Chapter 3
Fourier Series

Principles of Fourier series go back to ancient times. The attempts of the Pythagorean
school to explain musical harmony in terms of whole numbers embrace early ele-
ments of a trigonometric nature. The theory of epicycles in the Almagest of Ptolemy,
based on work related to the circles of Appolonius, contains ideas of astronomical
periodicities that we would interpret today as harmonic analysis. Early studies of
acoustical and optical phenomena, as well as periodic astronomical and geophysical
occurrences, provided a stimulus in the physical sciences toward the rigorous study
of expansions of periodic functions. This study is carefully pursued in this chapter.

The modern theory of Fourier series begins with attempts to solve boundary
value problems using trigonometric functions. The work of d’Alembert, Bernoulli,
Euler, and Clairaut on the vibrating string led to the belief that it might be possible
to represent arbitrary periodic functions as sums of sines and cosines. Fourier an-
nounced belief in this possibility in his solution of the problem of heat distribution
in spatial bodies (in particular, for the cube T?) by expanding an arbitrary function
of three variables as a triple sine series. Fourier’s approach, although heuristic, was
appealing and eventually attracted attention. It was carefully studied and further de-
veloped by many scientists, but most notably by Laplace and Dirichlet, who were
the first to investigate the validity of the representation of a function in terms of its
Fourier series. This is the main topic of study in this chapter.

3.1 Fourier Coefficients

We discuss some basic facts of Fourier analysis on the torus T”. Throughout this
chapter, n denotes the dimension, i.e., a fixed positive integer.
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3.1.1 The n-Torus T"

The n-torus T" is the cube [0,1]" with opposite sides identified. This means that
the points (x,...,0,...,x,) and (x1,...,1,...,x,) are identified whenever 0 and 1
appear in the same coordinate. A more precise definition can be given as follows:
We say that x,y in R" are equivalent and we write

X

y (3.1.1)

if x—y € Z". Here Z" is the additive subgroup of all points in R"” with integer
coordinates. It is a simple fact that = is an equivalence relation that partitions R”
into equivalence classes. The n-torus T” is then defined as the set R" /Z" of all such
equivalence classes. When n = 1, this set can be geometrically viewed as a circle
by bending the line segment [0, 1] so that its endpoints are brought together. When
n = 2, the identification brings together the left and right sides of the unit square
[0, 1]2 as well as the top and bottom sides. The resulting figure is a two-dimensional
manifold embedded in R? that looks like a donut. See Figure 3.1.

A3

\

X1

Fig. 3.1 The graph of the
two-dimensional torus TZ.

The n-torus is an additive group. The identity element of the group is 0, which
of course coincides with every e; = (0,...,0,1,0,...,0). To avoid multiple appear-
ances of the identity element in the group, we often think of the n-torus as the
set [—1/2,1/2]". Since the group T” is additive, the inverse of an element x € T"
is denoted by —x. For example, —(1/3,1/4) = (2/3,3/4) on T2, or, equivalently,
—(1/3,1/4)—(2/3,3/4) € 7°.

The n-torus T” can also be thought of as the following subset of C”,

{(¥™1 ... &™) e C" 2 (x1,...,%,) € [0,1]"}, (3.1.2)

in a way analogous to which the unit interval [0, 1] can be thought of as the unit
circle in C once 1 and 0 are identified.

Functions on T" are functions f on R” that satisfy f(x+m) = f(x) for all x € R"
and m € Z". Such functions are called 1-periodic in every coordinate. Haar mea-
sure on the n-torus is the restriction of n-dimensional Lebesgue measure to the set
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T" = [0,1]". This measure is still denoted by dx, while the measure of a set A C T”"
is denoted by |A|. Translation invariance of Lebesgue measure and the periodicity
of functions on T” imply that for all integrable functions f on T", we have

f(x)dxz/ f(x)dxz/ f(x)dx (3.1.3)
™ [_1/271/2]’1 [a1,1+a1]><~~><[a,,,1+an]

for any real numbers ay,...,a,. In view of periodicity, integration by parts on the
torus does not produce boundary terms; given f, g continuously differentiable func-
tions on T" we have

0, (3)8(0)dx == [ og(0) 1),

Tﬂ
Elements of Z" are denoted by m = (my,...,my,). For m € Z", we define the rotal
size of m to be the number |m| = (m} 4 - +m2)'/2. Recall that for x = (xi,...,x,)

andy = (y1,...,y,) in R,
x'y:x1y1+"'+xnyn

denotes the usual dot product. Finally, for x € T", |x| denotes the usual Euclidean
norm of x. If we identify T" with [—1/2,1/2]", then |x| can be interpreted as the
distance of the element x from the origin, and then we have 0 < |x| < /n/2 for all
xe T

Multi-indices are elements of (Z* U {0})". For a multi-index o = (¢, .., ),
we denote the partial derivative 9" ---9% f by d%f. The spaces €*(T") of con-
tinuously differentiable functions of order k, where k € Z, are defined as the sets
of functions ¢ for which d%*@ exist and are continuous for all |a| < k. When k =0
we set €°(T") = €(T") to be the space of continuous functions on T". The space
€= (T") of infinitely differentiable functions on T" is the union of all the € (T").
All of these spaces are contained in L”(T"), which are nested, with L' (T") being
the largest.

3.1.2 Fourier Coefficients

Definition 3.1.1. For a complex-valued function f in L' (T") and m in Z", we define

f(m) = /T flaye Py, (3.1.4)

We call f(m) the mth Fourier coefficient of f. We note that f(é) is not defined for
& e R"\ Z", since the function x — e~ 28X s not 1-periodic in any coordinate and
therefore not well defined on T". For a finite Borel measure pt on T" and m € Z" the
expression

f(m) = / e 2FmE gy (3.1.5)
Tn

is called the mth Fourier coefficient of L.
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The Fourier series of f atx € T" is the series

Y flm)emim=. (3.1.6)

meZ"

It is not clear at present in which sense and for which x € T" (3.1.6) converges. The
study of convergence of Fourier series is the main topic of study in this chapter.

We quickly recall the notation we introduced in Chapter 2. We denote by f the
complex conjugate of the function £, by f the function f(x) = f(—x), and by 7¥(f)
the function 77(f)(x) = f(x—y) for all y € T". We mention some elementary prop-
erties of Fourier coefficients.

Proposition 3.1.2. Let f, g be in L' (T"). Then for all m,k € Z"', A € C, y € T", and
all multi-indices o we have

(1) F+g(m)=f(m)+gm),
(2) Af(m)=Af(m),
(3) F(m)=F(~m),

@) 7 (m)=F(-m),

(5) ©(f)(m) = f(m)e2mim,
(6) (2™ £)~(m) = f(m—k),
(7) fO)= | flx)dx

8 f 1 Y
(8) sup ()| < |11l oy

(9) Frg(m)= f(m)g(m),
(10) 9% f(m) = (27im)®*f(m), whenever f € €*.

Proof. The proof of properties (1)-(10) is rather easy and is left to the reader. We
only sketch the proof of (9). We have

Frgm) = [ [ flxy)gly)e e dy dx — Fmglom),

where the interchange of integrals is justified by the absolute convergence of the
integrals and Fubini’s theorem. O

Remark 3.1.3. The Fourier coefficients have the following property. For a function
Jf1 on T" and a function f> on T"2, the tensor function

(fi® f2)(x1,x2) = fi(x1) f2(x2)
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is a periodic function on T"1*2 whose Fourier coefficients are

~

F1 @ falmi,my) = fi(my) fa(ma), (3.1.7)
for all m; € Z" and m, € 2.
Definition 3.1.4. A trigonometric polynomial on T" is a function of the form

P(x)=Y ane™™™, (3.1.8)

meZ"

where {a,, } mezn is a finitely supported sequence in Z". The degree of P is the largest
number |g;|+ - - -+ |gx| such that a, is nonzero, where g = (g1, ..,¢,). Observe that
in view of the orthonormality of the exponentials we have for all m € Z"

~

P(m)=ay.

Example 3.1.5. If the sequence {a,, } , has only one nonzero term, then the trigono-
metric polynomial of Definition 3.1.4 reduces to a trigonometric monomial, which

has the form
P(x) = a2 +amm)

for some ¢ = (q1,...,q,) € Z" and a € C.

Let

Z am emex Z P 2n'im-x

|m|<N |m|<N

be a trigonometric polynomial on T” and let i be a finite Borel measure on T”. Then
we have

(Pxp)(x) = /T Y P(m)e™™ N du(y)= Y P(m)i(m)e*™™*.  (3.19)

|m|<N [m|<N

In particular, if f is an integrable function on T" we have

(P f)(x) / ) Y Pm)™ e dy =Y P(m)f(m)e*™™*. (3.1.10)

|m|<N |m|<N

This implies that the partial sums

Z f(m)ezmm-x
Im|<N
of the Fourier series of f in (3.1.6) can be obtained by convolving f with the function
Dy(x)= Y &*mim=. (3.1.11)
|m|<N

This function is called the Dirichlet kernel.
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3.1.3 The Dirichlet and Fejér Kernels

Definition 3.1.6. Let 0 < R < oo, The square Dirichlet kernel on T" is the function

Di(x)= Y &mm. (3.1.12)

meZl
\mj\SR

The circular (or spherical) Dirichlet kernel on T" is the function

Di(x)=Y) &, (3.1.13)

melZ’
|m|<R

In dimension n = 1 these functions coincide and are denoted by
Dg(x) = Dg(x) = Dp(x).

This function is called the Dirichlet kernel and coincides with Dy(x) in (3.1.11)
when N <R<N+1and N € Z"U{0}; see Figure 3.2.

JaNEWA\ JANEVAN
/0. _/ -o. \/5.2 \_/0-4 \L

-2t

Fig. 3.2 The graph of the Dirichlet kernel Ds plotted on the interval [—1/2,1/2].

Both the square and circular (or spherical) Dirichlet kernels are trigonomet-
ric polynomials. The square Dirichlet kernel on T” is equal to a product of one-
dimensional Dirichlet kernels, that is,

D;‘e(xl,...,xn) :DR(X1)~“DR()C"). (3114)
We have the following two equivalent ways to write the Dirichlet kernel Dy:

sin((2N + 1) 7x)

D _ 27imex _
V() Z ¢ sin(7x)

|m|<N

, (3.1.15)
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for x € [0, 1]. To verify the validity of (3.1.15), we write

627ri(2N+1)x -1 ezm(N+1)x _ o 2miNx sin((2N—|— l)ﬂ'x)

AT | i (gi _pmmix) sin(7x)

e2mm-x _ e72me

|m|<N
It follows that for R € RT U {0} we have

sin(mx(2[R] + 1)) .

Dr(x) = sin(7x)

(3.1.16)

It is reasonable to ask whether the family {Dg}g~o forms an approximate identity
as R — oo. Using (3.1.15) we see that each Dy is integrable over [—1/2,1/2] and
has integral equal to 1. But it follows from Exercise 3.1.5 that ||Dgl|;1 ~ logR as
R — oo, and therefore property (i) in Definition 1.2.15 fails for Dg. We conclude
that the family {Dg}g~o is not an approximate identity on T', which significantly
complicates the study of Fourier series. Consequently, the family {D}}z~0 is not an
approximate identity on T", since ||Dg||,1(r1) = (logR)". The same is true for the

family of circular (or spherical) Dirichlet kernels {B?e} r>0- Although this is harder
to prove, it will be a consequence of the results in Section 4.2.

A typical situation encountered in analysis is that the means of a sequence behave
better than the original sequence. This fact led Cesaro and independently Fejér to
consider the arithmetic means of the Dirichlet kernel in dimension 1, that is, the
expressions

Fy(x) = [Do(x) + Dy (x) + Da(x) + -+ Dy(x)]. (3.1.17)

N+1

The expression in (3.1.17) is in fact equal to the Fejér kernel given in Example 1.2.18.
We have the following identity concerning the kernel Fy.

Proposition 3.1.7. For every nonnegative integer N the identity holds

N : 2
_ UL\ omije 1 (sin(m(N+1)x)
Fyn(x) = j;N <1 Nai > >Tx — NTi ( () ) (3.1.18)

forall x € T'. Thus Fy(m) =1 — 1\‘/L+|1 if |m| < N and zero otherwise.

Proof. The fact that the expression in (3.1.17) is equal to the middle term in (3.1.18)
is a consequence of the trivial calculation:

| N #{kEZZ|j|§k§N}e2m'jx.

)C 2mjx
N+1/5 N+1 Zom);k ‘EN N+1

To Verify the second equality in (3.1.18) we use the simple geometric series identity
Lbr e N = 1500

to write for x # 0



180 3 Fourier Series

N omije eZﬂi(N+l)x -1 - eiﬂ(N+1)x em’(N—H)x _e—m'(N-'rl)x .
j; ¢ T T a7 am Py -
from which it follows that
i |j‘6271'ijx — Li <ei7[Nx Sln(ﬂ:(N'i‘ 1).X)> . (3119)
= 2mi dx sin(7x)
Likewise we prove that
_Zl ‘j|€2ﬂijx — 7Li (e—iﬂNx Sln(ﬂ(N+ 1)X)) . (3120)
el 27mi dx sin(7x)
Adding (3.1.19) and (3.1.20) we deduce
Z /]2 = 1.d (sin(zNx) §in(n(N+ 1)x) . (3.121)
T dx sin(7x)

ljI<N

Multiplying (3.1.21) by — 527 and adding Dy (x) we obtain

5 (1 gl ) e - SUEEN 0 L (g SO

= sin(7x) T dx (N +1)sin(7x)

Writing the preceding expression on the right as

(N+1)sin(m(N+1)x) cos(nNx) sin(7x) + (N+1) cos(n(N+1)x) sin(Nx) sin(7x)
(N+1)sin?(7x)

1 4 L sin(nNx) sin(7(N+1)x) } sin(mx) — { sin(7Nx) sin(7(N+1)x) } 7 cos(7x)
o (N-+1)sin?(mx)

)

computing the derivative of the expression in the curly brackets, and simplifying,
we finally obtain that

N . . 2
i (LI P L CESIE)
= N+1 N+1 sin(7x)
This proves the second identity in (3.1.18). ]

Definition 3.1.8. Let N be a nonnegative integer. The function Fy on T' given by
(3.1.22) is called the Fejér kernel.

The Fejér kernel Fy; on T" is defined as the product of the 1-dimensional Fejér
kernels, or as the average of the product of the Dirichlet kernels in each variable,
precisely, Fy\(x) = Fy(x) and
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F N Xlyeees X H F N Xj ]

:jI;Il(NH Y Dy xj>

(N+11 Z Z Dk| x1 Dkn (xn) .

Note that F}; is a trigonometric polynomial of degree nN.

Remark 3.1.9. Using the identities for Fy in (3.1.18), we may write for all N > 0

|m | ]\ 2zim.
Fir,oxm) = Y <1— O (R L (3.1.23)
= N+1 N+1

|mj|§N
1 A sin(m(N+Dx;) )
 (N+1)n ]l;ll ( sin(7x;) ) ’ (3.124)

thus Fjj > 0. Observe that FjJ'(x) = 1 for all x € T" and that F}(0) = (N+1)".

Proposition 3.1.10. The family of Fejér kernels {F}j}5_, is an approximate identity
on T".

Proof. Since F{} > 0 we have that ||F{||;1 = [p Fjdx. Also [p. Ffjdx = 1, in view
of identity (3.1.23). Thus properties (i) and (ii) of approximate identities (according
to Definition 1.2.15) hold. To prove property (iii) of the definition we make use of

identity (3.1.24). Using the fact that 1 < S Il T < % when |f| < Z, we obtain

Fy(x) < ! min (N 1) |x] ! 2< ! ﬁ—zmin N+1, Ly
MY =N+ [sin(zx)| '[sin(zx)] ) ~N+1 4 "]

when |x| < J. This implies that for § > 0 we have

2 dx 1 1

1
F dx < —— < —0
./5<|x<2 ) dx < N+14 s<iw<t [wo[* ~ 482N +1

—_

as N — oo, In higher dimensions, given x = (xi,...,x,) € [—1/2,1/2]" with |x| > 0,
thereisa j € {1,...,n} such that |x;| > §//n and thus

n
1
,,F"d</ )d /F Ydxg < 0.
R T Y N i

[x|>8 k#j

This proves the claim. U
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Exercises

3.1.1. Identify T' with [~1/2,1/2] and let () be an integrable function on T".
(a) If h(r) > 0 is even, show that /2(m) is real and |h( )| < 7(0) for all m € Z.

