain is the only extended sys-
tem for which an exact solution has been derived making use of the Bethe Ansatz [4].
Bonner and Fisher extended this T = 0 solution to finite temperatures by extrap-
olating the results obtained for small chains to chains of infinite length [5]. The
Bonner-Fisher expression is still widely used to fit magnetic susceptibility data to
determine the magnetic coupling strength in systems with a magnetic chain-like
topology.

χ(T ) = NAμ2
B g2

e

kT

A + Bx + Cx2

1 + Dx + Ex2 + Fx3
(3.51)

where the values of A–F are given in Appendix D and x = |J |/2kT . Similar
strategies were used to derive expressions for χ(T ) in magnetic chains in which the
magnetic centers alternately interact through J1 and J2 [6]. Defining the Hamiltonian
as

Ĥ = −J
∑

i=1

(
Ŝ2i · Ŝ2i+1 + α Ŝ2i · Ŝ2i−1

)
(3.52)

with the same quadratic/cubic equation as for the uniformHeisenberg chain forwhich
A-F are also listed in the Appendix. Note that the Bonner-Fisher expression is only
valid for 2kT/|J | > 0.5 and hence the low-temperature data should not be included
in the fitting procedure. Improvements upon the Bonner-Fisher expression for low
temperatures have been published [7] and many more expressions for the magnetic
susceptibility can be found in Ref. [8].

Magnetic susceptibility data in two-dimensional extended systems are often inter-
preted based on the work of Rushbrooke and Wood [9], who derived an expression
for χ(T ) valid for high temperatures. The discovery of the high Tc superconductors
renewed the interest in the 2DHeisenberg lattices and the original workwas extended
to lower temperatures. A workable expression for a uniform lattice—characterized
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Fig. 3.7 Some examples of two-dimensional magnetic lattices for which analytical expressions
have been derived to fit J from the temperature dependence of the magnetic susceptibility

by one single J , see Fig. 3.7 left—was given byWoodward and co-workers and reads

χ(T ) = NAμ2
B g2

e

kT

5∑

n=1

an J/kT

bn J/kT
(3.53)

More general expressions were derived by Curély for S �= 1/2, for 2D lattices with
different magnetic interaction paths (Fig. 3.7 middle) and to hexagonal (or honey-
comb) lattices (Fig. 3.7 right) [10, 11].

When no analytical expression can be used to fit χ(T ), the experimental data
are interpreted by defining a magnetic model with the magnetic interactions that are
considered a priori to be the most important ones. The corresponding Heisenberg
Hamiltonian is then diagonalized and the resulting eigenvalues are substituted in
the van Vleck equation. The J -values of the magnetic model are adjusted to give
an optimal fit of the experimental data. However, one has to be aware that a multi-
parameter fit can have several solutions of equal quality and that this way of deriving
experimental J -values can be subject to uncertainties. Actually, this is where com-
putations can be helpful to discern the important interactions from less important
ones and determine the sign and order of magnitude of the interactions. This would
in principle lead to a well-founded magnetic model that will lead to reliable J -values
from the fitting procedure.

A closely related procedure allows theoreticians to take the full journey from
microscopic to macroscopic in a three-step strategy [12]. In the first stage, one calcu-
lates as exhaustive as possible the interactions among the different magnetic centers.
This should not be restricted to nearest neighbors and preferably also include three- or
four-body interactions, see Sect. 3.4. Secondly, a magnetic model is defined by writ-
ing down the Heisenberg Hamiltonian with the most important interactions. When
dealingwith an extended system, periodic boundary conditions can be applied. This is
best illustrated taking the 1D Heisenberg chain as example. As illustrated in Fig. 3.8,
the first center in the chain not only interacts with center 2 on the right, but also with
the last center in the chain. In this way, there is no open end in the chain, exactly as in
an infinite 1D chain. The topology of the model is actually a ring, but this turns out
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Fig. 3.8 Periodic boundaries in a one-dimensional chain. The central unit of five magnetic centers
is repeated on the left and the right by introducing the interaction between center 1 and 5. The
actual model is a closed ring of five centers

to be a very accurate representation of the 1D chain provided a large enough number
of centers is considered. Finally, the Hamiltonian is diagonalized and the resulting
eigenvalues are substituted in the van Vleck equation to obtain the magnetic sus-
ceptibility as function of the temperature from a rigorous ab initio treatment. The
eigenvalues can of course also be used to derive any other macroscopic property such
as the specific heat at constant magnetic field (CB) by using the appropriate equation
from standard statistical mechanics.

Inter- and intramolecular interactions: Generally speaking, transitionmetal based
magnetic materials have large intramolecular interactions and weaker intermolecular
interactions. Nevertheless, the control and understanding of the macroscopic prop-
erties depends critically on the knowledge of both types of interactions. Imagine a
building block with two antiferromagnetically coupled spin moments as schemati-
cally depicted in the upper panel of Fig. 3.9. The interaction of the spin moments
on the transition metals proceeds through the bridging ligand as will be profoundly
analyzed in Chap.5 and is also known as a through-bond interaction. Using transi-
tion metals with different spins (S1 �= S2) causes that the unit has a net magnetic
moment, despite the antiferromagnetic nature of the interaction. This is known as
ferrimagnetism. The middle panel shows that a proper choice of the external ligands
can link these building blocks into an infinite chain of antiferromagnetically cou-
pled magnetic centers. Such entity is of course a very interesting object due to the
net magnetic moment, however to take profit of this, one has to stick these chains
together in a three-dimensional structure such that the chains are ferromagnetically
coupled to each other as shown in the lower panel. This interchain coupling is typ-
ically much weaker as it does not involve magnetic centers that are connected by
(covalent) bonds, and is usually referred to as through-space interaction. By carefully
choosing the magnetic centers and the coordinating ligands, Kahn and co-workers
were able to design and synthesize molecular-based magnets, initially with rather
low critical temperatures for long-range order [13], but later many compounds have
been reported with long-range order at much higher temperatures.

A different situation is encountered inmostmagneticmaterials containing organic
radicals. Typically, the building units are moieties with one unpaired electron, either

http://dx.doi.org/10.1007/978-3-319-22951-5_5
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Fig. 3.9 Upper
Antiferromagnetic coupling
of two spins intermediated
by a diamagnetic bridge
(through-bond interactions).
Middle After linking the
units, a one-dimensional
ferrimagnetic chain is
obtained. Lower The 1D
chains are linked together
through weaker
intramolecular
(through-space) interactions,
indicated by dotted lines (for
simplicity only two
dimensions are shown)

localized on a few atoms of the radical (N and O in nitroxides, central C in triaryl-
methyl, for example) or delocalized over a large part of the molecule (conjugated
π -systems such as phenalenyl). Themagnetic properties of these radical-basedmate-
rials are determined by the through-space interactions between the units.

