Chapter 1
L? Spaces and Interpolation

Many quantitative properties of functions are expressed in terms of their integra-
bility to a power. For this reason it is desirable to acquire a good understanding
of spaces of functions whose modulus to a power p is integrable. These are called
Lebesgue spaces and are denoted by L”. Although an in-depth study of Lebesgue
spaces falls outside the scope of this book, it seems appropriate to devote a chapter
to reviewing some of their fundamental properties.

The emphasis of this review is basic interpolation between Lebesgue spaces.
Many problems in Fourier analysis concern boundedness of operators on Lebesgue
spaces, and interpolation provides a framework that often simplifies this study. For
instance, in order to show that a linear operator maps L? to itself for all 1 < p < oo,
it is sufficient to show that it maps the (smaller) Lorentz space L?'! into the (larger)
Lorentz space LP* for the same range of p’s. Moreover, some further reductions can
be made in terms of the Lorentz space L”!. This and other considerations indicate
that interpolation is a powerful tool in the study of boundedness of operators.

Although we are mainly concerned with L” subspaces of Euclidean spaces, we
discuss in this chapter L” spaces of arbitrary measure spaces, since they represent
a useful general setting. Many results in the text require working with general mea-
sures instead of Lebesgue measure.

1.1 L? and Weak L?

A measure space is a set X equipped with a o-algebra of subsets of it and a function
U from the o-algebra to [0, 0] that satisfies pt(@) = 0 and

#( DIBJ) = .il“(Bf)
= =

for any sequence B; of pairwise disjoint elements of the o-algebra. The function u
is called a (positive) measure on X and elements of the c-algebra of X are called
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2 1 L? Spaces and Interpolation

measurable sets. Measure spaces will be assumed to be complete, i.e., subsets of
the o-algebra of measure zero also belong to the o-algebra. A measure space X is
called o-finite if there is a sequence of measurable subsets X, of it such that

and U (X,) < eo. A real-valued function f on a measure space is called measurable if
the set {x € X : f(x) > A} is measurable for all real numbers A. A complex-valued
function is measurable if and only if its real and imaginary parts are measurable. A
simple function is a finite linear combination of characteristic functions of measur-
able subsets of X; these subsets may have infinite measure. A finitely simple function

has the form
N
Y cixs
j=1

where N < oo, ¢; € C, and B; are pairwise disjoint measurable sets with u(B;) < eo.
If N = oo, this function will be called countably simple. Finitely simple functions
are exactly the integrable simple functions. Every nonnegative measurable function
is the pointwise limit of an increasing sequence of simple functions; if the space is
o-finite, these simple functions can be chosen to be finitely simple.

For 0 < p < e, LP(X, 1) denotes the set of all complex-valued p1-measurable
functions on X whose modulus to the pth power is integrable. L= (X, i) is the set of
all complex-valued p-measurable functions f on X such that for some B > 0, the set
{x:|f(x)] > B} has u-measure zero. Two functions in L” (X, 1) are considered equal
if they are equal p-almost everywhere. When 0 < p < oo finitely simple functions
are dense in LP(X, u). Within context and in the absence of ambiguity, LP (X, ) is
simply written as L”.

The notation L”(R") is reserved for the space LP(R",|-|), where | - | denotes n-
dimensional Lebesgue measure. Lebesgue measure on R” is also denoted by dx.
Other measures will be considered on the Borel 6-algebra of R, i.e., is the smallest
o-algebra that contains the closed subsets of R”. Measures on the ¢-algebra of Borel
measurable subsets are called Borel measures; such measures will be assumed to be
finite on compact subsets of R". A Borel measure y with @ (R") < oo is called a finite
Borel measure. A Borel measure on R” is called regular for all Borel measurable
sets £ we have

W(E) =inf{u(0): E € O, Oopen} =sup{u(K): K S E, K compact}.

The space L”(Z) equipped with counting measure is denoted by ¢7(Z) or simply £7.
For 0 < p < o, we define the L” norm of a function f (or quasi-norm if p < 1) by

1
P

e = ( flreor ane) un
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and for p = oo by
HfHLﬂX_’“) =ess.sup|f| =inf{B>0: pu({x: |f(x)|>B})=0}. (112

It is well known that Minkowski’s (or the triangle) inequality

|’f+gHLP(X,/,¢) < HfHLP(X,/.L) + ] LP(X ) (1.1.3)
holds for all f, g in LP = LP(X,u), whenever 1 < p < . Since in addition
I fllzr(x,u) = O implies that f =0 (u-a.e.), the L” spaces are normed linear spaces
for 1 < p <eo. For 0 < p < 1, inequality (1.1.3) is reversed when f, g > 0. However,

the following substitute of (1.1.3) holds:

i <27 (

and thus LP(X, i) is a quasi-normed linear space. See also Exercise 1.1.5. For all
0 < p < oo, it can be shown that every Cauchy sequence in LP (X, i) is convergent,
and hence the spaces L” (X, ) are complete. For the case 0 < p < 1 we refer to
Exercise 1.1.8. Therefore, the LP spaces are Banach spaces for 1 < p < oo and quasi—
Banach spaces for 0 < p < 1. For any p € (0, )\{1} we use the notation p’ = = L.
Moreover, we set 1’ = oo and o' = 1, so that p” = p for all p € (0,o0]. Holder’s
inequality says that for all p € [1, 0] and all measurable functions f,g on (X, 1) we
have

Hf—i—g‘ ’fHU’ (X.10) +HgHpru (1.1.4)

178l < 1] Nl

It is a well-known fact that the dual (L?)* of L? is isometric to L forall 1 < p < es.
Furthermore, the L” norm of a function can be obtained via duality when 1 < p < oo

as follows:
/ f gdu‘«
X

For the endpoint cases p = 1, p = oo, see Exercise 1.4.12 (a), (b).

HfHLF = Sup
llell, =1

1.1.1 The Distribution Function

Definition 1.1.1. For f a measurable function on X, the distribution function of f is
the function d defined on [0, ) as follows:

de(a) = p({xe X : |f(x)| > a}). (1.1.5)

The distribution function dy provides information about the size of f but not
about the behavior of f itself near any given point. For instance, a function on R” and
each of its translates have the same distribution function. It follows from Definition
1.1.1 that dy is a decreasing function of ¢ (not necessarily strictly).
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Fig. 1.1 The graph of a simple function f=Y3_; axxg, and its distribution function dy(ct). Here
Bj=Y;_ u(Ep).

Example 1.1.2. For pedagogical reasons we compute the distribution function dy of
a nonnegative simple function

N
f(x) - Z,laijj (x)’
j=

where the sets E; are pairwise disjointand a; > --- > ay > 0. If a > ay, then clearly
dy(a) = 0. However, if a; < o < ay then |f(x)| > o precisely when x € Ej, and in
general, if aj 11 < o < aj, then |f(x)| > « precisely when x € E; U--- UE;. Setting

j
Bj=Y uE),
k=1

for j€{1,...,N}, By =an+1 =0, and ap = o, we have

N

df(a) = Z BjX[ajH,aj) (a).
=0

Note that these formulas are valid even when p(E;) = oo for some i. Figure 1.1
presents an illustration of this example when N = 3 and p(E;) < oo for all ;.

Proposition 1.1.3. Let f and g be measurable functions on (X,1). Then for all
o, > 0 we have

(1) |g| < |f| u-a.e. implies that d, < dy;
(2) dey(0t) = dg(et/c|), for all c € C\{0};
(3) dprg(a+B) <dj(a) +dg(B);

(4) dg(af) < dj(a) +dg(B).




1.1 L? and Weak L 5
Proof. The simple proofs are left to the reader. O

Knowledge of the distribution function d provides sufficient information to eval-
uate the L” norm of a function f precisely. We state and prove the following impor-
tant description of the L” norm in terms of the distribution function.

Proposition 1.1.4. Let (X, 1) be a o-finite measure space. Then for f in LP(X, 1),
0 < p < oo, we have

17, =p [ o ds(@de. (116

Moreover, for any increasing continuously differentiable function @ on [0,e0) with
©(0) = 0 and every measurable function f on X with @(|f]|) integrable on X, we
have

| otan= [ ¢'(e)ds(a)da. (117)
X 0
Proof. Indeed, we have
P/O o’ dg(a)da ZP/O 06”71/)(%{);: F>aydi(x)da
ol
=// pa? dadu(x)
JX JO
— [ 17l du)
X
=||7]

where in the second equality we used Fubini’s theorem, which requires the measure
space to be o-finite. This proves (1.1.6). Identity (1.1.7) follows similarly, replacing
the function a” by the more general function ¢ (o) which has similar properties. O

p
Lp>

Definition 1.1.5. For 0 < p < oo, the space weak LP (X, ) is defined as the set of
all u-measurable functions f such that

[flle =int{C>0:dp@) < S foran a>0} 1
= sup {yds(y)'"/": y>0} (1.1.9)

is finite. The space weak L= (X, i) is by definition L™ (X, ).

One should check that (1.1.9) and (1.1.8) are in fact equal. The weak L? spaces are
denoted by LP*°(X, u). Two functions in L”*°(X, ) are considered equal if they are
equal p-a.e. The notation L7 (R") is reserved for L»*(R",| - |). Using Proposition
1.1.3 (2), we can easily show that

&£ || e = K| F]] e (1.110)
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for any complex constant k. The analogue of (1.1.3) is

Hf+gHLPa°° < CP(Hf‘ e T HgHLPP") ) (1L.L11)

where ¢, = max(2, 21/p ), a fact that follows from Proposition 1.1.3 (3), taking both
o and f3 equal to ¢¢/2. We also have that

1l ey =0=F=0  poae. (1.1.12)

In view of (1.1.10), (1.1.11), and (1.1.12), L”* is a quasi-normed linear space for
0< p<oo.
The weak L? spaces are larger than the usual L? spaces. We have the following:

Proposition 1.1.6. For any 0 < p < oo and any f in LP (X, L) we have

£l < 1]
Hence the embedding LP (X, ) € LP>(X, 1) holds.

Lr-

Proof. This is just a trivial consequence of Chebyshev’s inequality:

(o)< [ P < 1.

Using (1.1.9) we obtain that || f||zre= < || f]|Lr- O

The inclusion L? € L7 is strict. For example, on R" with the usual Lebesgue

measure, let i(x) = |x\_%. Obviously, & is not in LP(R") but 4 is in LP**(R") with
1Al Lpe=(rry = vi/?. where v, is the measure of the unit ball of R”.

It is not immediate from their definition that the weak L” spaces are complete
with respect to the quasi-norm || - || .r=. The completeness of these spaces is proved
in Theorem 1.4.11, but it is also a consequence of Theorem 1.1.13, proved in this

section.

1.1.2 Convergence in Measure
Next we discuss some convergence notions. The following notion is important in
probability theory.

Definition 1.1.7. Let f, f,, n = 1,2,..., be measurable functions on the measure
space (X, ). The sequence f, is said to converge in measure to f if for all € > 0
there exists an ng € Z" such that

n>nyg = u({xeX: |fulx)—f(x)|>¢€}) <e. (1.1.13)
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Remark 1.1.8. The preceding definition is equivalent to the following statement:

Foralle >0 nlgrolo,u({x eX: |fulx)—f(x)]>¢€})=0. (1.1.14)

Clearly (1.1.14) implies (1.1.13). To see the converse given € > 0, pick 0 < § < €
and apply (1.1.13) for this §. There exists an ng € Z* such that

p{xeX: [fulx) = f(x)| > 8}) <6

holds for n > ng. Since

ufx e X |falx) = f(x)| > e}) Su({xeX: [fu(x) = f(¥)[ > }),

we conclude that
p{xeX: [fulx) = f(x)| > €}) <6

for all n > ng. Let n — oo to deduce that

limsupp({x € X : |fu(x) — f(x)| > €}) < . (1.1.15)

Since (1.1.15) holds for all 0 < & < &, (1.1.14) follows by letting 6 — 0.
Convergence in measure is a weaker notion than convergence in either L” or LP%,
0 < p < oo, as the following proposition indicates:

Proposition 1.1.9. Let 0 < p < oo and f,, f be in LP>=(X, ).

(1) If fn, f arein L? and f,, — f in L?, then f,, — f in L7,
(2) If fn — fin LP"™, then f, converges to f in measure.

Proof. Fix 0 < p < o. Proposition 1.1.6 gives that for all € > 0 we have

1
BrEX L~ 0] > eD < o [ 1= flPdn.

This shows that convergence in L” implies convergence in weak L”. The case p = oo
is tautological.

Given € > 0 find an ng such that for n > ng, we have
+1

= 1]

e = S ap(ix X |f,(0 ~ /(9] > ah)? <er

Taking ¢ = €, we conclude that convergence in L7 implies convergence in mea-
sure. (|

Example 1.1.10. Note that there is no general converse of statement (2) in the pre-
ceding proposition. Fix 0 < p < o and on [0, 1] define the functions

Jrj = kl/p)c(j—l

k

k>1,1<j<k

.
Z
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Consider the sequence {fi 1, f2,1, /2.2, f3,1, f32, f33,...}. Observe that

{x: fij(x) >0} = 1/k.
Therefore, f; ; converges to 0 in measure. Likewise, observe that
ool = supalfe: 7o) > a0 sup EZ 10 _
kd”m«v = Z‘i%aHx' Jiej(x) > a}[P > gfl) Kl/p -
which implies that f; ; does not converge to 0 in L”*.

It turns out that every sequence convergent in L”(X,u) or in LP*(X,u) has a
subsequence that converges a.e. to the same limit.

Theorem 1.1.11. Let f,, and f be complex-valued measurable functions on a mea-
sure space (X, W) and suppose that f, converges to f in measure. Then some subse-
quence of f, converges to f U-a.e.

Proof. Forall k=1,2,... choose inductively n; such that

p{xeX: |fu,(x)— f(x)]| >27*F) <27* (1.1.16)

and such that ny < np < --- < ny < ---. Define the sets

A= {xeX 1 |fy(x) = f(0)] > 27

Equation (1.1.16) implies that

u( U Ak) < i p(Ar) < i 27k =al=m (1.1.17)
k=m k=m k=m

forallm=1,2,3,.... It follows from (1.1.17) that

H(UAk) <1< oo, (1.1.18)

k=1

Using (1.1.17) and (1.1.18), we conclude that the sequence of the measures of the sets
{Uezim Ak} converges as m — oo to

u( NuU Ak> =0. (1.1.19)

m=1k=m

To finish the proof, observe that the null set in (1.1.19) contains the set of all x € X
for which f,, (x) does not converge to f(x). O

In many situations we are given a sequence of functions and we would like to
extract a convergent subsequence. One way to achieve this is via the next theorem,
which is a useful variant of Theorem 1.1.11. We first give a relevant definition.
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Definition 1.1.12. We say that a sequence of measurable functions { f,,} on the mea-
sure space (X, ) is Cauchy in measure if for every € > 0, there exists an ng € Z+
such that for n,m > ny we have

R EX: [fuld) = fulx)] > €}) <.

Theorem 1.1.13. Let (X, 1) be a measure space and let {f,} be a complex-valued
sequence on X that is Cauchy in measure. Then some subsequence of f,, converges
u-a.e.

Proof. The proof is very similar to that of Theorem 1.1.11. Forall k=1,2, ... choose
ny, inductively such that

X €X [ fr,(X) = fn, (0)] >27F}) <27F (1.1.20)
and such that n; <ny <--- <ng < ngyq < ---. Define
A= 1 eX : |fo (@) o, 0] > 274}
As shown in the proof of Theorem 1.1.11, (1.1.20) implies that

u( NuU Ak> =0. (1.1.21)

m=1k=m

For x ¢ Up_,,Ar and i > j > jo > m (and jo large enough) we have
i—1 il o L
[ o () = foy (O < Y 1oy () = fp ()| < Y270 <2177 <2l
I=j I=j

This implies that the sequence { fy, (x)}; is Cauchy for every x in the set (U;_,, Ax)¢
and therefore converges for all such x. We define a function

jl.ij?ofnj (.X) when x ¢ 02:1 U?:mAk >
0 when x € (=1 Urem Ak -

fx) =

Then f,;, — f almost everywhere. O

1.1.3 A First Glimpse at Interpolation

It is a useful fact that if a function f is in LP(X, i) and in L7(X, i), then it also lies
in L"(X, ) for all p < r < q. The usefulness of the spaces L™ can be seen from the
following sharpening of this statement:
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Proposition 1.1.14. Let 0 < p < g < oo and let f in LP>(X, 1) NLY*(X, 1), where
X is a o-finite measure space. Then f isin L' (X, ) for all p < r < g and

1_1 1_1
T g T
P q

T e ) 2 ) R SR
with the interpretation that 1 /o0 = 0.
Proof. Let us take first ¢ < 0. We know that
cym)gmm<”1§wwi§w), (1.123)
Set .
= (H;“§Z:>"p. (1.1.24)

We now estimate the L" norm of f. By (1.1.23), (1.1.24), and Proposition 1.1.4 we
have

I7

Zr(X’u') :r/o arildf(a)d(x
oo q
o [ ot (Wl M
oP ol

- / a7 ]

e [

Zmda+r/ma””*ﬂvﬂgwda (1.1.25)

—-p

:( S )(HfH DE A

-P 49—

Observe that the integrals converge, since r —p > 0 and r —g < 0.

The case g = oo is easier. Since d¢(a) = 0 for & > || f||z~ we need to use only
the inequality dy(ct) < &P || f||pe for & < || f]|z= in estimating the first integral in
(1.1.25). We obtain

1[Iz

which is nothing other than (1.1.22) when g = oo. This completes the proof. O

Note that (1.1.22) holds with constant 1 if L”>* and L?* are replaced by L” and
L9, respectively. It is often convenient to work with functions that are only locally in
some L? space. This leads to the following definition.

Definition 1.1.15. For 0 < p < o, the space LI (R",|-|) or simply L (R") is the
set of all Lebesgue-measurable functions f on R” that satisfy

o < s e I

AV@VM<W (1.1.26)
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for any compact subset K of R”. Functions that satisfy (1.1.26) with p = 1 are called
locally integrable functions on R”.

The union of all LP(R") spaces for 1 < p < o is contained in L} (R"). More
generally, for 0 < p < g < e we have the following:
LIRY) S 1 (RY) S LD (RY).

loc loc
Functions in LP(R") for 0 < p < 1 may not be locally integrable. For example,

take f(x) = [x| 7"~ %¥|xj<1, Which is in L”(R") when & > 0 and p < n/(n+ &), and
observe that f is not integrable over any open set in R” containing the origin.

Exercises

1.1.1. Suppose f and f, are measurable functions on (X, it). Prove that

(a) dy is right continuous on [0, o).

(b) If | f| <liminf, . |f,| p-a.e., then dy < liminf, . d,.

(©) If | fu| 1| f], then d, 1 dy.

[Hint: Part (a): Let ¢, be a decreasing sequence of positive numbers that tends to
zero. Show that dy(ag +1,) T ds(0p) using a convergence theorem. Part (b): Let
E={xeX: |f(x)|>a}landE,={xeX: |f(x)| > a}. Use that (", En) <
li;r_l)igfﬂ (En) and E € Up—; Mr_yw En p-a.e.]

1.1.2. (Hélder’s inequality) Let 0 < p, p1,...,px < oo, where k > 2, and let f; be in
LPi = LPi(X,u). Assume that

1 1 1

P D Pk

(a) Show that the product fj - - - f is in L” and that

Hfl'"kaLp < ||f1HLm "'kaHU’k'

(b) When no p; is infinite, show that if equality holds in part (a), then it must be the
case that ¢ | f1|"' = - - = ¢k fi|P* p-a.e. for some c; > 0.
(©)Let0<g<1and g = %. For r < 0 and g > 0 almost everywhere, define

lellr = |lg~! ”1]’1\ Show that if g is strictly positive y-a.e. and lies in L9 and f is
measurable such that fg belongs to L', we have

178l = 171 a8l

1.1.3. Let (X, 1t) be a measure space.
(a) If fisin LPo (X, u) for some pgy < oo, prove that

lim HfHLP = HfHL""'

p—reo
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(b) (Jensen’s inequality) Suppose that (t(X) = 1. Show that

111l > exp | toel9lauto)

forall 0 < p < oo.
(©) If u(X) =1and f is in some LP0 (X, u) for some py > 0, then

i =exe (o o) o))

p—0

with the interpretation e~ = 0.
[Hint: Part (a): If 0 < || f|z= < oo, use that || f||zr < |\f||2ﬂ7p°)/p|\f||zgép to obtain
limsup,, ., || fllzr < || f]lz=- Conversely, let Ey = {x € X : [f(x)[ > ¥|[f||r=} for yin

(0,1). Then p(Ey) > 0, [|llzro(z,) > 0, and [|flleo > (V=) ? "™ /pIIfHZ%FEy
hence liminf, e || f||zr > V|| fllz=. If || f||z= = o, set G,, = {|f| > n} and use that

1
1A lle = (1 fllzr(G,) = ni(Gy) 7 to obtain liminf), e[| f||Lr > n. Part (b) is a direct
consequence of Jensen’s inequality [y log|h|du < log( [y |h|dp). Part (c): Fix a
sequence 0 < p, < po such that p, | 0 and define

) = (W= 1) = - () - ).