(b) If A(r) is odd and h(t) > 0 on [0,1/2), then i/2(m) is real and |[h(m)| < imh(1)
for all m € Z.

3.1.2. Suppose that % is a periodic integrable function on [—1/2,1/2) with integral
zero. Define another periodic function H on T by setting

Compute H(m) in terms of i(m) for m € Z.

3.1.3. Suppose that {g¢ }¢~0 is an approximate identity on R" as € — 0 and let

Ge(x) = Z ge(x+20).
ez

Show that the family {G¢ }¢~ is an approximate identity on T".
3.1.4. On T! define the de la Vallée Poussin kernel
VN()C) =2FN+1 (x) — FN()C) .

(a) Show that the sequence Vy is an approximate identity.
(b) Prove that Vy(m) = 1 when |m| < N+ 1, and Vy(m) = 0 when |m| > 2N +2.

3.1.5. (a) Show that for all [t| < 7 we have

——l<1-Z.

’ 1 1 2
sin(t) ¢ b2

(b) Let Dy be the Dirichlet kernel on T'. Prove that for N € Z* we have

3

Conclude that the numbers ||Dy/||;1 grow logarithmically as N — oo and therefore

the family {Dy}%_, is not an approximate identity on T'. The numbers ||Dy||1,
=1,2,... are called the Lebesgue constants.

[Hmt Part (a): Show that the derivative of Sm( 7~ 1'is nonnegative on (0, 2], or

4
w2

Tl —

t
equivalently prove that tan(z )sm( ) > t? on (0, Z1; this is a consequence of the in-

equality +/sin(¢)tan(r) > 2( = Sm tan( >) = 2tan( ) >t. Part (b): Replace Dy (¢)

((2N+1)mr)
by sin = TT

and estimate the difference using part (a).]
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3.1.6. Let Dy be the Dirichlet kernel on T!. Prove that for all 1 < p < oo there exist
two constants Cp,c, > 0 such that

ep N+ 1)V < ||IDy ]|, < Cp 2N +1)VP

Lr

[Hint: Consider the two closest zeros of Dy near the origin and split the integral
into the intervals thus obtained.}

3.1.7. The Poisson kernel on T” is the function

|1 [mn| 27im-x
Prlv-wrn(x) = Z rl T ! € l

mezZr
and is defined for 0 < ry,...,r, < 1. Prove that P, ,, can be written as
27r _
P R 1+ r/ X B n 1 T
T yeeest X], 5K 1 27[le - 1 2 ) ; 2
—rje =i 1= 2rjcos(27mx;) + 7

and conclude that P, _,(x) is an approximate identity as r 1 1.

3.2 Reproduction of Functions from Their Fourier Coefficients

We can obtain very interesting results using the Fejér kernel.

Proposition 3.2.1. The set of trigonometric polynomials is dense in L (T") for 1 <
p < oo,

Proof. Given f in LP(T") for 1 < p < oo, consider f * Fy. Clearly f* Fy} is also a
trigonometric polynomial. In view of Theorem 1.2.19 (1), f x Fy; converges to f in
LP as N — oo. (]

Corollary 3.2.2. (Weierstrass approximation theorem for trigonometric polyno-
mials) Every continuous function on the torus is a uniform limit of trigonometric
polynomials.

Proof. Since f is continuous on T”, which is a compact set, Theorem 1.2.19 (2)
gives that f* Fy converges uniformly to f as N — co. But f * Fy is a trigonomet-
ric polynomial, and so we conclude that every continuous function on T" can be
uniformly approximated by trigonometric polynomials. (|

3.2.1 Partial sums and Fourier inversion

We now define the partial sums of Fourier series.
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Definition 3.2.3. Let R > 0 and N € Z" U {0}. The expressions

(FDp) = ¥ Flmens
IﬁfléR

are called the square partial sums of the Fourier series of f. Then the expressions

(f DR = ¥, flmper™m
meZ"
Im|<R
are called the circular (or spherical) partial sums of the Fourier series of f. The
expressions

(A E© = Y (IM)...(1M)f(m)62mm~x

meZ"
[mj|<N

are called the square Cesaro means (or square Fejér means) of f.
Finally, for R > 0 the expressions

(Fx B2 (x) = %(1 _ |’Z> Flmye2min

S
m[<R

are called the circular Cesaro means (or circular Fejér means) of f.

Observe that f IS}? is equal to the average of the expressions f * B:’ in the
following sense:
] R ]
(Fx B0 =5 [ (7 DY
This is analogous to the fact that the Fejér kernel Fy is the average of the Dirichlet
kernels Dy, Dy,...,Dy.

A fundamental problem is in what sense the partial sums of the Fourier series
converge back to the function as R — oo or N — oo, This problem is of central im-
portance in harmonic analysis and is in part investigated in this chapter.

‘We now ask the question whether the Fourier coefficients uniquely determine the
function. The answer is affirmative and simple.

Proposition 3.2.4. If f,g € L'(T") satisfy f(m) = g(m) for all m in Z", then
f=gae.

Proof. By linearity of the problem, it suffices to assume that g = 0. If f(m) =0
for all m € Z", Definition 3.2.3 implies that F}j « f = 0 for all N € Z™. In view of

Proposition 3.1.10, the sequence {F}j}ycz+ is an approximate identity as N — oo.
Therefore,

I = F x|y =0

as N — oo; hence || f||,1 = 0, from which we conclude that f =0 a.e. O
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A useful consequence of the result just proved is the following.

Proposition 3.2.5. (Fourier inversion) Suppose that f € L'(T") and that

Y 1f(m)| <.
meZr
Then R
fx) =Y fmemm  ae, (3.2.1)

meZm

and therefore f is almost everywhere equal to a continuous function.

Proof. 1t is straightforward to check that both functions in (3.2.1) are well defined
and have the same Fourier coefficients. Therefore, they must be almost everywhere
equal by Proposition 3.2.4. Moreover, the function on the right in (3.2.1) is every-
where continuous. (]

3.2.2 Fourier series of square summable functions

Let H be a separable Hilbert space with complex inner product (-|-). Recall that
a subset E of H is called orthonormal if (f|g) =0 for all f, g in E with f # g,
while (f|f) =1 for all f in E. A complete orthonormal system is a subset of H
having the additional property that the only vector orthogonal to all of its elements
is the zero vector. We summarize basic properties about orthonormal systems in the
proposition below (see [307]).

Proposition 3.2.6. Let H be a separable Hilbert space and let { @y }rez be an or-
thonormal system in H. Then the following are equivalent:

(1) { @i }ez is a complete orthonormal system.

(2) For every f € H we have

12 =X 1/ 100

keZ

(3) For every f € H we have

f=1m Y (flod)ex,

N—oo k<N
where the series converges in H.

Now consider the Hilbert space space L?(T") with inner product

(r1g)= [ F@)s(0ar.
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Let ¢, be the sequence of functions & — e2™imE indexed by m € Z". The orthonor-
mality of the sequence {¢,,} is a consequence of the following simple but crucial
identity:

/ 2T DRl e — 1 whenm =k,
Jo.1" 0 whenm#k.

~

The completeness of the sequence {@,} is also evident. Since (f| @) = f(m) for
all f € L*(T"), it follows from Proposition 3.2.4 that if { f|¢,,) = 0 for all m € Z",
then f =0 ae.

The next result is a consequence of Proposition 3.2.6.

Proposition 3.2.7. The following are valid for f,g € Lz(T”):
(1) (Plancherel’s identity)

2= X 17
meZn

(2) The function f(t) is a.e. equal to the L*(T") limit of the sequence

lim Y Flm)emimt.
M_wo\m|§M

(3) (Parseval’s relation)

[ s@di = ¥ Fm)lm).

meZ

(4) The map f s {f(m)}mezr is an isometry from L*(T") onto (%
(5) For all k € Z" we have

fstk)="Y fmgk—m)=Y Flk—m)g(m).

meZ meZn

Proof. (1) and (2) follow from the corresponding statements in Proposition 3.2.6.
Notice that both sides of (3) converge by the Cauchy-Schwarz inequality. Parseval’s
relation (3) follows from polarization. By this we mean the following procedure.
First replace f by f + g in (1) and expand the squares to obtain

1£1% + 1g]12 +2Re (| ) =IIf + g%
=) |F(m) +g(m)|?

meZ’
=Y IfmPP+ Y 1gm)P+2Re Y. f(m)g(m)
meZ meZ meZ

and from this it follows that the real parts of the expressions in (3) are equal. Next
replace f by f+ig in (1) and expand the squares. Using Re (—iw) = Imw we obtain
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1£1% + llgll% +21m (£ | g) =I|f + g%
=Y |f(m)+ig(m)]*

mezn
=Y Fm)P+ Y [gm)*+2m Y f(m)g(m),
meZl" mezZn mezr

and thus the imaginary parts of the expressions in (3) are equal. Thus (3) holds.
Next we prove (4). We already know that the map f — {f(m)} ez is an injective
isometry. It remains to show that it is onto. Given a square summable sequence
{am }mezn of complex numbers, define

v t) — Z ameznim.

lm|<N

Observe that fy is a Cauchy sequence in L>(T") and it therefore converges to some
f € L*(T"). Then we have f(m) = a,, for all m € Z". Finally, (5) is a consequence
of (3) and Proposition 3.1.2 (6) and (3). [l

3.2.3 The Poisson Summation Formula

We end this section with an important result that connects Fourier analysis on the
torus with Fourier analysis on R". Suppose that f is an integrable function on R”
and let f be its Fourier transform. Restrict f on Z" and form the “Fourier series”
(assuming that it converges)

Z J/c\(m)eZﬂ.'im-x.

meZ"

What does this series represent? Since the preceding function is 1-periodic in every
variable, it follows that it cannot be equal to f, unless f is itself periodic. However,
it should not come as a surprise that it is in fact equal to the periodization of f
on R”. In other words, the Fourier expansion of a function on R” reproduces the
periodization of the function.

Theorem 3.2.8. (Poisson summation formula) Let | be a continuous function on
R” which satisfies for some C,8 > 0 and for all x € R"

FE) <O+ ) °
and whose Fourier transform frestricted on 71" satisfies

Y |f(m)| < oo (3.2.2)

meZ
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Then for all x € R" we have

Y fm)e™mr =Y flx+k), (3.2.3)

meZn keZ"

and in particular

Y fm) =Y fk)

meZ" keZ"

Proof. Define a 1-periodic function on T" by setting

= Z flx+k).

keZr

Itis straightforward to verify that || F || 1o 1) = [ fll 1 (e} thus F lies in L'(T"). We
prove that the sequence of the Fourier Coefﬁments of F commdes with the restriction
of the Fourier transform of f on Z". This follows from the calculation

/ fo-i—k —2mmxdx
T

" kezn

Z fx+k —2mmxd
keZ"

Z / 727rim~xdx
keZl 7 Z

— —2mim-x
= Js f(x)e dx

in which the interchange of the sum and the integral is justified by the Weierstrass
M-test of uniform convergence of series, since

yo oy G e G
WS (L4 [k+x|)m8 = & (1+/n+ |k +x])+8 = & (1+ [k[)r+d

where we used |k + x| > |k| — |x| > |k| — y/n. This calculation also shows that F is
the sum of a uniformly convergent series of continuous functions on [0, 1]", thus
it is itself continuous. It follows that (3.2.2) holds with |F(m)| in place of |f(m)|
Hence, Proposition 3.2.5 applies, and given the fact that F' is continuous, it yields
conclusion (3.2.3) for all x € T" and, by periodicity, for all x € R". ]

Example 3.2.9. We have seen earlier (Exercise 2.2.11) that the following identity
gives the Fourier transform of the Poisson kernel in R":

n+1
) 03 P G S
T (11 1EP)T
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The Poisson summation formula yields the identity

r ﬂ) e n

m1 AT Y, e e (3.24)
T2 kezr (1+ )2 mezr
which implies
r) 1 o
2 =Y, e (3.2.5)
T e 1+ k2T ez

It follows from (3.2.4) that

N S A R S S |
24 k) e\t en)’
kezm o} (€2 + k%) 2 7 ) mezn

from which we obtain the identity

1

1 1( &'t 5 1
— = lim - ~amelm| _ ) 3.2.6
k[T el—%e(r(";l)méne o (3.2.6)

keZm {0}

The limit in (3.2.6) can be easily calculated in dimension 1 using that

(1+e—25 1> n?
limo [ /=~ ) =

550 0 \1—e 26§ 3’
and this yields
y 1_z
k2 3

k#£0
Also, in dimension 1, from (3.2.5) we obtain the related identity
1 Z —2m|m| _ ] +672n

Zi—n —.
k€Z1+k2 meZ 1_6 o

Example 3.2.10. Let 0 < Re o < n. We introduce a smooth function (&) which is
equal to 1 on the ball |£] < 1 and vanishes outside the ball |£| < 2. We investigate
the behavior as x — 0 of the expression

eme~x

=% (%)

when x € [—1, 1)\ {0}. As in Example 2.4.9, let 1) be a smooth radial function on

R” that is equal to 1 outside the ball B(0,1/2) and vanishes on the ball B(0,1/4)

and define
=m(&)E[*)™

lim
R0

meZm\{0} [m]
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Let ®s(x) = 6 "P(x/5). The Poisson summation formula (Theorem 3.2.8) gives

eZﬂik~x ~(k n (k)e27rik-x ~ [k
() = AN
i ?(z) = 5, "5 2(x)

keZr

= (gxPr)x)+ Y, (gxPir)(x+m).
meZ"\ {0}

keZ"\{0}

It was shown in Example 2.4.9 that g(y) decays faster than the reciprocal of any
polynomial at infinity and is equal to x“’%F(”’zo‘)F(%)’l [y|*~" + h(y), where h
is a smooth function on R”. Since x # 0, it follows that g is smooth in a small rela-
tively compact neighborhood of x and, since {®, /R} R>0 1S an approximate identity,
Theorem 1.2.19 (2) yields that (g* @y /g )(x) — g(x) as R — . Assume for a moment
that

lim Y (gxPyp)(x+m)= Y  lim(gx D) (x+m). (3.2.7)
R czm {0} mezm {0} K7

Since x + m does not vanish for any m € Z" \ {0}, the function g is smooth in a
relatively compact neighborhood of x +m, and thus (g * @y /g)(x +m) — g(x+m)
as R — oo. Consequently, the sum on the right in (3.2.7) is equal to

Z glx+m).
meZ"\{0}
We conclude that
2;im-x __ 71:0‘*%1" n—a
lim ¢ a (I)(ﬂ) :#Ma "+ h(x),
R_’”mezn\{o} |m| R F(j)

where hy is a € function on [—%, %)” given by

hi(t)=h(t)+ Y. g(t+m).
meZm {0}

We now explain the passage of the limit inside the sum in (3.2.7). This is a con-
sequence of the Lebesgue dominated convergence theorem, provided we know that

C

for some constant C independent of R > 1 and of m. Indeed, the expression on the
left of this inequality is bounded by I + 11, where

R}’l
1=C¢, / x+m—y* " —— 4

me \x+m—y\§2\/ﬁ| ) (1+RJy|)>+2 Y
11 = C, / ! il d
T meyiz2yi (L m— )22 (1 RJy[) 22 @
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In 7 we have
L+RIy| > Rlx+m| —Rlx+m—y| > R|m| — 3R\/n—2R\/n > 3R|m|,
hence
1< Cl R 2272 < G glmf 2,

In 1T we use
(1+ e +m—=y)" (14 RIy[)" > (14 |m])™+!

while the term left produces a convergent integral, which is uniformly bounded in
R > 1. This proves (3.2.8).