3.3.1 Monte Carlo Simulations, Renormalization
Group Theory

There are powerful techniques to determine a few selected eigenvalues and eigenvec-
tors of matrices of huge dimensions with millions or even billions of columns. This
can be very efficiently exploited to calculate the electron correlation effects in the
energy and wave function in electronic structure calculations where normally only
the ground state and a few excited states are of interest. However, the accurate calcu-
lation of macroscopic properties such as the temperature dependence of the magnetic
susceptibility cannot be done using only a few low lying eigenstates, but requires
a much larger set. The eigenvalue spectrum of the Heisenberg Hamiltonian is very
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Table 3.2 Dimension of the Heisenberg Hamiltonian for a system with N magnetic sites with
S = 1

2 and 1

S N = 2 3 4 5 6 7 8 9 10 11 12
1
2 2 3 6 10 20 35 70 126 252 462 924

1 3 7 19 51 141 393 1107 3139 8953 25648 73764

dense and many levels are thermally occupied. Since selecting a balanced subset of
states is nearly impossible, it is preferable to perform a full diagonalization of the
Heisenberg Hamiltonian and include all states in the calculation of the macroscopic
properties of the material under study.

However, the dimension g of the Heisenberg Hamiltonian grows rapidly with the
number of magnetic sites N and the spin moment of these sites. For a model with all
spin moments equal to S = 1

2 the dimension is given by (Table3.2)

g = (2N S)!
(
(N S)!)2

if N is even

g =
(
2(N S + 1/2)

)!
2
(
(N S + 1/2)!)2

if N is odd (3.54)

and for lattices with S = 1 spin moments the dimension is given by

g = 1 +
k<N/2∑

k=1

(
n

2k

)(
2k

k

)
(3.55)

for higher spin moments the increase is even steeper. Brute force diagonalization
techniques can handle models with up to 16 S = 1

2 magnetic sites. Using more
powerful techniques such as those based on the Lanczos algorithm can push the limit
up to 40 centers, which for most practical applications seems to be large enough.
However, for larger models and for larger spin moment, it can be useful to consider
more approximate techniques to obtain information on the macroscopic properties
from the electronic structure parameters in a bottom-up approach. A good example
is the family of polynuclear complexes intensively investigated for the possibility
of single molecule magnet behaviour. Complexes with 19 FeIII ions can hardly be
expected to be treated via a full diagonalization of the Heisenberg Hamiltonian,
but still has been studied in a bottom-up approach [14]. Among the many different
approaches to have access to macroscopic properties starting at the microscopic
description but without going through the full diagonalization of the Heisenberg
Hamiltonian we will shortly mention two techniques, namely the renormalization
group (RG) theory and classical Monte Carlo simulations.
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Renormalization Group theory: The partition function Q is the central quantity
of statistical mechanics and many thermodynamic functions can be derived from it.
The partition function of the one-dimensional Ising chain is

Q =
∑

MS= 1
2 ,− 1

2

exp[J (MS(1)MS(2) + MS(2)MS(3) + MS(3)MS(4) + . . .)/kB T ]

(3.56)

with K = J/2kB T and MS = 1
2σ (σ = ±1), this can be rewritten to

Q =
∑

σi =±1

eK (σ1σ2+σ2σ3)eK (σ3σ4+σ4σ5) . . . (3.57)

After summing over σ2 = ±1, we arrive at

Q =
∑

σi =±1
i �=2

[eK (σ1+σ3) + e−K (σ1+σ3)]eK (σ3σ4+σ4σ5) . . . (3.58)

and when the summation is made over σ4, σ6, . . ., the partition function becomes

Q =
∑

σi =±1
i= odd

. . . [eK (σ1+σ3) + e−K (σ1+σ3)][eK (σ3+σ5) + e−K (σ3+σ5)] . . . (3.59)

If we can find a way to rewrite

[eK (σ1+σ3) + e−K (σ1+σ3)] as f (K )eK ′σ1σ3 (3.60)

we can return to the original expression of the partition function but now with half
the number of centers and replacing K , the interaction between magnetic centers
by K ′, the effective interaction parameters between blocks containing two magnetic
centers, as illustrated in Fig. 3.10. Substituting σ1 = σ3 = ±1 and σ1 = −σ3 = ±1,
we obtain two equations from which f (K ) and K ′ can be determined

σ1 = σ3 = ±1 e2K + e−2K = f eK ′

σ1 = −σ3 = ±1 2 = f eK ′

}
⇒ K ′ = 1

2 ln cosh(2K )

f (K ) = 2 cosh
1
2 (2K )

(3.61)

and

Q =
∑

σi =±1
i= odd

f (K )eK ′σ1σ3 f (K )eK ′σ3σ5 . . . = f (K )N/2
∑

σi =±1
i= odd

eK ′σ1σ3eK ′σ3σ5 . . .

(3.62)
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Fig. 3.10 Illustration of the renormalization procedure. In the upper part N particles are considered
with an interaction K , while in the lower part the interaction K between sites is replaced by a larger-
scale effective interaction K ′

Hence, we have shown that the partition function of the whole system can be
written in terms of properties that only depend on half the number of centers

Q(N , K ) = f (K )N/2Q(N/2, K ′) (3.63)

and the recursive application of this formula connects the microscopic description
with the thermodynamic large-scale properties. To elaborate the procedure a little
more we use the relation of the free energy A and the partition function as given by
statistical mechanics

ln Q(N , K ) = A

−kT
= Nξ(K ) (3.64)

The free energy can be used to determine the specific heat and the temperature depen-
dence of the specific heat can tell us something about the possible order-disorder
phase transitions in magnetic systems. A is an extensive property and hence depends
on the system size. It is here conveniently written as a product of the system size
(N ) and a system-size independent parameter ξ, which can be considered as the free
energy per site.

ξ(K ) = ln Q

N
= 1

2
ln f (K ) + 1

2
ξ(K ′) (3.65)

where we have used ln xa y = a ln x + ln y and ln Q(N/2, K ′) = (N/2)ξ(K ′), cf.
Eq. 3.63. This brings us to the recursion relations to go froma descriptionwith N indi-
vidual magnetic centers interacting through K to a description with ever increasing
block size interacting through K ′

K ′ =1

2
ln cosh(2K )

ξ(K ′) =2ξ(K ) − ln(2 cosh
1
2 (2K )) (3.66)

The inverse relation can also be of use, especially in those cases where the property
under study (here the free energy per site) is known in the thermodynamic limit, that
is K ′ ≈ 0
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K =1

2
cosh−1(e2K ′

)

ξ(k) =1

2
ln 2 + 1

2
K ′ + 1

2
ξ(K ′) (3.67)

The one-dimensional Ising chain is not the most interesting magnetic system to
study with renormalization theory, since it is known from the exact solution that
there is no phase transition, the chain is disordered at any finite temperature. The
two-dimensional Ising lattice does have an order/disorder phase transition, nicely
reproduced with the renormalization procedure as discussed in Refs. [15, 16]. Such
phase transition does not exist in a two-dimensional lattice describedwith theHeisen-
berg Hamiltonian. For this model, a non-zero interaction along the third dimension is
needed to have an ordered (anti-)ferromagnetic system at finite temperature as stated
by the Mermin-Wagner theorem.