Use that %(tp —1) }logt as p ] 0 for all # > 0. The Lebesgue monotone convergence

theorem yields [y h,du 1 [y hdu, hence [y ﬁ(|f|l”l —1)du | [ylog|f|du, where
the latter could be —eo. Use

exp( /. 1og|f|du> ( / |f|P"du>” < exp ( / Ijn(lf”"—l)du>

to complete the proof. }

1.1.4. Let a; be a sequence of positive reals. Show that
(2) (Z;'o:laj)e < 27:10?, forany 0 < 6 < 1.

() X7 161? < (Z? laj)e forany 1 < 0 < oo,
(C)<Z] la/) < N®- ]Z la when 1 < 0 < oo,
@Y a? <N'"8(T la,) ,when0< 0 <1.

1.1.5. Let { fj}ljyzl be a sequence of LP(X, i) functions.
(a) (Minkowski’s inequality) For 1 < p < oo show that

N N
I Zlf/HU < Zl 153l -
j= j=
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(b) (Reverse Minkowski inequality) For 0 < p <1 and f; > 0 prove that

N N
L il < 1 Al
j=1 j=1

(c) For 0 < p < 1 show that
N iy N
1550 <V X -
j= Jj=

1—
(d) The constant N N in part (c) is best possible.
[Hint: Part (c): Use Exercise 1.1.4 (c). Part (d): Take { fj}lj\':1 to be characteristic

functions of disjoint sets with the same measure.]

1.1.6. (a) (Minkowski’s integral inequality) Let (X,u) and (T,V) be two o-finite
measure spaces and let 1 < p < co. Show that for every nonnegative measurable
function F on the product space (X, ) x (T,v) we have

() F(xn)du(x))pdv(z)F <[l F(x,t)"dv(t)rdu(x),

(b) State and prove an analogous inequality when p = oo.

(c) Prove that when 0 < p < 1, then the preceding inequality is reversed.

(d) (Y. Sawano) Consider the example X = T = [0, 1], ¢t is counting measure, V is
Lebesgue measure, F(x,¢) = 1 when x = and zero otherwise. What is the relevance
of this example with the inequalities in (a) and (b)?

[Hint: Part (a) Split the power p as 1 + (p — 1) and apply Holder’s inequality with
exponents p and p’. Part (b) Let p — o on subsets of X with finite measure.]

1.1.7. Let fi,..., fy be in LP=(X, u).
(a) Prove that for 1 < p < o we have

N N
H _z:lfjHLm» SNZI ||fj||Lp,w'
= j=

(b) Show that for 0 < p < 1 we have

N LN
1Y Fillne <N Y N fill e
j=1 j=1
[Hint: Use that u({|fi +---+ fw| > a}) <X}, u({|fjl > a/N}) and Exercise
1.1.4 (a) and (¢).|

1.1.8. Let 0 < p < 0. Prove that L (X, i) is a complete quasi-normed space. This
means that every quasi-norm Cauchy sequence is quasi-norm convergent.
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[Him‘: Let f, be a Cauchy sequence in L”. Pass to a subsequence {n;}; such that
| fuwir = furllr <277 Then the series f = f,, + Yoo | (fn,., — fn;) converges in L]

1.1.9. Let (X, 1) be a measure space with (1(X) < oo. Suppose that a sequence of
measurable functions f,, on X converges to f -a.e. Prove that f, converges to f in
measure.

[Hint: Fore >0, {xeX: fu(x) = f0)}S U N {xeX: |fulr)— fx)] < e} ]

m=1n=m
1.1.10. Let f be a measurable function on (X, it) such such dy (o) < eo forall o > 0.

Fix ¥ > 0 and define fy = f x|~y and [V = f— fy = fX|5<y-
(a) Prove that

iy (o) = dr(a)  when o>,
LA de(y)  when o <7,

0 when a>vy,
de(oe) —ds(y)  when o<7.

(b) If f € LP(X, 1) then
175, = | @ 'ds(@)da+ v,

Y
1702, =r [ @ ap(@)da—y7dr ),

3
[ =p [ dr(@or do87y(5) + 47y ()

(¢) If f is in LP=(X,u) prove that f7 is in LI(X,u) for any g > p and fy is in
L1(X, u) for any g < p. Thus L C LP0 + P when 0 < pg < p < pj < oo,

1.1.11. Let (X, i) be a measure space and let E be a subset of X with p(E) < oo.
Assume that f is in L (X, ) for some 0 < p < oo.
(a) Show that for 0 < g < p we have

p 1-4 q
9d < = u(E)y 7r .-
Ll dne < L),
(b) Conclude that if @ (X) < ecand 0 < g < p, then
LP(X,p) SLP7(X, ) S LI(X, ).

[Hint: Part (a): Use u(EN{|f| > a}) < min (u(E),a || f]| Z’-“)']

1.1.12. (Normability of weak L? for p > 1) Let (X, 1) be a o-finite measure space
and let 0 < p < oo. Pick 0 < r < p and define

poo — rd bl
1ol =, et ([ 1s7an)’
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where the supremum is taken over all measurable subsets E of X of finite measure.
(a) Use Exercise 1.1.11 with ¢ = r to conclude that

17 1e < (525) 10re

for all fin LP>(X, ). (It is not needed that X be o-finite here).
(b) Prove that for all f in LP**(X, it) we have

e < A e

(Y. Oi) Notice that if X = {1,2}, u({1}) =1, u({2}) = oo, then X is not o-finite,
and verify that for the function f = 1 the preceding inequality fails.

(c) Show that L7 (X, i) is metrizable for all 0 < p < o, i.e., there is a metric on the
space that generates the same topology as the quasi-norm. Also show that L”**(X, i)
is normable when p > 1, i.e., there is a norm on the space equivalent to || - || zr.
(d) Use the characterization of the weak L” quasi-norm obtained in parts (a) and (b)
to prove Fatou’s lemma for this space: For all measurable functions g, on X we have

[[liminf g, |

e =C h,gglilng"”mw
for some constant C,, that depends only on p € (0,0).
[Hint: Part (b): Write X = Up_; Xi with p1(Xy) < o0 and take E = {|f] > a} NX;.|

1.1.13. Consider the N! functions on the line

NN
fGZZT

=iol

where o is a permutation of the set {1,2,...,N}.

(a) Show that each f5 satisfies || f5|| 1~ = 1.

(b) Show that || Locs, follpie =NI(1+ 5+ +4).

(c) Conclude that the space L' (R) is not normable (this means that || - ||;1. is not
equivalent to a norm).

(d) Use a similar argument to prove that L'**(R") is not normable by considering
the functions

N N"
Folwoertn) = X X Glay, o) Fie ) Hrtt gy (90

N

‘ul"lz

J

where o is a permutation of the set {1,2,...,N"} and 7 is a fixed injective map
from the set of all n-tuples of integers with coordinates 1 < j < N onto the set
{1,2,...,N"}. One may take

T(jla 7]")_11+N(]2_1)+N (]3_1)+ +Nn l( 1)

for instance.
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1.1.14. Let (X, 1) be a measure space and let s > 0.
(a) Let f be a measurable function on X. Show that if 0 < p < g < c we have

Lp=-

[ < s
If1<s -p

(b) Let f}, 1 < j <m, be measurable functions on X and let 0 < p < co. Show that

- p
| o I

(c) Conclude from part (b) that for 0 < p < 1 we have

max
1<j<m ‘fj

HfH' +f'”HLP°°— 1— ZHfJHLW'

The latter estimate is referred to as the p-normability of weak LP.
[Hint: Part (a): Use the distribution function. Part (c): First obtain the estimate

dfy et f(@) < p({[fit -+ fn|>a,max|f;| <a}) ermaxj \fj\(a)
for all o > 0 and then use part (b).]

1.1.15. (Holder’s inequality for weak spaces) Let f; be in LP/*” of a measure space
X where 0 < pj <eoand 1 < j <k Let

1 1 1
—= 4 —.
JZ 4| Pk

Prove that
[ /1 fi]

koL ok
_1 P
pe <0 7 [T T i
=1 7 j=I
[Hint: Take ||fj||;p;= = 1 for all j. Control dy,...s, (ct) by

p{lAl>o/si})+ -+ u{lfiot] >si-2/sk-1}) + L {1 fil > s6-1})
< (s1/a)Pt 4 (s2/51)7 4 A (se—1 /sk—2) PR 4 (1 /sp—1 )P
Set x; =s1/0, X =82/51,...,% = 1/s¢_1. Minimize x/" +~~-—|—x£" subject to the

constraint x; -+ -x; = 1/¢t.]

1.1.16. Let 0 < pg < p < p1 < o0 and let % == —|— - for some 6 € [0, 1]. Prove
the following:

17l < Al 1 11zer
[l < o= 11

LP1-=
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1.1.17. ([231]) Follow the steps below to prove the isoperimetric inequality. For
n>2 and 1 < j < n define the projection maps 7; : R* — R"~! by setting for
X=(X1,...,%),

nj(x) = ()61,...,.)(?j'_l,)cj'_~_1,...,)Cn)7

with the obvious interpretations when j =1 or j =n.
(a) For maps f; : R"~! — C prove that

n—1 (Rnfl ) .

n n
A(flv"'vfn) :/ H |fjoﬂj{dx§ H ||f/
R™ 5] j=1
(b) Let Q be a compact set with a rectifiable boundary in R” where n > 2. Show
that there is a constant ¢, independent of €2 such that
Q| <culoQrT,

where the expression |d Q| denotes the (n—1)-dimensional surface measure of the
boundary of Q.
[Hint: Part (a): Use induction starting with n = 2. For n > 3 write

Aftyesf) g/ POty ) fo (700 () [y - ot

Rn—1

S ||P||L%(R)171)an0ﬂ” Lnfl(Rnfl))

where P(xi,...,xp—1) = Jg |fi(mi(x)) - fum1(M—1(x))| dx,, and apply the induc-
tion hypothesis to the n — 1 functions

1

[/l;fj(nj(x»nldxn} m7

for j=1,...,n— 1, to obtain the required conclusion. Part (b): Specialize part (a) to
the case f; = Xnjlq) tO obtain

1 1
Q| < |m[Q]|=T - |m,[2]] 7

and then use that |7;[Q]| < $]0Q]]

1.2 Convolution and Approximate Identities

The notion of convolution can be defined on measure spaces endowed with a group
structure. It turns out that the most natural environment to define convolution is the
context of topological groups. Although the focus of this book is harmonic analysis
on Euclidean spaces, we develop the notion of convolution on general groups. This
allows us to study this concept on R", Z", and T", in a unified way. Moreover,
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since the basic properties of convolutions and approximate identities do not require
commutativity of the group operation, we may assume that the underlying groups
are not necessarily abelian. Thus, the results in this section can be also applied to
nonabelian structures such as the Heisenberg group.

1.2.1 Examples of Topological Groups

A topological group G is a Hausdorff topological space that is also a group with law

(x,y) — xy (1.2.1)

such that the maps (x,y) — xy and x — x~! are continuous. The identity element of

the group is the unique element e with the property xe = ex = x for all x € G. We
adopt the standard notation

AB={ab: acA,bc B}, Al'={a"':acA}

for subsets A and B of G. Note that (AB)~! = B~'A~!. Every topological group
G has an open basis at e consisting of symmetric neighborhoods, i.e., open sets U
satisfying U = U~!. A topological group is called locally compact if there is an
open set U containing the identity element such that U is compact. Then every point
in the group has an open neighborhood with compact closure.

Let G be a locally compact group. It is known that G possesses a positive measure
A on the Borel sets that is nonzero on all nonempty open sets, finite on compact sets,
and is left invariant, meaning that

A(tA) = A(A), (12.2)

for all measurable sets A and all 7 € G. Such a measure A is called a (left) Haar
measure on G. Similarly, G possesses a right Haar measure which is right invariant,
i.e., A(At) = A(A) for all measurable A € G and all t € G. For the existence of Haar
measure we refer to [152, §15] or [213, §16.3]. Furthermore, Haar measure is unique
up to positive multiplicative constants. If G is abelian then any left Haar measure on
G is a constant multiple of any given right Haar measure on G. A locally compact
group which is a countable union of compact subsets is a o-finite measure space
under left or right Haar measure. This is case for connected locally compact groups.

Example 1.2.1. The standard examples are provided by the spaces R" and Z" with
the usual topology and the usual addition of n-tuples. Another example is the space
T" = R"/Z" defined as follows:

T'=10,1)x---x[0,1)
—_——

n times
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with the usual topology and group law:

(x1y e esXn) + 15w 5¥0) = ((x1 +y1) mod 1,..., (x, +y,) mod1).

Example 1.2.2. Let G = R* = R\ {0} with group law the usual multiplication. It is
easy to verify that the measure A = dx/|x| is invariant under multiplicative transla-

tions, that is, p
bl x o dx
= @
/—oc. x| Jw |x|

for all £ in L'(G,u) and all t € R*. Therefore, dx/|x| is a Haar measure. [Taking
f=2xagives A(tA) = A(A).]

Example 1.2.3. Similarly, on the multiplicative group G = R", a Haar measure is
dx/x.

Example 1.2.4. Counting measure is a Haar measure on the group Z" with the usual
addition as group operation.

Example 1.2.5. The Heisenberg group H" is the set C" x R with the group operation

n
(Z1ye s Zny ) (Why ey Wiy 8) = (zl +w1,...,zn+wn,t+s+21m2z_;Wj).
=1

It can easily be seen that the identity element e of this group is 0 € C" x R and
(215-++,20,t) ' = (=21,...,—2u, —t). Topologically the Heisenberg group is identi-
fied with C" x R, and both left and right Haar measure on H" is Lebesgue measure.
The norm

Gt = | (L aP) 42|

Jj=1

introduces balls B, (x) = {y € H" : [y~ !x| < r} on the Heisenberg group that are quite
different from Euclidean balls. For x close to the origin, the balls B, (x) are not far
from being Euclidean, but for x far away from e = 0 they look like slanted truncated
cylinders. The Heisenberg group can be naturally identified as the boundary of the
unit ball in C"* and plays an important role in quantum mechanics.

1.2.2 Convolution

Throughout the rest of this section, we fix a locally compact group G and a left
invariant Haar measure A on G. We assume that G is a countable union of compact
subsets, hence the pair (G, ) forms a o-finite measure space. The spaces L” (G, 1)
and L7 (G, A) are simply denoted by L”(G) and L?*(G).
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Left invariance of A is equivalent to the fact that for all # € G and all nonnegative
measurable functions f on G we have

/ftx )dA (x /f )dA (x (1.2.3)

Equation (1.2.3) is a restatement of (1.2.2) if f is a characteristic function. Obviously
(1.2.3) also holds for f € L'(G) by linearity and approximation.
We are now ready to define the operation of convolution.

Definition 1.2.6. Let f, g be in L!(G). Define the convolution f * g by

(f+g)(x /f gy 'x)dA(y). (1.2.4)

For instance, if G = R" with the usual additive structure, then y_1

integral in (1.2.4) is written as

(re9 = [ 10)

Remark 1.2.7. The right-hand side of (1.2.4) is defined a.e., since the following
double integral converges absolutely:

= —y and the

[ [1rolso- 1ar)anw
= [ [1rolls0larc0an)
= '/C.;‘f(y)‘/;|g<yilx)|dl(x)dl(y)
= [0l [[lselartare) by (12.2)
G G

= 1 llzs(o gl ) < +oo-

The change of variables z = x~ !y yields that (1.2.4) is in fact equal to

(f+8)( / fxz)g dA(z), (1.2.5)

where the substitution of dA (y) by dA(z) is justified by left invariance.

Example 1.2.8. On R let f(x) = 1 when —1 < x <1 and zero otherwise. We see
that (f = f)(x) is equal to the length of the intersection of the intervals [—1,1] and
[x — 1,x+ 1]. It follows that (f * f)(x) = 2 — |x| for |x| < 2 and zero otherwise.
Observe that f * f is a smoother function than f. Similarly, we obtain that f x f * f
is a smoother function than f x f.

There is an analogous calculation when g is the characteristic function of the unit
disk B(0, 1) in R2. A simple computation gives
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(g+2)(x) =|B(0,1)NB(x,1)| :[” ik (2\/1—t2—\x\)dt

1
1= |

= 2arcsin (\/ 1— }‘|x|2> — x|/ 1= FIx[2

when x = (x1,x,) in R? satisfies |x| < 2, while (g* g)(x) = 0if |x| > 2.

A calculation similar to that in Remark 1.2.7 yields that
Hf*gHL](G) S ||f||L1(G)HgHL1(G)’ (1.2.6)

that is, the convolution of two integrable functions is also an integrable function
with L! norm less than or equal to the product of the L' norms.

Proposition 1.2.9. For all f, g, h in L' (G), the following properties are valid:

(1) f*(g*h) = (f*g)*h (associativity)
(2) fx(g+h)=fxg+fxhand (f+g)*h= f*h+gxh (distributivity)

Proof. The easy proofs are omitted. U

Proposition 1.2.9 implies that L' (G) is a (not necessarily commutative) Banach
algebra under the convolution product.

1.2.3 Basic Convolution Inequalities

The most fundamental inequality involving convolutions is the following.

Theorem 1.2.10. (Minkowski’s inequality) Let 1 < p < . For f in LP(G) and g in
L'(G) we have that g + f exists A-a.e. and satisfies

s * f o) < lgllor ) 1/1l2r- (1.2.7)

Proof. Estimate (1.2.7) follows directly from Exercise 1.1.6. Here we give a direct
proof. We may assume that 1 < p < oo, since the cases p = 1 and p = oo are simple.
We first show that the convolution |g| x| f]| exists A-a.e. Indeed,

(1811706 = [ 1760l aA ). (1.2

Apply Holder’s inequality in (1.2.8) with respect to the measure |g(y)|dA (y) to the
functions y +— f(y~'x) and 1 with exponents p and p’ = p/(p — 1), respectively. We
obtain

(el < ([ o oPeolare ) ( [lsmion)’ . azs)
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Taking L” norms of both sides of (1.2.9) we deduce
-1 -1 %
sl 11l < (el [, [ 176~ 07 lslano)aneo )
_ p—1 -1 7
= (lellz" [, [1r0- P areletilaro) )

= (HgHirl LI |f<x>|ﬂdx<x>|g<y>|dw)” by (1.2.3)

1
_ P
S GATA
= sl <

where the second equality follows by Fubini’s theorem. This shows that |g| | f| is
finite A-a.e. and satisfies (1.2.7); then g * f exists A-a.e. and also satisfies (1.2.7),
since [ £] < ||| O

Remark 1.2.11. Theorem 1.2.10 may fail for nonabelian groups if g * f is replaced
by f g in (1.2.7). Note, however, that if for all # € L (G) we have
Ao = (12.10)

where h(x) = h(x~1), then (1.2.7) holds when the quantity /g * f|| 1r(G) is replaced
by ||f * gllzr(c)- To see this, observe that if (1.2.10) holds, then we can use (1.2.5) to
conclude that if f in L”(G) and g in L' (G), then

Hf*gHLP(G) < ||gHL1(G)||fHLP(G)' (1.2.11)
If the left Haar measure satisfies
AA) =241 (1.2.12)
for all measurable A € G, then (1.2.10) holds and thus (1.2.11) is satisfied for all g in
L'(G) and f € LP(G). This is, for instance, the case for the Heisenberg group H”".

Minkowski’s inequality (1.2.11) is only a special case of Young’s inequality in
which the function g can be in any space L'(G) for 1 < r < eo,

Theorem 1.2.12. (Young’s inequality) Let 1 < p,q,r < oo satisfy

1 1
,_|_1:

l +—. (1.2.13)
q p T
Then for all f in L (G) and all g in L' (G) satisfying Hg 1r(G) = Hg 1r(G) We have
f* g exists A-a.e. and satisfies
Hf*gHLq(G) <lls U(G)Hf‘ LP(G)" (1.2.14)
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Proof. Young’s inequality is proved in a way similar to Minkowski’s inequality. We
do a suitable splitting of the product | f(y)||g(y~'x)| and apply Holder’s inequality.
Observe that when r < oo, the hypotheses on the indices imply that

1

. =1.

1 1 ror
P -
q P q9 D

Using Holder’s inequality with exponents ¥/, ¢, and p’, we obtain

[(1£1* gD ()] S/If(y)llg(y”X)ldl(y)

P

= L) (70110 019 lg0 )17 aA )

b ([ 1rorleborann ></|gy W )’
b ([ oo rare ) (/|gx Wra)’
(/|f WPl dA s ) i

where we used left invariance. Now take L7 norms (in x) and apply Fubini’s theorem

to deduce that
; ( / / |f<y>|p|g<y1x>|’dz<x>cm<y>)‘l’

fHLP<°°’

<||f

17118l 0 <

5
Lr

=||f
=g

Lr

using the hypothesis on g. This implies that |f| x |g| is finite A-a.e. and satisfies
(1.2.14); then f * g exists A-a.e. and also satisfies (1.2.14).