Exercises

3.2.1. On T! let P be a trigonometric polynomial of degree N > 0. Show that P has
at most 2N zeros. Construct a trigonometric polynomial with exactly 2N zeros.

3.2.2. (Hausdorff-Young inequality) Prove that when f € LP(T"), 1 < p <2, the
sequence of Fourier coefficients of f is in £7' (Z") and

-~ N 1/p
(2 17ml) ™ <1l
mezZ"
Also observe that 1 is the best constant in the preceding inequality.

3.2.3. Use without proof that there exists a constant C > 0 such that for all t € R we
have

<CVN, N=234,...,

N . .
Z etklogkezkt
k=2

to construct an example of a continuous function g on T! with

Y [g(m)|? = oo

meZ

for all g < 2. Thus the Hausdorff—Young inequality of Exercise 3.2.2 fails for p > 2.

. . oo iklogk
[Hlnt Consider g(x) = Zk:z W

see Zygmund [388, Theorem (4.7) p. 199].]

e?™k*For a proof of the previous estimate,

3.2.4. (S. Bernstein) Let P(x) be a trigonometric polynomial of degree N on T!.
Prove that | P'||» < 47N||P|| .
[Hint: Prove first that P’ (x) /27iN is equal to

((6727171'N(-)P)* FNfl)(x) eZﬂTiNx _ ((e2m'N(-)P)* FNfl) (X) efzm‘Nx

and then take L™ norms.]
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3.2.5. (Fejér and F. Riesz) Let P(E) =YY axe*™*S be a trigonometric polyno-
mial on T' of degree N such that P(&) > 0 for all £. Prove that there exists a trigono-
metric polynomial Q(&) of the form Y'_ bye?™*S such that P(€) = |Q(&)[>.

[Hinz: Since P > 0 the complex-variable polynomial R(z) = YV v must
satisfy R(z) = z?VR(1/Z), and thus it must have N zeros inside the unit circle and
the other N outside. Therefore we may write R(z) = an [T}, (z — zx)™*(z — 1/Z¢)"
for some 0 < |zx| < 1 and r > 1 with ¥'3_, rx = N. Then take z = ¢2% |

3.2.6. Let g be a function on R” that satisfies |g(x)| + |g(x)] < C(1+ |x|)~"~9 for
some C, 8 > 0 and all x € R". Prove that

N I | s

meZl kez" A
for any x,oc € R" and A > 0.

3.2.7. Verify the following identity when 0 < r < 1 and x € R”

n+1 1 1
r 2 ) 2 log T ylml g2mim-x
+ .

In the special case n = 1 and x € R we have

1 ﬁlog% B I—r
T (logd)2 4 [x—k2 1—2rcos(2mx) +12"

[Hint: Use identity (3.2.4) and Exercise 3.1.7 when n = 1.

3.2.8. Let y€ Rand A > 0. Show that

Z cos(2mky)  mcosh(2QmA(y—[y]— %))
& Ak A sinh(7A)
[Hint: Use Exercise 3.2.6 when n = 1 with x =0, & = —¥A, g(x) = 3 1= and sum

in m}

3.3 Decay of Fourier Coefficients

In this section we investigate the interplay between the smoothness of a function and
the decay of its Fourier coefficients.
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3.3.1 Decay of Fourier Coefficients of Arbitrary Integrable
Functions

We begin with the classical result asserting that the Fourier coefficients of any inte-
grable function tend to zero at infinity. One should compare the following proposi-
tion with Proposition 2.2.17.

Proposition 3.3.1. (Riemann—Lebesgue lemma) Given a function f in L' (T"), we

~

have that | f(m)| — 0 as |m| — oe.

Proof. Given f € L'(T") and € > 0, let P be a trigonometric polynomial such that
Ilf — Pl < e.If |m| > degree (P), then P(m) = 0 and thus

|Fm)| = F(m)— P(m)| < || £ —P|, <e.

~

This proves that | f(m)| — 0 as |m| — eo. O

Several questions are naturally raised. How fast can the Fourier coefficients of an
L' function tend to zero? Does additional smoothness of the function imply faster
decay of the Fourier coefficients? Can such a decay be quantitatively expressed in
terms of the smoothness of the function?

We answer the first question. Fourier coefficients of an L' function may tend to
zero arbitrarily slowly, that is, slower than any given rate of decay. To achieve this,
we need the following two lemmas.

Lemma 3.3.2. Given a sequence of positive real numbers {a,}_, that tends to
zero as m — oo, there exists a sequence {c}_, that satisfies

Cm = G, cmd 0, and  cpi2+cm > 20mr1 (3.3.1)
forallm=0,1,.... A sequence {c,};,_ that satisfies (3.3.1) is called convex.

Proof. Let ky = 0 and suppose that a,, < M for all m > 0. Find k; > ko such that
for m > k; we have a,, < M/2. Now find k, > k; + @ such that for m > k, we

have a,, < M /4. Next find k3 > k» + @ such that for m > k3 we have a,, < M/8.
Continue inductively in this way and construct a subsequence kg < k; < ky < --- of
the integers such that for m > k; | we have a,, < 2-/-IM and kjv1>kj+ ik
for j > 1. Join the points (ko,2M), (ki,M), (ko,M/2), (k3,M/4),... by straight
lines and note that by the choice of the sequence {k j};c:o the resulting piecewise
linear function % is convex on [0,c0). Define ¢,, = h(m) and observe that the se-
quence {cy };r_ satisfies the required properties. Exercise 3.3.1 contains an alterna-

tive proof.
O

Lemma 3.3.3. Given a convex decreasing sequence {c,,}_, of positive real num-
bers satisfying limy,_s. ¢;, = 0 and a fixed integer s > 0, we have that
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=)

Z (V—I— 1)(Cr+s + Cris+2 — 2cr+s+l) =Cs- (3.3.2)
r=0

Proof. We begin by observing the validity of the telescoping sum

N
r+1)(crprs+ Crogan — 2Cr1541
ZE)( )( r+s r+s+ r+s+ ) (3.3.3)
=5 — (N+1)(CopN+1 = CstN+2) — CsiN41 -
To show that the last expression tends to c; as N — oo, we take M = [%] and we use

convexity (Cop+j—Corbtjt1 = CotMtj41—Cspm+j42) 10 obtain

Cs+M+1 — Cs+N+2 = Cs+M+1 — Cs+M+2
+ CsM+2 — Cs+M+3
FCstN+1 — CsN+2
> (N =M+ 1)(cs+N+1 = CsN+2)

N+1
2 T(CS+N+1 —csin42) > 0.

The preceding calculation implies that (N + 1)(cs+n+1 — Cs+n+2) tends to zero as
N — o and thus the expression in (3.3.3) converges to ¢y as N — oo, O

The proof of Lemma 3.3.3 appears more natural after examining Exercise 3.3.3(a).
We now state the theorem we alluded to earlier.

Theorem 3.3.4. Let (dy,)mezr be a sequence of positive real numbers with d, — 0
as |m| — oo. Then there exists a function f € L'(T") such that f(m) > d for all
m € Z. In other words, given any rate of decay, there exists an integrable function
on the torus whose Fourier coefficients have slower rate of decay.

Proof. We are given a sequence of positive numbers {a,, }cz that converges to zero
as |m| — oo and we would like to find an integrable function on T! with f(m) > ay,
for all m € Z. Apply Lemma 3.3.2 to the sequence {ay, + a_m }m>0 to find a convex
sequence {cm tm>0 that dominates {ay, +a_m }m>0 and decreases to zero as m —» oo.
Extend ¢, for m < 0 by setting ¢,y = ¢}, Now define

=

F@) =Y (+1)(cj+cjra—2ci41)F(x), (3.3.4)
j=0

where F; is the (one-dimensional) Fejér kernel. The convexity of the sequence ¢,
and the positivity of the Fejér kernel imply that f > 0. Lemma 3.3.3 with s = 0 gives
that

oo

Zb(j—f—1)(cj+cj+2—2cj+1)HFjHL1 = < oo, (3.3.5)
J=
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since ||Fj||;1 = 1 for all j. Therefore (3.3.4) defines an integrable function f on T'.
We now compute the Fourier coefficients of f. Since the series in (3.3.4) converges
in L', for m € Z we have

8

f(m)

. (j+ 1)(cj+cjunr—2¢j51)F;(m)

J

[
s &

G+ D(ej+ejr2—=2¢j41) ( - ]|:n-|1> (3.3.6)

j=m|

oo

Z(r+ 1)(cr+\m\ + Criiml+2 — Zcr+\m\+l)
r=0

= Clm| = Cm>

where we used Lemma 3.3.3 with s = |m].
Let us now extend this result on T”. Let (d,;)meczr be a positive sequence with
dy, — 0 as [m| — oo. By Exercise 3.3.2, there exists a positive sequence (a;) jez With

fr, .. ,xn) = fx1) - f(xn),

~

where f is the function previously constructed when n = 1 so that f(m) > a,. It can
be seen easily using (3.1.7) that £ (m) > d,,. O

3.3.2 Decay of Fourier Coefficients of Smooth Functions

We next study the decay of the Fourier coefficients of functions that possess a cer-
tain amount of smoothness. In this section we see that the decay of the Fourier
coefficients reflects the smoothness of the function in a rather precise quantitative
way. Conversely, one can infer some information about the smoothness of a function
from the decay of its Fourier coefficients.

Definition 3.3.5. Given 0 < vy < 1 and f a function on T”, define the homogeneous
Lipschitz seminorm of order y of f by

|[f(x+h) — f(x)]
Iy, = sup LR
Y xheT" ||
h#0
and define the homogeneous Lipschitz space of order 7y as

Ay(T") = {f : T" = C with || f]|; <o}

Functions in AV(T") are called homogeneous Lipschitz functions of order 7.

There is an analogous definition for the inhomogeneous norm.
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Definition 3.3.6. For 0 < ¥ < 1 and f a function on T", define the inhomogeneous
Lipschitz norm of order y of f by

[f(x+h) = fx

11, = N1+ sup LRI )

h#0
Also define the inhomogeneous Lipschitz space of order 7y as
A(T") ={f : T" = C with /][, <oo}.
Functions in Ay(T") are called inhomogeneous Lipschitz functions of order 7.

Remark 3.3.7. Functions in both spaces Ay(T") and AY(TH) are obviously contin-
uous and therefore bounded. Moreover, the functional || - |4, is a norm on A(T").
The positive functional || - || ; satisfies the triangle inequality, but it does not satisfy
7
the property | f||; =0 = f =0 required to be a norm. It is therefore a semi-
v
norm on A,(T"). However, if we identify functions whose difference is a constant,

we form a space of the equivalence classes A,(T")/{constants} on which || - || Ay is
a norm.

Remark 3.3.8. We already observed that elements of /'\Y(T”) are continuous and
thus bounded. Therefore, Ay(T") C L=(T") in the set-theoretic sense. However, the
norm inequality || f||= < C||f]| A, for all f € Ay fails for all constants C. For exam-
ple, take f = N +sin(27mx;) on T" and let N — oo to see that this is the case.

The following theorem indicates how the smoothness of a function is reflected
by the decay of its Fourier coefficients.

Theorem 3.3.9. Let s € Z with s > 0.
(a) Suppose that 0% f exist and are integrable for all |ot| < s. Then

, max [9%f (m)|

f(m)| < (\/ﬁ) o= m+0, (3.3.7)

2w |m|$

and thus

[f(m)[(1+|m[*) =0
as |m| — eo. In particular this holds when f lies in €*(T"). )
(b) Suppose that d* f exist for all |a| < s and whenever || =s, 9% f are in Ay(T")
Jor some 0 <y < 1. Then

~ (Jayr X 0715,

[Flm)] < Qrp2H Pt

m#0. (3.3.8)
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Proof. Fix m € Z"\ {0} and pick a j such that |m;| = sup; 4, [m|. Then clearly
mj # 0. Integrating by parts s times with respect to the variable x;, we obtain

e—2mx'm

f_ax, (339
(—2mim;)s

Flm) = Tnf(X)e_z”i"""dx:(—l)s / (971)(x)

n

where the boundary terms all vanish because of the periodicity of the integrand.
Taking absolute values and using |m| < \/n|m;j|, we obtain assertion (3 3.7).

We now turn to the second part of the theorem. Let ¢; = (0,...,1,...,0) be the
element of the torus T” whose jth coordinate is one and all the others are zero. A
simple change of variables together with the fact that ¢™ = —1 gives that

/T"(aff )(x)e P dx = — / (9}F)(x— ) 250 .

which implies that

i 1 €j —2mix-m
L @inwe 2 max =2 | [031)(0 - (@)= 5))e 2 d,
Now use the estimate

1931114,

(@31)0) = @D = 5| < sy

and identity (3.3.9) to conclude the proof of (3.3.8). O
The following is an immediate consequence.

Corollary 3.3.10. Let s € Z with s > 0.
(a) Suppose that % f exist and are integrable for all || < s. Then for some constant
Cn,s We have

max (|| f1]1, max|q— [|0%I|1)
(1+|m])*

f(m)] < ey (3.3.10)

(b) Suppose that 9% f exist for all |ot| < s and whenever |a| = s, d* f are in /\y(T”)
for some 0 <y < 1. Then for some constant cihs we have

ma (|| 1] max g %] 4,)

(1 |m])s+7

[f(m)| < ¢, 3.3.11)
Remark 3.3.11. The conclusions of Theorem 3.3.9 and Corollary 3.3.10 are also
valid when y = 1. In this case the spaces Ay should be replaced by the space Lip1
equipped with the seminorm

_ [fx+h) = fO)]
[l = sup L =L,

h£0
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There is a slight lack of uniformity in the notation here, since in the theory of Lips-
chitz spaces the notation A; is usually reserved for the space with seminorm

R k) =270
1, = sue, ] '

h#£0

The following proposition provides a partial converse to Theorem 3.3.9. We
denote below by [[s]] the largest integer strictly less than a given real number s.
Then [[s]] is equal to the integer part [s] of s, unless s is an integer, in which case

)= 5] - 1.

Proposition 3.3.12. Let s > 0 and suppose that f is an integrable function on the
torus with R
Fm)| < 1+ |y~ (3.3.12)

Jor allm € Z". Then f has partial derivatives of all orders |a| < [[s]], and for 0 <
y <s—[[s]], 9% f € Ay for all multi-indices o satisfying |ot| = [[s]].

Proof. Since f has an absolutely convergent Fourier series, Proposition 3.2.5 gives
that R
fx) =Y flmyemm, (3.3.13)
meZn

for almost all x € T".

Suppose that a series g = ¥, g satisfies ¥, [|0P g |1~ < oo for all |B| < M. Then
the function g is in € and 9P g =¥, 9P g,,; indeed this can be proved by induction
on the degree of the multi-index, since for all || < M — 1 we have

m(?ﬁg(x—&—tej) Zl Pl gm(x+tej) — 8ﬁgm(x)
t—0 1 t—0 1
= Z&,aﬁ g(x)

where the passage of the limit inside the sum is due to the Lebesgue dominated con-
vergence theorem, which can be applied using the uniform convergence of ¥, 9 J-&ﬁ g
via the mean value theorem.

Using the preceding observation, the function f in (3.3.13) is %]l (T") and

(0%)() = Y, Flm)(2im)eim

meZ"

for all multi-indices (@, ..., a,) with |a| < [[s]], since

Y F(m) sup |(27im)*e* ™ ™| < oo,
meZ" xeT?

which holds because of (3.3.12).
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Now suppose that |a| = [[s]] and that 0 < y < s — [[s]]. Then

(%) (x+ 1) = (U)W = Y, Flm)(2mim)*emxm (27t —1) |

mezZ

<@m)b) Y fmfls) c

meZ"

<c2@n)nl”,

217 @2m)Y || "m|"
(L [ml)rts

where we used the relation [[s]] +7y—s—n < —n to conclude the convergence of the
series and the fact that

|627rim-h _ 1| < min(27275|m| ‘h|) < 217}/(273))/‘7”|y|h|y'

Next we recall the definition of functions of bounded variation.