Monte Carlo simulations: An alternative strategy to calculate thermodynamic prop-
erties is to explicitly follow the trajectory of amagnetic system by a computer simula-
tion of the system. Along such trajectory, the system will adopt many conformations
with different energy, magnetization and other microscopic observables. If the sam-
pling of the conformational space is done correctly, a good estimate of the partition
function can be made and with this all type of thermodynamic functions can be
calculated.

There are basically two types of simulations to sample the conformational space.
The first one is known as Molecular Dynamics and propagates a system in time by
integrating the Newton’s equations of motion. In its most rudimentary form the pro-
cedure can be described as follows. For a given set of atomic positions r(t = t0),
one calculates the forces and from these the velocities v(t0), accelerations a(t0) and
usually some higher derivatives. The atoms are then moved from r(t0) to r(t0 + Δt)
by the formula r(t0 + Δt) = r(t0) + v(t0)Δt + (1/2)a(t0)Δt2 + . . . and the time is
updated from t0 to t0 + Δt . Then the cycle is repeated as long as one wants to fol-
low the trajectory. The second method, the so-called Monte Carlo method, does not
propagate the system in time but rather performs a random walk through the confor-
mational space to calculate the partition function. Whereas numerical integration on
a regular grid is much more efficient for low-dimensional functions, such approach
is absolutely out of the question for extremely high dimensional functions, such as
the partition function for any interesting N -particle system. In these cases a smart
random walk is more effective and can be used to extract macroscopic properties as
function of microscopic interactions.

To illustrate the procedure, we come back to the Ising model, but now focusing on
the two-dimensional latticewith nearest neighbour interactions only. The sampling of
the conformational space is usually done with theMetropolis algorithm, which starts
by creating the initial spin conformation S0. This can be done in many ways, one of
them is assigning a random spin direction MS = ± 1

2 to each lattice point as shown
in the left part of Fig. 3.11. After calculating the energy of this spin distribution, a
trial step in conformational space is taken by inverting the spin at one of the lattice
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Fig. 3.11 Left Initial spin distribution S0 on a small part of the N × N spin lattice. Right Trial spin
distribution St after inverting the MS value of the black spin. Depending on the energy change, the
new distribution can be accepted or rejected

sites to generate St . The step is accepted when exp(−ΔE/kB T ) is larger than a
uniformly chosen random number between 0 and 1 and rejected otherwise (ΔE is
the energy difference of St and S0). This means that trial spin distributions with
lower energy are always accepted, while trial conformations with higher energies
are accepted through an exponential weighting function. The closer the value of the
exponential to 1 (that is, for small ΔE), the larger the chance for accepting the new
conformation. Figure3.12 shows how the ratio between accepted and rejected steps
(γ ) smoothly converges to an exponential function of the energy difference with an
increasing number of steps in the conformational space.

In the trial distribution shown in the right panel of Fig. 3.11, the black spin was
changed from MS = 1

2 to − 1
2 . The energy difference between St and S0 can easily

be calculated by realizing that the only contributions to the energy difference arise

Fig. 3.12 Acceptance rate γ

as function of the energy
difference ΔE between the
initial and trial spin
conformation for three
different simulation lengths
N . The black line represents
the weighting function
exp(−0.5ΔE)
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from the interaction involving the black spin. The differential part of the energy of
S0 and St is

E ′(S0) = −J · 1
2

(
1

2
− 1

2
− 1

2
− 1

2

)
= 1

2
J

E ′(St ) = −J · −1

2

(
1

2
− 1

2
− 1

2
− 1

2

)
= −1

2
J (3.68)

and from here the energy difference ΔE = −J . When J > 0, that is for ferromag-
netic interactions, the step is accepted because the energy of the system is lowered by
the spin flip. Instead for antiferromagnetic interactions, J < 0, the energy difference
is positive and the step will only be accepted when the exp(−ΔE/kB T ) is larger than
a random number between 0 and 1. Subsequently, the neighbouring spin is flipped
and the accept/reject algorithm is repeated for all sites on the lattice. Then the total
energy and magnetization (or other properties) are calculated and accumulated to
determine the average properties after a certain amount of sweeps over the lattice.

In addition to the very basic application to the two-dimensional latticewith nearest
neighbour interactions, this rather simple and intuitive approach to calculate ther-
modynamic properties can of course also be used to study magnetic systems with
more complex magnetic structures. However, it fails badly when it comes to mag-
netic interactions between centers with spin moments different from S = 1

2 . In the
basic form described above each lattice site can only adopt two states: up or down;
α or β; positive or negative MS . No distinction can be made between a lattice of
magnetic sites with S = 1

2 and any higher spin moment. For this purpose, the model
Hamiltonian needs to be improved and a natural thing to do is to replace the Ising
Hamiltonian with the Heisenberg Hamiltonian. An important drawback of using this
more accurate model Hamiltonian is that the total energy of the lattice is no longer
a simple sum of individual contributions as in the Ising case, and hence, the energy
of a spin configuration cannot be calculated directly. Instead one can introduce two
levels of accuracy in the Metropolis algorithm [17]. To decide on the acceptance of
a spin flip the energy of a small cluster around the active lattice site is calculated
with the Heisenberg Hamiltonian, while the rest of the lattice is considered as an
Ising system. Keeping the cluster small enough, sweeping the lattice can be done
rather efficiently in this half classic/half quantum treatment of the spin interactions.
To study magnetic phenomena at low temperatures, one should definitely consider a
full Quantum Monte Carlo approach [18].

3.4 Complex Interactions

The isotropic bilinear operator discussed so far is the most widely considered inter-
action in polynuclear magnetic systems since it accounts for an important part of the
physics. However, it is not the whole story. In the very beginning of this chapter, we
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have set aside the spatial anisotropy in the interaction between two spin moments.
Furthermore we have assumed that the interaction can be described with a simple
vector product of linear operators and that more-than-two particle interactions are
irrelevant. In this section, we will discuss refinements of the standard Hamiltonian
and see how more complex interactions can be incorporated in the description of the
magnetic couplings.

3.4.1 Biquadratic Exchange

The spin eigenfunctions for a binuclear complex with S = 1 magnetic centers are

Q = αααα

T = 1√
2
(ααββ − ββαα) (3.69)

S = 1

2
√
3

(
2(ααββ + ββαα) − αβαβ − αββα − βααβ − βαβα

)

which are also eigenfunctions of the Heisenberg Hamiltonian, with eigenvalues of
−J , J and 2J , respectively.