Finally, note that if r = oo, the assumptions on p and g imply that p = 1 and g = oo,
in which case the required inequality trivially holds. (]

We now give a version of Theorem 1.2.12 for weak L? spaces. Theorem 1.2.13 is
improved in Section 1.4.

Theorem 1.2.13. (Young’s inequality for weak type spaces) Let G be a locally com-
pact group with left Haar measure A that satisfies (1.2.12). Let 1 < p < o and
1 < gq,r < oo satisfy
1 1 1
—F+l=—-+-. (1.2.15)
q p r
Then there exists a constant Cp, 4 » > 0 such that for all f in LP(G) and g in L"*(G),
the convolution f * g exists A-a.e. and satisfies

118l o6y < Craarl|gll i) /] (1.2.16)

L/(G)
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Proof. As in the proofs of Theorems 1.2.10 and 1.2.12, we first obtain (1.2.16) for the
convolution of the absolute values of the functions. This implies that | f] x |g] < oo
A-a.e., and thus f * g exists A-a.e. and satisfies | * g| < |f] * |g|. We may therefore
assume that f, g > 0 A-a.e. The proof is based on a suitable splitting of the function
g. Let M be a positive real number to be chosen later. Define g1 = gX|gj<p and
82 = 8X|g|>m- In view of Exercise 1.1.10 (a) we have

0 ifa>M,
e, () = {dg(a) —dy (M) ifo <M, (1.2.17)
)

de(a) ifoe>M,

dg, (1) ={dg(M) o< (1.2.18)

Proposition 1.1.3 gives for all § > 0

dfeg(B) < dyug (B/2) +dpug, (B/2) (1.2.19)

and thus it suffices to estimate the distribution functions of f* g and f * g>. Since
g1 is the “small” part of g, itis in L* for any s > r. In fact, we have

/Ggl(x)sdl(x) :s/mas"dgl(oc)da
_ / —dy(M))da

M M
/ o g L,wdafs/ o d,(M)da
0 0

= Mg} M dy(M),

(1.2.20)

Cs—r Le=

when s < oo,
Similarly, since g, is the “large” part of g, it is in L' for any # < r, and

[ ety are = [ o dy(@)da
G 0
:t/OMaHd( )doH—t/ o ldy(ar) dax

gM'dg(M)th/ o | dex
M

L

<Ml

r

r—t

t
e

t— rH

(1.2.21)

e

Since 1/r =1/p' +1/q, it follows that 1 < r < p’. Select r = 1 and s = p’
Hoélder’s inequality and (1.2.20) give when p’ < oo

Mg

[(Fg) @) < 1]l llgill L < HfHL,,< , Lm)" (12.22)

—r
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and
|(f*g)@)| <[]
when p’ = oo, If p’ < o0 choose an M such that the right-hand side of (1.2.22) is equal

to B/2. If p’ = oo choose M such that the right-hand side of (1.2.23) is also equal to
B/2. That is, choose

oM (1.2.23)

M= (B7 27 rg A1 lgllie) /P
if p' <eocand M = B/(2||f]l;1) if p’ = co. For these choices of M we have that
dfeg, (B/2)=0.

Next by Theorem 1.2.10 and (1.2.21) with t = 1 we obtain

,
Lry 1

leng

Hf*gzﬂm < HfHLp||g2HL1 < Hf| an' (1.2.24)

For the value of M chosen, using (1.2.24) and Chebyshev’s inequality, we obtain

drvg(B) <dyeg,(B/2)
=< (sz*gZHLﬂﬁ_l)p
< @)\ fllM" |
=GB\ f20 Il

which is the required inequality. This proof gives that the constant C, , - blows up
like (r—1)"7/%asr — 1. 0

. o (1.2.25)
an(r_l) lﬁ 1)17

q
L)

Example 1.2.14. Theorem 1.2.13 may fail at some endpoints:

(1) r=Tland 1 <p =g <eo. OnRtake g(x) = 1/[x| and f = yo ;). Clearly, g is in
L' and fin L? for all 1 < p < oo, but the convolution of f and g is identically
equal to infinity on the interval [0, 1]. Therefore, (1.2.16) fails in this case.

(2) g=ocand 1 < r=p’ <oo.OnRlet f(x) = (|x|'/?log|x|)~" for |x| > 2 and zero
otherwise, and also let g(x) = |x|~!/". We see that (f % g)(x) = oo for |x| < .
Thus (1.2.16) fails in this case also.

(3) r =g =0 and p = 1. Then inequality (1.2.16) trivially holds.

1.2.4 Approximate Identities

We now introduce the notion of approximate identities. The Banach algebra L' (G)
may not have a unit element, that is, an element fj such that

foxf=f=f*fo (1.2.26)
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for all f € L'(G). In particular, this is the case when G = R; in fact, the only f; that
satisfies (1.2.26) for all f € L'(R) is not a function but the Dirac delta distribution,
introduced in Chapter 2. It is reasonable therefore to introduce the notion of approx-
imate unit or identity, a family of functions k. with the property k¢ x f — f in L' as
e—0.

Definition 1.2.15. An approximate identity (as € — 0) is a family of L' (G) functions
ke with the following three properties:

(i) There exists a constant ¢ > 0 such that [[ke[| 1 (g < ¢ forall € > 0.
(i) Joke(x)dA(x) =1 forall € > 0.

(iii) For any neighborhood V of the identity element e of the group G we have
Jye lke(x)|dA(x) — 0 as € — 0.

The construction of approximate identities on general locally compact groups G
is beyond the scope of this book and is omitted; see [152] for details. In this book we
are interested only in groups with Euclidean structure, where approximate identities
exist in abundance.

Sometimes we think of approximate identities as sequences {k, },. In this case
property (iii) holds as n — oo. It is best to visualize approximate identities as se-
quences of positive functions k,, that spike near 0 in such a way that the signed area
under the graph of each function remains constant (equal to one) but the support
shrinks to zero. See Figure 1.2.

Example 1.2.16. On R let P(x) = (x(x*+ 1))~ ! and P;(x) = e ' P(e~'x) for & > 0.

Since P and P have the same L! norm and

/er L gx= tim [arctan(x) —arctan(—x)| = (7/2) — (-7n/2) ==,

oo X241 X—3o0
property (ii) is satisfied. Property (iii) follows from the fact that

1/ 1 1 2
— —+——53 —dx=1——arctan(§/¢) — 0 as € — 0,
T Jjy>s € (x/€)>+1 T

for all 6 > 0. The function P; is called the Poisson kernel.

The Poisson kernel may be replaced by any integrable function of integral 1 as
the following example indicates.

Example 1.2.17. On R” let k(x) be an integrable function with integral one. Let
ke(x) = £7"k(£~'x). It is straightforward to see that k (x) is an approximate identity.
Property (iii) follows from the fact that

k dx—=0
/MZM\ (x)] dx

as € — 0 for 0 fixed.
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Fig. 1.2 The Fejér kernel Fs plotted on the interval [—%, %]

Example 1.2.18. On the circle group T' let

N . . 2
_ UL amije 1 (sin(m(N+1)r)
FN(t)_jZN(I_NH)e ! _N+1< sin(7t) ) ' (1:2.27)

To check the previous equality we use that
sin?(x) = (2— " —e72%) /4,

and we carry out the calculation. Fy is called the Fejér kernel. See Figure 1.2. To
see that the sequence { Fy } is an approximate identity, we check conditions (i), (ii),
and (iii) in Definition 1.2.15. Property (iii) follows from the expression giving Fy in
terms of sines, while property (i) follows from the expression giving Fy in terms of
exponentials. Property (ii) is identical to property (i), since Fy is nonnegative.

Next comes the basic theorem concerning approximate identities.

Theorem 1.2.19. Let ke be an approximate identity on a locally compact group G
with left Haar measure A.

(1) If f lies in LP(G) for 1 < p < o, then ke * f — fl|1r(c) — 0 as € = 0.

(2) Let f be a function in L*(G) that is uniformly continuous on a subset K of
G, in the sense that for all 6 > 0 there is a neighborhood V of the identity
element such that for all x € K and y € V we have |f(y~'x) — f(x)| < 8. Then
we have that ||ke * f — f|=(x) — O as € — O. In particular, if f is bounded and
continuous at a point xy € G, then (ke * f)(x0) — f(x0) as € = 0.

Proof. We start with the case 1 < p < co. We recall that continuous functions with
compact support are dense in L? of locally compact Hausdorff spaces equipped
with measures arising from nonnegative linear functionals; see [152, Theorem
12.10]. For a continuous function g supported in a compact set L we have we have
lg(h~1x) — g(x)|” < (2||g|l=)” 2w -1, for h in a relatively compact neighborhood



28 1 L? Spaces and Interpolation

W of the identity element e. By the Lebesgue dominated convergence theorem we
obtain

/|gh ) — g()|PdA(x) = (12.28)

as h — e. Now approximate a given f in L?(G) by a continuous function with com-
pact support g to deduce that

/|fh X) = F)|PdA(x) = as  hoe. (1.2.29)

Because of (1.2.29), given a § > 0 there exists a neighborhood V of e such that

S p
hevV = /G|f(h_1x)ff(x)|pdl(x) < (26) : (1.2.30)

where c is the constant that appears in Definition 1.2.15 (i). Since k. has integral one
for all € > 0, we have

(ke #.£)() = 1) = (ke <)) = £2) [ e()dA(y
(FO7%) = f(@) ke () dA ()
(FO™"%) = f@)ke(y)dA ()
+ [ 070 = F00)ke0) dA D).

ve

(1.2.31)

——

Now take L? norms in x in (1.2.31). In view of (1.2.30),

H [ (70710 = Feke () d2.)

Y L2(GdA()
< /VHf(y"x) ~ FO ey ke O dAG) - (1:2:32)
< [ Ske®ldr0) < 3,

while

provided we have that

07 = k) ar )|
‘ LA (G AR () (1.2.33)

< [ 2l kelar0) < 3

)

1)

] Jkelant) < GPEDE

(1.2.34)
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Choose g > 0 such that (1.2.34) is valid for € < gy by property (iii). Now (1.2.32)
and (1.2.33) imply the required conclusion.

The case p = o follows similarly. Let f be a bounded function on G that is
uniformly continuous on K. Given & > 0, there is a neighborhood V of e such that,
whenever y € V and x € K we have

5
FO %) — fx)] < o o (1.2.35)

where c is as in Definition 1.2.15 (i). By property (iii) in Definition 1.2.15, there is
an & > 0 such that for 0 < € < & we have

5
ke (y)|dA(y 1.2.36
/ el (”fHL"“ +1) (230

Using (1.2.35) and (1.2.36), we deduce that

sup| (ke * f) (x) — f(x)]

xekK
< / ko)l sup | £(3") ~ £ aAL) + [ kel suplf(7) ~ F()]dA ()
Ve xekK
0
<C + 2 fllz=(c) <

= 2¢ 4|l +1)

This shows that k¢ % f converge uniformly to f on K as € — 0. In particular, if
K = {x0} and f is bounded and continuous at xy, we have (kg * f)(x0) = f(x0). O

Remark 1.2.20. Observe that if Haar measure satisfies (1.2.12), then the conclusion
of Theorem 1.2.19 also holds for f k.

A simple modification in the proof of Theorem 1.2.19 yields the following vari-
ant, which presents a significant difference only when a = 0.

Theorem 1.2.21. Let k¢ be a family of functions on a locally compact group G that
satisfies properties (i) and (iii) of Definition 1.2.15 and also

/G ke (x) dA.(x) =

Jor some fixed a € C and for all € > 0. Let f € LP(G) for some 1 < p < oo,

(a) If 1 < p < oo, then ||ke * f —af || ) — 0 as € — 0.

(b) If p = oo and f is uniformly contznuous on a subset K of G, in the sense that
for any 8 > 0 there is a neighborhood V of the identity element of G such that
SUP,e SUPyey |f(y~1x) — f(x)| < &, then we have that ||ke * f — aflli=x) — 0
as € — 0.
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Exercises

1.2.1. Let G be a locally compact group and let f,g in L'(G) be supported in the
subsets A and B of G, respectively. Prove that f x g is supported in the algebraic
product set AB.

1.2.2. For a function f on a locally compact group G and 1 € G, let 'f(x) = f(tx)
and f'(x) = f(xt). Show that

frg="(f+g) and  fxg' =(fxg)
whenever f,g € L' (G), equipped with left Haar measure.

1.2.3. Let G be a locally compact group with left Haar measure. Let f € L?(G)
and § € L' (G), where 1 < p < oo; recall that g(x) = g(x ). For t,x € G, let
'g(x) = g(¢x). Show that for any &€ > 0 there exists a relatively compact symmet-
ric neighborhood of the origin U such that u € U implies [“g — g/, ) <€ and
therefore

[(f*8)(v) = (Fxg) W) < || f| €

whenever v_lw € U.

1.2.4. (a) Prove that compactly supported functions are dense in L” (R") for all 0 <
p < oo

(b) Show that smooth functions with compact support are dense in LP(R") for all
1 < p<oo.

[Hint: Part (b): Use Theorem 1.2.19 with k¢ (x) = € k(¢ ~'x) and k smooth and
compactly supported function.]

1.2.5. Show that a Haar measure A for the multiplicative group of all positive real

numbers is 4
0 t
M) = [0 T

t

1.2.6. Let G=R?\ {(0,y) : y € R} with group operation (x,y)(z,w) = (xz,xw+Y).
[Think of G as the group of all 2 x 2 matrices with bottom row (0, 1) and nonzero
top left entry.] Show that a left Haar measure on G is

Foo e dxdy
/ XA(xvy) 77

while a right Haar measure on G is

dxdy
x|

e =] [ e
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1.2.7. ([144], [145]) Use Theorem 1.2.10 to prove that

</0m <i /Ox |f(t)|dt)de>;7 : % 11125 0.0y
</Om </xm |f(t)|dt)pdx>}’ =7 (/om |f(t)|"t"dt>p ,
when 1 < p <o,

[Hint: On the multiplicative group (R, %) consider the convolution of the function
1 _ 1 1

| f(x)[x# with the function x #' X[ .., and the convolution of the function | f(x) \xH?
1

with x» X(O7 l] ]

1.2.8. (G. H. Hardy) Let 0 < b < o0 and 1 < p < oo. Prove that

</om </o 4 “”””)px_b_l"x)}) < Z(/om |f(t)|"t"""1df); ,
avs 'f(t)'dtyxbld"y ([ |f(t)|pt”+b1df>}7.

[Hint: On the multiplicative group (R, %) consider the convolution of the function

|f(x) |x1_% with x_%x[lﬁoo) and of the function | f(x) |x1+% with x%x@’l] ]

1.2.9. On R" let T(f) = f * K, where K is a positive L' function and f is in L?,
1 < p < oo. Prove that the operator norm of T : L? — L? is equal to ||K]||,1.

[Hint: Clearly, || T||Lr—» < ||K||,1. Conversely, fix 0 < € < 1 and let N be a positive
integer. Let ¥y = Xp(o,v) and for any R > 0 let Kg = Kxp(o r)» where B(x,R) is the
ball of radius R centered at x. Observe that for |x| < (1 — €)N, we have B(0,N¢) €
B(x,N); thus [ga xn(x —y)Kne () dy = Jge Kne(y) dy = HKNE Then

ur

[|1K 2|7 - [[Knve * x| il’(B(O,(l—e)N
lawllz,  — || v

> || Kwe||2i (1 =€)

}p
Let N —> ﬁI‘St and then € — ().

1.2.10. On the multiplicative group (R, %) let T(f) = f*K, where K is a positive
L' function and fisin L?, 1 < p < oo, Prove that the operator norm of 7 : L? — LP
is equal to the L' norm of K. Deduce that the constants p/(p — 1) and p/b are sharp
in Exercises 1.2.7 and 1.2.8.

[Hint: Adapt the idea of Exercise 1.2.9 to this setting. |

1.2.11. Let Qi (t) = cx(1 —12)* for ¢ € [~1,1] and zero elsewhere, where ¢; is cho-
sen such that fl, Or(t)dt =1forallk=1,2,....
(a) Show that ¢; < V/k.
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(b) Use part (a) to show that {Qy } is an approximate identity on R as k — co.

(c) Given a continuous function f on R that vanishes outside the interval [—1, 1],
show that f * Oy converges to f uniformly on [—1,1] as k — .

(d) (Weierstrass) Prove that every continuous function on [—1,1] can be approxi-
mated uniformly by polynomials.

[Hint: Part (a): Estimate the integral |, f<k12 Ok (t)dt from below using the in-
equality (1 —>)k > 1 —kt? for |¢| < 1. Part (d): Consider the function g(t) =

FO = f(=1)=F(F(1) = £(=1))]

1.2.12. Show that the Laplace transform L(f)(x) = [5° f(¢)e *dt maps L*(0,) to
itself with norm at most /7.

[Hint: Consider convolution with the kernel /7e~" on the group L?((0,0), %)]

1.2.13. ([62]) Let F > 0, G > 0 be measurable functions on the sphere S~ ! and let
K > 0 be a measurable function on [—1, 1]. Prove that

Loy L FOG@K(®-0)d0d0 < CIFlss 1[Gl )

where 1 <p <o, 0-9=Y"_,0;¢;andC = [5.-1 K(6-¢)d ¢, which is independent
of 6. Moreover, show that C is the best possible constant in the preceding inequality.
Using duality, compute the norm of the linear operator

F(0)— o F(B)K(6-9)do

from L”(S"!) to itself.
[Hint: Observe that [gu 1 fgn1 F(0)G(9)K(6-¢)dd® is bounded by the quantity

1
p v
{Anl |: San(G)K(e(p)de] d(p} HGHU,(Snfl)-

Apply Holder’s inequality to the functions F and 1 with respect to the measure
K(6-¢)d6 to deduce that [y, 1 F(6)K(6 - ¢)d8 is controlled by

1/p

< [, F(0)K(®: (p)d@) Vp( SRACE (p)d@)

Use Fubini’s theorem to bound the latter by
1F s Gl gy [, K(8-9)do.

Note that equality is attained if and only if both F and G are constants.]
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1.3 Interpolation

The theory of interpolation of operators is vast and extensive. In this section we
are mainly concerned with a couple of basic interpolation results that appear in a
variety of applications and constitute the foundation of the field. These results are
the Marcinkiewicz interpolation theorem and the Riesz—Thorin interpolation theo-
rem. These theorems are traditionally proved using real and complex variables tech-
niques, respectively. A byproduct of the Riesz—Thorin interpolation theorem, Stein’s
theorem on interpolation of analytic families of operators, has also proved to be an
important and useful tool in many applications and is presented at the end of the
section.

We begin by setting up the background required to formulate the results of this
section. Let (X, 1) and (Y, v) be two measure spaces. Suppose we are given a linear
operator 7', initially defined on the set of simple functions on X, such that for all f
simple on X, T'(f) is a v-measurable functionon Y. Let 0 < p < e0and 0 < g < oo.
If there exists a constant C,, ; > 0 such that for all simple functions f on X we have

1T zar ) = Coall Al (13.1)

then by density, 7 admits a unique bounded extension from L? (X, u) to L4(Y, V).
This extension is also denoted by 7. Operators that map L to L? are called of strong
type (p,q) and operators that map L? to L% are called weak type (p,q).

1.3.1 Real Method: The Marcinkiewicz Interpolation Theorem

Definition 1.3.1. Let T be an operator defined on a linear space of complex-valued
measurable functions on a measure space (X, 1) and taking values in the set of all
complex-valued finite almost everywhere measurable functions on a measure space
(Y,v). Then T is called linear if for all f, g in the domain of T and all A € C we
have

T(f+8)=T(f)+T(e) and TAf)=AT(). (132
T is called sublinear if for all f, g in the domain of T and all A € C we have
T(f+I<ITNI+IT(Q)]  and  |TQASN]=I[AT()]- (1.3.3)
T is called quasi-linear if for all f, g in the domain of T and all A € C we have
TS+ <K(ITNI+IT())  and  |TAH|= AT (134
for some constant K > 0. Sublinearity is a special case of quasi-linearity.