Definition 3.3.13. A measurable function f on T! is said to be of bounded variation
if it is defined everywhere and

M
Var(f):sup{2|f(xj)—f(xj,1)|: 0=1xp <x <"'<XM=1} < oo,
j=1

where the supremum is taken over all partitions of the interval [0, 1]. The expression
Var(f) is called the total variation of f. The class of functions of bounded variation
on T' is denoted by BV (T?!).

Examples of functions of bounded variation can be constructed as follows: given
f1, f> nonnegative integrable functions on [0, 1] with

./O.]fl(t)dt:/olfz(t)dt,

then the periodic function

s = [ fiyar— [ o,

defined on[0, 1], is of bounded variation. Analogous examples can be constructed
when fi and f, are replaced by nonnegative finite Borel measures on [0, 1].

Every function of bounded variation can be represented as the difference of two
(not necessarily strictly) increasing functions and thus it has a finite derivative at
almost every point. Moreover, for functions of bounded variation, the Lebesgue—
Stieltjes integral with respect to d f is well defined.
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Proposition 3.3.14. If f is in BV (T"), then

S Vag)
Flm)| <

whenever m # 0.

Proof. Integration by parts gives

. o i o 2mimx
== - L d = / d 5
L e e
where the boundary terms vanish because of periodicity. The conclusion follows
from the fact that the norm of the measure d f is the total variation of f. [l

The following chart (Table 3.1) summarizes the decay of Fourier coefficients in
terms of scales of spaces measuring the smoothness of the functions. Recall that
for g > 0, f(m) = o(Jm|~) means that |f(m)||m|? — 0 as |m| — o and f(m) =
O(|m|~%) means that | f(m)| < C|m|~4 when |m| is large. In this chart, we denote by
&*7(T") the space of all * functions on T", all of whose derivatives of total order

s lie in Ay(T"), for some 0 < y < 1.

SPACE SEQUENCE OF FOURIER COEFFICIENTS
LT(T") o(1)

Lr(T") )

L2 (Tn) ZZ(Zn)
Ay(T") O(|m| ")
BV(T") o(jm|™")
D) o([m| 1)
GI(T") O(lm ")
260 o([m[?)
1T o(lm[ > 7)
(1) o([m| )

¢ (T") o(lm[™) forall N > 0

Table 3.1 Interconnection between smoothness of functions and decay of their Fourier coeffi-
cients. Wetake 0 < y<land 1 < p <2.

3.3.3 Functions with Absolutely Summable Fourier Coefficients

Decay for the Fourier coefficients can also be indirectly deduced from knowledge
about the summability of these coefficients. The simplest kind of summability is in
the sense of ¢!. It is therefore natural to consider the class of functions on the torus
whose Fourier coefficients form an absolutely summable series.
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Definition 3.3.15. An integrable function f on the torus is said to have an absolutely
convergent Fourier series if

Y 1fm)] < +ee.

meZl

We denote by A(T") the space of all integrable functions on the torus T" whose
Fourier series are absolutely convergent. We then introduce a norm on A(T") by

setting R
HfHA(T”) = Zz' |f(m)
meZ’

In view of Proposition 3.2.5, every function f in A(T") can be changed on a set of
measure zero to be made continuous and under this modification, Fourier inversion

_ Z f(m)eZEim-x

meZ

holds for all x € T". Thus functions in A(T") are continuous and bounded. More-
over, Theorem 3.3.9 yields that every function in " (T") whose partial derivatives
of order n are in Ay, ¥ > 0, must lie in A(T"). The following theorem gives us a
significantly better sufficient condition for a function to be in A(T").

Theorem 3.3.16. Suppose f is a given function in /2 (T") and that all partial
derivatives of order [5] of f lie in AY(T”)for some y with 5 —[5] <y < 1. Then f
lies in A(T") and

HfHA ™) = )|+C(” 7) sup. ||8“fHA (Tn)?

lal=[3]
where C(n,y) is a constant depending on n and Y.

Proof. Foreach ¢ =0,1,2,..., let

S =

R 1/2
( If(m)|2> .
20<|m|<2t+1

We begin by writing
£ Loy = 1€ \+Z Y 1fm)] <O |+@222Sg, (3.3.14)
020 <|m| <241

where we used the Cauchy-Schwarz inequality and the fact that there are at most
2" points in Z" inside the open ball B(0,2¢*1), for some dimensional constant c,.

Notice that for a multi-index m = (my,...,m,) satisfying 2¢ < |m| < 2/*! and for
jin {1,...,n} such that |m;| = sup, [m;| we have
mj| W|

Z 5

(3.3.15)

1
20 = Vi

3
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For 1 < j < n, let e; be the element of R" with zero entries except for the jth
coordinate, which is 1, and define

h=2"""2e;. (3.3.16)

Using the elementary fact that |t| < & = |e — 1| > 2|t|/7, we obtain

— -2 2 [2mm; m
‘e2mm h | | 27im ;2™ 1| > = ‘ 22+2}| — M 7 (3.3.17)
T
h 2m)| hich is al ¢ . 2wm;| - amatl
whenever S~ < 7, which is always true since == < =745

‘We now have

n
ss=Y Y IfmP
J=1 2t <Jm|<2f+1
|m j|=supy [my|
4 27im-h, " 27mim |2[ﬂ]
Z Yo 1P f(m )|2712
= 2[<‘m|<2é+l ‘ /|
|m j|=supy my|

I’l[ ] 4 im~['i /n\
a5 L Tty — 12102 f (m) P

2752[ 2 1meZ"

— 2 23] ZH n/Z]f +hf) [n/ZJin2
<2l ZH n/Z]f +hé) [n/Z]inw

<2750 sup HBO‘fH Z|h[|27
|o]=[5]

C 2 20[3)-2ty sup ||8°‘fHA ,
|a|=[5]

where we used (3.3.17), (3.3.15), and (3.3.16). We conclude that

S, SC’/LVZ—[([%HY 5 SluI[) ||aocfHAy

which inserted in (3.3.14) yields the desired conclusion since y > 5 — [5]. O

Exercises

3.3.1. Given a sequence {a,};_ of positive numbers such that a,, — 0 as n — oo,
find a nonnegative integrable function 4 on [0, 1] such that
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1
/ (D)™ dt > ap,.
0

Use this result to deduce a different proof of Lemma 3.3.2.
[Hint: Try h=e ¥ (supa; — sup aj)(k+2)x kst 1].}

k=0 j>k J>k+1 k+27
3.3.2. Prove that given a positive sequence {d }mezr With dpy — 0 as |m| — oo,
there exists a positive sequence {a;} jcz With a,, - - a, > dim,,..m, and a; — 0 as
|j] = ee.

3.3.3. (a) Use the idea of the proof of Lemma 3.3.3 to prove that if a twice contin-
uously differentiable function f > 0 is defined on (0,0) and satisfies f’(x) <0 and
f"(x) >0 for all x > 0, then lim,_,e xf” (x) = 0.

(b) Suppose that a continuously differentiable function g is defined on (0,e) and
satisfies g > 0, g’ <0, and [ g(x) dx < 0. Prove that

lim xg(x) = 0.

X—ro0

3.3.4. Prove that for 0 < y < § < 1 we have Hf”/iy <Cuys

il 4, for all functions

f and thus /\5 is a subspace of Ay.

3.3.5. Suppose that f is a differentiable function on T! whose derivative f’ is in
L?(T"). Prove that f € A(T") and that

Loy
1 llaary < 111 +g(§of )1z
J

3.3.6. (a) Prove that the product of two functions in A(T") is also in A(T") and that

HngA(T”) S HfHA(T”)HgHA(T”)'

(b) Prove that the convolution of two square integrable functions on T" always gives
a function in A(T").

3.3.7. Fix 0 < a < 1 and define f on T! by setting

flx) = Z o—ak 2mizkx

k=0

Prove that the function f lies in Aqg (T'). Conclude that there does not exist positive
B > o such that for all f in Ag(T") we have sup,,.z [m|P|f(m)| < ee.

[Hint: For h # 0 pick N € Z such that 2V || > 1 > 2¥~1|a|. To estimate the differ-
ence | f(x+h) — f(x)], consider the cases k < N and k > N + 1 in the sum.]
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3.3.8. Use without proof that there exists a constant C > 0 such that

N . .
Z ezk logkezkt
k=2

sup <CVN, N=2734,...,

teR

to prove that the function

is in A, /2(T") but not in A(T"). Conclude that the restriction s > 1/2 in Theorem
3.3.16 is sharp.
[Hint: Estimate the difference |g(x+ h) — g(x)| using the summation by parts iden-

tity in Appendix F, taking sums of the sequence e/¥108k 27k
2mikh ]

and differences of the
e

sequence

3.3.9. Show that there exist sequences {a, }mez» that tend to zero as |m| — oo for
which there do not exist functions f in L' (T") with f(m) = a,, for all m.

[Hint: Suppose the contrary. Then the open mapping theorem would imply the in-
equality || f{[z1 ) < A||f||gw<zn) for some A > 0. To contradict it, fix a smooth
nonzero function 4 equal to 1 on B(0, 1) and supported in B(0, ). For b > 0 de-
fine g,(x) = h(x)e’”“*”’)"“2 and extend g;, to a 1-periodic function in each variable
on R”. Use that g,(m) = [ h(y)(1+ ib) /2~ 5" gy and let b — oo in the
inequality [|gp||z1 (pn) < Al [|¢=(zn) to obtain a contradiction. ]

3.4 Pointwise Convergence of Fourier Series

In this section we are concerned with the pointwise convergence of the square partial
sums and the Fejér means of a function defined on the torus.

3.4.1 Pointwise Convergence of the Fejér Means

We saw in Section 3.1 that the Fejér kernel is an approximate identity. This implies
that the Fejér (or Cesaro) means of an L? function f on T" converge to it in L? for any
1 < p < eo. Moreover, if f is continuous at x, then the means (F}} * f)(xo) converge
to f(xp) as N — oo in view of Theorem 1.2.19 (2). Although this is a satisfactory
result, it is natural to ask what happens for more general functions.
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Using properties of the Fejér kernel, we obtain the following one-dimensional
result regarding the convergence of the Fejér means:

Theorem 3.4.1. (Fejér) If a function f in L'(T") has left and right limits at a point
Xo, denoted by f(xo—) and f(xo+), respectively, then

%(f(xo-k)-&-f(m—)) as N —oo. (3.4.1)

(Fn*f)(x0) =
In particular, this is the case for functions of bounded variation.
Proof. Let us identify T' with [—1/2,1/2]. Given € > 0, find § € (0,1/2) such that

’f(xo +1)+flxo—1)  flxot+)+f(xo—)

0<t<o
<t<6 = 3 3

‘ <e. (342

Using the second expression for Fy in (3.1.18), we can find an Ny > 0 such that for
N > Ny we have

Si“<”(N+1)’)>2< L1 e (43

1
sup Fy(t)=—— sup ( . e —
§<i<j N+1 s<i<}) sin(7t) N+ 1sin*(n§)
We now have
(Fn * f)(x0) — f(x0+) / Fy(t) (f(xo+1) — f(xo+)) dt ,

(Fnv*f)(x0) = f(xo—) = | Fn(t)(f(x0—1) — f(xo—))dt.

T!

Averaging these two identities and using that the integrand is even, we obtain

(Fy = £)(x0) = w

/ X X0 — X X0—

(3.4.4)

We split the integral in (3.4.4) into two pieces, the integral over [0, §) and the inte-
gral over [8,1/2]. By (3.4.2), the integral over [0, 0) is controlled by € [1 Fy(r) dt =
€. Also (3.4.3) gives that for N > Ny

‘/Sl/zFN(Z)(f(xo—f);f(XoJrf) f(xo—);rf(onr))d['

(||f o)+ 1= flxo)|| 1) = ge(f1x0),

where ¢(f,xo) is a constant depending on f and xo. We have now proved that given
€ > 0 there exists an Ny such that for N > Ny the second expression in (3.4.4) is
bounded by 2€ (¢(f,xo) + 1). This proves the required conclusion.
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Functions of bounded variation can be written as differences of increasing func-
tions, and since increasing functions have left and right limits everywhere, (3.4.1)
holds for these functions. (]

We continue with an elementary but very useful application of the preceding
result.

Proposition 3.4.2. Let xo € T' and let f be a complex-valued function on T'. Sup-
pose that the left and right limits of [ exist as x — xo and that the partial sums
(Dirichlet means) (Dy * f)(xo) converge. Then

(D F)(x0) = 5 (Fro) + F(30-))
as N — oo,
Proof. If (D * f)(x0) — L(x0) as N — oo, then

(i )(ag) = DD OUD Tt DU SIO0)

as N — oo But (Fy * f)(x0) — 3 (f(x0+) + f(x0—)) as N — o in view of Theorem
3.4.1. We conclude that

L) = 5 (Ft) + F(x0-))

Thus (Dy * f)(x0) — %(f(xo+) +f(xo—)) as N — oo, O

This theorem is quite useful when we have a priori knowledge that the Fourier
series converges. For instance, consider the following example.

Example 3.4.3. On (—1/2,1/2) let £(t) =t and f(1/2) = f(—1/2) = 1000. Then
f is discontinuous at the point —1/2 = 1/2 but it has left and right limits at this
point:

1 1
lim )= —= lim f(t)==.
Jim SO == lim S0 =

(3.4.5)

~ . i(fl)m ~

Moreover f(m) = =—— when m # 0 and f(0) = 0 by Exercise 3.4.1 (a). It is not
hard to see that the series

. 1

i (_l)m i i eme()H»j)

(Dyf)x)=5= ) ~——&™m=_— (3.4.6)
2T o fmey ™ 2 olmey M
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converges for every x € (—1/2,1/2). Indeed, by Appendix F, (3.4.6) equals

i1y 2im(x+1) —2mim(x+1)
L5 (@t _zamr)

L Zl i(e2ﬂim(x+%)7e—27rim(x+%)) 1 71
2w = k+1 &

which has a limit as N — oo, since the geometric sums

1 _ o E2mi(N+1)(x+3)

N
Z +2mim(. x+ -1
— 1 _ et2milx+})

are bounded above independently of N when x € (—1/2,1/2). We conclude that

. 2mim(x+3) in(2 1
f(x) =x= lim — ) e lim sin@am(x+3))

0<im<N m N—oo 2nm

0<|m|<N

whenever |x| < 1/2. Moreover, we have that

(Dy+£)(1/2) = im Loy Yoy,

=% 2T o _fmj<n

which is the average of the left and right limits in (3.4.5) as Proposition 3.4.2 states.
Exercise 3.4.2 contains other applications of this sort.

3.4.2 Almost Everywhere Convergence of the Fejér Means

We have seen that the Fejér means of a relatively nice function (such as of bounded
variation) converge everywhere. What can we say about the Fejér means of a general
integrable function? Since the Fejér kernel is an approximate identity that satisfies
good estimates, the following result should not come as a surprise.

Theorem 3.4.4. (a) For f € L'(T"), let

H(f) = sup |f*Fyl.

NeZ+

Then 7 maps L' (T") to L' (T") and LP(T") to itself for 1 < p < oo.
(b) For any function f € L'(T"), we have as N — o

(Fyxf)—f a.e.