ĤΨ = −J Ŝ1 · Ŝ2Ψ = −J

[
1

2
(Ŝ+

1 Ŝ−
2 + Ŝ−

1 Ŝ+
2 ) + Ŝz,1 Ŝz,2

]
Ψ (3.70)

with Ŝ1 = ŝ(1) + ŝ(2) and Ŝ2 = ŝ(3) + ŝ(4) (see Eq.1.22), the eigenvalue of the
quintet function arises from

ĤQ = −J

[
1

2

{
(ŝ+(1) + ŝ+(2))(ŝ−(3) + ŝ−(4)) + (ŝ−(1) + ŝ−(2))(ŝ+(3) + ŝ+(4))

}

+(ŝz(1) + ŝz(2))(ŝz(3) + ŝz(4))

]
α(1)α(2)α(3)α(4)

= −J

[
1

2

{
(ŝ+(1) + ŝ+(2))ααββ + (ŝ−(1) + ŝ−(2)) · 0}

+ (ŝz(1) + ŝz(2))

(
1

2
+1

2

)
αααα

]
= −J Q (3.71)

The calculation of the eigenvalues of the triplet and singlet functions is slightly more
involved but follows exactly the same mechanics and can be derived as a useful
exercise.

http://dx.doi.org/10.1007/978-3-319-22951-5_1
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3.9 Calculate the outcome of (ŝ+(1) + ŝ+(2))(ŝ−(3) + ŝ−(4)), (ŝ−(1) +
ŝ−(2))(ŝ+(3) + ŝ+(4)) and (ŝz(1) + ŝz(2))(ŝz(3) + ŝz(4)) acting on ααββ,
ββαα, αβαβ, αββα, βαβα and βααβ. Use the results to verify the Heisenberg
Hamiltonian eigenvalues of the singlet and triplet spin functions.

As long as magnetic anisotropy can be neglected, the regular spacing between
the energy levels, the Landé pattern of Eq.3.29 gives a very accurate representation
of the experimental situation. However, sometimes deviations have been observed,
which are usually ascribed to biquadratic interactions and subsequently incorporated
in the model by adding an extra term to the Heisenberg Hamiltonian

Ĥ = −J Ŝ1 · Ŝ2 + λ(Ŝ1 · Ŝ2)
2 (3.72)

Before calculating the eigenvalues of this new spin Hamiltonian, the second term
has to be worked out a little more

(Ŝ1 · Ŝ2)
2 =

[
1

2
(Ŝ+

1 Ŝ−
2 + Ŝ−

1 Ŝ+
2 ) + Ŝz,1 Ŝz,2

] [
1

2
(Ŝ+

1 Ŝ−
2 + Ŝ−

1 Ŝ+
2 ) + Ŝz,1 Ŝz,2

]

= 1

4

[
Ŝ+
1 Ŝ−

2 Ŝ+
1 Ŝ−

2 + Ŝ+
1 Ŝ−

2 Ŝ−
1 Ŝ+

2 + Ŝ−
1 Ŝ+

2 Ŝ+
1 Ŝ−

2 + Ŝ−
1 Ŝ+

2 Ŝ−
1 Ŝ+

2

]

+ 1

2

[
Ŝ+
1 Ŝ−

2 Ŝz,1 Ŝz,2 + Ŝ−
1 Ŝ+

2 Ŝz,1 Ŝz,2 + Ŝz,1 Ŝz,2 Ŝ+
1 Ŝ−

2 + Ŝz,1 Ŝz,2 Ŝ−
1 Ŝ+

2

]

+ Ŝz,1 Ŝz,2 Ŝz,1 Ŝz,2 (3.73)

The different Ŝ1 and Ŝ2 operators are again replaced by the sum of the one-electron
operators ŝ(1)+ ŝ(2) and ŝ(3)+ ŝ(4) and the effect of the nine operators on the seven
different determinants can be evaluated. Using the results summarized in Table3.3,
the effect of the biquadratic exchange operator on the spin functions listed in Eq.3.69
is easily established:

λ(Ŝ1 Ŝ2)
2αααα = λαααα = λQ (3.74a)

λ(Ŝ1 Ŝ2)
2 (ααββ − ββαα)√

2
= λ√

2

[
1

4
(4ααββ + 4ββαα) − 1

2
κ + ααββ

− 1

4
(4ααββ + 4ββαα) + 1

2
κ − ββαα

]
= λ√

2
(ααββ − ββαα) = λT

(3.74b)
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Table 3.3 Effect of (Ŝ1 · Ŝ2)2 on the determinants that form the quintet, triplet and singlet spin
functions of a binuclear system with S = 1

Operator αααα ααββ ββαα αβαβ αββα βαβα βααβ

Ŝ+
1 Ŝ−

2 Ŝ+
1 Ŝ−

2 0 0 4ααββ 0 0 0 0

Ŝ+
1 Ŝ−

2 Ŝ−
1 Ŝ+

2 0 4ααββ 0 κ κ κ κ

Ŝ−
1 Ŝ+

2 Ŝ+
1 Ŝ−

2 0 0 4ββαα κ κ κ κ

Ŝ−
1 Ŝ+

2 Ŝ−
1 Ŝ+

2 0 4ββαα 0 0 0 0 0

Ŝ+
1 Ŝ−

2 Ŝz,1 Ŝz,2 0 0 −κ 0 0 0 0

Ŝ−
1 Ŝ+

2 Ŝz,1 Ŝz,2 0 −κ 0 0 0 0 0

Ŝz,1 Ŝz,2 Ŝ+
1 Ŝ−

2 0 0 0 −ααββ −ααββ −ααββ −ααββ

Ŝz,1 Ŝz,2 Ŝ−
1 Ŝ+

2 0 0 0 −ββαα −ββαα −ββαα −ββαα

Ŝz,1 Ŝz,2 Ŝz,1 Ŝz,2 αααα ααββ ββαα 0 0 0 0

κ = αβαβ + αββα + βαβα + βααβ

λ(Ŝ1 Ŝ2)
2 1

2
√
3

(
2(ααββ + ββαα) − αβαβ − αββα − βααβ − βαβα

)

= λ

2
√
3

[
1

4
(8ααββ + 8ββαα) − 1

2
2κ + 2ααββ + 1

4
(8ααββ + 8ββαα)

− 1

2
2κ + 2ββαα − 4(

1

4
2κ − 1

2
ααββ −1

2
ββαα)

]

= λ

2
√
3

[
8(ααββ + ββαα) + 4(−αβαβ − αββα − βααβ − βαβα)

] = 4λS

(3.74c)

and the eigenvalues of the Heisenberg Hamiltonian extended with a term for the
biquadratic exchange are

( − J Ŝ1 · Ŝ2 + λ(Ŝ1 · Ŝ2)
2)Q = (−J + λ)Q (3.75a)

( − J Ŝ1 · Ŝ2 + λ(Ŝ1 · Ŝ2)
2)T = (J + λ)T (3.75b)

( − J Ŝ1 · Ŝ2 + λ(Ŝ1 · Ŝ2)
2)S = (2J + 4λ)S (3.75c)

3.4.2 Four-Center Interactions

Magnetic interactions are not restricted to the exchange of the spin moments on two
magnetic centers, but can be extended to the simultaneous interaction of three or
four magnetic centers. These interactions are in general smaller than the two-body
interactions but can not always be neglected.A clear example is given by themagnetic
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Fig. 3.13 Ladder-like
structure formed by the
Cu2+ ions in SrCu2O3.
Oxygens on the grey lines
between the copper ions are
not shown. Jleg , Jrung and
Jdiag are the standard
two-body interactions, Jring
is a four-body interaction
that cyclically interchanges
the four spins

interactions in the solid state compound SrCu2O3. This copper oxide has a layered
structure, in which Cu2O3 layers are separated by Sr2+ ions. The Cu ions form a
ladder-like structure as shown in Fig. 3.13 with oxygen ions between the magnetic
centers. A straightforward fitting of the magnetic susceptibility with just the two-
body interactions leads to the conclusion that the magnetic interaction along the legs
is twice as large as the interactions along the rungs of the ladder. However, the local
geometry does not support such a large difference; distances, angles, coordination
are all very similar in both cases. Extending the model Hamiltonian used to fit
experimental data with four-body interactions provides amore consistent picture: the
interactions along leg and rung are similar and the four-body interaction is sizeable.