For instance, T; and 75 are linear operators, then (|7} |? +|T3|P)!/? is sublinear if
p > 1 and quasi-linear if 0 < p < 1.
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Theorem 1.3.2. Let (X, 1) be a G-finite measure space, let (Y, V) be another mea-
sure space, and let 0 < py < p; < oo. Let T be a sublinear operator defined on
LX) +LPV(X) ={fo+ f1: [; €LPi(X;),j=0,1} and taking values in the space
of measurable functions on Y. Assume that there exist Ayg,A1 < oo such that

17N
17

sy <Al fll oy forall f €LP(X), (1.3.5)
ey Ay forall f € LPV(X). (1.3.6)

Then for all py < p < p1 and for all f in LP(X) we have the estimate

(]

LP(Y) SAHfHLp(X)v (1.3.7)

where ) 1
1 Py
1 1

1 2P Po P
A_Z( L, P >pA0”°”‘A1”°”1. (13.8)

|~ —
|~ —

p—po P1—P

Proof. Assume first that p; < eo. Fix f a function in L”(X) and o > 0. We split
f=fg+ f7 where f§ is in L0 and f* is in LP'. The splitting is obtained by
cutting | f] at height S for some § > 0 to be determined later. Set

arn _ Jfx)  for [f(x)]>ba,
Jo'l®) = {o for |f(x)| < a,
arn _ Jfx) for [f(x)]<ba,
S = {o for |f(x)] > o

It can be checked easily that f* (the unbounded part of f) is an LP0 function and
that f{* (the bounded part of f) is an L”! function. Indeed, since pg < p, we have

17511270 :/ @I dulx) < (8a)™ | f]17,
/1>

and similarly, since p < py,

LNz < )£
In view of the subadditivity property of T contained in (1.3.3) we obtain that

TN <ITUOHIT U

which implies

ey T(HWI>at S{yeY: |T(f5) ()| > a/2 Uiy eY: [T(f) ()] > a/2},

and therefore
dT(f)(OC) < dT(fé")(a/z) +dT(f1a)(OC/2) . (1.3.9)
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Hypotheses (1.3.5) and (1.3.6) together with (1.3.9) now give

Ago g " . All’l o ;
ot | romane s S [ et

In view of the last estimate and Proposition 1.1.4, we obtain that

dr(f)(@) <

p o [* oplg o 0
[Tl < pao [artarm [ 1o du) e

s [Cartan [ (plrau) da

|f|<éa
11f()]
= pao [ e [F e ()

+ p(241) Pl/ 1 (x |P1/ a1 P dadp(x)
7l

240)
_ﬁap p0/|f IPLF PP dp(x)
241)
[(71117617 = / |£C) [P () [PPr d(x)

(@AY 1 AP,
a (P_PO 511’*1’()+])1—psl HfHLP’

and the convergence of the integrals in « is justified from pg < p < pj, while the
interchange of the integrals (Fubini’s theorem) uses the hypothesis that (X, 1) is a
o-finite measure space. We pick & > 0 such that

1
dP—po

(240)P° = (2418717
and observe that the last displayed constant is equal to the pth power of the constant
in (1.3.8). We have therefore proved the theorem when p; < oo.

We now consider the case p; = co. Write f = f + f¥, where

ary _ J S for [f(x)|> e,
fo' () _{o for [ f(x)] < yat,
wy [0 for <y
i {o for[(2) > 7a.

We have
1T - <Al - S A1y =a/2,
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provided we choose 7= (2A;) L. It follows that the set {y € Y: [T (f%)(y)| > &/2}
has measure zero. Therefore,

dr(p)(@) < dr(ge(e/2).

Since T maps LP0 to LPo* with norm at most Ay, it follows that

A0 £ Iz _ (240)

drgg(@/2) < =m0 = SR [ P du(). (310

Using (1.3.10) and Proposition 1.1.4, we obtain

Il =p [ @ 'drs(@)da

gp/o o dp(ga)(0t/2)dot

(24 )Po
< a? 1(70/ Po g do
<o @ G | OO )

241 f ()|
= pao [ e [T e dad ()

P(2A1)P=P0(2A0)P0
O [ dug).
This proves the theorem with constant
p % 1—P0o P
A_Z( ) A TAY . (1.3.11)
P—Do

Observe that when p; = oo, the constant in (1.3.11) coincides with that in (1.3.8). [

Remark 1.3.3. Notice that the proof of Theorem 1.3.2 only makes use of the subad-
ditivity property |T(f+g)| < |T(f)|+|T(g)| of T in hypothesis (1.3.3).

If T is a linear operator (instead of sublinear), then we can relax the hypotheses
of Theorem 1.3.2 by assuming that (1.3.5) and (1.3.6) hold for all simple functions
f on X. Then the functions f;* and f{* constructed in the proof are also simple, and
we conclude that (1.3.7) holds for all simple functions f on X. By density, T has a
unique extension on LP(X) that also satisfies (1.3.7).

1.3.2 Complex Method: The Riesz—Thorin Interpolation Theorem

The next interpolation theorem assumes stronger endpoint estimates, but yields a
more natural bound on the norm of the operator on the intermediate spaces. Unfor-
tunately, it is mostly applicable for linear operators and in some cases for sublinear
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operators (often via a linearization process) but it does not apply to quasi-linear
operators without some loss in the constant.

Recall that a simple function is called finitely simple if it is supported in a set
of finite measure. Finitely simple functions are dense in L”(X,u) for 0 < p < oo,
whenever (X, () is a o-finite measure space.

Theorem 1.3.4. Let (X, 1) and (Y, V) be two o-finite measure spaces. Let T be a
linear operator defined on the set of all finitely simple functions on X and taking
values in the set of measurable functions onY. Let 1 < po, p1,q0,q1 < o and assume
that

HT(f)Hqu < MOHfHLPo )

(1.3.12)
HT(f)Hqu SMle| 2
for all finitely simple functions f on X. Then for all 0 < 8 < 1 we have
1T 0 < Mo~ MY | f]] (13.13)
for all finitely simple functions f on X, where
1 1-6 6 1 1-6 6
p Po P1 q 40 q1

Consequently, when p < oo, by density, T has a unique bounded extension from
LP(X,u) to L1(Y,Vv) when p and q are as in (1.3.14).

Proof. Let
m
f = Z ake‘lakxAk
k=1

be a finitely simple function on X, where a; > 0, o are real, and A are pairwise
disjoint subsets of X with finite measure.
We need to control

17 gy =0 [ T(memave)|.

where the supremum is taken over all finitely simple functions g on Y with L7 norm
less than or equal to 1. Write

n
g=Y, bjelﬁjXB_,- ,
Jj=1

where b; > 0, B; are real, and B; are pairwise disjoint subsets of ¥ with finite v-
measure. Let

—La-p+L: ad 0@ =La-z+Z: (13.15)

P(z
@ Po Pi 40 q)
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For z in the closed strip § = {z € C: 0 < Rez < 1}, define

Za U, go= Y b9VPiyy (13.16)
j=1
and
= [ T(R0e0)av0).

Notice that fg = f and gg = f. By linearity we have
m n Q
=L X a0 | )0 0)av0).
Since ag,b; > 0, F is analytic in z, and the expression

/Y T(2a) () 28,() dV(5)

is a finite constant, being an absolutely convergent integral; this is seen by Holder’s
inequality with exponents g and g;, (or ¢; and ¢}) and (1.3.12).
By the disjointness of the sets A; we have (even when pg = o)

P
Po
LP >

illo = 117

. 2
since |af(”>| =a;", and by the disjointness of the B;’s we have (even when go = 1)

4

7
. —
8it 190 8 14>
/

‘i
since |bQ it) | = qo . Thus Holder’s inequality and the hypothesis give

|F(ll)| < ||T fil HLq0||gitHL‘16

<M0HﬁfHLPng”HLq6 (1.3.17)

= |72 Hgll

By similar calculations, which are valid even when p; = o and g; = 1, we have

P
[ frsiel [ o = (141125
and

/
lr+all 4 = llsll ;
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Also, in a way analogous to that we obtained (1.3.17) we deduce that

I
71 gHZ;,. (1.3.18)

[F(1+it)| < M|f]| 5

To finish the proof we will need the following lemma, known as Hadamard’s
three lines lemma.

Lemma 1.3.5. Let F be analytic in the open strip S = {z€ C: 0 <Re z < 1},
continuous and bounded on its closure, such that |F(z)| < By when Re z =0 and
|F(z)| < By when Re z = 1, for some 0 < By, By < co. Then |F(z)| < By ®B? when
Rez=20, forany0 <0 <1.

To prove the lemma we define analytic functions
G(x)=FR)BY B and  Gu(z) = G(g)e@ D"
for z in the unit strip S, for n = 1,2,.... Since F is bounded on S and
|By*B5| > min(1,By)min(1,B;) >0
for all z € S, we conclude that G is bounded by some constant M on S. Since
|G (x+iy)| < Me ™ /nel=1)/n < Me™/n ,

we deduce that G,(x + iy) converges to zero uniformly in 0 < x < 1 as |y| — oe.
Select y(n) > 0 such that for |y| > y(n), we have |G,(x+iy)| <1 for all x € [0, 1].
Also, the assumptions on F' imply that G is bounded by one on the two lines forming
the boundary of S. By the maximum principle we obtain that |G,(z)| < 1 for all z in
the rectangle [0, 1] x [—y(n),y(n)]; hence |G,(z)| < 1 everywhere in the closed strip.
Letting n — oo, we conclude that |G(z)| < 1 in the closed strip. Taking z = 0 + it we
deduce that
[F(6-+in)] < By~ *~"BY ™| = By °BY

whenever ¢ is real. This proves the required conclusion. (I

Returning to the proof of Theorem 1.3.4, we observe that F is analytic in the open
strip S and continuous on its closure. Also, F is bounded on the closed unit strip (by
some constant that depends on f and g). Therefore, (1.3.17), (1.3.18), and Lemma
1.3.5 give

/

4 » 4
' E 4 \° 1—6 1,6
lgll%) (Ml A28 el ) = M=o mf 1 el

when Rez = 6. Observe that P(6) = 0(0) = 1 and hence

P
)
P

()< (Mol

F(6)= [ T(/)gdv.
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Taking the supremum over all finitely simple functions g on Y with L9 norm less
than or equal to one, we conclude the proof of the theorem. (]

We now give an application of Theorem 1.3.4.

Example 1.3.6. One may prove Young’s inequality (Theorem 1.2.12) using the
Riesz—Thorin interpolation theorem (Theorem 1.3.4). Fix a function g in L" and
let T(f) = f*g. Since T : L' — L with norm at most ||g||;- and T : L” — L™ with
norm at most ||g||z-, Theorem 1.3.4 gives that T maps L? to L? with norm at most
the quantity ||g||%, ||gll}- ® = |lg|l.r, where

1 1-6 6 1 1-6 0

p 1 r q 00

Finally, observe that equations (1.3.19) give (1.2.13).

1.3.3 Interpolation of Analytic Families of Operators

Theorem 1.3.4 can be extended to the case in which the interpolated operators are
allowed to vary. In particular, if a family of operators depends analytically on a
parameter z, then the proof of this theorem can be adapted to work in this setting.

We describe the setup for this theorem. Let (X, i) and (¥, V) be o-finite measure
spaces. Suppose that for every z in the closed strip S = {z € C: 0 <Rez < 1} there
is an associated linear operator T, defined on the space of finitely simple functions
on X and taking values in the space of measurable functions on Y such that

/YITz(xA)xBIdv <oo (1.3.20)

whenever A and B are subsets of finite measure of X and Y, respectively. The family
{T.}; is said to be analytic if for all f,g finitely simple functions we have that the
function

z+—>/YTz(f)gdv (1.3.21)

is analytic in the open strip S = {z € C: 0 < Rez < 1} and continuous on its closure.
The analytic family {7}, is called of admissible growth if there is a constant Ty with
0 < 19 < 7 such that for finitely simple functions f on X and g on Y there is constant
C(f,g) such that

log < C(f,g)e"Nm (1.3.22)

| T gdv

for all z satisfying 0 < Rez < 1. Note that if there is ) € (0,7) such that for all
measurable subsets A of X and B of Y of finite measure there is a constant c(A, B)
such that

log < ¢(A,B) ™l (1.3.23)

/BTZ(ZA)dV
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then (1.3.22) holds for f = Y3 axxa, and ¢ = ¥} bjxs; and

M N
C(f,g) =log(MN)+ Y Y (c(Ax,B)) +|log|aibjl| ) -
k=1j=1

The extension of the Riesz—Thorin interpolation theorem is as follows.

Theorem 1.3.7. Let T, be an analytic family of linear operators of admissible growth
defined on the space of finitely simple functions of a o-finite measure space (X, 1)
and taking values in the set of measurable functions of another o-finite measure
space (Y,v). Let 1 < po,p1,90,q1 < oo and suppose that My and M, are positive
functions on the real line such that for some T) with 0 < T; < T we have

sup e PllogM;(y) < oo (1.3.24)
—ooLy<+oo

for j=0,1. Fix 0 < 8 < 1 and define p,q by the equations

1 1-6 6 1 1-6 6
_1=0 8 e 121208 (13.25)
P Po P1 q q0 q1

Suppose that for all finitely simple functions f on X we have

Ty () |0 < Mo || £] o (13.26)
Ty ()| gor < MO)||£ ]l 11 - (13.27)

Then for all finitely simple functions f on X we have

1To (£)]0 < M(6)]||

o (1.3.28)

where for 0 <x <1

M(x):exp{sm(m) /:: LoshlogMO(t) N log M (1) ]dr}.

2 (mt)—cos(mx) =~ cosh(mt)+cos(mx)

Thus, by density, Ty has a unique bounded extension from LP (X, 1) to LY(Y, V) when
pand q are as in (1.3.25).

Note that in view of (1.3.24), the integral defining M (¢) converges absolutely. The
proof of the previous theorem is based on an extension of Lemma 1.3.5.

Lemma 1.3.8. Let F be analytic on the open strip S ={z€ C: 0 <Rez < 1} and
continuous on its closure such that for some A < oo and 0 < 19 < T we have

log |F (z)] < Ae®lm? (1.3.29)
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forall z € S. Then

sin(7x) /'°° { log|F (it +iy)| log|F(1+it+iy)| }dt}

F iy)| <
Pty < exp{ 2 cosh(zmt) —cos(mx)  cosh(mt) + cos(mx)

whenever 0 < x < 1, and y is real.
Assuming Lemma 1.3.8, we prove Theorem 1.3.7.

Proof. Fix 0 < 6 < 1 and finitely simple functions f on X and g on Y such that
I fllr = llgll# = 1. Note that since 0 < 8 < 1 we must have 1 < p,q < . Let

m n
.f = Z akelakxAk and 8= Z bjelﬁijj 5
k=1 Jj=1

where a; > 0,b; >0, oy, B ; are real, Ay are pairwise disjoint subsets of X with finite
measure, and B; are pairwise disjoint subsets of ¥ with finite measure for all &, ;.
Let P(z), Q(z) be as in (1.3.15) and f;, g; as in (1.3.16). Define for z € S

- / T.(f.) g.dv. (1.3.30)
Y

Linearity gives that
m n Q
=X L a0 [ 1) 5 20,09 v(),

and conditions (1.3.20) together with the fact that {7}, is an analytic family imply
that F(z) is a well-defined analytic function on the unit strip that extends continu-
ously to its boundary.

Since {73} is a family of admissible growth, (1.3.23) holds for some c(A,B;)
and 7 € (0,7) and this combined with the facts that

Zyr 4.9

+
@@ <a® " and 29 <

for all z with 0 < Re z < 1, implies (1.3.29) with 7 as in (1.3.23) and
m n / /
P P q q
A =log(mn) + ( (Ag, B, (——1——) log ay +(—+—) 10gb~>.
g ; po  pi | | % 9 [tog b

Thus F satisfies the hypotheses of Lemma 1.3.8. Moreover, the calculations in the
proof of Theorem 1.3.4 show that (even when pg = o0, gg =1, p1 =0, g1 = 1)

ql

1 fill oo = HfH,fg =1=|g|" wheny € R, (1.3.31)

Lz] Hgiy HL116
!

I

/

P
icsllon = 1715 =1 =118l = lsresll,g whenver. @332
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Holder’s inequality, (1.3.31), and the hypothesis (1.3.26) now give
[F(iy)| < HTiy(ﬁy)Hqu Hgin SMO(y)HﬁyHLPo HginLq{) = Mo(y)

for all y real. Similarly, (1.3.32), and (1.3.27) imply

/
L%

|F(1+iy)| < HTl+iy(fl+iy)HLq1 Hgl+in SMl(y)’|fl+iy“Lpl H81+in =M (y)

/ !
91 L9

for all y € R. These inequalities and the conclusion of Lemma 1.3.8 yield

IF(x)] < exp {sin(znx) /:’o LOShlogMo(t) N log M, (t) (mc)]dt} _ M)

(mt)—cos(mx)  cosh(mt)+cos

for all 0 < x < 1. But notice that
F(6) = / To(f) gdv. (13.33)
Y

Taking absolute values and the supremum over all finitely simple functions g on Y
with LY norm equal to one, we conclude the proof of (1.3.28) for finitely simple
functions f with L” norm one. Then (1.3.28) follows by replacing f by f/||f|lr- O

We end this section with the proof of Lemma 1.3.8.

Proof of Lemma 1.3.8. Recall the Poisson integral formula

Ulz) = - /MU(R oy K-p* i0 (1.3.34)
= — e —_— = pe o

Z o a |Re’¢fpe’9\2 (8 4 P )

which is valid for a harmonic function U defined on the unit disk D = {z: |z] < 1}
when |z] < R < 1. See [307, p. 258].

Consider now a subharmonic function « on D that is continuous on the circle
|| =R < 1. When U = u, the right side of (1.3.34) defines a harmonic function on
the set {z € C: |z] < R} that coincides with u on the circle |{| = R. The maximum
principle for subharmonic functions ([307, p. 362]) implies that for |z| < R < 1 we
have 5 )

1 +r ; R —p .
- [ A _ i0
u(z) < o /_ﬂ u(Re )|Rei‘P —pei9|2d(p’ z=pe’. (1.3.35)
This is valid for all subharmonic functions u on D that are continuous on the circle
|| =Rwhenp <R< 1.
It is not difficult to verify that

h(é)%@(:’}fé)

is a conformal map from D onto the strip S = (0,1) x R. Indeed, i(1+§)/(1—§)
lies in the upper half-plane and the preceding complex logarithm is a well defined
holomorphic function that takes the upper half-plane onto the strip R x (0, 7). Since
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F o h is a holomorphic function on D, log|F o h| is a subharmonic function on D.
Applying (1.3.35) to the function z — log|F (h(z))|, we obtain

R2 _ p2
—2pRcos(0 — @)+ p?

1 4« )
log [F(h(2))| < 5 [ log|[F(h(Re")) 25 dg (1336)

when z = pe® and |z] = p < R. Observe that when |{| = 1 and { # +1, h({) has
real part zero or one. It follows from the hypothesis that

log [F(h(E))| < Ae®mA(©) — To’lm log(zﬁ)) L

Therefore, log |F (h())] is bounded by a multiple of |1+ ¢|~%/F|1 — {|~™/% which
is integrable over the set |{| = 1, since 7y < 7. Fix now z = pe'® with p < R and let
R — 11in (1.3.36). The Lebesgue dominated convergence theorem gives that

_ 1 [+ . 1-p?
i0 < iQ
log|F (h(pe'®))| < 275/7” log |F (h(e ))\1_2pcos(9_(p)+p2 de. (13.37)

Setting x = h(pe'®), we obtain that

e _ cos(mx) [ cos(mx) i)
e i 1+sin(mx)  \ 14 sin(mx) ’

pe® =h"'(x) =

from which it follows that p = (cos(7x))/(1 4+ sin(zx)) and 6 = —7/2 when 0 <
x < %, while p = —(cos(7x))/(1+sin(7x)) and 6 = 71/2 when § < x < 1. In either
case we easily deduce that

1-p? sin(7x)

1—-2pcos(8—@)+p2  1+cos(mx)sin(e)

Using this we write (1.3.37) as

1 (= sin(7x) ;
log |F(x)| < E./,n FF cos(ome sincg) OEIF (H€)) dg. (1.3.38)

We now change variables. On the interval [—7m,0) we use the change of variables
it = h(e'?) or, equivalently, ¢'? = — tanh(7t) — i sech(7t). Observe that as ¢ ranges
from —7 to 0, # ranges from +oo to —eo. Furthermore, d¢ = —msech(xr)dr. We
have

log|F (h(e'?))|dg

1 /0 sin(7x)

27 J—z 14 cos(mx)sin(@)

sin(7x)
log |F(it)|dt .
2/oo cosh(mt) — cos(mx) og|F (ir)]

(1.3.39)
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On the interval (0, 7t] we use the change of variables 1+ it = h(e'?) or, equivalently,
¢'? = —tanh(xt) + isech(rt). Observe that as @ ranges from O to 7, # ranges from
—oo to +o0. Furthermore, d@ = msech(xt) dr. Similarly, we obtain

log|F (h(e'?))|do

1 /” sin(7t)

21 Jo 1+ cos(xt)sin(g) (1.3.40)

sin(7x)
log|F(1+it)|dt.
2/«, cosh(7t) 4 cos(mx) og|F(1+)

Adding (1.3.39) and (1.3.40) and using (1.3.38) we conclude the proof when y = 0.
We now consider the case where y # 0. Fix y = 0 and define the function G(z) =

F(z+iy). Then G is analytic on the open strip S = {z € C: 0 <Rez < 1} and

continuous on its closure. Moreover, for some A < o0 and 0 < 1y < 7™ we have

log|G(z)| = log |F (z+iy)| < Ae®lmzhl < geTbl pTollmz]

for all z € S. Then the case y = 0 for G (with A replaced by Ae™P) yields

|G(x)|§exp{sin(rcx)/°° [ log |G (it)| N log|G(1+it)] ]dt},

2 J_w |cosh(mt)—cos(mx)  cosh(mt)+cos(mx)

which yields the required conclusion for any real y, since G(x) = F (x+iy), G(it) =
F(it+iy),and G(1+it) = F(1 +it +iy). O

Exercises

1.3.1. Generalize Theorem 1.3.2 to the situation in which T is quasi-subadditive,
that is, it satisfies for some K > 0,

T(f+ &) <K(TUNI+IT @),

for all f, g in the domain of T'. Prove that in this case, the constant A in (1.3.7) can
be taken to be K times the constant in (1.3.8).