Proof. 1t is an elementary fact that [ < Z = |sint| > 2|¢|; see Appendix E.
1 1]

Using this fact and the expression (3.1.18) we obtain for all ¢ in [—5, 5],
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1 2

TN+
N+l
=7

sin(w(N +1)t)
sin(7t)

sin(w(N +1)1)
(N+1)t

N+l (5, ]
< - e
=73 mm(”’(NH)zﬂ)
7 N+l

2 T+ (N+ 122

|E (1)]

2

For t € R let us set (t) = (1+¢|*)~! and @¢(t) = L¢(%) for € > 0. For x =
(x1,...,%,) € R" and € > 0 we also set

P(x) = @(x1)-- o)

and @ (x) = ¢ "® (e~ 'x). Then for [t| <  we have |Fy(t)| < %z(pg(t) with € =
(N+1)~!, and fory € [, 3]" we have

2

IFi0) < (%) ®ely),  with e=(N+1)"".

Now let f be an integrable function on T” and let f; denote its periodic extension

on R". For x € [—1,1]" we have

H(f)(x) = sup

N>0

2 yn b -y)|d
<5y [ 120Ul lay 54

< 5"sup - |De(v)| [(foxo)(x—y)|dy

>0

=5"9 (foxo)(x),

where Q is the cube [—1,1]" and ¢ is the operator defined on integrable functions
on R" by
9 (h) = sup |h| * D .
>0
If we can show that ¥ maps L' (R") to L'**(R"), the corresponding conclusion for
¢ on T" would follow from the fact 57(f) < 5"9(foxo) proved in (3.4.7) and the
sequence of inequalities

1Py < 51 G020 oy < 5" CloZlisey = ey
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Moreover, the L” conclusion about .5# follows from the weak type (1, 1) result and
the trivial L™ inequality, in view of the Marcinkiewicz interpolation theorem (The-
orem 1.3.2). The required weak type (1, 1) estimate for ¢ on R" is a consequence of
Lemma 3.4.5. Modulo the proof of this lemma, part (a) of the theorem is proved.
To prove the statement in part (b) observe that for f € € (T"), which is a dense
subspace of L', we have Fyj * f — f uniformly on T" as N — oo, since the sequence
{Fy}x is an approximate identity. Since by part (a), 7 maps L' (T") to L'=(T"),
Theorem 2.1.14 yields that for f € L'(T"), F{ x f — f a.e. O

We now prove the weak type (1, 1) boundedness of ¢ used earlier.

Lemma 3.4.5. Let ®(x1,...,x,) = (1+ |x1|?) 7 - (14 |x,]?) " and for € > 0 let
D, (x) = £7"P (e~ 'x). Then the maximal operator

G(f) = sup|f]+ Pe

e>0
maps L' (R") to L**(R").

Proof. LetIy=[—1,1]and [y = {t e R: 2°"" < |¢| <2} fork=1,2,.... Also, let
I be the convex hull of I, that is, the interval [—2" , 2"]. For a, ..., a, fixed positive
numbers, let M, . 4, be the maximal operator obtained by averaging a function on
R” over all products of closed intervals J; X --- X J,, containing a given point with

|J1| :2“2|J2‘ = ...:2""|Jn|,

In view of Exercise 2.1.9(c), we have that M,, . ,, maps L' to L' with some con-
stant independent of the a;’s. (This is due to the nice doubling property of this family
of rectangles.) For a fixed € > 0 we estimate the expression

|f(—ey)|dy
+31) - (1+y2)

@O = [, 5

Split R" into n! regions of the form |y; | > --- > |y;,|, where {ji,...,jn} is a per-
mutation of the set {1,...,n} and y = (y1,...,y,). By symmetry, we examine the
region % where |yj| > -+ > |y,|. Then for some constant C > 0 we have

F(=ey)ldy 3 ki) [
/ﬁ2(1+y1) S Z 22 /Ikl /Ik,,lf( €y)|dyg, --dyr,

(I4yn) — i

and the last expression is trivially controlled by the corresponding expression, where
the I;;’s are replaced by the I;’s. This, in turn, is controlled by

o ki ky—1

Y Yo Y Ot IM -, ((0). (34.8)

K1=0/kr=0 k=0
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Now set s, = k1 —ka,...,s, = k; — ky, observe that s; > 0, use that

o~ (kitethn) < 2*%‘2*% o]

)

and change the indices of summation to estimate the expression in (3.4.8) by

c’ Z Z ZZ’TZ’E-~-2’%M52,,_,,sn(f)(0).

=0s5,=0 sp=0

Argue similarly for the remaining regions |y; | > --- > |y;,|. Finally, translate to an
arbitrary point x to obtain the estimate

(P f)(x |<C””'Z 22 B 2TRM,, ().

sp=0 Sp=

Now take the supremum over all € > 0 and use the fact that the maximal functions
5, map L' to L' uniformly in s, ... s, as well as the result of Exercise 1.4.10
to obtam the desired conclusion for 4. t

3.4.3 Pointwise Divergence of the Dirichlet Means

We now pass to the more difficult question of convergence of the square partial sums
of a Fourier series. It is natural to start our investigation with the class of continuous
functions. Do the partial sums of the Fourier series of continuous functions converge
pointwise? The following simple proposition warns about the behavior of partial
sums.

Proposition 3.4.6. (a) (duBois Reymond) There exists a continuous function f on
T! whose partial sums diverge at a point. Precisely, for some point xo € T' we have

limsup Z F(m)e¥0m| = oo
N—reo meZ
mj|<N

(b) There exists a continuous function F on T" and xo € T' such that the sequence

= o0

lim sup F(m)ezm(xoml Fxomy Xy

N—yoo

meZ
mj|<N

forall x5,...,%y, in T'.
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Proof. The proof of part (b) is obtained by considering the continuous function
F(x1,...,x,) = f(x1), where f is as in part (a). Then we have

(FxDY)(x1,...,x,) = (f*Dn)(x1)

and thus the square partial sums of F diverge on the (n — 1)-dimensional plane
{ (X052, -+, Xn) = X2, ,%, € TLL

We now prove part (a) using functional analysis. For a constructive proof, see
Exercise 3.4.7. Let C(T") be the Banach space of all continuous functions on the
circle equipped with the L norm. Consider the continuous linear functionals

f = In(f) = (Dn+£)(0)

on C(T!) for N =1,2,.... We show that the norms of the Ty’s on C(T') converge to
infinity as N — 0. To see this, given any integer N > 100, let @y (x) be a continuous
even function on [—1,1] that is bounded by 1 and is equal to the sign of Dy/(x)
except at small intervals of length (2N 4 1)~2 around the 2N + 1 zeros of Dy. Call
the union of all these intervals By and set Ay = [—%, 3]\ By. Then

/ |DN(x)|dx+‘/ on(x)Dy(x)dx| <2|By|(2N +1) = 2.
By By

Using this estimate we obtain

Tl 2 o) =, Prt-oav(oyi

> /AN |DN(x)|dx— ’/BNDN(X)(pN(x)dx

_ /Tl | Dy (x)] dx — ‘/BNDN()C)(pN(x)dx
4 N1

ol ?

It follows that the norms of the linear functionals 7y are not uniformly bounded. The
uniform boundedness principle now implies the existence of a function f € C(T!)
and of a sequence N; — oo such that

_/BN |Dn (x) | dx

T, (f)] = o

as j — oo. The Fourier series of this f diverges at xo = 0. U
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3.4.4 Pointwise Convergence of the Dirichlet Means

We have seen that continuous functions may have divergent Fourier series. How
about Lipschitz continuous functions? As it turns out, there is a more general condi-
tion that implies convergence for the Fourier series of functions that satisfy a certain
integrability condition.

Theorem 3.4.7. (Dini) Let f be an integrable function on T', let ty be a point on T!
Jor which f(to) is defined and assume that

/ fett0) = fw)l 4 . (349
<1 7|

Then (D% * f)(to) — f(to) as N — co.
(Tonelli) Let f be an integrable function on T" and let a = (ay,...,a,) € T". If f is
defined at a and

/‘. |<l.../ |<1|f(x_|_a)_f(a)dx”..-d.x1<oo, (3410)
x1|<5 x| <L

e -+« |xal
then we have (D} * f)(a) — f(a) as N — oo.

Proof. Since the one-dimensional result is contained in the multidimensional one,
we prove the latter. Replacing f(x) by f(x+a)— f(a), we may assume that a = 0
and f(a) = 0. Using identities (3.1.15) and (3.1.14), we can write

(2N—|— l)ﬂ:xj)

n = - - Sin( e
(DN*f)(0>—/Tnf( ’“),Ul Sin(mx) e (3.4.11)

1 (sin(ZNnxj) cos(mx;)

= | f0]]

+ cos(2N7rxj)) dx,---dxy .
JTn =1

sin(7x;)

Expand out the product to express the integrand as a sum of terms of the form

{f(—x)HW}Hsm(anxj) [T cosNax),  (3412)

el sin(7x; el ke{12,. 03\

where [ is a subset of {1,2,...,n}; here we use the convention that the product over

an empty set of indices is 1. The function f; inside the curly brackets in (3.4.12)
is integrable on [f%, %)" except possibly in a neighborhood of the origin, since
|sin(7x;)| > 2[x;| when |x;| < 1. But condition (3.4.10) with @ = 0 and f(a) =0
guarantees that f; is also integrable in a neighborhood of the origin. Expressing the

sines and cosines in (3.4.12) in terms of exponentials, we obtain that the integral of
(3.4.12) over [7%7 %)" is a finite linear combination of Fourier coefficients of f; at

the points (£N,...,£N) € Z". Applying Lemma 3.3.1 yields that the expression in
(3.4.11) tends to zero as N — oo, [l
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The following are consequences of this test.

Corollary 3.4.8. (a) (Riemann’s principle of localization) Let f be an integrable
function on T' that vanishes on an open interval I. Then Dy * f converges to zero
on the interval I.

(b) Let a = (ai,...,a,) € T" and suppose that an integrable function f on T" is
constant on the cross

{x=(x1,...,%0) €T": |xj—aj| < 8; forsome j},
where 0 < 6; < 1/2 are fixed. Then (D}, * f)(a) — f(a) as N — oo.

Proof. (a) Letty € 1. If f vanishes on /, condition (3.4.9) holds, since the function
t— f(t+19) — f(to) vanishes on —fo + I, which is an interval containing the origin,
and is integrable outside —#o -+ I. Thus (Dy * f)(t9) — f(t9) = 0 for every #p € I.
(b) We need to show that the function

[f(x+a)— f(a)|

e -+

is integrable over T = [—1/2,1/2)". The integral of this function over T" is equal
to its integral over the region

S={(x1,...,x0) €T": |xx| > & forall k},

since f(x+a)— f(a) vanishes whenever |x;| < §; for some j € {1,2,...,n}. Buton
S we have that
[fx+a)—fla)| _ |f(x+a)—f(a)
el T 86y

and this function is integrable over S, since f is. We deduce that (3.4.10) holds. [
Corollary 3.4.9. Let a € T" and suppose that f € L' (T") satisfies
[f(x) = fa)| < Clxr —ar|* -+ [y — an|™

for some C,€; > 0 and for all x € T". Then the square partial sums (D}, * f)(a)
converge to f(a).

Proof. Note that condition (3.4.10) holds. O

Corollary 3.4.10. (Dirichlet) If f is defined on T' and is a differentiable function
at a point a in T', then (Dy * f)(a) — f(a).

Proof. There exists a 6 > 0 (say less than 1/2) such that |f(x) — f(a)|/|x — a] is
bounded by |f'(a)| + 1 for |x —a| < 8. Also |f(x) — f(a)|/|x — a| is bounded by
| f(x) — f(a)|/6 when |x —a| > . It follows that condition (3.4.9) holds. O
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Exercises

3.4.1. Identify T! with [~1/2,1/2) and fix 0 < b < 1/2. Prove the following:

(a) The mth Fourier coefficient of the function x is ig;r): when m # 0 and 0 when
m=0.

(b) The mth Fourier coefficient of the function ¥ p) is %me) when m # 0 and
2b when m = 0.

(¢) The mth Fourier coefficient of the function (1 — %) s % when m # 0

and b when m = 0.
(d) The mth Fourier coefficient of the function |x| is — 2m2n2 + §m2> > when m # 0

and % when m = 0.
(e) The mth Fourier coefficient of the function x? is % when m # 0 and ﬁ

when m = 0. o
(f) The mth Fourier coefficient of the function cosh(27mx) is (11]’1)12 31“7?”
(g) The mth Fourier coefficient of the function sinh(27x) is % %
3.4.2. Use Exercise 3.4.1 and Proposition 3.4.2 to prove that
y 1 o y 1
=, (2k+4-1)2 4 keZ {0} kK3
(_1)k+1 _ 71.2 Z (—l)k - 27
weroy K 6 [+l ef—eT

3.4.3. Let M > N be given positive integers.
(a) For f € L'(T"), prove the following identity:

(D * £)(3) = A Fur )0~ 1 (B )

M+1 Jj ~ . .,
TM-N (1_M|+|1>f(1)ezw'
N<|jl<M

(b) (G. H. Hardy) Suppose that a function f on T' satisfies the following condition:
for any € > O there exists an a > 1 and a ky > O such that for all kK > ky we have

Y fml<e.

k<|m|<[ak]|

Use part (a) to prove that if (Fy * f)(x) converges (uniformly) to A(x) as N — oo,
then (Dy * f)(x) also converges (uniformly) to A(x) as N — oo.
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3.4.4. Use Proposition 3.4.2 to show that for 0 < b < % we have

N
. sin(2zbm) 2ribm _ 1 2%.
Noveo &= mm 2

m#0
[Hint: Use Exercise 3.4.1(b).]

3.4.5. Let f be an integrable function on T" and g be a bounded function on T"
and let K be a compact subset of T". Consider the family .% = {f,,: w € K}, where
Sfw(x) = f(x—w)g(x) for all x € T". Prove that the Riemann-Lebesgue lemma holds
uniformly for the family .%. This means that given € > O there exists an Ny(K) > 0

such that for [m| > Ny we have | f,,(m)| < & for all w € K.

3.4.6. Prove the following version of Corollary 3.4.8 (b). Suppose that a function f
on T" is constant on the cross U = {(x1,...,x,) € T": |x; —a;| < & for some j},
for some 6 < 1/2. Then D}, * f converges to f(a) uniformly on compact subsets of
the box W = {(x1,...,x,) € T": |x;| < forall j}.

[Hint: Use Exercise 3.4.5.}

3.4.7. Follow the steps given to obtain a constructive proof of the existence of a
continuous function whose Fourier series diverges at a point. Identify T! with [0,1)
and define

g(x) = —2mi(x—1/2).
(a) Prove that g(m) = 1/m when m # 0 and zero otherwise.
(b) Prove that for all nonnegative integers M and N we have

. . 1 .
((eZmN(-)(g*DN)) *DM> (x) — eZme Z 782mrx
1<|rj<n "

when M > 2N and

. . 1 ...
((eZMN(-)(g *DN)) *DM) (x) _ eZme Z 762mrx
—N<r<M-N T
r#0
when M < 2N. Conclude that there exists a constant C > 0 such that for all M, N,
and x % 0 we have

|(e2”iN(')(g*DN)) * Dy (x)| < £

x|

(c) Show that there exists a constant C; > O such that

1 .
sup sup |(g*DN)(x)| = sup sup —PM < C) < oo,

N>0 xeT! N>0 xeT!

1<|<n ’
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(d) Let A4, = 1+ ¢ Define
o | Zﬂllkx
Z ¢ (g Dy ) )

and prove that f is continuous on T' and that its Fourier series converges at every
x#0, but hmsupMﬁw |(f*Dp)(0)| =

[Hmt Take M = e with m — oo. The mequahty in part (b) follows by summation
by parts.]

3.5 A Tauberian theorem and Functions of Bounded Variation

The relation between the partial sums of a Fourier series and the Fejér means is a
particular situation of a relation between sequences of complex numbers and their
arithmetic means. Given a sequence {a};_, of complex numbers, we denote its
partial sums by

Sy =ai+---+ayn

for N > 0, and its arithmetic or Cesaro means by

N

N+1—k
N—HZk N+1 (+ )k

ON =

A classical result says that if sy — L as N — oo, then oy — L as N — oo. The converse
is not true, as the example a; = (—1)F indicates. But in a particular situation the
reverse implication holds.