Toget a handon the four-body interactions, the four-center clusterABCDshown in
Fig. 3.13 is studied. The four magnetic centers, A . . . D, have one unpaired electron,
and therefore, a magnetic moment of S = 1/2. The Hamiltonian of this system is
a sum of the standard two-body interactions plus P̂1234, a four-body operator that
cyclically permutes the four spin functions.

Ĥ =
∑

i< j

−Ji j Ŝi · Ŝ j + Jr P̂1234 (3.76)

To stay within a spin Hamiltonian formalism, the permutation operator has to be
replaced by spin operators, which can be done in the following way [19]:

P̂1234 = κ
(
(ŜA · ŜB)(ŜC · ŜD) + (ŜA · ŜD)(ŜB · ŜC ) − (ŜA · ŜC )(ŜB · ŜD)

)

(3.77)

To check that this sum indeed cyclically permutes the spin functions, we compare
the outcome of acting with P̂1234 and acting with the sum of bilinear operators on
the wave function Ψ = αβαβ − βαβα.
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P̂1234(αβαβ − βαβα) = βαβα − αβαβ (3.78)

Note that the wave function with only one of the terms is not an eigenfunction of the
permutation operator P̂1234. To determine the result of the sum of four-spin operators,
we will develop step-by-step the action of (ŜA · ŜD)(ŜB · ŜC ). The other two terms
can be done by the reader as an exercise. In the first place, we need to establish the
result of acting with Ŝi · Ŝ j on the different two-electron determinants. By writing Ŝ
as Ŝx + Ŝy + Ŝz and using Eq.1.20a, the following relations are easily derived:

Ŝ1 · Ŝ2αα = 1

4
αα Ŝ1 · Ŝ2αβ = 1

2
βα − 1

4
αβ

Ŝ1 · Ŝ2ββ = 1

4
ββ Ŝ1 · Ŝ2βα = 1

2
αβ − 1

4
βα (3.79)

Next, we use these results to determine how ŜB · ŜC and ŜA · ŜD act on αβαβ

ŜB · ŜCα(1)β(2)α(3)β(4) =
[

ŜB · ŜCβ(2)α(3)
]
α(1)β(4)

=
(
1

2
α(2)β(3) − 1

4
β(2)α(3)

)
α(1)β(4) = 1

2
ααββ − 1

4
αβαβ (3.80)

with ŜA · ŜDαβαβ = 1
2ββαα − 1

4αβαβ and ŜA · ŜDααββ = 1
2βαβα − 1

4ααββ the

product (ŜA · ŜD)(ŜB · ŜC ) acting on αβαβ gives

(ŜA · ŜD)(ŜB · ŜC )αβαβ = (ŜA · ŜD)

(
1

2
ααββ − 1

4
αβαβ

)

= 1

4
βαβα − 1

8
ααββ − 1

8
ββαα + 1

16
αβαβ (3.81)

Repeating this for the other two products of bilinear operators and summing the
results of acting on βαβα as well, we obtain

1

4
βαβα − 1

8
αββα − 1

8
βααβ + 1

16
αβαβ − 1

4
αβαβ + 1

8
βααβ

+ 1

8
αββα − 1

16
βαβα + 1

4
βαβα − 1

8
ααββ − 1

8
ββαα + 1

16
αβαβ

− 1

4
αβαβ + 1

8
ββαα + 1

8
ααββ − 1

16
βαβα − 1

16
αβαβ + 1

16
βαβα

= 7

16
(βαβα − αβαβ) (3.82)

This shows that, except for a constant that can be absorbed in the interaction constant
Jr , the action of the cyclic permutation operator is identical to the linear combina-

http://dx.doi.org/10.1007/978-3-319-22951-5_1


3.4 Complex Interactions 93

Fig. 3.14 The three
different possibilities of the
cyclic permutations of the
spins on a square of four
magnetic centers

tion of products of bilinear operators. Therefore, we define the Hamiltonian for the
rectangle ABCD in Fig. 3.13 as

Ĥ = −J1(ŜA · ŜB + ŜC · ŜD) − J2(ŜA · ŜD + ŜB · ŜC ) − J3(ŜA · ŜC + ŜB · ŜD)

+ Jr
[
(ŜA · ŜB)(ŜC · ŜD) + (ŜA · ŜD)(ŜB · ŜC ) − (ŜA · ŜC )(ŜB · ŜD)

]

(3.83)

where the subscripts 1, 2, 3, and r stand for leg, rung, diag and ring, respectively.
Before looking at the eigenvalues of this Hamiltonian, it should be mentioned that
P̂1234 is not the only way to cyclically permute the four spin functions. Alternatively,
one can apply the P̂1324 and P̂1423 operators to shift them around the rectangle as
illustrated in Fig. 3.14. These possibilities are carefully worked out in Ref. [20],
where the corresponding interaction parameters were shown to be so small that they
will be neglected here for simplicity.

The four unpaired electrons on the rectangle occupy the magnetic orbitals a, b, c
and d, respectively. They can be coupled to a quintet, three different triplets and two
singlets. A common basis for these six states is given by the six MS = 0 determinants
|abcd|, |abcd|, |abcd|, |abcd|, |abcd| and |abcd|. In the following, we will omit
the spatial part and return to a spin-only notation, |αβαβ|, |βαβα|, etc.
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3.10 Couple the spins of the four centers in a sequential fashion in all possible
ways to check the existence of one quintet, three different triplets and two
singlets for a system with four S = 1/2 magnetic moments.

The matrix representation of Ĥ is

|αβαβ〉 |βαβα〉 |ααββ〉 |ββαα〉 |αββα〉 |βααβ〉
〈αβαβ| H11

〈βαβα| − 1
2 Jr H22

〈ααββ| − 1
2 J1 + 1

8 Jr − 1
2 J1 + 1

8 Jr H33

〈ββαα| − 1
2 J1 + 1

8 Jr − 1
2 J1 + 1

8 Jr 0 H44

〈αββα| − 1
2 J2 + 1

8 Jr − 1
2 J2 + 1

8 Jr − 1
2 J3 + 1

8 Jr − 1
2 J3 + 1

8 Jr H55

〈βααβ| − 1
2 J2 + 1

8 Jr − 1
2 J2 + 1

8 Jr − 1
2 J3 + 1

8 Jr − 1
2 J3 + 1

8 Jr 0 H66

with

H11 = H22 = 1

2
(J1 + J2 − J3) + 1

16
Jr

H33 = H44 = 1

2
(J1 − J2 + J3) + 1

16
Jr

H55 = H66 = 1

2
(−J1 + J2 + J3) + 1

16
Jr (3.84)

The diagonalization of this matrix should in principle give the necessary relations to
extract the bilinear exchange parameters and the strength of the four-center interac-
tion. There are five energy differences and only four parameters to be determined.
However, the resulting equations are rather awkward and it is easier to extract the para-
meters by constructing a numerical effective Hamiltonian with the extra advantage
that the assumption of very small contribution from the other type of permutations
can be checked. For a square complex with J1 = J2 = J , the equations for the
energies of the spin states are significantly more simple, giving