1.3.2. Let (X,u), (Y,v) be two o-finite measure spaces. Let 1 < p < r < co and
suppose that 7' be a sublinear operator defined on the space LP0(X) + LP!(X) and
taking values in the space of measurable functions on Y. Assume that T maps L' (X)
to L1>(Y) with norm Ag and L (X) to L’"(Y) with norm A;. Let 0 < py < p; < oo.
Prove that 7 maps L? to LP with norm at most

1—
1-

rAl

~—
-

Sl

1—

Ay

==
‘\_

8(p—1)"

[Hint: First interpolate between L' and L” using Theorem 1.3.2 and then interpolate

between L5 and L" using Theorem 1.3.4.]
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1.3.3. Let 0 < pp < p < p; <o and let T be an operator as in Theorem 1.3.2 that
also satisfies

IT(HI<TfD),
forall f e LP0O P,
(a) If po =1 and p| = oo, prove that T maps L? to L” with norm at most
P vl

(b) More generally, if pg < p < oo, prove that the norm of 7' from L” to L” is at most

?

1
1+1 {B(P(H- 1,17—170)] ”App*OA‘*%O
po’(p—po)r—ro ] 70

where B(s,r) = [, x*~' (1 —x)'~" dx is the usual Beta function.
(c) When 0 < pg < p; < oo, then the norm of 7' from L? to L? is at most
bk -
pi=ptl 1 i 0
min % B(p_P07PO+1)+ P1—pP ])A%_ﬁA%_%.
0<A<1 0 !

==

(1—=A)Po APl

[Hint: The hypothesis |T(f)| < T(|f|) reduces matters to nonnegative functions.
Parts (a), (b): Given f > 0 and a > 0 write f = fy + f1, where fo = f — Aa/A;
when f > Ao /A; and zero otherwise. Here 0 < A < 1 to be chosen later. Then we
have that |[{|7(f)| > a}| < |{|T(fo)] > (1 —A)a}|. Part (c): Write f = fo + f1,
where fo = f — 8o when f > da and zero otherwise. Use that

HIT(N > o} <[IT (o)l > (1= A)a}[+ [{IT(/1)] > Lo}

and optimize over § > 0.]

1.34.Let 0 <7y,6 < m. Forevery z€S,, ={z€ C:a<Rez<b},letT, bea
family of linear operators defined on finetely simple functions on a o-finite measure
space (X, it) and taking values in another o-finite measure space (¥, V). Assume that
{T.} is an analytic on of S, in the sense of (1.3.21), continuous on its closure, and
that for all simple functions f on X and g on Y there is a constant Cy , < oo such that
forall z € S, p,

< Cp e/ t0-a)

tog| [ T:(gav

Let 1 < po,qo,p1,q1 < . Suppose that T;,;; maps L"°(X) to L9 (Y) with bound
My(y) and Tj;, maps LP!(X) to L9 (Y) with bound M (y), where

sup ¢~ Obl/(b=a) logMj(y) <eo, j=0,1.
—oo<y<eo
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Then for a <t < b, T; maps L”(X) to L4(Y), where

—_
S
4

71T

|
al=
S
4
-
|
Q

1.3.5. ([331]) On R” let x = (x1,...,x,) and |x| = (x3 +---+x2)'/2. Let

n—1

nTF(/”H—l)/“ 2rtis n1 I'(A+1)
Ky(x) = ————— e”“‘x‘ 1—s? A+t ds=———F/J 27|x|),
W0 =Ty L, ) e ()

where A is a complex number and J, A+ is the Bessel function of order A + 5. Let T},
be the operator given by convolution with K. Show that 7) maps L?(R") to itself
forReA > (n—1)|1 - E .

[Hznt. In view of the calculation of the Fourier transform of K, contained in Ap-
pendix B.5, we have that when Re A = 0, Tj, maps L?(R") to itself with norm 1. Us-
ing the estimates in Appendices B.6 and B.7, conclude that K, is integrable and thus
Ty, maps L' (R") to itself with an appropriate constant when Re A = (n —1)/2+§
(for & > 0). Then use Exercise 1.3.4.]

1.3.6. Observe that Theorem 1.3.7 yields the stronger conclusion

(D)l < M@ 1]l

forze S={z€ C:0<Rez< 1}, where for z=x+iy

M(Z):exp{sin(nx)/“’[ log My(t +) N logM, (t +y) ]dt}.

2 cosh(zmt) —cos(mx)  cosh(mt) + cos(mx)

1.3.7. ([380]) Let (X,u) and (Y,v) be two measure spaces with p(X) < oo and
v(Y) < oo. Let T be a countably subadditive operator that maps LP(X) to LP(Y)
for every 1 < p <2 with norm ||T||p—rr < A(p—1)"* for some fixed A, o > 0.
(Countably subadditive means that [T (¥; f;)| < ¥;|T(f;)| for all f; in LP(X) with
Y.; fj € LP.) Prove that for all f measurable on X we have

/|T )dv < 6A(1+v(Y [/|f logd | £)* dpt + Co + p(X)?

where Co = Yo, k%(2/3)K. This result provides an example of extrapolation.
[Hint: Write

f: foskv
k=0

where S; = {2F < |f] < 2!} when k > 1 and Sy = {|f| < 2}. Using Holder’s
inequality and the hypotheses on 7', obtain that

ITas)lav < 2av(r) e 2 u(s) e
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for k > 1. Note that for k > 1 we have v(Y)ﬁ < max(1, v(Y))% and consider the
cases ((Sg) > 3% and p(Sy) < 37%! when summing in k > 1. The term with
k = 0is easier.]

1.3.8. Prove that for 0 < x < 1 we have

sin(zx) [+ 1 _
2 ./700 cosh(7t) + cos(7x) -0
sin(7x) /*"" 1 f —1—x
2 —e cosh(7r) — cos(7mx) ’

and conclude that Lemma 1.3.8 reduces to Lemma 1.3.5 when the functions My(y)
and M| (y) are constant and assumption (1.3.29) is replaced by the stronger assump-
tion that F is bounded on S.

[Hint: In the first integral write cosh(7r) = 1(e™ +e~™). Then use the change of
variables s = ™|

1.3.9. Let (X, 1), (¥,Vv) be o-finite measure spaces, and let 0 < py < p; < . Let
T be a sublinear operator defined on the space L0(X) + LP!(X) and taking values
in the space of measurable functions on Y. Suppose 7 is a sublinear operator such
that maps L0 to L™ with constant Ag and L?! to L™ with constant A;. Prove T maps
LP to L™ with constant 2A(1]79A? where

1-6 6 1

Po pr P

1.4 Lorentz Spaces

Suppose that f is a measurable function on a measure space (X, it). It would be de-
sirable to have another function f* defined on [0,0) that is decreasing and equidis-
tributed with f. By this we mean

de(a) =ds(a) (1.4.1)

for all @ > 0. This is achieved via a simple construction discussed in this section.

1.4.1 Decreasing Rearrangements

Definition 1.4.1. Let f be a complex-valued function defined on X. The decreasing
rearrangement of f is the function f* defined on [0, ) by

fr(r)=inf{s>0: dp(s) <t} =inf{s >0: ds(s) <t}. (14.2)
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We adopt the convention inf() = oo, thus having f*(¢) = e whenever dy(ct) >t for
all ¢ > 0. Observe that f* is decreasing and supported in [0, u(X)].

Before we proceed with properties of the function f*, we work out three
examples.

A A
f(® SO
ap fr (| @
azt az - ‘_'
o & F % o5 5

Fig. 1.3 The graph of a simple function f(x) and its decreasing rearrangement f*(f).

Example 1.4.2. Consider the simple function of Example 1.1.2,
N
f(x) = Z (,lijj<X) )
j=1

where E; are pairwise disjoint sets of finite measure and a; > --- > ay > 0. We saw
in Example 1.1.2 that

N
df(a) = Z BjX[ajH,aj)(a) )
j=0

where

and ay;1 = Bp = 0 and ap = . Observe that for By <t < By, the smallest s > 0
with dy(s) <t 1is ay. Similarly, for By <t < By, the smallest s > 0 with dy(s) <t is
ay. Arguing this way, it is not difficult to see that

N
10 =Y ajxs; 5, (1)-
j=1

See Figure 1.3.
Example 1.4.3. On (R",dx) let

1

f(x)zm,

0<p<oo.
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A computation shows that

1 2 .
—-—1 fa<l,
ifa>1,
and therefore :
* HN=—
f () (t/vn)p/n+1

where v, is the volume of the unit ball in R”.

Example 1.4.4. Again on (R”,dx) let g(x) =1 — e . We can easily see that
de(at) =0if o > 1 and dy(cr) = oo if @ < 1. We conclude that g*(r) = 1 for all
t > 0. This example indicates that although quantitative information is preserved,
significant qualitative information is lost in passing from a function to its decreasing
rearrangement.

It is clear from the previous examples that f* is continuous from the right and
decreasing. The following are some properties of the function f*.

Proposition 1.4.5. For f, g, f, W-measurable, k € C, and 0 <t,s,t1,tr < oo we have
(1)  f*(df(e)) < oo whenever o > 0.
) di(f) <t
(3)  f*(t)>sifand only ift < dy(s); thatis, {t > 0: f*(t) > s} =[0,ds(s)).
(4) gl < |f| u-a.e. implies that g* < f* and |f|* = f*.
(5)  (kf)" = [k[f.
6) (f+g)(t+n)<f(t)+g(n)
(7) (Fo) (0 +) < ()8 o).
(8) £l 11| pea.e. implies f; 1 £
9) |f] < H},E,Eﬁ‘f"' w-a.e. implies f* < lirllgglffj.

(10)  f* is right continuous on [0,o).

(11)  Iff*(t) <oo,c >0, and u({|f| > f*(t)—c}) < oo, thent < pu({|f| > f*(t)}).
(12)  df=dp..
(13)  (|f1P)* = (f*)” when 0 < p < oo.

(14) /X|f|"du:/Omf*(t)"dtwhen0<p<oo.

(15) || £]] = £*(0).
(16)  supt?f*(t) = supa (ds(a))? for 0 < g < oo.

>0 a>0
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Proof. Property (1): The set A = {s > 0: dy(s) < ds(a)} contains o and thus
f*(df(a)) =infA < a.

Property (2): Let s, € {s >0: d¢(s) <t} be such thats, | f*(¢). Then d(s,) <t,
and the right continuity of d; (Exercise 1.1.1 (a)) implies that d¢(f*(z)) <t.

Property (3): If s < f*(t) =inf{u > 0: dy(u) <t},thens ¢ {u>0: ds(u) <t}
which gives dy(s) > t. Conversely, if for some t < dy(s) we had f*(r) < s, applying
dy and using property (2) would yield the contradiction d(s) < df(f*(t)) <t.

Properties (4) and (5) are left to the reader.

Properties (6) and (7): Let A = {s1 > 0: d¢(s1) <t1},B={s2>0: dy(s2) <02},
P={s>0:ds(s)<ti+n},and S={s>0: dri4(s) <ti+0}. ThenA+BCE S
andA-BC P;thus (f+g)* (1 +1) =infS < s;+s2 and (fg)*(t; +12) =infP < 5152
are valid for all s; € A and s, € B. Taking the infimum over all s; € A and s, € B
yields the conclusions.

Property (8): It follows from the definition of decreasing rearrangements that
< ;H < f* for all n. Let h = lim,, . f;; ; then obviously & < f*. Since f,; <A,
we have dy, (h(t)) < dy,(f;;(t)) <t, which implies, in view of Exercise 1.1.1 (c), that
dy(h(t)) <t by letting n — oo, It follows that f* < h, hence h = f*.

Property (9): Set F,, = infy,>, | fin| and h = liminf,_,e | ;| = sup,~ F. Since F, 1
h, property (8) yields that F* 1 h* as n — co. By hypothesis we have | f| < &, hence
f*<h*=sup, F}.Since F, < |f| form > n, it follows that F,* < f* for m > n; thus
F; <inf,>, f;. Putting these facts together, we obtain f* < h* <sup, inf,>, f;, =
liminf, e f;; .

Property (10): If f*(tp) = 0, then f*(¢#) = O for all r > #( and thus f* is right
continuous at fg. Suppose f*(f9) > 0. Pick o such that 0 < ot < f*(to) and let {t,};_,
be a sequence of real numbers decreasing to zero. The definition of f* yields that
d(f*(t0) — &) > 19. Since t, |. 0, there is an ng € Z* such that d¢(f* (1) — o) >
fo + 1, for all n > ny. Property (3) yields that for all n > ny we have f*(fp) — o <
f*(to+1,), and since the latter is at most f*(f), the right continuity of f* follows.

Property (11): The definition of f* yields that the set A, = {|f| > f*(t) — c¢/n}
has measure 11(A,) > . The sets A, form a decreasing sequence as n increases and
1(A1) < oo by assumption. Consequently, {|f| > f*(#)} = -, A, has measure
greater than or equal to 7.

Property (12): This is immediate for nonnegative simple functions in view of
Examples 1.1.2 and 1.4.2. For an arbitrary measurable function f, find a sequence of
nonnegative simple functions f;, such that f;, 1 |f| and apply (9).

Property (13): It follows from d|sp () = df(@'/P) = dy(a'/?) = d( gy (at) for
all o > 0.

Property (14): This is a consequence of property (12) and of Proposition 1.1.4.

Property (15): This is a restatement of (1.1.2).

Property (16): Given o > 0, without loss of generality we may assume d¢ (o) > 0.
Pick ¢ satisfying 0 < € < dy(c). Property (3) yields f*(ds(o) —€) > o, which
implies that

supr £ (1) > (dy(o) — €)°f"(dy(@) — €) > (dy(e) — )ar.

t>0
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We first let € — 0 and then take the supremum over all & > 0 to obtain one direction.
Conversely, given ¢ > 0, assume without loss of generality that f*(¢) > 0, and pick
€ such that 0 < & < f*(t). Property (3) yields d¢(f*(¢) — &) > t. This implies that
SUPgso O (dp (@) > (f*(1) —€)(ds(f*(1) —€))* > (f*(¢r) — €)r9. We firstlet & — 0
and then take the supremum over all # > 0 to obtain the opposite direction of the
claimed equality. (|

1.4.2 Lorentz Spaces

Having disposed of the basic properties of decreasing rearrangements of functions,
we proceed with the definition of the Lorentz spaces.

Definition 1.4.6. Given f a measurable function on a measure space (X, i) and

0 < p,g < oo, define
qd g
/1 t\4
</ (7 7)) t) if g < oo,
0

P4 = 1

supt? f*(r) if g=oo.
t>0

171

The set of all f with || f||zre < oo is denoted by L4 (X, i) and is called the Lorentz
space with indices p and g.

Asin L and in weak L?, two functions in LP4(X, ) are considered equal if they
are equal p-almost everywhere. Observe that the previous definition implies that
L™% = L=, LP** = weak L? in view of Proposition 1.4.5 (16) and that L = LP.

Remark 1.4.7. Observe that for all 0 < p,r < cc and 0 < g < oo we have

H|g‘r”mq = HgHZPW' (1.4.3)

On R” let 6%(f)(x) = f(ex), € > 0, be the dilation operator. It is straightforward
that dse (p) (@) = €7""ds(at) and (8°(f))*(t) = f*(€"t). It follows that Lorentz norms
satisfy the following dilation identity:

185 1w = &P\ f | s - (1.4.4)

Next, we calculate the Lorentz norms of a finitely simple function.

Example 1.4.8. Using the notation of Example 1.4.2, when 0 < p,q < o we have

p 3 I q R q 3
_ » » [ p P
£l e = (q) [alBl —|—a2(B2 _Bl)+"'+aN(BN_BN1)] .
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and also

171

1

— .RP

[pe = SUPp a;jBj .
I<j<N

Next, we calculate || f||z~¢ for the simple function f of Example 1.4.2. when
g < oo. It turns out that

1
_ q ﬁ q & 4q BN ‘ = o0
e = e (51 ) - ton (52) 4 (52 )] ==

since By = 0. We conclude that the only nonnegative simple function with finite L4
norm is the zero function. Given a general nonzero function g € L4 with 0 < g < oo,
there is a nonzero simple function s with 0 < s < g. Then s has infinite norm, and
therefore so does g. We deduce that L=7(X) = {0} when 0 < g < eo.

Proposition 1.4.9. For 0 < p < oo and 0 < g < oo, we have the identity

=
N
C\g
A
—
©”
S~—
==
R
Q
~__
3
=
(¢}
=
BN
A
8

HfHLP-q =¢7 (1.4.5)

1
Sups~qsdy(s)” when g = .

Proof. The case g = « is statement (16) in Proposition 1.4.5, and we may therefore
concentrate on the case g < oo. If f is the simple function of Example 1.1.2, then

N
df(s) = Z BJX[aj+l,aj) (S)
i=1

with the understanding that ay; = 0. Using the this formula and identity in Exam-
ple 1.4.8, we obtain the validity of (1.4.5) for simple functions. In general, given a
measurable function f, find a sequence of nonnegative simple functions such that
fuT|f] ae. Then dy, 1 dy (Exercise 1.1.1 (c)) and f,¥ T f* (Proposition 1.4.5 (8)).
Using the Lebesgue monotone convergence theorem we deduce (1.4.5). (]

Since LP? C LP*°, one may wonder whether these spaces are nested. The next
result shows that for any fixed p, the Lorentz spaces L”4 increase as the exponent g
increases.

Proposition 1.4.10. Suppose 0 < p < o0 and 0 < g < r < co. Then there exists a
constant cp. 4 r (Which depends on p, q, and r) such that

HfHLN < Cp,q,erHLp,w (1.4.6)

In other words, L9 is a subspace of LP".
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Proof. We may assume p < oo, since the case p = oo is trivial. We have
1/q
! d
1 q 1 s
g = {4 [ ot |
pJo §

" d 1/‘]
{Z/O [sl/pf*(S)]qu} since f™ is decreasing,

1/q
(&) 11l

Hence, taking the supremum over all # > 0, we obtain

IN

IN

1/q
£l pee < (Z) 171 e (14.7)
This establishes (1.4.6) in the case r = oo. Finally, when r < oo, we have
~ * — di /r r—q)/r r
1 = { [Twrror ;} D . e

Inequality (1.4.7) combined with (1.4.8) gives (1.4.6) with ¢, 4, = (q/p)(’_q)/’q. O

Unfortunately, the functionals || - ||zr« do not satisfy the triangle inequality. For
instance, consider the functions f(¢) = ¢ and g(¢t) = 1 — ¢ defined on [0, 1]. Then
fH(a) =g"(a) = (1 —a)xp,1(a). A simple calculation shows that the inequality
|\ f +gllra < || fl|lzra + [g]|Lra Would be equivalent to

P g Lla+1I(a/p)
g~ Il(q+1l+q/p)’

which fails in general. However, since for all # > 0 we have

(f+8)" (1) <[ (t/2)+8"(t/2),

the estimate
||f+gHLP~q < Cp:fi(Hwa + ||3HLM) ) (14.9)

where ¢, , = 2!/Pmax(1,2(179/4), is a consequence of (1.1.4). Also, if || f||zre = 0
then we must have f = 0 p-a.e. Therefore, LP+? is a quasi-normed space for all p,q
with 0 < p,q < . Is this space complete with respect to its quasi-norm? The next
theorem answers this question.

Theorem 1.4.11. Let (X, 1) be a measure space. Then for all 0 < p,q < oo, the
spaces LP4(X , 1) are complete with respect to their quasi-norm and they are there-
fore quasi-Banach spaces.
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Proof. We consider only the case p < oo. First we note that convergence in L9
implies convergence in measure. When g = oo, this is proved in Proposition 1.1.9.
When g < oo, in view of Proposition 1.4.5 (16) and (1.4.7), it follows that

1/q
supt'/? f*(1) = sup aud (@)1 < (Z) 1112

>0 a>0

for all f € L7, and from this it follows that convergence in L”*¢ implies convergence
in measure.