3.5.1 A Tauberian theorem

We have the following result concerning the convergence of {s;};°, as a conse-
quence of that of {oy}7_,.

Theorem 3.5.1. (a) Suppose that for a sequence {ax}y_, of complex numbers we
have that oy — L as N — o and that |kay| <M < o for all k =0,1,2,.... Then
S — L as k — oo,

(b) Let X be a nonempty set. Suppose that for a sequence {ay(x)}y_, of complex-
valued functions on X we have that oy(x) — L(x) uniformly in x € X as N — oo
and that Supy~qsup,cy |kag(x)| < M < co. Then s (x) — L(x) uniformly in x € X as
k — oo,
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Proof. We prove part (b), noting that the proof of part (a) is subsumed in that of (b).
For 0 < k < m < o we have

m
(m+1)o,(x) — (k+ 1)op(x) — Z (m+1—jaj(x)
j=k+1
m k m
=Y (m+1—j)aj(x)= Y (k+1=j)aj(x)— Y (m+1—j)a;(x)
Jj=0 j=0 j=k+1
k
=(m—k)Y a;(x)
j=0
=(m—k)sg(x).
Therefore we have
m+1 k+1 1 i .
mo'm(x) ek <>_fk'—k (m+1— jlaj(x) = sk(x)
Jj=k+1
and thus
m+1 m+1 Z 1 1
— - — - e ia:x). 1
s1(x) = 01(x) = - (0 (1) — 0k (1)) m_kakzﬂ(] g Jdai®). G
Notice that
L 1 1 m d L 1 —k
Z (7'_ )S/ i_ Z 7:]0gm—7m . (3.5.2)
N o m+l kot gmymtl kK m+1

Now fix € > 0 such that € < 1. For each k € Z pick an my € {k,k+1,...,2k} such

that ¢ — 1+ €. Then 'rzk—f,i converges to € ' + 1 as k — oo, hence it is bounded by
some constant C. Then (3.5.1) and (3.5.2) with my; in place of m yield

sup|sk(x)—ok(x)| < Cesup |0y, (x) — Ok (x)| +M k
xeX xeX

k+1[1 my mk—k
0g — —
kK m+1

Taking the limsup,_,., in the preceding inequality and using that

limsup sup |G, (x) — ox(x)| =0,
k—oo  xeX

which is a consequence of the hypothesis that oy (and thus o), ) converges to L
uniformly, we obtain

1
limsup sup |s¢(x) — op(x)| <M [(1+E)log(1+8)—1 .

k—oo  x€X
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In view of the Taylor expansion

1 1
1og(1+e):e—§£2+§s3—--- =e+0(e),

which is valid for 0 < € < 1, we conclude that

limsup sup [ (x) — op(x)| < Mce
k—roo  x€X

for some absolute constant ¢ > 0. Since € > 0 was arbitrary, we finally deduce that
sk (x) converges uniformly to the same limit as o (x), which is L(x). O

Corollary 3.5.2. Suppose that a function f on T! is continuous and there is a con-
stant M > 0 such that | f (m)| < M|m|~! for all m € Z*+ \ {0}. Then the Fourier series
of f converges uniformly to f. In particular, if f is a continuous function of bounded
variation on the circle, then f Dy — f uniformly on T' as N — oo,

Proof. The Fejér means {Fy}y_, are an approximate identity on T" (Proposition

3.1.10) and so Fy * f converge uniformly to f on T! as N — o in view of Theorem

1.2.19 (2). Moreover, we have |m||f(m)| < M for all m € Z. It follows from Theorem
3.5.1 that Dy * f converges uniformly to f. R

If, additionally, f is a function of bounded variation, then |m||f(m)| < 5 Var(f),

d

as shown in Proposition 3.3.14. Then the claimed conclusion follows.

3.5.2 The sine integral function

We examine a few useful properties of the antiderivative of sin(z) /z.

Definition 3.5.3. For 0 < x < o define the sine integral function

Si(x) = /0 ’ Smt(t) dt. (35.3)

Integrating by parts we write

Si(x):/ol Sint(t) dr + —50) +cos(1)—/x&(t)dt,

X 1 12

from which it follows that the limit of Si(x) as x — o exists and is equal to

‘I sin(t o0 t
limSi(x):/ wdt—l—cos(])—/ Cosz()dz.
X—poo Jo t J1 t
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To precisely evaluate the limit of Si(x) as x — oo we write

Si((V+ 1)) ﬂ/% sin((2N + 1))
Tt
(2N +1) 7 1 1
- /2 sin(@N+ )mt) +7r/251n((2N+1)m){ }dt
sin(7t) 0 mt sin(mr)

1 L @N+D)rmit __ ,—(2N+1)mit
T (2 T [2e e 1 1
=— [ Dy(t)dt+ = — = dt
2 /_5 wlr)di+ 3 /_; 2i {m sin(m)} ’

which converges to /240 as N — o, in view of the Riemann-Lebesgue lemma
(Proposition 3.3.1), since the function inside the curly brackets is integrable over the
circle. We conclude that lim,_,e Si(x) = /2.

Note that Si’ vanishes at nw, n =0,1,2,... and Si’(n7) = (—1)"/nx. Conse-
quently, Si(x) has local maxima at the points 7, 37, 57, ... and local minima at the
points 27, 47, 67, .... Moreover, it is increasing on the intervals [2k7, (2k + 1) 7]
and decreasing on [(2k+ 1)7, (2k+2)x], k=0,1,2,.... Also, observe that

Si(37t)—Si(7r):/2ﬂ sin(t) dt+/2”smt(’:ﬂ”>dt=/2”sin(t)<l—l> dt <0

T t T T t t4m

and likewise we can prove the remaining inequalities in the sequence

Si(m) > Si(3m) > Si(5m) > Si(Tm) > -+ > g

Similarly, one can show that

Si(2m) < Si(4w) < Si(6w) <

] N

Hence Si(7) is the absolute maximum of Si(x) on [0,c0), while 0 is the absolute
minimum of Si(x) on [0,e0); Si(7) is the absolute minimum of Si(x) on [7, ).

3.5.3 Further properties of functions of bounded variation

Next we have the following theorem concerning functions of bounded variation.
Recall that functions of bounded variation are differences of increasing functions
and thus have left and right limits at every point.

Theorem 3.5.4. Let 0 < § < 1/2. Suppose that f is an integrable function on T!
which is of bounded variation on the neighborhood [ty — 8,ty + 8| of the point

to € TL. Then
f(to+) + f(to— ).

11m (f*DN)( 0) = 5



220 3 Fourier Series
Proof. We write W for the neighborhood (-4, 8) of 0, F (1) = w , and
Ly, = 7f<[0+);f(t°_>. We have

(F+Dw)0) = [ £ —0Dx(0)dr = [ fo+0Dy@)ar,

hence, averaging yields

(f*DN)(IO) :/l.q f(to_t);—f(to_’_t)DN(t)dt:/rl EO(I>DN(l)dt.

Therefore we have
(f*Dn)(to) — Ly = /W (Fi (1) _Lto)DN(t)dt+/l,l\W (Fio (1) — Liy) Dy (1) dt

and since in the second integral |¢| > &, the Riemann-Lebesgue lemma shows that
the second term is o(1), i.e., it tends to zero as N — oo. We now show that the first
integral also goes to zero. We write

/W (Fo (1) — Ly ) Dy(r) dr = / (Eo(t)—L,O)Sin((zA:r—:_lmt)dt (3.5.4)
+/ F, (1) (Sm(lm)—;t) sin((2N + 1)m) dr |

1
sin(mr)

follows from the Riemann-Lebesgue lemma that the second term is o(1) as N — eo.
Consequently,

but since the function % — ) remains bounded on [— %, %] (Exercise 3.1.5 (a)), it

(FeDw)li0) Ly = 1 [ (o= 1) LD gy o1

as N — oo. To prove the required conclusion, it will suffice to show that
2 8 in((2N + 1)t
;/ (F,O(t)—L,O)Mdt—)O (355)
0

as N — oo. Let Si(t) be as defined in (3.5.3). We express the integral in (3.5.5) as
I
/ (Fo(t) — Ly) ST (2N + 1)) dt (3.5.6)
0
Integrating by parts we obtain that (3.5.6) is equal to

(Fy(6—) — Ly )Si((2N +1)78) — /OﬁSi((ZN—i— 1)) dF, (1) (3.5.7)
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Letting N — oo and using the Lebesgue dominated convergence theorem, we con-
clude that (3.5.7) converges to

)
(Fol(6-)~L)5 = [ ZdFy(0) = (Fy(6-)~Ly) 5 = (Fy (=)~ Fy(04)) 5 =0

\S]

noticing that L;, = F;(0+). O

Next, we obtain an explicit bound for the partial sums of functions of bounded
variation. Let Si(r) be as in (3.5.3).

Theorem 3.5.5. Suppose that f is a function of bounded variation on the circle T'.
Then the partial sums of the Fourier series of f are uniformly bounded, in particular,
we have

sup sup |(/+Dw)(0)] < (1 2 +8i(m)) |/ e= +SimVar(f). G5

toE€T! NeZ+

Proof. We take § = 1/2 in the proof of the preceding theorem. For a point £y € T',
let F () = w We have that

(oDl = [ o) L+ D)

+/ (Sm )—;_[) sin((2N + 1)) dt

S E’ <l- % when || < % (Exercise 3.1.5 (a)), we obtain that the

dt
(3.5.9)

Using that ]

second integral in (3.5.9) is bounded by (1 — 2)||f||~. Integrating by parts as in the
proof of the preceding theorem, we express the first integral in (3.5.9) as

1
Fy(L)Si(2N + 1)xh) —/2 Si(2N + D)) dF, (1), (3.5.10)

0
which is bounded (in absolute value) by || f||z=Si(7) + Si()Var(f). Assertion
(3.5.8) now follows. O

3.5.4 Gibbs phenomenon

It is not reasonable to expect that the Fourier series of a discontinuous function
converges uniformly in a neighborhood of a discontinuity. The lack of uniformity in
the convergence can be measured in terms of the worst jump, called the overshoot.
The exact form of nonuniform convergence is illustrated in the following example:
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Example 3.5.6. Consider the function

L _¢ when0<t§l

2
h(t)=40 when t =0 (3.5.11)
—1—t when—}<r<0.
Clearly A(¢) is a function of bounded variation and is continuous except at the point
t = 0 at which it has a jump discontinuity. Since 4 is an odd function, its Fourier

coefficients are

h(m) = 1/2h —2mimt gy — _0j 2 ' in(2zwmt)dt = i
= t t=— 5 —t t)dt = —
(m) /,1/2 (£)e l/o (2 )sin ) 2mm

when m # 0 and Z(O) = 0. The partial sums of the Fourier series of /4 are

(h b )( ) i eZﬂ:imt
* Dy _—
S EIRL
m#0
Notice that d
]’l*DN Z emel )—1
|m|<N
m#0
Then, if we define d(s) = Sin;m) — %, we can write
/’l * DN / DN —1lds
2N +1
_ —H—/ sm(( ' +1)7s) s
0 sin(7s)
(CN+ 1)z
:—t+/ d(s)sin((2N + 1) ms) ds+/ Smﬁ&ds
s

Notice that d(s) is continuous at zero and d(0) = 0, while lim,_, @ = Zithusdisa

differentiable function on [0, 3] and @' (0) = Z. Moreover, lim,_,od’(s) = d’(0), thus
d is continuously differentiable on [0, %] Additionally both d and d’ are nonnegative
and increasing on [0, %], thus d' < %; see the hint of Exercise 3.1.5. It follows that

~ cos((2N +1)mt) /d’ cos cos((2N + 1)ms)

ot
d(s)sin((2N + 1 d
./0 (s)sin((2N + 1)ms)ds = N1 D Nt D
1
and the preceding expression is bounded in absolute value by (d—z) + %

d’(%) ) 1
T
We deduce that

T 2N+1"

N 1 ["sin((2N +1)7s)
s

(h*Dy)(t) = — ds+0(

2N+1)7
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1_1

where 0(#) is a function bounded by - 55—

SN . Consequently,

1 Ntz g
(h*DN)(t):—t—i-f/ wds—kO(
T Jo S

2N+1)'

Hence for 1 € (0, —%] we have limy_,(h* Dy)(t) = —1 + %% = % —t as expected.
Analogously for ¢ € [—1,0) we have limy_,o(7* Dy)(t) = —3 — . Also for t = 0,
limy_se(h * Dy)(0) = 0. Thus the Fourier series of & at zero converges to the “fair”
value of the average of #(0+) and ~(0—) which happens to be #(0) = 0.

To quantitatively estimate the nonuniformity of the convergence of (h* Dy)(t)
we note that

(2N+1)7t gin(s
(h*DN)(t)—(%—t):%/o " %()ds—%—I—O( ! )

Thus forall N =1,2,... andz € (O,%] we have

; -1
Si(m) 1 1 1 < 08949... 4+ T

Dy (8) — h(t) < - .
(e Dy)(1) = hlt) < == =5+ o og 7 < IN+1

Also, for any sequence ty — 0+ we have

limsup [(hDy) (tv) — h(ty)] < Si;”) - % = .08949..., (3.5.12)
N—oo

while if for each N we consider the value zy = 1/(2N + 1), we obtain that

Si 1
limsup [(h+ Dy)(ty) — hty)] = i) 1 ogosg. .. (3.5.13)
N—oo T 2
0.6
0.4
0.2
012 04I4

Fig. 3.3 The partial sums (D4 )(t) showing the overshoot of approximately 9% of the jump of
h at zero.
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The quantity .08949... is called the overshoot of the partial sums of the Fourier
series of the function / in a neighborhood of zero. See Figure 3.3.

We now examine the preceding phenomenon in the setting of functions of
bounded variation. These functions can be written as a differences of two increasing
functions, so they have countable sets of discontinuities. Suppose we are given a
function f € L (Tl) of bounded variation, and for the sake of simplicity, let us con-
sider the situation where it has exactly one discontinuity, say at the point #y € T'.
Consider the function / defined in (3.5.11) and define

folt) = (f(to—O-)—f(to—))h(t—to)—l—w when 1 # 1o, (3.5.14)
° f(to) when ¢ = . -

Now the function f — fj is of bounded variation and is also continuous and satisfies
(f — fo)(t9) = 0. In view of Corollary 3.5.2, the Fourier series of f — fy converges
uniformly to f — fy and so the lack of uniformity of the convergence of the partial
sums of f is due to the presence of fj.

We express these observations as a theorem.

Theorem 3.5.7. (a) Let h be defined in (3.5.11). Then the set of accumulation points
of sets of the form {(h+Dy)(tn) }nez+, where ty € [0,1/2], is the interval

[0,542)] — [0,0.58949...].

T

In particular if ty — O such that Nty — %, then

lim (h*Dy)(ty) = S12 = 0.58949 . ...

N—so0 T

(b) Let f be a function of bounded variation on the circle with a single discontinuity
at the point ty, such that f(to+) — f(to—) > 0. Then the set of accumulation points
of sets of the form {(f *Dy)(tn) } nez+, where ty € [to,t0+ 8], for some 8 > 0, is the
interval

f(fo+)42rf(10*) ’ f(loH;f(fo*) + @ (f(t0+) 7f(t0,))} )
In particular if ty — to+ such that N(ty —to) — %, then
lim (f+Dy)(tn) = Hurtl e fom) S (f(10+) — f(t0—))

Proof. (a) Since h >0 on (0,3] and (h*Dy)(t) — 5 —t for 0 <t < 3 we have
that all accumulation points of sequences (h* Dy)(fy) are nonnegative. We showed

in (3.5.12) that all accumulation points of sequences (i Dy)(ty) — h(ty) are at

most @ — %; but A(ty) < %, when #y € [0, %], hence all accumulation points of
sequences (h* Dy)(ty) are at most @ and thus contained in [0, Sigr”)]. Also, 0 is
attained as the accumulation point of (4% Dy)(0) and the number @ is attained as

the accumulation point of the sequence (A% Dy) (ﬁ) as shown in (3.5.13); notice
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that the same assertion is valid for any other sequence #y — O such that Nty — %

Now, since the functions (h « Dy)(t) are continuous, given any c in [0, Si(x )} there
is a t), between 0 and 2N T such that (h* Dy)(ty) = c for all N; this shows that
the set of accumulation points of sequences of the form {(f * Dy)(ty) }ycz+ is the
interval [0, S’SI”)].