E(Q) = 0 (3.85)

E(T 2) = E(T 3) = J + J3 (3.86)

E(S2) = J + 2J3 − 1

4
Jr (3.87)

E(T 1) = 2J − 1

2
Jr (3.88)

E(S1) = 3J + 3

4
Jr (3.89)
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3.11 Extract the magnetic coupling parameters for a four-center Cu2+ com-
plex with a square geometry. (i) Under the assumption of equal coupling along
the edges of the square, zero coupling along the diagonal and no four-center
interactions; (ii) with a non-negligible ring exchange (J1 = J2; Jr �= 0 and
J3 = 0); (iii) considering the three different interactions. The following total
energies for the spin states were calculated: E(Q) = −3953.38577312 Eh;
E(T2) = E(T3) = −3953.39054141 Eh; E(S2) = −3953.39100763 Eh;
E(T1) = −3953.39533075 Eh; E(S1) = −3953.39867933 Eh. Are the esti-
mates of J the same in the first case when extracted from different ΔE’s?

3.4.3 Anisotropic Exchange

In Sect. 3.2 we have introduced the general expression (Eq.3.20) to describe the
interaction between two spin moments on different magnetic centers. So far, only
the isotropic interactions have been considered in this chapter; the total spin moment
(and the single-ion spin) in itself has nopreferredorientation in space, only the relative
orientation—parallel or antiparallel—of the local spins has been looked at. This is
of course only part of the story. Due to relativistic effects, in many systems the spin
moment is anisotropic as seen in the previous chapter for mononuclear complexes.
The magnetic anisotropy is in some compounds accompanied by ferroelectricity.
These so-called multiferroic compounds, often perovskite transition metal oxides,
have potential applications as switches, sensors or memory devices. Coming back to
Eq.3.20, we will separate isotropic and anisotropic interactions before orienting the
molecule in such a way that the magnetic frame coincides with the cartesian axes
frame. Then, the Hamiltonian becomes

Ĥ = −J Ŝ1 · Ŝ2 + Ŝ1AŜ2 (3.90)

As long as we are concerned with binuclear S = 1/2 complexes, no single-ion
anisotropy has to be added and this Hamiltonian describes the lowest energy levels
in the absence of an external magnetic field.

Symmetric anisotropy: The basis of this Hamiltonian can no longer be restricted to
determinants with the same MS value as was done for the isotropic interactions. The
inclusion of magnetic anisotropy in the model causes the removal of the degeneracy
of the different MS levels and eventually mixing of the wave functions with different
spinmoment.Here,we have to consider fourCSFs; the three components of the triplet
plus the singlet. To facilitate the determination of the matrix elements of the model
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Hamiltonian, it is common practice to consider the basis of uncoupled determinants
and then transform to the basis of spin-adapted CSFs.

3.12 Perform the matrix multiplication of the anisotropic term in the model
Hamiltonian.

The uncoupled basis is formed by the determinants |αα|, |αβ|, |βα| and |ββ|.
The result of acting with the isotropic part of Hamiltonian on these determinants can
directly be written down with the help of Eqs. 3.79, but the anisotropic part requires a
little more work. Based on the relations given in Eqs. 1.16a and 1.20a, the following
is easily derived for the products of one-electron operators

• Ŝ1AŜ2|αα|

Axx Ŝx Ŝxαα = 1

4
Axxββ Axy Ŝx Ŝyαα = − 1

4i
Axyββ Axz Ŝx Ŝzαα = 1

4
Axzβα

Ayx Ŝy Ŝxαα = − 1

4i
Ayxββ Ayy Ŝy Ŝyαα = −1

4
Ayyββ Ayz Ŝy Ŝzαα = − 1

4i
Ayzβα

Azx Ŝz Ŝxαα = 1

4
Azxαβ Azy Ŝz Ŝyαα = − 1

4i
Azyαβ Azz Ŝz Ŝzαα = 1

4
Azzαα

(3.91a)

• Ŝ1AŜ2|ββ|

Axx Ŝx Ŝxββ = 1

4
Axxαα Axy Ŝx Ŝyββ = 1

4i
Axyαα Axz Ŝx Ŝzββ = −1

4
Axzαβ

Ayx Ŝy Ŝxββ = 1

4i
Ayxαα Ayy Ŝy Ŝyββ = −1

4
Ayyαα Ayz Ŝy Ŝzββ = − 1

4i
Ayzαβ

Azx Ŝz Ŝxββ = −1

4
Azxβα Azy Ŝz Ŝyββ = − 1

4i
Azyβα Azz Ŝz Ŝzββ = 1

4
Azzββ

(3.91b)

• Ŝ1AŜ2|αβ|

Axx Ŝx Ŝxαβ = 1

4
Axxβα Axy Ŝx Ŝyαβ = 1

4i
Axyβα Axz Ŝx Ŝzαβ = −1

4
Axzββ

Ayx Ŝy Ŝxαβ = − 1

4i
Ayxβα Ayy Ŝy Ŝyαβ = 1

4
Ayyβα Ayz Ŝy Ŝzαβ = 1

4i
Ayzββ

Azx Ŝz Ŝxαβ = 1

4
Azxαα Azy Ŝz Ŝyαβ = 1

4i
Azyαα Azz Ŝz Ŝzαβ = −1

4
Azzαβ

(3.91c)

http://dx.doi.org/10.1007/978-3-319-22951-5_1
http://dx.doi.org/10.1007/978-3-319-22951-5_1
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• Ŝ1AŜ2|βα|

Axx Ŝx Ŝxβα = 1

4
Axxαβ Axy Ŝx Ŝyβα = − 1

4i
Axyαβ Axz Ŝx Ŝzβα = 1

4
Axzαα

Ayx Ŝy Ŝxβα = 1

4i
Ayxαβ Ayy Ŝy Ŝyβα = 1

4
Ayyαβ Ayz Ŝy Ŝzβα = 1

4i
Ayzαα

Azx Ŝz Ŝxβα = −1

4
Azxββ Azy Ŝz Ŝyβα = 1

4i
Azyββ Azz Ŝz Ŝzβα = −1

4
Azzβα

(3.91d)

Following common practice, we write the anisotropic interaction as the sum of sym-
metric

Di j = D ji = 1

2
(Ai j + A ji ) (3.92a)

and antisymmetric contributions

di j = −d ji = 1

2
(Ai j − A ji ) (3.92b)

For the moment we neglect the antisymmetric interaction and write down the matrix
representation of the Hamiltonian as sum of isotropic and symmetric anisotropic
interactions.