Now let {f,} be a Cauchy sequence in LP4. Then {f,} is Cauchy in measure,
and hence it has a subsequence { f,, } that converges almost everywhere to some f by
Theorem 1.1.13. Fix ko and apply property (9) in Proposition 1.4.5. Since |f — f"ko | =

1imy o0 | fr, — f,,k0 , it follows that

(f = foy )" () < Timinf(fre = frg )" (1)- (1.4.10)

Raise (1.4.10) to the power g, multiply by 14/P, integrate with respect to dr/t over
(0,00), and apply Fatou’s lemma to obtain

Hf—fnko 7,4 < li]gingfnk — fu, [ (1.4.11)

Now let kg — oo in (1.4.11) and use the fact that { f,,} is Cauchy to conclude that f,,
converges to f in LP4. It is a general fact that if a Cauchy sequence has a convergent
subsequence in a quasi-normed space, then the sequence is convergent to the same
limit. It follows that f,, converges to f in L?9. (|

Remark 1.4.12. It can be shown that the spaces L7 are normable when p, g are
bigger than 1; see Exercise 1.4.3. Therefore, these spaces can be normed to become
Banach spaces.

It is well known that finitely simple functions are dense in L” of any measure
space, when 0 < p < oo, It is natural to ask whether finitely simple functions are also
dense in LP*4. This is in fact the case when g # oo.

Theorem 1.4.13. Finitely simple functions are dense in LP4(X, 1) when 0 < g < oo.

Proof. Let f € LP4(X, ). Assume without loss of generality that f > 0. Since f
lies in LP9 C LP= we have u({f > €})"/Pe < ||f||Lra < oo for every € > 0 and
consequently for any A > 0, u({f > A}) is finite and tends to zero as A — eo. Thus
forevery n=1,2,3,..., there is an A, > 0 such that u({f > A, }) <27".

For eachn =1,2,3,... define the function

142", 4

Pn(x) = Z ﬁX{kZ*"<f§(k+1)2*"}%{2*”<f§A,,}-
k=0
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Then @, is supported in the set {27 < f <A, } which has finite 4 measure, thus ¢,
is finitely simple and satisfies

f)=27" < gu(x) < f(x)
foreveryx € {x € X : 27" < f(x) <A,}. It follows that
u{xeX: |f(x) —@u(x)|>27"}) <27"
which implies that (f — ¢,)*(¢) < 27" for ¢t > 27". Thus
(f—@,)"(t) =0 asn—oeand ¢@;(t) < f*(z) forallr>O0.

Since (f — @,)*(¢) < f*(¢), an application of the Lebesgue dominated convergence
theorem gives that ||@, — f||zre — 0 asn — oo, O

Remark 1.4.14. One may wonder whether simple functions are dense in L”*. This
turns out to be false for all 0 < p < co. However, countable linear combinations of
characteristic functions of sets with finite measure are dense in L7 (X, ). We call
such functions countably simple. See Exercise 1.4.4 for details.

1.4.3 Duals of Lorentz Spaces

Given a quasi-Banach space Z with norm || - ||z, its dual Z* is defined as the space
of all continuous linear functionals 7 on Z equipped with the norm

1]

L= sup [T()].

llxl| z=1

Observe that the dual of a quasi-Banach space is always a Banach space.

We are now considering the following question: What are the dual spaces (LP9)*
of L7497 The answer to this question presents some technical difficulties for general
measure spaces. In this exposition we restrict our attention to o-finite nonatomic
measure spaces, where the situation is simpler.

Definition 1.4.15. A measurable subset A of a measure space (X, ) is called an
atom if [L(A) > 0 and every measurable subset B of A has measure either equal to
zero or equal to 1 (A). A measure space (X, 1) is called nonatomic if it contains no
atoms. In other words, X is nonatomic if and only if for any A € X with u(A) > 0,
there exists a proper subset B & A with u(B) > 0 and u(A\ B) > 0.

For instance, R with Lebesgue measure is nonatomic, but any measure space
with counting measure is atomic. Nonatomic spaces have the property that every
measurable subset of them with strictly positive measure contains subsets of any
given measure smaller than the measure of the original subset. See Exercise 1.4.5.
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Theorem 1.4.16. Suppose that (X, L) is a nonatomic G-finite measure space. Then

@) (LP)* ={0}, when0 < p<1,0<g<oo,
(i) (LP)y* =L~ whenp=1,0<¢g<1,

(iii) (LP1)* ={0}, whenp=1,1<q<oo,

@iv) (LP9)" # {0}, when p =1, q =00,

v) (Lp’q)*:L/""’7 whenl <p<e, 0<g<l,
i) (LPays =174 when 1 < p <oo, 1< q<oo,
(vii) (LPA)* £ {0}, when 1 < p < oo, g =co,
(viii) (LP)* £ {0}, when p=q=oo.

Proof. Since X is o-finite, we have X = (Jy_; Kn, where Ky is an increasing se-
quence of sets with p(Ky) < eo. Let <7 be the o-algebra on which u is defined
and define @y = {ANKy: A € &}. Given T € (LP?)*, where 0 < p,q < oo, for
each N = 1,2,..., consider the measure oy(E) = T(xg) defined on <. Since oy
satisfies |on (E)| < (p/q)"/4||T||u(E)'/?, it follows that oy is absolutely continu-
ous with respect to p restricted on <7y. By the Radon—Nikodym theorem (see [153]
(19.36)), there exists a unique (up to a set of -measure zero) complex-valued mea-
surable function gy which satisfies [k |gn|du < oo such that

/KNfch = /KN gy fdu (1.4.12)

for all f in L'(Ky,.2y,0y). Since oy = Oy11 on &y, it follows that gy = g1
u-a.e. on Ky and hence there is a well-defined measurable function g on X that co-
incides with each gy on K. But the linear functionals f — T'(f) and f + |, Kky S dON
coincide on simple functions supported in Ky and therefore they must be equal on
L' (Ky, oy, on) NLP4 (X, 1) by density; consequently, (1.4.12) is also equal to T'( f)
for fin L' (Ky, <y, 0n) NLP9(X, ).

Note that if f € L™ (Ky, ), then f € L”4(Ky, 1) and also in L*(Ky, oy ), which is
contained in L' (Ky, @y, oy). It follows from (1.4.12) and the preceding discussion
that

T(f)= /ngdu (1.4.13)

for every f € L”(Ky). We have now proved that for every linear functional 7 on
LP4(X, 1) with 0 < p,q < oo there is a function g satisfying [k |g[du < o for all
N =1,2,... such that (1.4.13) holds for all f € L*(Ky).

We now examine each case (i)—(viii) separately.

(1) We consider the case 0 < p < 1. Let f =Y, a, X, be a finitely simple function
on X (which is taken to be countably simple when g = o). Since X is nonatomic,
we split each E, as a union of m disjoint sets E;,, j = 1,2,...,m, each having
measure m~ ' (L(E,). Let f; = ¥, anX;,,. We see that || fj]|re = m=VP|| f||ra. Now
if T € (LP)*, it follows that
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< XTI Y s

Let m — oo and use that p < 1 to obtain that 7 = 0.
(i) We now consider the case p = 1 and 0 < g < 1. Clearly, every h € L™ gives a
bounded linear functional on L', since

ra — HTHml l/pllfHU"’

[ < [l < Gl

Conversely, suppose that T € (L'9)* where ¢ < 1. The function g given in (1.4.13)
satisfies

[ au| = 170e) < [ owie)

for all E € Ky, and hence |g| < ¢~ /4||T|| u-a.e. on every Ky; see [307, Theorem
1.40 on p. 31] for a proof of this fact. It follows that ||g||z= < ¢~'/4||T|| and hence
(LY =L,

(iii) Let us now take p = 1, 1 < g < oo, and suppose that T € (L'9)*. Then

’ /X fgdu’ <ITI NIl e (1.4.14)

where g is the function in (1.4.13) and f € L*(Ky). We will show that g =0 a.e.
Suppose that |g| > 6 on some set Ey with (Eg) > 0. Then there exists N such that
W(E)NKy) > 0. Let f = §|g\’2xEomKthh§M, where & is a nonnegative function.
Then (1.4.14) implies for all & > 0 that

72nml| 1 iy < NI AR | 10y

Letting M — oo, we obtain that L'9(Ey N Ky) is contained in L'(Ey N Ky), but
since the reverse inclusion is always valid, these spaces must be equal. Since X
is nonatomic, this can’t happen; see Exercise 1.4.8 (d). Thus g =0 p-a.e.and 7 =0.

@iv) In the case p = 1, g = oo an interesting phenomenon appears. Since every
continuous linear functional on L' extends to a continuous linear functional on
L' for 1 < g < oo, it must necessarily vanish on all simple functions by part (iii).
However, (L1’°°)* contains nontrivial linear functionals; see [84], [85].

(v) We now take up the case 1 < p < e and 0 < g < 1. Using Exercise 1.4.1 (b)
and Proposition 1.4.10, we see that if f € LP? and h € LP'* then

dt
t

[irna < [“eb o wo

< HfHU’-' ||hHLP'~°°
< CPv‘]||f||L1’=q||h||Ll"~°°;
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thus every h € L' gives rise to a bounded linear functional f — [hfdu on LP4
with norm at most C,, 4|%[|, ... Conversely, let T € (LP9)* where 1 < p < o and

0 < g < 1. Let g satisfy (1.4.13) for all f € L*(Ky). Taking f = §|g|’lxKNm{|g|>a}
for & > 0 and using that

[ rsau] <1
we obtain that
ap(ky N {lgl > o) < (p/g) |7 (Kn O {lg] > a})7
Divide by u(Ky N{|g| > oc})%, let N — oo, and take the supremum over ¢ > 0 to

obtain that |ig|,. < (p/q)"/4|T].
(vi) Using Exercise 1.4.1 (b) and Holder’s inequality, we obtain

foroan]< [0 0 0% <l
thus every ¢ € L' gives a bounded linear functional on LP¢ with norm at most
@l Conversely, let T be in (LP)*. By (1.4.13), T is given by integration
against a locally integrable function g. It remains to prove that g € L4 We let
gNM = 8 XKy Xjgl<m- Then (gy )" < g" forall M,N =1,2,... and (gnm)" 1 &" as
M N — o by Proposition 1.4.5 (4), (8).

For a bounded function f in LP4(X) we have

[ r @@= s | [ havwan
0 h: dy=dy | /X
= sup /th<Mgd.u‘
h'dh*df
" ke, T (it K <m)| (1.4.15)

< .suP T\ ([ 2k 11 <p ||

< sup HTH 1]

1
= ||TH HfHW,

where the first equality is a consequence of the fact that X is nonatomic (see Exercise
1.4.5 (d)). Using the result of Exercise 1.4.5 (b), pick a function f on X such that

o g ’ d
fo(t) = /,/2“, 1(8N,M)*(S)q71 £

)
S

(1.4.16)
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noting that the preceding integral converges since (gn.ur)*(s) < M Xjo u(ky) (5)- It

follows that f* < ¢4 M4 ="', which implies that f is bounded, and also that f* (t)=0
when ¢ > 2u(Ky), which implies that f is supported in a set of measure at most
2u(Ky); thus the function f defined in (1.4.16) is bounded and lies in L7 (X).

We have the following calculation regarding the L4 norm of f:

1
> g 0 ‘Lif] " /_ldS qdl q
= tr 2 q - -
Lpa (/0 P |:/t/2S, (gN7M) (S) s :| /

o 1 , 5 1.4.
<t (’@NM>o»q“) (140

t

171

C pq ||gNMH //<°°

which is a consequence of Hardy’s second inequality in Exercise 1.2.8 with b = ¢/ p.
Using (1.4.15) and (1.4.17) we deduce that

[ 70t @ < [T 10 < 7] ol 1419
On the other hand, we have
. 771 i1 ds
L7 O @z [T 57 e 07 S a0

;[ d
2/0 (evm)” (t)q/ “1as (1.4.19)

/2 N

= G (p.q)||enm| g

Lpl'q, .

Combining (1.4.18) and (1.4.19), and using the fact that [[gy n/|, s < °°, We obtain
vl < C(p,q)|IT|. Letting N,M — oo we deduce |[gl, 1 < C(p,q)||T]| and
this proves the reverse inequality required to complete case (vi).

(vii) For a complete characterization of this space, we refer to [83].

(viii) The dual of L™ = L** can be identified with the set of all bounded finitely
additive set functions; see [99]. O

Remark 1.4.17. Some parts of Theorem 1.4.16 are false if X is atomic. For instance,
the dual of ¢7(Z) contains ¢~ when 0 < p < 1 and thus it is not equal to {0}.

1.4.4 The Off-Diagonal Marcinkiewicz Interpolation Theorem

We now present the main result of this section, the off-diagonal extension of
Marcinkiewicz’s interpolation theorem (Theorem 1.3.2). For a measure space (X, 1),
let S(X) be the space of finitely simple functions on X and Sg (X) be the subset of
S(X) of functions of the form
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n .

Y 27

=m
where m < n are integers and A; are subsets of X of finite measure. The sets A; are
not required to be different nor disjoint; consequently, the sum of two elements in
S (X) also belong to S (X). We define Sz (X) = S5 (X) — S{ (X) be the space of
all functions of the form fi — f», where f1, f> lie in S§ (X) and So(X) be the space
of functions of the form i + ih;, where hy, hy lie in S{f”l (X).

An operator T defined on Sy(X) is called quasi-linear if there is a K > 1 such

that

ITAN =T and  [T(f+| <K(T(HI+IT (),
for all A € C and all functions f, g in So(X). If K = 1, then T is called sublinear.

Definition 1.4.18. Let T be a linear operator defined on the space of finitely simple
functions S(X) on a measure space (X, 1) and let 0 < p,g < co. We say that 7 is of
restricted weak type (p,q) if

7 (a) || e < Ce(A)'/P (1.4.20)

for all measurable subsets A of X with finite measure. Estimates of the form (1.4.20)
are called restricted weak type estimates.

It is important to observe that if an operator is of restricted weak type (po,qo) and
of restricted weak type (p1,q1), then it is of restricted weak type (p,q), where the
indices are as in (1.4.23). It will be a considerable effort to extend the latter estimate
to all functions in Sp(X). The next theorem addresses this extension.

Theorem 1.4.19. Let 0 < r < o0, 0 < pg # p1 < o0, and 0 < qo # q1 < = and let
(X, 1), (Y,v) be o-finite measure spaces. Let T be a quasi-linear operator defined
on the space of simple functions on X and taking values in the set of measurable
functions on Y. Assume that for some My, M| < oo the following restricted weak type
estimates hold:

17 (xa)|| Jage < Mopt(A)M/P0, (1.4.21)
1T (a)|| jore < My p(A)YP1 (1.4.22)

Jor all measurable subsets A of X with [1(A) < oo, Fix 0 < 6 < 1 and let

1 1-6 6 1 1-6 6
T B (14.23)
14 Po P q q0 q1

Then there exists a constant C«(po,qo, P1,q1,K,r,0) < o such that for all functions
fin So(X) we have

||T(f)HLqr S C*(P07407P1aCIl7K7r79)M(%_9M19HfHLP,r' (1424)
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Additionally, if 0 < p,r < oo and if T is linear (or sublinear with nonnegative val-
ues), then it admits a unique bounded extension from LP"(X) to L?"(Y, V) such that
(1.4.24) holds for all f in LP".

Before we give the proof of Theorem 1.4.19, we state and prove a lemma that is
interesting on its own.

Lemma 1.4.20. Let 0 < p < o and 0 < g < o and let (X,u), (Y,Vv) be o-finite
measure spaces. Let T be a quasi-linear operator defined on S(X) and taking values
in the set of measurable functions on Y. Suppose that there exists a constant M > 0
such that for all measurable subsets A of X of finite measure we have

17 Ga) [ e < Mu(A)7. (1.4.25)

Then for all oo with 0 < o < min(g, l(l)(égzzk

such that for all functions f in So(X) we have the estimate

) there exists a constant C(p,q,K,a) >0

T (Al o < C (P, 0, K, )M || f] (1.4.26)

where

C(p,q. K, a) =285+ K3 (qqa> Y (1-27%) & (log2) % .
Proof. A function f in Sp(X) can be written as f = h; — hy + i(h3 — ha), where
hj are in S§(X). We write f = fi — fo+i(f3 — f4), where fi = max(h; — hy,0),
f» = max(—(h; —hy),0), f3 = max(h3 — hy4,0), and f4 = max(—(hs — h4),0). We
note that f; lie in Sg (X); indeed, if by =Y, Z’EXAK and hy =Y, Z’kak, where both
sums are finite, then

fl = Z 276%1% + Z (27[ - Zik)XAmBk .
£: AgN (U By )=0 (L.k): b<k, ApNBy#0

Since the second sum is equal to Zﬁ:(%l 27°Xa,nB,» We obtain that h € Sa“ (X).
Likewise we can show that f», f3, f4 lie in Sg (X). Moreover, we have f; < |f| and
Proposition 1.4.5(4), yields

||fjHL1’-°‘(X) < HfHLp,a(X)

for all j =1,2,3,4. Suppose now that (1.4.26) holds for functions in SJ (X) with
constant C’'(p, q, @) in place of C(p,q,K, ¢). By the quasi-linearity of T we have
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IT()lla=w) < K’

4
Y IT(f)l
=1

| 4
<K¥4'a Y IT(F)llra=r)
Jj=1

L9=(Y)

242
S K34 +‘1MC’(p,q,K,O£) ||f||LpAa(X)

which proves (1.4.26) for all f in So(X) with constant
2
C(p.g.K.0) =271 K°C'(p,q.0).

We now prove (1.4.26) for functions in S§ (X) with constant C'(p, g, o) in place
of C(p,q,K,a). It follows from the Aoki—Rolewicz theorem (Exercise 1.4.6) that for
allN € Z" and for all fi,..., fy in SJ (X) we have the pointwise inequality

1 1

N a N I
Gl <a( L) <e(Lree)’. ez
2

J=1

where 0 < a < ; and o satisfies the equation (2K)* = 2. The second inequality
in (1.4.27) is a simple consequence of the fact that o < a;. Fix o with

log2

O<op<oy=
%= log2K

and op <gq.

This ensures that the quasi-normed space L4/%* is normable when o < . In fact,
since Y is o-finite, Exercise 1.1.12 gives that the space L** is normable as long as
s > 1 and there is an equivalent norm ||| f|||zs= such that

N

17

o S MM e = 57 17 5

s—1

Next we claim that for any nonnegative function f in SJ (X) we have

1T (fxa)]| g <4 (q_ia)ﬁ(l o)k ()

Fxallp- (1.4.28)

To show this, we write [ = ):;?:m 27/ Xs;» where m < n are integers, S; are subsets of
X of finite measure for all j € {m,m+1,...,n}, u(Sy) # 0 and u(S,) # 0. Setting
Bj=S§;NA we have

faa=Y 27 xs

Jj=m

and 27" < || f xallze(x)-
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We use (1.4.27) once and (1.4.3) twice in the following argument. We have

Il <4 £ 2717 1)*

Jj=m

L4
n 1

::4‘ 2:2 T (g% "

Lq/ a,e0

o

n
<4 X2, |
j=m

L4/ o

1
o
Lq/“«*)
1
o
Lq/a~°°)

1

(L2l )"

j=m

IN

n
(L2
j=m

Sl

T (xs,)|"

n
(o
j=m

q—Qa

1

¢
<4(-L

(%

() w( E e mwnt)

Q
=
SQ
— — \_/
Q=

&
Q

1
< o _ h—a 7% 1
_4(—q_a) (1=2"%"aMu(A)r27",

using B; € A. Using that 27" < || fxal|r~ establishes (1.4.28).
We now apply (1.4.28) to obtain (1.4.26). For any f € Sg (X) we define measur-
able sets

Ay ={xeX: Y < |fx)] < 2 (1.4.29)
and we note that these sets are pairwise disjoint. We may write the finitely simple
function f as Z”,l a;jXe;, where 0 < a; <o, E CE,C--CE,and0< u(Ej) <oo

for j € {1,2,...,n}. Clearly, we have
f'= L aikone)
-

Thus, whent € (U(Ey), ), f*(t) vanishes, and whent € (0, u(E1)), f*(t) =L, a;

is a positive constant. So there exists N € Z* such that f*(2%) = 0 when k > N, and
that f*(2*) is a positive constant when k < —N. This also implies that A; = 0 if
|k| > N and thus we express

N
=Y fa.
k=N
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Proposition 1.4.5(2) implies u(Ay) < dp(f*(25+1)) <2KF1. Using (1.4.27) we obtain

N

Il <4 (kZNT(f%Am“)é

N 1

:4‘ Z T (f2a,)]
N

L4=(Y)

Nesreery

a

L4/%=(y)

N
<4| X imtae

1

Lq/a~°°(y)>
1

<4 (%) ' (ki,v H T2 Lq/wm) E

1

q @ N a ‘
§4<q_a> (kZNHT(fok)Lq,m(y))

16<qa>a(1 - _aM<Z W(Ag)» Hf%&“;;)

1

a)“’(lz—“)—éziM( y [f*(z"n“z"f‘)

<4 (kﬁN (exezsi|

Q-

a

IN

IN
—
(@)}
7N\
K
Q9

IN
(@)
7 N

9
R
N~
N
—
|
N
I}
—
|
R~
\S)

SIS

—
o

(0°]
)

N—

)
=
=

=
:

(X))

2

k-1 ¢

> ¥ YR |

k=—o0 2

=2 7 log2 Z 125927 .

k=—oo

This completes the proof of the required inequality for nonnegative functions in
S§ (X) with constant

2
o 2
Clpa.o=16( L) (120 w23 og2)

2
As noted, the constant in general is C(p,q,K, ) = PAND € C'(p,q, ). O
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We now proceed with the proof of Theorem 1.4.19.