(b) To examine the behavior of f* Dy near the point of a single jump discon-
tinuity 7o of f, we reduce matters to the preceding situation as alluded earlier, by
introducing the function fy defined in (3.5.14). Then for a sequence fy converging
to 79 from the right we have

(f *Dn)(tn)
= (f—fo)*Dn(z, )JF(f(t0+)*f(tof))(h*DN)(thto)er
= (f(to+) — f(r0— ){h*DN)(lN*to)*h(l‘th())]

F(flto+) = Flto—))hltn —to) + (f — fo) % Dy (ty) + Lot T =)

Applying limsup,_,., and using (3.5.12), we obtain as N — oo

limsup(f *Dy)(ty) < (f(to+) — f(to _))(Si;ﬂ _%+%)+M7

N—roo

where we used the following consequence of Theorem 3.5.4

limsup (f — fo) *Dn(ty) = (f — fo)(t0) =

N—yoo

This shows that all accumulation points of sequences of the form {(f*Dy)(tn) } yez+
are at most (f(fo+) — f(to—)) Silm) 4 $(f(to+) + f(to—)). Also, since all accumu-

lation points of sequences (h *DEN)(IN) are nonnegative, when #y lies to the right
of fo, it follows from the identity f = (f — fo) + fo and (3.5.14) that all accumula-
tion points of {(f*Dy)(tn)}nez+ are at least 3 (f(fo+) + f(to—)). As in part (a)
the intermediate value theorem implies that every point in the interval having the

aforementioned endpoints is also an accumulation point for the sequence at hand. [

Exercises

3.5.1. Let Si(¢) be the sine function as defined in (3.5.3).
(a) Prove that |7 — Si(7)| < %
(b) Show that Si(Nt) — 7 uniformly in ¢ € [§,o0) for any § > 0.

3.5.2. Show that the sine integral function has the following expansion
(_ 1 )kx2k+]
‘(2k4+1) 2k+ 1)1

[ ngk

Si(x) =
k
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3.5.3. Let L% (T') be the space of all differentiable functions on T! whose deriva-
tives are integrable. Obtain the inclusions L} (T') C BV(T!) C L=(T") as follows:
(@ If f € LI(T"), then Var(f) < ||f'|| 1.

(O)If f € BV(T'), then | /]| < Var(f) +[£(0)].

3.54. (a) Leta; >0, sy = Zsz_N ay, and oy = N+L1(Go + -+ 4 on). Suppose that
oy — L < o0 as N — oo, Prove that sy — L as N — oo.

(b) Apply the preceding result to show that if a complex-valued function / on T!is
continuous in a neighborhood of 0 and k(m) > 0 for all m € Z, then h(0) > 0 and
Yz h(m) = h(0) < oo; i.e., the partial sums of the Fourier series of 4 converge at
zero.

355. Lethe LY(T!), o € T',and 0 < § < 1/2.
(a) Show that (h*Dy)(fy) — L as N — o if and only if

8 (h(to—t)+h(tg+1) sin(Mt)
Al /)

dt=0.
2 t 0

lim
M—oo

(b) Conclude that if an integrable function  on T' satisfies

/5 |h(to — 1) +h(tg+1) —2L| i < o

0 t

then (h*Dy)(to) — L as N — oo.
(c) In particular, if there are constants C, 3 > 0 with § < 1 such that for all r with
0 <t < & we have

|h(to — 1) + h(tg+1) — 2h(ty)| < CiP

then (h *DN)(I()) — h(to) as N —» oo,
(d) If h is an odd function, then (h*Dy)(0) — 0 as N — oo,

3.5.6. Let f € L'(T") and suppose that (a,b) is an interval in T'!. Then we have

b b
lim (f*DN)(t)dt:/af(t)dt.

N—eo Jq

[Hint: Use Theorems 3.5.4 and 3.5.5 and the fact that the operator f — f* Dy is
self-adjoint. |

3.6 Lacunary Series and Sidon Sets

Lacunary series provide examples of 1-periodic functions on the line that possess
certain remarkable properties.
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3.6.1 Definition and Basic Properties of Lacunary Series

We begin by defining lacunary sequences.

Definition 3.6.1. A sequence of positive integers A = {A;};"_, is called lacunary if
there exists a constant A > 1 such that A > AA; forallk € Z™.

Examples of lacunary sequences are provided by exponential sequences, such as
A = 2K 3K 4K . Observe that polynomial sequences such as A, = 1+ k> are not
lacunary. Note that lacunary sequences tend to infinity as k — oo.

An important observation about lacunary sequences is the following: for any
m, kg € Z" we have

1< m—2Qg| <(1—-A DAy = mgA. (3.6.1)

Indeed, to prove this assertion, notice that the closest numbers to lko among of the
terms of the sequence {A;}7’_, are Ay 41 and Ay, (the latter only if ky > 1) and
thus if j > ko we have

‘lj_xko‘ > 2'k()Jrl _A'k() ZAlkO _z’ko = (A_ l)z’ko > (1 _Ail)z’kov

while if j < ko

=(1 _A_l)z'ko'

0

1
|Aj = Aigl > Aay — Aag—1 > Ay — X)Lk

Thus (3.6.1) follows.
We begin with the following result.

Proposition 3.6.2. Let {A}7_| be a lacunary sequence and let f be an integrable
function on the circle that is differentiable at a point and has Fourier coefficients

~ {am whenm = Ay, (3.62)

0 when m # A

Then we have

~

lim f(Ad)Ae = 0.

k— o0

Proof. Applying translation, we may assume that the point at which f is differen-
tiable is the origin. Replacing f by the 1-periodic function
sin(27t)

2

g(t) = f(t) = f(0)cos(2mr) — £(0)

~

we may assume that £(0) = f(0) = 0. (We have g(m) = f(m) for |m| > 2 and thus
the final conclusion for f is equivalent to that for g.)
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Using (3.6.1) and (3.6.2), we obtain that for any m € Z we have
1< |m—X| <(1—A"Y% = f(m)=0. (3.6.3)
Let [t] denote the integer part of 7. Given € > 0, pick a positive integer ko such that
if [(1—A~")Ag,] = 2N, then Ny % < €, and
sup x‘ <e. (3.6.4)
x|<N, *

The expression in (3.6.4) can be made arbitrarily small, since f is differentiable at
the origin. Now take an integer k with k > kg and set 2N = [min(A — 1,1 —A~") 4],
which is of course at least 2Np. Using (3.6.3), we obtain that for any trigonometric
polynomial Ky of degree 2N with Ky (0) = 1 we have

Fow) = /\;c|<i F0) Ky (x)e 2 gy (3.6.5)

We take Ky = (Fy/||Fx||;2)?, where Fy is the Fejér kernel. Using (3.1.18), we obtain
first the identity

N , 2
2 7] IN2N+1) N
F = l-—) =14+-——L > 3.6.6
Il = £ (1) <1+ RN e
and also the estimate 5
1 1
Fyv(x)? < —— 3.6.7
W) (N+14x2) , (3.6.7)
which is valid for |x| < 1/2. In view of (3.6.6) and (3.6.7), we have the estimate
311
K < —— . 3.6.8
V) < 1535 1 (368)

We now use (3.6.5) to obtain

Mf (M) = Ak ‘ FO)Kn(x)e ™M dx = Il + I + I,

x\g%

where

Io=X F)Ky (x)e 24 dx,

x| <N~

I =X , f(0)Ky (x)e M5 dx,
N-l<|x|<N" %
=N F)Ky (x)e 27 M g

1
N™a<|x<]
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Since ||Kn||;1 = 1, it follows that

f(x)

X

(2N+1)e
~ min(A—1,1-A"1H)N”’

A
| < 25 sup
[x|<N—1

which can be made arbitrarily small if € is small. Also, using (3.6.8), we obtain
3
sup

f(x) / dx _ 3l f(x)
T TR
16N3 1 N<i<nt P S 16N P,

2
| < — —
[x[<N"4 lx|<N~4

)

X X

which, as observed, is bounded by a constant multiple of €. Finally, using again
(3.6.8), we obtain

3 3 3¢
3
215 T ft e 1S 1 110 < S 7
It follows that for all k£ > ky we have
A f )l < I+ IR+ < C(f) e

for some fixed constant C(f). This proves the required conclusion. (]

Corollary 3.6.3. (Weierstrass) There exists a continuous function on the circle that
is nowhere differentiable.

Proof. Consider the 1-periodic function

f(t) = Z ok p2midtt
k=0
Since this series converges absolutely and uniformly, f is a continuous function. If f
were differentiable at a point, then by Proposition 3.6.2 we would have that 3 £(3%)
tends to zero as k — oo. Since f (3") =2"¥ for k > 0, this is not the case. Therefore, f

is nowhere differentiable. The real and imaginary parts of this function are displayed
in Figure 3.4. O

3.6.2 Equivalence of L” Norms of Lacunary Series

We now turn to one of the most important properties of lacunary series, equivalence
of their norms. It is a remarkable result that lacunary Fourier series have comparable
L? norms for 1 < p < oo. More precisely, we have the following theorem:

Theorem 3.6.4. Let 1 <A < Ay < A3 < --- be a lacunary sequence with constant
A>1.8et A={A: k€ Z"}. Then forall 1 < p < oo, there exists a constant Cp,(A)

such that for all f € L'(T"), with f(k) = 0, when k € Z.\ A we have
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2

1
1

0.5

/\h[\ Ale\ rA\vm M/\
—ofa V-0 Y2 VoY b4 0.2 0.4
-1
-2
Fig. 3.4 The graph of the real and imaginary parts of the function f(r) = Y1, 2~k e2midht,
HfHLP(Tl) < CP(A)HfHLl(T1)~ (3.6.9)

Moreover, the converse inequality to (3.6.9) is valid, and thus all LP norms of lacu-
nary Fourier series are equivalent for 1 < p < o,

Proof. We suppose initially that f € L>(T') and f is nonzero. We define

N
fv@) =Y F(A)emhix. (3.6.10)

=1

Given 2 < p < oo, we pick an integer m with 2m > p and we also pick a positive
integer r such that A” > m. Then we can write fy as a sum of » functions ¢y, s =
1,2,...,r, where each ¢, has Fourier coefficients that vanish except possibly on the
lacunary set

{Maris : k€ ZTU{0}} = {1, o, s, .- 3

It is a simple fact that the sequence { }« is lacunary with constant A”. Then we
have

[lorra= X @) 6,80 Bl

1<t seerjomsk ] ek <N

Wy R =i F
We claim that if gj, +---+ W;, = fy, + -+ L, then
max(ij,, ..., Mj,) = max(t, ..., t,) -
Indeed, if max(u;,,..., ), ) > max(Uy,,...,t,), then
max (W, ..., L) < iy + -+ Hi,, < mmax (U, ..., M) -

But since
A’max(ukl g ,[.lkm) S max(,ujl,. .. ,,Ujm) s
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it would follow that A” < m, which contradicts our choice of r. Likewise, we elimi-
nate the case max(i;,,..., M, ) < max(U,,...,H,). We conclude that these num-
bers are equal. We can now continue the same reasoning using induction to conclude
thatif u;, +---+u;, = t, +-- -+ U, then

{:ukﬂ"’hu“km} :{bu“jl”“’“jm}’

Using this fact in the evaluation of the previous multiple sum, we obtain

[Ho00Pmar= Y - ¥ 18P 18: 000 = (o22)"

=l jm=1

which implies that || @]|;2n = ||@s]|;2 for all s € {1,2,...,r}. Then we have

r 1 r 1
HmMﬂﬂmMmﬁﬁ(;WM@OZ=W{;WM@Y=¢Whmu

since the functions @y are orthogonal in L2. Since r can be chosen to be [log am|+ 1
and m can be taken to be [£] + 1, we have now established the inequality

1A%l o ey < cp@fvll 2ys P22, (3.6.11)

with ¢, (A) = \/1 + [log, ([5]41)] for every fy of the form (3.6.10).

To replace fy by f in (3.6.11), we recall our assumption that f € L?(T'). We
observe that fy — f in L? and thus fy ; tends to f a.e. for some subsequence. Then
Fatou’s lemma and (3.6.11) imply for 1 < p < oo

1 1
[ 1 dx = [ timint i, (017 dx
0 0 J— ’

< timint [y, ()
<yl liminf | 1
Iz
We conclude that
Iy < @l zeays P2 (3.6.12)

By interpolation we obtain

2
3

1l = 1501 < (oga3)+ )23 51
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We are assuming that 0 < || f]|;2 < o and the preceding inequality implies that
7l < (G043 + )l G613
Finally an easy consequence of Holder’s inequality is that
Al < Iy 1<p<2 G614
Combining (3.6.12) and (3.6.14) with (3.6.13) yields (3.6.9) with
Cp(A) =cp(A)([logs 3] +1)

for all 1 < p < oo under the hypothesis that f(k) = 0 for all k € Z'\ A and the
additional assumption that f € L2. R

We now extend the result to f € L'(T"). Given f € L'(T!) with f(k) = 0 when
k € Z\ A, consider the functions f x Fy;, where F)y is the Fejér kernel and M € 7",
Then f * Fyy lie in L2, f % Fy converge to £ in L' and in L?, and f % Fy; (k) = 0 when
k € Z\ A. The inequality

Hf*FMHLp(Tl) < CP(A)Hf*FMHLl(Tl) (3.6.15)

holds since f * Fy lie in L?, so letting M — oo yields (3.6.9). (]

Theorem 3.6.4 describes the equivalence of the L” norms of lacunary Fourier
series for p < co. The question that remains is whether there is a similar charac-
terization for the L™ norms of lacunary Fourier series. Such a characterization is
investigated below. Before we state and prove this theorem, we need a classical tool,
referred to as a Riesz product.

Definition 3.6.5. A Riesz product is a function of the form

N
=[] (1+ajcos(2mAx+2my;)), (3.6.16)
j=1

where N is a positive integer, A} < Ay < --- < Ay is a lacunary sequence of positive
integers, a; are real numbers in [—1,1], and y; € [0, 1].

We make a few observations about Riesz products. A simple calculation gives
that if Py j(x) = 1+a;cos(2mwA;x +27y;), then

1 when m =0,
1 . 2«iy; =A;
- aje’™i  whenm= A
o J e i 3.6.17
N,]( ) %aje’zmyf when m = —lj, ( )
0 when m ¢ {0} U7 {4;, —4;}.

Assume that the constant A associated with the lacunary sequence A} <Ay <--- <Ay
satisfies A > 3. Then each integer m has at most one representation as a sum
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m=¢gA +--+enly,

where €; € {—1,1,0}; see Exercise 3.6.1. We now calculate the Fourier coefficients
of the Riesz product defined in (3.6.16). For a fixed integer b, let us denote by §, the
sequence of integers that is equal to 1 at b and zero otherwise. Then, using (3.6.17),
we obtain that -

Py =6+ %ajEZEin(S;Lj + %ajefhriyj 5,%, ,

and thus i’; is the N-fold convolution of these functions. Using that &, * 8, = 0,15,
we obtain

1 when m = 0,
Py(m) = Hljy:1 %ajez’”'g-iyf when m = ):1]\-7:1 €jA; and 21]\_’:1 lgj| >0,
0 otherwise.

It follows that Py (Aj) =0 since for j > N +1, A; cannot be expressed as a linear
combination of Ay,. .., Ay with coefficients in {=1,0}. Also Py(};) = 3a;e*™% for
1 <k <N, since each A i is written umquely as0- A+ +0- A4 + 1 Ak Hence
when A > 3 we have that Py (A) = 1a;e®™% when 1 < k <N and Py(A) =0 for
k>N+1.