|αα〉 |αβ〉 |βα〉 |ββ〉
〈αα| − 1

4 (J + Dzz)
1
4 (Dxz − i Dyz)

1
4 (Dxz − i Dyz)

1
4 (Dxx − Dyy − 2i Dxy)

〈αβ| 1
4 (Dxz + i Dyz)

1
4 (J + Dzz) − 1

2 J + 1
4 (Dxx + Dyy) − 1

4 (Dxz − i Dyz)

〈βα| 1
4 (Dxz + i Dyz) − 1

2 J + 1
4 (Dxx + Dyy)

1
4 (J + Dzz) − 1

4 (Dxz − i Dyz)

〈ββ| 1
4 (Dxx − Dyy + 2i Dxy) − 1

4 (Dxz + i Dyz) − 1
4 (Dxz + i Dyz) − 1

4 (J + Dzz)

The next step is the transformation from the uncoupled basis to a basis in which
the two spinmoments are coupled, i.e. a basis of the singlet and the three components
of the triplet.

|T +〉 |T 0〉 |T −〉 |S〉
〈T +| − 1

4 (J − Dzz)
1

2
√
2
(Dxz − i Dyz)

1
4 (Dxx − Dyy − 2i Dyz) 0

〈T 0| 1
2
√
2
(Dxz + i Dyz) − 1

4 (J + 2Dzz) − 1
2
√
2
(Dxz − i Dyz) 0

〈T −| 1
4 (Dxx − Dyy + 2i Dyz) − 1

2
√
2
(Dxz + i Dyz) − 1

4 (J − Dzz) 0

〈S| 0 0 0 3
4 J
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where the diagonal elements are simplified by the notion that D can be written as a
traceless tensor, that is Dxx + Dyy + Dzz = 0. For example,

〈αβ + βα|Ĥ |αβ + βα〉 = − 1

4
(J + Dzz) + 2

(1
2

J + 1

4
(Dxx + Dyy)

)

− 1

4
(J + Dzz) = 1

4
J − 1

4
Dzz + 1

4
Dxx + 1

4
Dyy

(3.93)

which is simplified to 1
4 (J − 2Dzz) by subtracting 1

4 (Dxx + Dyy + Dzz), which
equals zero.

3.13 (a) Show that transformation of the matrix representation in the
uncoupled basis into the coupled basis can be done by applying the
unitary transformation ŨĤU , where Ũ is the transpose of U =(
1, 0, 0, 0 ; 0, 1/

√
2, 0, 1/

√
2 ; 0, 1/

√
2, 0, −1/

√
2 ; 0, 0, 1, 0

)
(b)

Show that the Hamiltonian of Eq. 3.90 is hermitian. Assume a diagonal D-
tensor and show that the triplet part of the matrix is related to the D-tensor of
an S = 1 mononuclear complex (Eq.2.21) by a factor of 1

2 . Hint: the trace of
the two matrices can be adjusted to simplify the comparison.

The construction of a numerical effective Hamiltonian from accurate electronic
structure calculations permits us to determine the complete D-tensor and therewith
the orientation of the magnetic axes frame of the system with its easy axis or easy
plane, depending on the relative energies of the different MS components of the

triplet. When the magnetic axes frame coincides with the cartesian axes frame, D is
diagonal and the energy levels of the triplet can be describedwith two parameters; the
axial anisotropy D and the rhombic anisotropy E as defined in Eq.2.16. Hence, the
symmetric anisotropic interactionof the S = 1/2 spinmoments,whichby themselves
are isotropic by definition,makes that the total spinmoment of the system is no longer
fully isotropic.

Anti-symmetric anisotropy: The second ingredient of the anisotropic interaction is
the asymmetric part, also known as theDzyaloshinskii–Moriya (DM) interaction. It is
held responsible for the appearance of ferromagnetism in antiferromagnetically cou-
pled Cu2+ systems.Whereas the isotropic and symmetric anisotropic interactions do
not affect the collinearity of the two local magnetic axes frames, the anti-symmetric
interaction makes that the principal axis of the local moments are no longer paral-
lel. In a pictorial description of the effect, shown in Fig. 3.15, the cancellation of
antiferromagnetically coupled spin moments is no longer complete and a (small)
ferromagnetic moment appears.

A rigorous description of the anti-symmetric interaction is obtained by including
the di j in thematrix elements among the four determinants that span themodel space.

http://dx.doi.org/10.1007/978-3-319-22951-5_2
http://dx.doi.org/10.1007/978-3-319-22951-5_2
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Fig. 3.15 Schematic
representation of the net
ferromagnetic interaction
due to non-collinear
antiferromagnetically
coupled spin moments

As example we construct two matrix elements to illustrate the difference with the
matrix elements when only the symmetric interaction is considered.

〈αα|Ĥ |αβ〉 = 1

4
Azx + 1

4i
Azy = 1

4

(
Dxz + dzx

) + 1

4i

(
Dyz + dzy

)

= 1

4

(
Dxz − dxz

) − 1

4
i
(
Dyz − dyz

)
(3.94a)

〈αα|Ĥ |βα〉 = 1

4
Axz + 1

4i
Ayz = 1

4

(
Dxz + dxz

) − 1

4
i
(
Dyz + dyz

)
(3.94b)

3.14 Use Eq.3.92 to express Ai j and A ji in terms of Di j and di j .

The complete matrix representation of the Hamiltonian with isotropic and (anti-)
symmetric anisotropic interactions in the uncoupled basis is directly obtained from
the operations listed in Eq.3.91 and using the definitions of Di j in di j in Eq.3.92

|αα〉 |αβ〉 |βα〉 |ββ〉
〈αα| − 1

4 (J − Dzz)
1
4

(
Dxz − dxz

1
4

(
Dxz + dxz

1
4

(
Dxx − Dyy

−i(Dyz − dyz)
) −i(Dyz + dyz)

) −2i Dxy
)

〈αβ| 1
4

(
Dxz − dxz

1
4 (J − Dzz) − 1

2 J + 1
4

(
Dxx − 1

4

(
Dxz + dxz

+i(Dyz − dyz)
) +Dyy + 2idxy

) −i(Dyz + dyz)
)

〈βα| 1
4

(
Dxz + dxz − 1

2 J + 1
4

(
Dxx

1
4 (J − Dzz) − 1

4

(
Dxz − dxz

+i(Dyz + dyz)
) +Dyy − 2idxy

) −i(Dyz − dyz)
)

〈ββ| 1
4

(
Dxx − Dyy − 1

4

(
Dxz + dxz − 1

4

(
Dxz − dxz − 1

4 (J − Dzz)

+2i Dxy
) +i(Dyz + dyz)

) +i(Dyz − dyz)
)

and transformed to the coupled basis, the following Hamiltonian is obtained.
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|T +〉 |T 0〉 |T −〉 |S〉
〈T +| − 1

4 (J − Dzz)
1

2
√
2
(Dxz − i Dyz)

1
4 (Dxx − Dyy − 1

2
√
2
(dxz − idyz)

+2i Dyz)