Proof. We assume that pg < pj, since if pp > p; we may simply reverse the roles
of pg and p;. We first consider the case p1,r < oo. Lemma 1.4.20 implies that

7l <M %0
HT(f)HLW <M Hf”LPlv"“

for all f in So(X), where m = Jmin (qo,ql,@%ﬂr), M{y = C(po,qo,K,m)My,
M| =C(pi,q1,K,m)M;, and C(p,q,K, o) is as in (1.4.26).
Fix a function f in So(X). Split f = f' + f; as follows:

s [J@ WL @)
0 if | £(x)] < f(817),
s {0 > @,
W @< o),
where § is to be determined later and 7 is the following nonzero real number:
1 1 1_1
O e
p PP P
Using Exercise 1.1.10 we write
ds(v) when v > f*(8t7)
dp(v) = ' .
de(f*(017)) when v < f*(6t7)

dy(v) = 0 when v > f*(617)
I =N dp(v) —dp(£7(817))  whenv < £5(817).

Observe the following facts
v> 61" = (f)"(v) < inf{se (0,f"(8")]: dp(s) <v}
=inf{s € (0, f*(81")] : ds(f*(817)) <v}
— inf(0, £ (817)]
=0,

< 8t = (1) (v) < inf{s > f*(817) 1 dpu(s) < v}
= inf {s > f*(817) : ds(s) < v}
— inf{{s> 0: dp(s) <v}n (f*(6t”),oo)}
— £ ), since f*(v) = f*(817),
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v>68t" = (f,)"(v) =inf{s>0: ds(s) <v}
<inf{s>0: ds(s) <v} since dy, < dy
= f*(v),

v< 8" = (f;)"(v) = inf{s>0: dg(s) <v}
< fH(8t7), since f*(817) € {s>0: dy(s) <v}.
We summarize these observations in a couple of inequalities:

fis) ifo<s<ér?,
0 if s > 617,

(f)(s) < {

A8ty if0<s<or?,
(ft) ( ) {f*( ) if s > 817,

It follows from these inequalities that f lies in LP0™ and f; lies in L1 for all r > 0.
The quasi-linearity of the operator 7 and (1.4.9) imply

1T (A ar
= |[raT(r)(2)

L)

<Kl[e (1T () +IT () (@)

)

<K[e TS+ TS (D)o

ey T @l

< Kmax{1,2 ([T (5 sy + T (D) - (143D

<Ka (|l T(£)(5)

It follows from (1.4.30) that

1 1 1 1
toT(f)*(5) <29 sugs%T(f')*(s) < 2% My|| '] pom » (1.4.32)
s>
1 1
taT(f,) (%) <2 supsqlT(f,) (s) <29 My || fi|l prom (1.4.33)
s>0

for all > 0. Now use (1.4.32), (1.4.33), and the facts that

1 1 1
FT(F)(5) =17 W T(f) (4) < 19020 MY ]| o

1 1 1 1

o1
tT(f1) (5) =10 aen T(f1)*(5) <t D20 M| f'[|
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to estimate (1.4.31) by

1_4 | s R G

Kmax{1,27~"} |20 My |[r4~ 0 || f'|| pgm + 20 My (|12 || fi]] Ly m ,
Lr(d Lr(dy
which is the same as
1 1 _
Kmax{1,25 215 |1 75 HffHLpOm’rw (1434)
L tund o |y =24)

+ K max{1,27 }2‘11M1 | fo|| oy (1.4.35)

Lr(ﬂ

t

Next, we change variables u = ¢ in the L" quasi-norm in (1.4.34) to obtain

17() HfIHL”Om -
5 ds\ "
PP 11 u m m
I b ([ o)
|’)/|r 0 Lr(%)
1
577 Lo qm e s\ T
=< ||1 F(L T (/0 (sPo f*(s))"s po ps>
Y- P P
5*40
Po P
T

where the last inequality is a consequence of Hardy’s inequality:

(/0“’ (./oug(s) ?)p”b d;)i <? (l/()‘wg(u)”ub ‘Z‘)Il} (1.4.36)

with g(s) = f*(s)"s™/P0 >0, p=r/m>1and b = r/po—r/p > 0. See Exercise

1.2.8 for the proof of (1.4.36).
Likewise, change variables u = 61" in the L" quasi-norm of (1.4.35) to obtain

11
A A U

(1 m had m %
< S P7P1 u;*ﬂ |:/ f Sﬂé—k/ f*(s)msplds:|
|y| § u S Lr(%)
5 (P pl m_m
= ur f Mypr 7_|_/ (s sl’l
bk U/*ﬂ(%)
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Lrim(4)
1

5(;;I>{
<——
M
Lr/m(t/uu)}
1

,(,,L) . ) o
S \rm D1 m n A AN
Sw{m’|f’|yr+’m(/0 (f (u) ull) ub u) }

P1

11 L
5*(;*ﬁ) pi m
Y { - } ||fHum
mm|’y|r P [7]

where the last inequality above is Hardy’s inequality:

(/ </,g ds) b?) ,,(/g bd”) (1.4.37)

with g(s) = f*(s)"s™/P >0, p=r/m>1and b=r/p—r/p; > 0. See Exercise
1.2.8 for the proof of (1.4.37).

Combining these elements we deduce that given f in So(X), we have that the
expression in (1.4.34) plus the expression in (1.4.35) is at most

m__ m m. ds
uF f Msp1r —
s

il 1_1 L 1 —(A_L
Kmax{1,2:=1} [ 2 agsro s 201 (2)m M5
1 1 1 1
min |y|7 (55— 3)7 (5=

We choose & > 0 such that the two terms in the curly brackets above are equal. We
deduce that

171l

1-0 - [}
2Kmax{1,27 71} | 270 (ag)1=0 29 (BL)m (M)°

1
AR

I7(5) 1A

liar <

where 0 is as in (1.4.23), i.e.,

This proves (1.4.24) in the case p;,r < o with constant C.(po,qo,p1,41,K,r,0)
equal to

1-6 6 )
2Kmax{172%_1} 240 C(p07q07K7m)1792q1(%)%C(phqlvl(am)e
Lt L1\ 8 1 1,8 ’
mm|y|r (%*;) " (;*[T])’"

1 log2 L
where we recall that m = 3 min (qo,ql,k;%,%) and C(pj,q;,K,m) is as in Lemma

1.4.20.
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We now turn to the remaining cases p = oo or r = oo. The restriction r < oo can
be removed since Cx(po,qo, P1,491,K,r, 0) has a finite limit as r — oo and, moreover,
1 lzre = 1P £ | aegey = 167 (0 l=arje) = [ flleo= as r — oo and likewise
T (N)err = | T(f)||p= as r — oo; see Exercise 1.1.3 (a). The restriction p; < oo
can be removed as follows. Suppose that p; = . Then, since 0 € (0, 1) it follows
that p < co and we pick p» > p and py < o=. Itis easy to see T satisfies the restricted
weak type (p2,q2) estimate

1 1
supav({|T(xa)| > a})= <My "M p(A)72

a>0

where

- - 1
i __ L 2 __ (1.4.38)
Po © P2 q0 q1 q2

Using the result obtained when p; < oo with p, in place of p; we obtain that

1T ()| 4r < Celposdos p2. a2, K.rip)My P (My MOV |f |, (14.39)

for all functions f in So(X), where
1— 1 1— 1
ey P D pPLP_2 (1.4.40)
Po p2 P q90 92 4

Combining (1.4.38) and (1.4.40) and using (1.4.23) we deduce that 6 = p¢@ and
hence (1.4.39) yields (1.4.24) in the case where p; = oo. In this case we have

1— _
C*(P07¢I07°°75117K7r79) :C*(pan();][iiO(pv(To(p_'_%) 15K7ra%)7

where ¢ is any number satisfying 1 > ¢ > 1 — 22,

Finally, we address the last assertion of the theorem which claims that when
p,r < o and K = 1, the linear (or sublinear with nonnegative values) operator T
initially defined on finitely simple functions has a unique bounded extension from
LP7(X) to L?"(Y), which also satisfies (1.4.24) (with the same constant). To obtain
this conclusion, we will need to know that the space So(X) is dense in LP"(X)
whenever 0 < p,r < oo. This is proved in Proposition 1.4.21 below. Assuming this
proposition, we define the extension of 7 on LP"(X) as follows:

Given f in LP"(X) a sequence of functions f; in So(X) that converge to f in
LP"(X), notice that the linearity (or the sublinearity and the fact that 7(f) > 0 for
all fin Sp(X)) implies

IT(f;)=T(fi)l <|T(f;— fi)l-

Using the boundedness of T from LP"(X) to L%"(Y) we obtain that the sequence
{T(f;)}; is Cauchy in L?"(Y) and by the completeness of this space, it must con-
verge to a limit which we call T(f). We observe that 7(f) is independent of the
choice of the sequence {f;}; that converges to f in L”". Moreover, one can show
that T is linear (or sublinear with nonnegative values), 7 (f) coincides with T (f)
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on Sy(X) and T is bounded from LP"(X) to L (Y). Thus T is the unique bounded
extension of T on the entire space LP"(X). For details, see Exercise 1.4.17. (]

Proposition 1.4.21. For all 0 < p,r < oo the space So(X) is dense in LV (X).

Proof. Let f € LP"(X) and assume first that f > 0. Using (1.4.5) and the fact that
dy is decreasing on [0, o), we obtain for any n € Z*,

HfHan(x) = P/Ooo [df(s)%s}
o
z 1’/0 [dp(27")]

= 2 2 a2

rds

N
r
p

s lds

Sk

which implies that df(27") < co. Likewise, again in view of (1.4.5), we have

p2nr
r

r 2 r 1 r
Al 2 [ [dr) s ds = 22 ayam] 5,

which implies that lim,_,.d¢(2") = 0. Thus, for any n € Z*, there exists k, € N
such that
dr(2m) =p({xex: flx)>2M}) <2

LetE, = {x€X: 27" < f(x) < 2%} and note that yt (E,) < dy(27") < e for each
n € Z". We write fxg, in binary expansion, that is, fxg, (x) = 2177,{ dj(x)2,
where dj(x) =0 or 1. Let Bj = {x € E,, : dj(x) = 1}. Then, u(B;) < [.L( ) and
S XE, can be expressed as fxg, = Z;"__kn - 'xB

Set fo=Y}_ 4 2" Jxs;. It is obvious that f, € S§ (X) and f, < fxg, < f. Ob-
serve that when x € E,, we have

f) = falo)="Y 277y, <27,

jEnt]

and that when x ¢ E,, we have f,,(x) = 0 and f(x) > 2% or f(x) < 27" It follows
from these facts that

di—f, 2" =p(E.N{f—fu>27" ) +u(ESN{f—fu>27"}) <27".
Hence, for 27" <t < oo one has
(f=fa)' () S(f=f)"@7") =inf{s > 0: dfy,(s) 27"} <277

This implies that lim,,_e.(f — f;,)*(t) = 0 for all £ € (0, o). By Proposition 1.4.5 (5),
(6), we obtain for all # € (0,00)

(f = /)" () S F7(/2) + £ (1/2) <2f7(1/2).
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The Lebesgue dominated convergence theorem gives || f;, — f1|zrr(x) — 0 as n — oo
which yields the required conclusion for nonnegative functions f in LP"(X).

For a complex-valued function f € LP"(X), we write f = fi — fa +i(f3 — fa),
where f; are nonnegative functions in L”(X). By the preceding conclusion, there
exist sequences {f },cz+, j = 1,2,3,4, in Sg (X) such that £ — f; in LP"(X) as
n— oo, Set f, = fl — fi+i(f3 — fy). Using the fact that || - || p.r(x) is a quasi-norm
we obtain

4 .
Hf_f’lHLw(x) <C(p.r) Zl £ _fV'l]HLPJ(X)
]:

which tends to zero as n — oo. This completes the proof. O

Corollary 1.4.22. Let T be as in the statement of Theorem 1.4.19 and let 0 < py #~
p1 <ooand 0 < gy # q1 < oo If T is restricted weak type (po,qo) and (p1,q1) with
constants My and My, respectively, and for some 0 < 0 < 1 we have

1 1-6 6 1 1-6 6

P po P g g0 q

)

and p < q, then T satisfies the strong type estimate

HT(f)HLq < C(P0740717175117G)M(%ieMler’

o (1.4.41)

Jor all f in So(X). Moreover, if T is linear (or sublinear with nonnegative values),
then it has a unique bounded extension from LP (X, 1) to L1(Y,V) that satisfies es-

timate (1.4.41) for all f € LP(X) with the constant C(po,qo,p1,4q1,0) replaced by
C(Povqo,Pl»Cll,9)22/”max(1,21/p71)2.

Proof. Since 6 € (0,1) we must have p,q < 0. Take r = ¢ in Theorem 1.4.19 and
note that || f]|zr- < ||f|lzr since p < g = r; see Proposition 1.4.10. The last assertion
follows using Exercise 1.4.17. O

We now give examples to indicate why the assumptions py # p; and gg # qi
cannot be dropped in Theorem 1.4.19.

Example 1.4.23. Let X =Y =R and

T =2 ',

Then ot|{x: |T(xa)(x)| > a}|'/2 =2'/2|AN[0,1]| and thus T is of restricted weak
types (1,2) and (3,2). But observe that T does not map L> = L>? to L%?. Thus
Theorem 1.4.19 fails if the assumption gy # ¢ is dropped. The dual operator

S(f)(x) = 2.7 (x) /:wf(t)|t|*l/2dl
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satisfies ot {x: |S(xa)(x)| > a}|'/? < ¢|A|'/?> when g = 1 or 3, and thus it furnishes
an example of an operator of restricted weak types (2,1) and (2,3) that is not L?
bounded. Thus Theorem 1.4.19 fails if the assumption pg # p; is dropped.

As an application of Theorem 1.4.19, we give the following strengthening of
Theorem 1.2.13.
We end this chapter with a corollary of the proof of Theorem 1.4.19.

Corollary 1.4.24. Let 1 <r < oo, 1 < pg# p1 < oo, and 0 < go # q1 < o and let
(X, 1) and (Y, V) be o-finite measure spaces. Let T be a quasi-linear operator de-
fined on LPo (X ) + LP' (X)) and taking values in the set of measurable functions on'Y .
Assume that for some M{),M| < oo the following estimates hold for j =0, 1

N =) < M1 1]y (14.42)

Sor all functions f € LPi(X). Fix 0 < 0 < 1 and let

1 1-6 6 1 1-6 o
= +— and -= +=. (1.4.43)
I g 9

Then there exists a constant C«(po,qo, P1,q1,K,r,0) < o such that for all functions
fin LP(X) we have

7)) ||, 0r < C(Poq0, 1,1, K, 1.0) (M)~ (M})° | /]

Proof. Since LP(X) is contained in the sum L0 (X)) + LP1(X), the operator T is well
defined on L”(X). Hypothesis (1.4.42) implies that (1.4.30) holds for all f € LPi!.
Repeat the proof of Theorem 1.4.19 starting from (1.4.30) fixing a function f in
LP(X), m =1 and r = p. We obtain the required conclusion.

- (1.4.44)

Theorem 1.4.25. (Young’s inequality for weak type spaces) Let G be a locally com-
pact group with left Haar measure A that satisfies (1.2.12) for all measurable subsets
Aof G. Let 1 < p,q,r < oo satisfy

1 11
Sl=— -, (1.4.45)
q por

Then there exists a constant Bp, 4 > 0 such that for all f in LP(G) and g in L"*(G)
we have

(1.4.46)

Hf*gHLq(G) <Bpgrll L’>°"(G)HfHLP(G)'

Proof. We fix 1 < p,q < . Since p and g range in an open interval, we can find
pPo<p<pt,q <qg<gqi,and 0 < 0 < 1 such that (1.4.23) and (1.4.45) hold.
Let T(f) = f * g, defined for all functions f on G. By Theorem 1.2.13, T extends
to a bounded operator from L0 to L0 and from LP! to L. It follows from
the Corollary 1.4.24 that T extends to a bounded operator from L?(G) to LI(G).
Notice that since G is locally compact, (G, 1) is a o-finite measure space and for
this reason, we were able to apply Corollary 1.4.24. (I
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Exercises

1.4.1. (a) Let g be a nonnegative integrable function on a measure space (X, 1) and
let A be a measurable subset of X. Prove that

1(A)
/gdu S/ g (r)dr.
A 0

(b) (G. H. Hardy and J. E. Littlewood) For f and g measurable on a o-finite measure
space (X, i), prove that

/If x)| du(x) / [

Compare this result to the classical Hardy-Littlewood result asserting that for
aj,bj >0, the sum Y ;a;b; is greatest when both a; and b; are rearranged in de-
creasing order (for this see [148, p. 261]).

1.4.2. Let (X, ) be a measure space. Prove that if f € L90*°(X)NL9*(X) for some
0<go < gy <eo,then f €L (X) forall 0 <s<eand gy <gqg<gq.

1.4.3. ([164]) Given 0 < p,q < oo, fix an r = r(p,q) > O such that r < 1, r < g and
r < p.Let (X, 1) be a measure space. For # < p1(X) define

770 = s (g 1074 )"

while for t > p(X) (if u(X) < o) let

:( /If\ du>l/r.
e([orore)

(The function f** and the functional f — ||| f]|||Lr« depend on r.)

(a) Prove that the inequality (((f+g)™)(#))" < (f*™())" + (¢*(¢))" is valid for all
t > 0. Since r < g, conclude that the functional f — |||f]||],4 is subadditive and
hence it is a norm when » = 1 (this is possible only if p > 1).

(b) Show that for all f we have

Also define

1/r
a1 e < (525) Wi

(c) Conclude that LP4(X ) is metrizable and normable when 1 < p,g < eo.
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1.4.4. Show that on a measure space (X, 1) the set of countable linear combinations
of simple functions is dense in L7 (X).

(b) Prove that finitely simple functions are not dense in LP>*(R) for any 0 < p < .

[Hint: Part (b): Show that the function h(x) = x /Py cannot be approximated
in L”* by a sequence of finitely simple functions. Given a finitely simple function s
which is nonzero on a set A with |A| > 0, show that ||s — A||zp.= > SUPG 3 <|a|l/p A(ATP

e =1]

1.4.5. Let (X, 1) be a nonatomic measure space.

(@IfA) S A S X,0< (A]) <eo,and (Ag) <t < u(A;), show that there exists
an E; € Ay with u(E,) =t.

(b) Given a nonnegative continuous and decreasing function ¢ on [0,c) such that
¢(t) = 0 whenever t > 1(X), prove that there exists a measurable function f on X
with f*(¢) = @(¢) for all 7 > 0.

(c) Given A € X with 0 < (A) < e and g an integrable function on X, show that
there exists a subset A of X with f1(A) = u(A) such that

GV
/~ lgldu = / g (s)ds.
A 0
(d) If X is o-finite, f € L*(X), and g € L'(X), prove that

sup
h: dy=dy

/. hgdu‘ - [ reg s

where the supremum is taken over all functions 4 on X equidistributed with f.
[Hint: Part (a): Reduce matters to the situation in which Ag = @. Consider first the

case that for all A € X there exists a subset B of X satisfying % u(A) <u(B) <
% W(A). Then we can find subsets of A of measure in any arbitrarily small inter-
val, and by continuity the required conclusion follows. Next consider the case in
which there is a subset A} of X such that every B £ A; satisfies u(B) < % u(Ar)
or 1t(B) > 5 [1(A1). Without loss of generality, normalize  so that yt(A;) = 1. Let
1 = sup{p(C): C S Ay, u(C) < {5} and pick By C A; such that § it < pu(B) <
Ui. Set Ay = A\ B and define pp = sup{u(C): C S A, u(C) < %} Continue in
this way and define sets A} 2 Ay 2 A3 2 --- and numbers % > > Uy > Uz >
If C € Ay with 1(C) < {5, then CUB, € A, with u(CUB,) < < 3, and hence
by assumption we must have u(CUB,) < %. Conclude that 1 < % U, and that
w(A,) > % for all n = 1,2,.... Then the set () _; A, must be an atom. Part (b):
First show that when d is a simple right continuous decreasing function on [0,)
there exists a measurable f on X such that f* = d. For general continuous func-
tions, use approximation. Part (c¢): Lett = u(A) and define A = {x: |g(x)| > g*(t)}
and Ay = {x: |g(x)] > g*(t)}. Then A} S Ay and u(A;) <t < u(Az). Pick A such
that A, CA C A, an 1(A) =t = u(A) by part (a). Then Jigdu = [xgxzdu =

Jo (gxz) ds = ks @ g*(s)ds. Part (d): Reduce matters to functions f,g > 0. Let
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f= Z?’:l ajxa; where aj >az > --- >ay >0 and the A; are pairwise disjoint.