Next, we discuss an important property of Riesz products. Suppose that for some
m € Z we have Py(m) # 0. We write m = Z]:l €;A; uniquely with €; € {—1,0,1}.
Let k be the largest integer less than or equal to N such that & # 0. Then we have

A A 1 Ak

BT =2 36l
A"1+ +A—Al_A% a1 GO

|lm| = 2| S A4+ + Ay <

Another important property of the Riesz product is that since Py > 0 we have
I1Pvlp1 = /Tle(t)dt =Py(0)=1.

We recall the space A(T!) of all functions with absolutely summable Fourier
coefficients normed with the ¢! norm of the coefficients.

Theorem 3.6.6. Let 1 < A <Ay < A3 < --- be a lacunary sequence of integers with
constant A > 1. Set A = {Ay : k € Z'}. Then there exists a constant C(A) such that

for all f € L(T) with f(k) = 0 when k € Z\ A we have

1 Laerry = X 1F R < CAf ] o) - (3.6.19)
keA

Proof. Let us assume first that A > 3. Also fix £ € L*(T!). We consider the Riesz
product

':]2

Py(x) =[] (1+cos(2wAx+277;)),

1

J
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where 7; is chosen to satisfy the identity |7 (A i) = AT f(A ;). In view of Parseval’s
relation and of the fact that || Py||,1 = 1 we obtain

ZPN ‘ ‘/PN

meZ

x| < ||l (3.6.20)

and the sum in (3.6.20) isAﬁnite, since the Fourier co/e\fﬁcients of I/’;; form a finitely
supported sequence. But f(m) =0 for m ¢ A, while Py(A;) = $*™¥ for 1 < j <N
since A > 3, and moreover, f’; (Aj) =0 for j > N+1, as observed earlier. Thus
(3.6.20) reduces to

&~
3 L 17 =

N

L 3700 < -

Letting N — oo, we deduce that }77 |f(lj)| < 2| f|lz=, which proves (3.6.19) when
A>3
We now consider the case A < 3. We fix 1 <A < 3 and we pick a positive integer

r such that | |
A" >3 d — <1l 3.6.21
> an 1 < 2 ( )
This is possible, since (A" — 1)1 — 0 as r — oo.
For each s € {1,...,r}, define the sequences A} = A, (4_1), indexed by k =
1,2,3,... and observe that 7Lk+1> > A"Af for all k =1,2,...; ie., each such se-

quence is lacunary with constant A”. We consider the Riesz product

N
(1+cos(2nAlx+27y)),
k:l

where ¥; is defined via the identity |f(l,f )| = 2% f(?t,g ).

Using (3.6.18) we obtain that, if m € Z is such that I/’i(m) # 0, then there exists
ake{l,2...,N} such that

[Im] = 44| <

k
AT —1"
This combined with (3.6.21) yields
=48] < (1= 5 )2z
A
Using (3.6.1) we obtain that either m = £A; or |m| ¢ A. Thus we have

{meZt: Py(m)#0} S{A],A,..., AL }UA®.
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This observation, the fact that fis supported in A, and Parseval’s relation yield

Y, ?’E(m)f(m)‘ = ‘ /0 P ()7 () dx

meZ

<||fll-- (3-622)

N
Y RAF(A)
k=1

Since ﬁ;(lk‘) = %62711‘}'2 for 1 <k <N, (3.6.22) reduces to

1 &
Y 1FAD < ] - -
2k:l

Letting N — o gives

L 17Dl <27,
e

Summing over s in the set {1,2,...,r}, we obtain the required conclusion with
C(A) = 2r and note that r can be taken to be [max (log, 2=, logz A)] +2. O

Corollary 3.6.7. Let A = {A : k € Z*} be a lacunary set and let f be a bounded
Sfunction on the circle that satisfies f(k) =0 when k € Z\ A. Then f is almost ev-
erywhere equal to the absolutely (and uniformly) convergent series

) =Y Flk)ermike a.e. (3.6.23)

keA

and thus it is almost everywhere equal to a continuous function.

~

Proof. Tt follows from Theorem 3.6.6 that if f(k) = 0 when k € Z\ A, then we have
that f € A(T'). Applying the inversion result in Proposition 3.2.5 we obtain that f is
almost everywhere equal to a continuous function and that (3.6.23) holds for almost
allxc T O

3.6.3 Sidon sets

Given a subset E of the integers, we denote by 4z the space of all continuous func-
tions on T! such that

-~

meZ\E = f(m)=0. (3.6.24)

It is straightforward that €% is a closed subspace of all bounded functions on the
circle T! with the standard L* norm.

Definition 3.6.8. A set of integers E is called a Sidon set if every function in 6z has
an absolutely convergent Fourier series.

There are several characterizations of Sidon sets. We state them below.

Proposition 3.6.9. The following assertions are equivalent for a subset E of Z.
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(1) There is a constant K such that for all trigonometric polynomials P with P
supported in E we have

Y |P(m)| < K|P|-
meZ

(2) There exists a constant K such that
171l zy < KAy

for every bounded function f on T' with fsupported inE.

(3) Every function f in 6 has an absolutely convergent Fourier series; i.e., E is a
Sidon set.

(4) For every bounded function b on E there is a finite Borel measure y on T' such
that i(m) = b(m) for allm € E.

(5) For every function b on Z with the property b(m) — 0 as m — oo, there is a
function g € L'(T") such that g(m) = b(m) for all m € E.

Proof. Suppose that (1) holds. Given f in L*(T") with fis supported in E, write

(FeF) () = fN(l L) Fmeren,

- N+1

where Fy is the Fejér kernel. These are trigonometric polynomials whose Fourier
coefficients vanish on Z \ E. Applying (1) we obtain

[m] )
)y |Fm)| < K| £ % F| -
= ( N+1 L
Letting N — oo we obtain (2).

It is trivial that (2) implies (3).

If (3) holds, then the map f +— f is a linear bijection from %% to ¢! (E). Moreover
its inverse mapping f — f is continuous, since

<Y |f(k)] = ||fAHz1(Z)
kez

HfHLm T!) < sup ‘ Zf o2kt

t€[0,1] ' kcZ

By the open mapping theorem, it follows that f +— fis a continuous mapping, which
proves the existence of a constant K such that (1) holds.

We have now proved the equivalence of (1), (2), and (3).

We show that (2) implies (4). If E is a Sidon set and if b is a bounded function
on E, say ||b||# < 1, then the mapping

fr Y F(m)b(m)

meE
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is a bounded linear functional on %z with norm at most K. By the Hanh-Banach
theorem this functional admits an extension to %’(T!) with the same norm. Hence
there is a measure [, whose total variation ||¢t|| does not exceed K, such that

Y Fmbm) = [ f)due).

mekE

Taking f(t) = ™™ in (2) we obtain i (m) = b(m) for all m € E.

If (4) holds and b(m) — 0 as |m| — oo, using Lemma 3.3.2 there is a con-
vex sequence c(m) such that c¢(m) > 0, c¢(m) — 0 as |m| — oo, ¢(—m) = c(m),
and |b(m)| < c(m) for all m € Z. By (4), there is a finite Borel measure p with
H(m) = b(m)/c(m) forall m € E.

By Theorem 3.3.4, there is a function g in L' (T!) such that g(m) = c(m) for all
m € Z. Then b(m) = g(m)fi(m) for all m € E. Since f = g is in L', we have
b(m) = f(m) for all m € E, and thus (4) implies (5).

Finally, if (5) holds, we show (3). Given f € ‘@;, we show that for an arbi-
trary sequence d,, tending to zero, we have Y,z |f(m)d,| < oo; this implies that
Yonez | f(m)| < oo. Given a sequence d,, — 0, pick a function g in L' such that

~

g(m)f(m) =|f(m)||dn| for all m € E by assumption (5). Then the series

Y gm)f(m)=Y frg(m) (3.6.25)

meZ meZ

has nonnegative terms and the function f x g is continuous, thus Fy * (f * g)(0) —
(f*g)(0) as N — oo. It follows that Dy  (f * g)(0) — (f * g)(0), thus the series in
(3.6.25) converges (see Exercise 3.5.4) and hence ¥,,,cz | f(m)dy| < . O
Example 3.6.10. Every lacunary set is a Sidon set. Indeed, suppose that E is a lacu-

nary set with constant A. If f is a continuous function which satisfies (3.6.24), then
Theorem 3.6.6 gives that

Y 17 m)] < C@A)]|f]],~ < o

meA

hence f has an absolutely convergent Fourier series.

Example 3.6.11. There exist subsets of Z that are not Sidon. For example, Z \ {0}
is not a Sidon set. See Exercise 3.6.7.

Exercises

3.6.1. Suppose that 0 < A} < Ay < --- < Ay is a lacunary sequence of integers
with constant A > 3. Prove that for every integer m there exists at most one N-tuple
(e1,...,ev) with each €; € {—1,1,0} such that

m=¢gA+- - +eyiy.
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[Him‘: Suppose there exist two such N-tuples. Pick the largest k such that the coeffi-
cients of Ay are different.]

3.6.2. Is the sequence A; = [e(logk)z] ,k=2,3,4,... lacunary?

3.6.3. Leta; >0 forall k€ Z' and 1 < p < oo. Show that there exist constants
Cp, ¢, such that for all N € Z" we have

cp(N\akI (/ ’Zaezmzx

k=1

1

x> <cC (i \ak|2)7

k=1

while
Z |a] -

3.6.4. Suppose that 0 < A; < A, < --- is alacunary sequence and let f be a bounded
function on the circle that satisfies f(m) =0 whenever m € Z\ {A1, 42, ... }. Suppose

also that
|f(t) — £(0)]

sup ' Z ak62m2 X
x€[0,1] 'k

forsome 0 < o < 1. R

(a) Prove that there is a constant C such that | f(Ax)| < CBA, % forall k > 1.

(b) Prove that f € Ay (T).

[Hint: Let 2N = [(1 —A~")A] and let Ky be as in the proof of Proposition 3.6.2.
Write

o) = [ ()= £(0)e MKy () d

J]x|<N1

[ )= FO)e TRy () d
JNTI<|x|<5

Use that ||Ky||;; = 1 and also the estimate (3.6.7). Part (b): Use the estimate in
part (a).]

3.6.5. Let f be an integrable function on the circle whose Fourier coefficients van-
ish outside a lacunary set A = {4, A,,43, ... }. Suppose that f vanishes identically
in a small neighborhood of the origin. Show that f is in €= (T"!).

[Hint: Let 2N = [(1 —A~")A] and let Ky be as in the proof of Proposition 3.6.2.
Write

Fh) = F(x)e > MKy (x) dx
xl<}
and use estimate (3.6.7) to obtain that f is in %2. Continue by induction.]
3.6.6. Let 1 < a,b < . Consider the 1-periodic function

f(x) _ i afkeZm‘bkx'

k=0
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Prove that the following statements are equivalent:
(a) f is differentiable at a point.

db<a.

(c) f is differentiable everywhere.

3.6.7. Use the example in Proposition 3.4.6 (a) to show that Z\ {qy,...,q.} is not
a Sidon set for any finite subset {gy,...,qz} of the integers.

3.6.8. Let 0 < 6 < 1. Let E be a subset of the integers such that for any sequence
of complex numbers {d,, }meg With |d,,| = 1 there is a finite Borel measure i on T!
such that

|[b(m) —dp| <1-6

for all m € E. Show that E is a Sidon set. R R N
[Hint: Given f be in €% define d, via the identity dy,f(m) = |f(m)| if f(m) #
0, otherwise set dy, = 1. For the measure u given by the hypothesis, notice that
Re (fi(m)f(m)) > &|f(m)| for all m € Z.]

HISTORICAL NOTES

Trigonometric series in one dimension were first considered in the study of the vibrating string
problem and are implicitly contained in the work of d’Alembert, D. Bernoulli, Clairaut, and Euler.
The analogous problem for vibrating higher-dimensional bodies naturally suggested the use of mul-
tiple trigonometric series. However, it was the work of Fourier on steady-state heat conduction that
inspired the subsequent systematic development of such series. Fourier announced his results in
1811, although his classical book Théorie de la chaleur was published in 1822. This book contains
several examples of heuristic use of trigonometric expansions and motivated other mathematicians
to carefully study such expansions. The systematic development of the theory of Fourier series
began by Dirichlet [96], who studied the pointwise convergence of the Fourier series of piecewise
monotonic functions via the use of the kernel Dy, today called the Dirichlet kernel.

The fact that the Fourier series of a continuous function can diverge was first observed by
DuBois Reymond in 1873. The Riemann-Lebesgue lemma was first proved by Riemann in his
memoir on trigonometric series (appeared between 1850 and 1860). It carries Lebesgue’s name
today because Lebesgue later extended it to his notion of integral. The rebuilding of the theory
of Fourier series based on Lebesgue’s integral was mainly achieved by de la Vallée-Poussin and
Fatou.

Theorem 3.3.16 was obtained by Bernstein [26] in dimension n = 1. Higher-dimensional ana-
logues of the Hardy-Littlewood series of Exercise 3.3.8 were studied by Wainger [370]. These
series can be used to produce examples indicating that the restriction s > a +n/2 in Bernstein’s
theorem is sharp even in higher dimensions. Part (b) of Theorem 3.4.4 is due to Lebesgue when
n =1 and Marcinkiewicz and Zygmund [243] when n = 2. Marcinkiewicz and Zygmund’s proof
also extends to higher dimensions. The proof given here is based on Lemma 3.4.5 proved by Stein
[342] in a different context. The proof of Lemma 3.4.5 presented here was suggested by T. Tao.

Abel proved that if an infinite series };” ,ax converges and has sum L, then the power series
f(x) = X5 garx* converges for x| < 1 and tends to L as x — 1—. The converse of this theorem
under the additional assumption that kay — 0 as k — oo was proved by Tauber [358]. Hardy [143]
extended Tauber’s result (Theorem 3.5.1) for Cesaro summability under the weaker assumption that
the sequence kay, is bounded. Jordan [180] studied of functions of bounded variation and proved
Theorem 3.5.4. The existence of a continuous function which is nowhere differentiable (Corollary
3.6.3) was first published in 1872 by K. Weierstrass, although earlier findings of such functions
were published later. The exposition on Sidon sets is taken from the classical article of Rudin
[305], which also contains Exercise 3.6.8.
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The Gibbs phenomenon (a version of Theorem 3.5.7) was discovered by Wilbraham [376] and
rediscovered by Gibbs [128]; this phenomenon describes the particular way in which the Fourier
sums of a piecewise continuously differentiable periodic function have large oscillations and over-
shoot at the jump discontinuity of the function. Bocher [29] gave a detailed mathematical analysis
of that overshoot, which he called the “Gibbs phenomenon”.

The main references for trigonometric series are the books of Bary [20] and Zygmund [388],
[389]. Other references for one-dimensional Fourier series include the books of Edwards [106],
Dym and McKean [105], Katznelson [190], Korner [202], Pinsky [283], and the first eight chapters
in Torchinsky [363]. The reader may also consult the book of Krantz [203] for a historical intro-
duction to the subject of Fourier series. A review of the heritage and continuing significance of
Fourier Analysis is written by Kahane [182].

A classical treatment of multiple Fourier series can be found in the last chapter of Bochner’s
book [32] and in parts of his other book [31]. Other references include the last chapter in Zygmund
[389], the books of Yanushauskas [381] (in Russian) and Zhizhiashvili [384], the last chapter in
Stein and Weiss [348], and the article of Alimov, Ashurov, and Pulatov in [3]. A brief survey article
on the subject was written by Ash [11]. More extensive expositions were written by Shapiro [320],
Igari [171], and Zhizhiashvili [383]. A short note on the history of Fourier series was written by
Zygmund [390]. The book of Shapiro [321] contains a very detailed study of Fourier series in
several variables as well as applications of this theory.
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