〈T 0| 1
2
√
2
(Dxz + i Dyz) − 1

4 (J − Dxx − 1
2
√
2
(Dxz − i Dyz) − 1

2 idxy

−Dyy + Dzz)

〈T −| 1
4 (Dxx − Dyy − 1

2
√
2
(Dxz + i Dyz) − 1

4 (J − Dzz) − 1
2
√
2
(dxz + idyz)

+2i Dyz)

〈S| − 1
2
√
2
(dxz + idyz)

1
2 idxy − 1

2
√
2
(dxz − idyz)

3
4 J − 1

4 (Dxx

+Dyy + Dzz)

The triplet block and the diagonal elements are exactly the same as in the Hamil-
tonian that only considers the symmetric part of the anisotropic interaction. The
anti-symmetric interaction introduces non-zero matrix elements for the coupling
between singlet and triplet and causes a mixing between both spin states. The total
spin quantum number is (at least formally) no longer a good quantum number. The
number of parameters is now larger than the number of energy differences, evenwhen

the system is oriented in the coordinate frame that diagonalizes D. Therefore, a com-
plete determination of the six parameters—J , D, E , dxy , dxz and dyz—necessarily
goes through the construction of a numerical effective Hamiltonian.

To close this section, we rewrite the Hamiltonian in the form that is most often
used in the literature. The A-tensor in Eq.3.90 is separated in a symmetric and anti-
symmetric part.

Ĥ = −J Ŝ1 · Ŝ2 + Ŝ1DŜ2 + Ŝ1d Ŝ2 (3.95)

where D is diagonal if the orientation is chosen conveniently, and d always has the
following structure

d =
⎛

⎝
0 d12 −d13

−d12 0 d23
d13 −d23 0

⎞

⎠ (3.96)

This suggest that a shorter notation can be used by writing d as a pseudovector
d = (dx , dy, dz) with dx = d23; dy = −d13 and dz = d12. The Hamiltonian then
reads

Ĥ = −J Ŝ1 · Ŝ2 + Ŝ1DŜ2 + dŜ1 × Ŝ2 (3.97)

Now, it also becomes clear that the DM interaction can only be non-zero when the
local principal magnetic axis are not parallel. The situation becomes slightly more
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complicated when magnetic centers are considered with more than one unpaired
electron. Then the single-ion anisotropy discussed in Chap.2 has to be included in
the model

Ĥ = −J Ŝ1 · Ŝ2 + Ŝ1D1 Ŝ1 + Ŝ2D2 Ŝ2 + Ŝ1D12 Ŝ2 + dŜ1 × Ŝ2 (3.98)

and it has been shown that even biquadratic anisotropic interactions can play an
important role in the description of the low-energy physics of the complex [21]. The
corresponding operator is

κ̂ = (Ŝ1 Ŝ1)Daabb(Ŝ2 Ŝ2) (3.99)

where Daabb is tensor of rank 4 with 81 (34) parameters. However by choosing the
proper magnetic axes frame this number is strongly reduced and when the system has
a certain degree of symmetry one can eventually characterize the tensorwith notmore
than nine parameters. Again one can resort to the numerical effective Hamiltonian
to determine these parameters.

Problems

3.1 Overlap: Demonstrate that c1/c2 in Eq.3.7 is equal to 1− Sab/1+ Sab, where
Sab = 〈φa |φb〉 and φa and φb are the orbitals of Eq.3.17.

3.2 From delocalized to localized: Transform the following determinants andCSFs
from a delocalized to a localized orbital basis. Determine the percentage of ionic and
neutral character of the wave function. Are the wave functions eigenfunctions of Ŝ2?

a. Φ1 = |g1g1|; Φ2 = |g1g2|; Φ3 = |g1u1|
b. Ψ1 = (|g1g1| + |u1u1|)/

√
2; Ψ2 = (|g1g1| − |u1u1|)/

√
2

c. Φ4 = |g1u1|; Φ5 = |g1u1v1|
d. Ψ3 = (2|g1u1v1| − |g1u1v1| − |g1u1v1|)/

√
6

with gi = 1√
2
(ai +bi ); ui = 1√

2
(ai −bi ); vi = ci . ai , bi and ci are orbitals localized

on centers A, B and C, respectively.

3.3 Singlet and triplet eigenvalues: Calculate the eigenvalues of the Heisenberg
Hamiltonian given in Eq.3.31 of Φ(T ) = |αα| and Φ(S) = (|αβ| − |βα|)/√2.

3.4 Extracting J -values for a three-center system: The following wave functions
Ψk were obtained from an ab initio calculation on a system with three S = 1/2
magnetic centers. Each magnetic orbital φi is localized on center i and has the same
spatial part in all five wave functions.

http://dx.doi.org/10.1007/978-3-319-22951-5_2
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Ψ1 Ψ2 Ψ3 Ψ4 Ψ5

|φ1φ2φ3| −0.4426 −0.6583 0.5774 −0.1465 0.1135
|φ1φ2φ3| 0.7706 −0.0661 0.5774 0.0367 −0.2476
|φ1φ2φ3| −0.3280 0.7243 0.5774 0.1098 0.1341
|φ1φ1φ2| 0.0102 0.0234 0.0000 −0.0440 0.0017
|φ1φ1φ3| −0.0725 −0.0495 0.0000 0.1244 0.0341
|φ1φ2φ2| 0.2243 −0.1120 0.0000 0.7653 −0.5685
|φ2φ2φ3| 0.2017 0.1336 0.0000 −0.5805 −0.7636
|φ1φ3φ3| −0.0789 0.0407 0.0000 −0.1472 0.0147
|φ2φ3φ3| 0.0076 0.0508 0.0000 0.0579 0.0127

The energies (in Eh) are E1 = −27.9611962, E2 = −27.9601927, E3 =
−27.9596947, E4 = −27.8326257, E5 = −27.83169141.

a. Determine the MS quantum numbers of the determinants and identify Ψ3 as a
spin eigenfunction with S = 3/2.

b. Extract the J -values from the energies of the lowest three states under the assump-
tion that J12 = J23 �= J13 (see Eq.3.44).

c. Write down the determinants that span the model space of the Heisenberg Hamil-
tonian and determine the norm of the projections of Ψk on this model space.

d. Select the three roots with the largest norm and orthogonalize the projections Ψ̃k

e. Construct the 3 × 3 effective Hamiltonian and extract the different J -values by
comparing with the matrix elements of the Heisenberg Hamiltonian given in
Eq.3.39.

3.5 Heisenberg twice. (a) Use the eigenvalues of Q, T and S for Ĥ = −J Ŝ1 · Ŝ2
to compute the eigenvalues of Q, T and S for the operator Ŝ1 · Ŝ2. (b) From this,
compute the eigenvalues of Q, T and S for the biquadratic operator (Ŝ1 · Ŝ2)2 and
check the validity of Eq.3.75.

3.6 Biquadratic interactions: Do the following total energies follow the regular
spacing predicted by theHeisenbergHamiltonian? EQ = −139.48992180 Eh, ET =
−139.49305142 Eh and ES = −139.49443101 Eh. Calculate J and λ (in meV) from
the energy differences.
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