Write f as ley:lbijj’ thre b;= (aj —aj+1) and Bj =A;U---UA;. Pickgj as in

part (c). Then By € --- € By and the function f; = 21}/:1 bjxg. has the same distri-
J

bution function as f. It follows from part (c) that [y figdu = [y f*(s)g*(s) ds. The

case of a general f € L”(X) follows by approximation by finitely simple functions.]

1.4.6. ([71, [297]) Let K > 1 and let || - || be a nonnegative functional on a vector

space X that satisfies
e+ 31l < Kl + 1v1])

for all x,y € X. For a fixed o < 1 satisfying (2K)* = 2 show that
[l - x| < A [+ ol )

for all n =1,2,... and all x1, x, ..., x,, in X. This inequality is referred to as the
Aoki-Rolewicz theorem.

[Hint: Quasi-linearity implies that [|x; + -+ 4 x, | < max;<j<,[(2K)’|x;]|] for all
X1,...,%, in X (use that K > 1). Define H : X — R by setting H(0) = 0 and
H(x) =2//%if 27=1 < ||x||* < 2/. Then ||x|| < H(x) < 2'/%||x]|| for all x € X. Prove by
induction that ||x; + - - - +x,||* < 2(H(x1)*+ -+ H(x,)%). Suppose that this state-
ment is true when n = m. To show its validity for n = m+ 1, without loss of general-
ity assume that ||x; || > |[x2|| > -+ > ||xm+1]]- Then H(xy) > H(x2) >+ -+ > H (X 41)-
Assume that all the H (x;)’s are distinct. Then since H(x;)* are distinct powers of 2,
they must satisfy H(x;)* <27/T1H(x;)%. Then

K 11
max (2K |

x4 x| <[ (2K)

g[ max  (2K)/H (x;)]"
<[ (2K)
=2H

max (2K 121/“2_j/aH(x1)]a
1<j<m+1

H(x;)*
<2(H(x ) +- +H(xm+l) )-

We now consider the case that H(x;) = H(x;1) for some 1 < j < m. Then for some
integer r we must have 2! < ||x;41 ]| < [|x;]|* < 2" and H(x;) = 2'/%. Next note
that

e e 1% < Kl I ) < K2 27%)% = 27+

This implies
H(xj+xj41)* <2 =27 42" = H(x;)* + H(xj11)%

Now apply the inductive hypothesis to xi,...,X;_1,Xj +Xj41,Xj+1,...,%, and use
the previous inequality to obtain the required conclusion.

1.4.7. (a) ([347]) Let (X, 1) and (Y, v) be measure spaces. Let Z be a Banach space
of complex-valued measurable functions on Y. Assume that Z is closed under abso-
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lute values and satisfies || f||z = ||| f]||z- Suppose that T is a linear operator defined
on the space of finitely simple functions on (X, 1) and taking values in Z. Suppose
that for some constant A > 0 the following restricted weak type estimate

1T (xe)||, < A(E)"/?

holds for some 0 < p < o and for all E measurable subsets of X of finite measure.
Show that for all finitely simply functions f on X we have

1T, <P Al ]| -

Consequently 7 has a bounded extension from L”! (X) to Z.
(b) ([172]) As an application of part (a) prove that for any U, V measurable subsets
of R" with |U|,|V| < e and any f measurable on U x V we have

1
2 1
(i ) < 31

[Hint: Part (a): Let f = 27:1 ajXE; >0,wherea; >ap > -+ >ay >0, /.L(Ej) < oo
pairwise disjoint. Let F; = EyU---UE}, By = 0, and B; = pu(F;) for j > 1. Write
f= Xl}le(aj —ajy1)Xr;, where ay;1 = 0. Then

TNl = N7

N

< Y (aj—aj)|T(xr)|l,
N

<AY (aj—aj)(u(F))'”
=1
N7

1 1
=AY (B - B
=0

-1
=p Al f
where the penultimate equality follows by a summation by parts; see Appendix F]

14.8. Let 0 < p,q, o, < oo. Alsolet 0 < g < ga < oo.

(a) Show that the function f,, g(t) = t*a(logt*l)713%[0787/3/@(1) lies in L74(R) if
and only if either p < 1/a or both p = 1/a and g > 1/ hold. Conclude that the
function 7 — /7 (logt_l)_l/ql)([O,e,p/q1 ) (¢) lies in LP92(R) but not in LP91 (R).
(b) Find a necessary and sufficient condition in terms of p,c, B for the function
8ap(t) = (1+1)"%(log(2+1)) P ¥ to lie in LPI(R).
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(c) Let y(t) be smooth decreasing function on [0,e0) and let F(x) = y(|x|) for x
in R, where |x| is the modulus of x. Show that F*(r) = f((t/v,)"/"), where v, is
the volume of the unit ball. Use this formula to construct examples showing that
LP41(R") G LP%2(R").

(d) On a general nonatomic measure space (X, L) prove that there does not exist a
constant C(p,q1,4q>) > 0 such that for all f in L”92(X) the following is valid:

171

P41 S C(PJ]IJIZ)HfHLn,qz .

[Hint: Parts (a), (b): Use that f, g and g, g are equal to their decreasing rearrange-
ments. Part (d): Use Exercise 1.4.5 (b) with @ (1) = g1 /.1/4, (1).]

1.4.9. ([346]) Let L? (@) denote the space of all measurable functions f on R” such
that ||f||fp(w) = [rn |f(X)|? 0(x) dx < oo, where 0 < @ < oo a.e. Let T be a sublinear
operator that maps L0 (ay) to L7 (w) and LP! (@) to L9 (w), where @y, 01, @
are positive functions and 1 < pg < p; < o0, 0 < gp, g1 < °°. Suppose that

1 1-6 6 1 1-6 6
= +—, - = +—.
Do Po P1 96 q0 q1
Slpe £po
Let Q9 = ;"' . Show that T maps L"® (Qg) — L1979 ().

1
[Hint: Define L(f) = (@ /@y)?1~" f and observe that for each 6 € [0,1], L maps

1
LPe (Qg) — LPo (@} @, 7°)71=70 ) isometrically. Then apply Corollary 1.4.24 to
the sublinear operator 7o L™!.]

1.4.10. ([185], [349]) Let A, be a sequence of positive numbers with ¥, A, < 1 and
Yo n log(i) = K < . Suppose all sequences are indexed by a fixed countable set.
(a) Let f, be a sequence of complex-valued functions in L' (X) with || f, || 1 < 1
uniformly in n. Prove that ¥, A, f, lies in L1 (X) with norm at most 2(K +2). (This
property is referred to as the logconvexity of L)

(b) Let T, be a sequence of sublinear operators that map L!(X) to L' (Y) with
norms ||7,||;1_,,1- < B uniformly in n. Use part (a) to prove that Y, 4,7, maps
L'(X) to L'*(Y) with norm at most 2B(K +2).

(c) Given 6 > 0 pick 0 < € < & and use the simple estimate

oo

“({szﬁnﬁl>a} Z 2 57!](;1 1)278”(1})
n=1

to obtain a simple proof of the statement in part (a) when A, =279 n=1,2,....
[Hint: Part (a): For fixed o > 0, write f, = u, + v, + w,, where u, = f,,xwg%,
Vp = f,,)(mb%, and w,, = fn%%<\fn\§ﬁ' Letu=Y,Au,, v=Y, Ay, and w =

Y Anwy. Clearly [u| < 7. Also {v # 0} € U, {|/a| > 55 }: hence pu({v # 0}) < 2
Finally,
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/X|W|d“ = ZA/X |l g <1< se dut

< ;ln [ /a Z%)dfn(ﬁ)dﬁ - /O a/zdfn((x/Z)dB]

<K+1.

Using u({Ju-+ -+l > 0) < ({1 > o/21)-+ ({1 01+ (] > a/2))
educe the conclusion.

1.4.11. Let { f,, }, be a sequence of measurable functions on a measure space (X, it).
Let0 < g,s < oo
(a) Suppose that f,, > 0 for all n. Show that

[[timinf || o <liminf || £, -

(b) Let g, — g in L%* as n — 0. Show that || g, ||z — ||g||Les as n — eo.

1.4.12. (a) Suppose that X is a quasi-Banach space and let X* be its dual (which is
always a Banach space). Prove that for all 7 € X* we have

|

o= Sup [T
i<t

(b) Now suppose that X is a Banach space. Use the Hahn—Banach theorem to prove
that for every x € X we have

lxllx = sup [T (x)].
E *
I3+ <1
Observe that this result may fail for quasi-Banach spaces. For example, if X = L',
every linear functional on X* vanishes on the set of simple functions.

(¢) Let 1 < p < oo, X = LP1(Y), and X* = L"*(Y), where (Y,u) is nonatomic
o-finite measure space. Conclude that

171

Lp:l % Sup

~ sup

[Py
el

1.4.13. Let 0 < p,q < oo. Prove that any function in L”(X, 1) can be written as

oo
f= Z Cnfns

n=-—co
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where f, is a function bounded by 27l supported on a set of measure 2", and the
sequence {cy }y lies in ¢4 and satisfies

277 (1082) || {exhell i < [|F ]l pa < |[{erdel|,0 27 (log2)7

[Hint: Let ¢, = 2/7 f*(2"), A, = {x: f*2") < |f(x)| < £*(2"))}, and f, =
erlfon'}

1.4.14. (T Tao) Let 0 < p < 0,0 < y< 1,A,B >0, and let f be a measurable func-
tion on a measure space (X, ).

(a) Suppose that || f||zr= < A. Then for every measurable set E of finite measure
there exists a measurable subset E' of E with w(E") > yu(E) such that f is inte-
grable on E’ and

‘/fd“‘ﬁ(l—if)'/”Au(E)';-
El

(b) Suppose that (X, i) is a o-finite measure space and that f has the property that
for any measurable subset E of X with p1(E) < oo there is a measurable subset £ of
E with u(E’) > yu(E) such that f is integrable on E’ and

1

fdu’ <Bu(E)"7.
E/

Then we have that || f||zp < B4!/Py~11/2.
(c) Conclude that if (X, ) is a o-finite measure space then

- . ,1+l "
s s nt ) | [ ]
0<pu(E)<eo p(E')>Ju(E)
feL! (E")

[Hint: Part (a): Take E' = E\ {|f| > A(1 - }/)_%,LL(E)_TI’}- Part (b): Write X =
U1 X, with p(X,) < eo. Given o > 0, note that the set {|f| > a} is contained in

{Ref>%}u{lmf>%}U{Ref<—%}u{lmf<—%}.

Let E, be any of the preceding four sets intersected with X,,, let E], be a subset of
it with measure at least y 1L (E,) as in the hypothesis. Then | [ fdp| > SYH(E),

from which it follows that au(E,,)l/ P < B2 y~ !, and letn — 00.]

1.4.15. Let T be a linear operator defined on the set of finitely simple functions on
a o-finite measure space (X, i) and taking values in the set of measurable functions
on a o-finite measure space (¥,v) and 7 be a linear operator defined on the set
of finitely simple functions on (Y,Vv) and taking values in the set of measurable
functions of (X, 1). Suppose that for all A subsets of X and B subsets of Y of finite
measure we have
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[ Gulave [ TGl <
JB JA

and that 7 and T" are related via the “transpose identity”

/T(XA)XBdVZ/Tt(XB)XAd“:A(AvB)-
Y X

Assume that whenever L(A,)+ V(B,) — 0 as n — o, we have A (A, B,) — 0. Sup-
pose that T and T are restricted weak type (1,1) operators, with constants C; and
C,, respectively. Show that, for all 1 < p < oo, T is of restricted weak type (p,p).
Precisely, show that there exists a constant K, such that

1

1 1 1
||T(XA)||LI’(Y) <K,C/C, "u(A)r

for all measurable subsets A of X with t(A) < eo.

[Hint: Suppose that Cijt(F) > C,v(E) and pick m so that Cyyt(F) ~ 2’”C2v( ).
Since T" is restricted weak type (1,1) there is an F’ F such that u(F') > Ju(F)
and |A(F',E)| < 2C,v(E). Find by induction sets F{/) C F\(F’ UF 7=1)
such that u(FU)) > l,u(F\(F’ ~UFUD)) and |A(FUVE)| < 2C2v( ), J=
1,2,...,m. Stop when F") = F\ (F'U---UFm-1) satlsﬁesClu( FM) <Cv(E).
Slnce T is restrlcted weak type (1,1) there is a subset E’ of E such that V(E’) >
IV(E) and [A(F™ E")| <2C u(F™) < 2C,v(E). Now write

m—1
AF,E)= Y AFY.E)+A(F™ E")+A(F™ E\E')
j=1

from which it follows that

Ciu(F)
A(FE)| <2CVv(E)|( 1+1 A(FE
ARE) < 26v(E) (1 +1og Gy T ) +IA(RLE)
where Fi = F (m) and Ey = E\ E'. Note that the first term in the sum above is

at most K, (Ciu(F F))/P(C,v(E))"/7" and that the identical estimate holds if the
roles of E and F are reversed. Also observe that u(Fy) < $u(F) and v(E;) <
1V(E). Continuing this process we find sets (F,,E,) with tt(F,11) < Ju(F,) and
V(Ey41) < $V(E,).Using A(F,,E,) — 0 as n — o we deduce that [A(F,E)| <

2K),(C11u(F))'/?(Cv(E)) /7. Considering the sets E; = EN{T(xr) > 0} and

1 1
E_=EN{T(xr) < 0}, obtain that [ |T(xr)|dv < 4K}, (Ciuu(F))? (Cov(E))”
for all F and E measurable sets of finite measure. Exercise 1.1.12 (a) with r = 1
yields that || T () |- < 4K, C)/7C/7 u(F)'/7.]

1.4.16. ([35]) Let 0 < pg < p1 <o and 0 < o, ,A, B < oo. Suppose that a family of
sublinear operators 7} is of restricted weak type (po, po) with constant A2** and
of restricted weak type (py,p1) with constant B28 for all k € Z. Show that there
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is a constant C = C(a., B, po, p1) such that Y,z T} is of restricted weak type (p, p)
with constant CA' 9B, where 6 = /(o + ) and

1 1-6 6
R + —.
p P P

[Hint: Estimate p({|T(x£)| > A}) by the sum Yoy, 1 ({|Tk(x£)| > cA2% k=K1 )y

Tieko L({|T(x£)| > cA2P'-%0)}) where ¢ is a suitable constant and 0 < @’ < a,
0 < B’ < B. Apply the restricted weak type (po, po) hypothesis on each term of the
first sum, the restricted weak type (p1,p1) hypothesis on each term of the second
sum, and choose k¢ to optimize the resulting expression.]

1.4.17. Let (X, 1), (¥, V) be measure spaces, 0 < p,r,q,s < o0 and 0 < B < oo. Sup-
pose that a sublinear operator 7 is defined on a dense subspace & of L”"(X), takes
values in the space of measurable functions of another measure space Y, and satisfies
T(f) > 0forall fin 2. Assume that

1T(@)]|,05 <Bll@]|

for all @ in 2. Prove that T admits a unique sublinear extension 7 on L (X) such
that

T 0 < Bl

forall f € LP"(X).

[Hint: Given f € LP"(X) find a sequence of functions ¢; in & such that ¢; — f in
LP". Use the inequality |T(¢@;) — T (k)| < |T(¢; — @x)|, to obtain that the sequence
{T(¢))}, is Cauchy in L7* and thus it has a unique limit 7'( ) which is independent
of the choice of sequence @;. Boundedness of T follows by density. To prove that T
is sublinear use that convergence in L?* implies convergence in measure and thus a
subsequence of T'(@;) converges v-a.e. to 7 (f). Also use Exercise 1.4.11.]

HISTORICAL NOTES

The modern theory of measure and integration was founded with the publication of Lebesgue’s
dissertation [214]; see also [215]. The theory of the Lebesgue integral reshaped the course of in-
tegration. The spaces L”([a,b]), | < p < oo, were first investigated by Riesz [290], who obtained
many important properties of them. A rigorous treatise of harmonic analysis on general groups
can be found in the book of Hewitt and Ross [152]. The best possible constant Cpy in Young’s
inequality |1/ + lus(re) < Cparll Lo 18lsmeys 45 = £ 1, 1< p,g,r <o, was shown by
Beckner [21] to be Cpgr = (B,B,B,)", where B2 = pr(py- 1P,

Theorem 1.3.2 first appeared without proof in Marcinkiewicz’s brief note [240]. After his death
in World War II, this theorem seemed to have escaped attention until Zygmund reintroduced it
in [387]. This reference presents the more difficult off-diagonal version of the theorem, derived
by Zygmund. Stein and Weiss [347] strengthened Zygmund’s theorem by assuming that the initial
estimates are of restricted weak type whenever 1 < po, p1,qo,q1 < oo. The extension of this result
to the case 0 < po, p1,90,¢91 < 1 in Theorem 1.4.19 is due to the author. The critical Lemma 1.4.20
was suggested by Kalton. Improvements of these results, in particular, the appearance of the space
So(X) and the presence of the factor Mé_eM 19 in (1.4.24) appeared in Liang, Liu, and Yang [224].
Equivalence of restricted weak type (1,1) and weak type (1,1) properties for certain maximal
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multipliers was obtained by Moon [257]. The following partial converse of Theorem 1.2.13 is due
to Stepanov [351]: If a convolution operator maps L! (R") to L9*(R") for some 1 < g < oo then its
kernel must be in L?*.

The extrapolation result of Exercise 1.3.7 is due to Yano [380]; see also Zygmund [389, pp.
119-120] and the related work of Carro [56], Soria [330], and Tao [356].

The original version of Theorem 1.3.4 was proved by Riesz [293] in the context of bilinear
forms. This version is called the Riesz convexity theorem, since it says that the logarithm of the
function M(et, B) = infy | Yo Xis ajkxjyk‘ Hx||;}a ||y||;}l3 (where the infimum is taken over all

sequences {x;}_; in /% and {w i, in ¢'/By is a convex function of (o, ) in the triangle 0 <
o, <1, a+ B > 1. Riesz’s student Thorin [360] extended this triangle to the unit square 0 <
o, <1 and generalized this theorem by replacing the maximum of a bilinear form with the
maximum of the modulus of an entire function in many variables. After the end of World War I,
Thorin published his thesis [361], building the subject and giving a variety of applications. The
original proof of Thorin was rather long, but a few years later, Tamarkin and Zygmund [354] gave
a very elegant short proof using the maximum modulus principle in a more efficient way. Today,
this theorem is referred to as the Riesz—Thorin interpolation theorem.

Calderdn [42] elaborated the complex-variables proof of the Riesz—Thorin theorem into a gen-
eral method of interpolation between Banach spaces. The complex interpolation method can also be
defined for pairs of quasi-Banach spaces, although certain complications arise in this setting; how-
ever, the Riesz—Thorin theorem is true for pairs of L” spaces (with the “correct” geometric mean
constant) for all 0 < p < oo and also for Lorentz spaces. In this setting, duality cannot be used, but
a well-developed theory of analytic functions with values in quasi-Banach spaces is crucial. We
refer to the articles of Kalton [186] and [187] for details. Complex interpolation for sublinear maps
is also possible; see the article of Calderén and Zygmund [47]. Interpolation for analytic families
of operators (Theorem 1.3.7) is due to Stein [331]. The critical Lemma 1.3.8 used in the proof was
previously obtained by Hirschman [154].

The fact that nonatomic measure spaces contain subsets of all possible measures is classical.
An extension of this result to countably additive vector measures with values in finite-dimensional
Banach spaces was obtained by Lyapunov [236]; for a proof of this fact, see Diestel and Uhl [95,
p. 264]. The Aoki—Rolewicz theorem (Exercise 1.4.6) was proved independently by Aoki [7] and
Rolewicz [297]. For a proof of this fact and a variety of its uses in the context of quasi-Banach
spaces we refer to the book of Kalton, Peck, and Roberts [188].

Decreasing rearrangements of functions were introduced by Hardy and Littlewood [146]; the
authors attribute their motivation to understanding cricket averages. The L”¢ spaces were intro-
duced by Lorentz in [232] and in [233]. A general treatment of Lorentz spaces is given in the
article of Hunt [164]. The normability of the spaces LP? (which holds exactly when 1 < p < oo
and 1 < g < o) can be traced back to general principles obtained by Kolmogorov [199]. The in-
troduction of the function f**, which was used in Exercise 1.4.3, to explicitly define a norm on
the normable spaces LY is due to Calderdn [42]. These spaces appear as intermediate spaces in
the general interpolation theory of Calderdn [42] and in that of Lions and Peetre [225]. The latter
was pointed out by Peetre [275]. For a systematic study of the duals of Lorentz spaces we refer to
Cwikel [83] and Cwikel and Fefferman [84], [85]. An extension of the Marcinkiewicz interpolation
theorem to Lorentz spaces was obtained by Hunt [163]. Carro, Raposo, and Soria [57] provide a
comprehensive presentation of the theory of Lorentz spaces in the context of weighted inequali-
ties. For further topics on interpolation one may consult the books of Bennett and Sharpley [24],
Bergh and Lofstrom [25], Sadosky [309], Kislyakov and Kruglyak [194], and Chapter 5 in Stein
and Weiss [348].
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