Chapter 5
Singular Integrals of Convolution Type

The topic of singular integrals is motivated by its intimate connection with some of
the most important problems in Fourier analysis, such as that of the convergence of
Fourier series. As we have seen, the L” boundedness of the conjugate function on
the circle is equivalent to the LP convergence of Fourier series of L” functions. And
since the Hilbert transform on the real line provides an analogue of the conjugate
function on the circle, it is deeply connected with the L” convergence of Fourier
integrals. It also appears in the theory of harmonic functions on the upper half space
and has so many remarkable properties that deserve a careful investigation. The
Hilbert transform is the prototype of all singular integrals and provides inspiration
for subsequent development of the subject.

Historically, the theory of the Hilbert transform depended on techniques of com-
plex analysis. With the development of the Calderén—Zygmund school, and the
extension of one-dimensional theory to higher dimensions, real-variable methods
slowly replaced complex analysis. The higher-dimensional framework proved to be
flexible enough for generalizations and led to the introduction of singular integrals
in other areas of mathematics. Singular integrals are nowadays intimately connected
with partial differential equations, operator theory, several complex variables, and
other fields. In this chapter we study singular integrals given by convolution with
tempered distributions. We call such operators singular integrals of convolution

type.
5.1 The Hilbert Transform and the Riesz Transforms

We begin the investigation of singular integrals with a careful study of the Hilbert
transform which provides inspiration for the subsequent development of the theory.
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314 5 Singular Integrals of Convolution Type

5.1.1 Definition and Basic Properties of the Hilbert Transform

There are several equivalent ways to introduce the Hilbert transform; in this ex-
position we first define it as a convolution operator with a certain principal value
distribution, but we later discuss other equivalent definitions.

We begin by defining a distribution W in .#’(R) as follows:

_ 1. o) L[ el
(Wo,9) = = lim dx+ /‘X‘Zl dx, (5.1.1)

T e-0Je<|x|<l X T X

for @ in .(R). The function 1/x integrated over [—1,—¢€|{J[g, 1] has mean value
zero, and we may replace ¢(x) by ¢@(x) — ¢(0) in the first integral in (5.1.1). Since
(¢(x) — (0))x~ ! is controlled by ||¢’||z, it follows that the limit in (5.1.1) exists.
To see that Wy is indeed in .’ (R), we note that the estimate

2 2
[(Wo.0)| < Zl1/[l,- + 7 suplxe(x)] (5.1.2)

is valid. This says that Wy € .7’ (R).

Definition 5.1.1. The truncated Hilbert transform (at height €) of a function f in
LP(R), 1 < p < oo, is defined by

@y =t [ L=V, 1 f0)
HOP =2 [ F S Ray= [ Pan 519

The Hilbert transform of ¢ € .7 (R) is defined by

H(9)(x) = (Wox9)(x) = lim H)(¢) (). (5.1.4)

e—0

Observe that H'€)(f) is well defined for all f € L?, 1 < p < oo. This follows from
Holder’s inequality, since 1/x is integrable to the power p’ on the set |x| > €.
For Schwartz functions ¢, the integral

+oo _
o(x—y) dy

—oo

may not converge absolutely for any real number x, but is defined as a limit of the
absolutely convergent integrals

/ <P(x*y)dy’
Mze Y

as € — 0. Such limits are called principal value integrals and are denoted by the
letters p.v. Using this notation, the Hilbert transform of a Schwartz function ¢ is

1 o (x — 1 oo
H(p)(x) = EP'V'LOO (,D(xyy)dy: =PV ;D(_y)))dy. (5.1.5)
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Remark 5.1.2. We extend the definition of the Hilbert transform to a bigger class
of functions. Suppose that f is an integrable function on R that satisfies a Holder
condition near every point x; that is, for any x € R there are C, > 0 and &, > 0 such
that

() = £(0)] < Culr— ]

whenever |y —x| < d,. Then we write

1 "
Honw -5 [ Dol [P
e<|x—y|< [x—y|>8¢
_1 fO) 1@ 4, L o),
T X=Y T xX—y
e<|x—y|<by [x—y|>0x

Both integrals converge absolutely; hence the limit of H(€) () (x) exists as € — 0.

Fig. 5.1 The graph of the
function H(xg) when E is
a union of three disjoint
intervals J; UJy UJ3.

Example 5.1.3. For the characteristic function ¥, ; of an interval [a,b] we show

that | | |
X—da
H(Xjap))(x) = _ log b (5.1.6)

Let us verify this identity. Pick € < min(Jx — a|,|x — b|). To show (5.1.6) consider
the three cases 0 < x—b, x—a < 0, and x — b < 0 < x — a. In the first two cases,
(5.1.6) follows immediately. In the third case we have

1. x—a £
H(X[a,b])(x)—ng%(log| c | log |x_b|), (5.17)
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which yields (5.1.6). Observe that the cancellation of € in (5.1.7) reflects the fact
that 1/x has integral zero on symmetric intervals € < |x| < c. Note that H (Y[, ;) (x)
blows up logarithmically in x near the points a and b and decays like |x|~! as x — co.
See Figure 5.1.

Example 5.1.4. Let log™ x = logx when x > 1 and zero otherwise. Observe that the
calculation in the previous example actually gives

1 |x —a
—logt —————— h, b,
7% max(e, [x—b]) whenx =
1 —b
H(8>(X[a,b])(x) = ——log+L when x < a,
T max(€, |x —al)
1 —al 1 —b
—log+M——log+M when a < x < b.

T &€ T

We now give an alternative characterization of the Hilbert transform using the
Fourier transform. To achieve this we need to compute the Fourier transform of the
distribution Wy defined in (5.1.1). Fix a Schwartz function ¢ on R. Then

(W0, 0) = (W0, ) (5.1.8)
1 o696
=i e P E

_ l : —2mixé ﬁ
B nélgg)/ézgpe/ Plx)e da &

. _ dé
-1 L 27ixé
s%/R(P( />|¢\>e é}d
_ i i a1,
= é‘B}) R(p(x) B gz\5|2881n(2m€) Z ]

= iig(l)/R(p(x) _(%isgnx) /271[82@2 s1n(|x|§)§} X. (5.1.9)

Here we used the signum function

+1  whenx >0,
sgnx =40 when x =0, (5.1.10)
—1 whenx<O.

Using the results (a) and (b) in Exercise 5.1.1 we obtain that the integrals inside the
square brackets in (5.1.9) are uniformly bounded by 8 and converge to 27 = 7 as
€ — 0, whenever x # 0. These observations make possible the use of the Lebesgue
dominated convergence theorem that allows the passage of the limit inside the inte-
gral in (5.1.9). We obtain that

(Wo, ) = /R(p(x)(—isgn (x)) dx. (5.1.11)
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This implies that .
Wo(€) = —isgné&. (5.1.12)

In particular, identity (5.1.12) says that ﬁ/\o is a (bounded) function.
We now use identity (5.1.12) to write

H(f)(x) = (f(&)(~isgn&))” (x). (5.113)

This formula can be used to give an alternative definition of the Hilbert transform.
An immediate consequence of (5.1.13) is that

1H 2 = 1]z (5.1.14)

that is, H is an isometry on L?(R). Moreover, H satisfies
H?>=HH =1, (5.1.15)

where I is the identity operator. Equation (5.1.15) is a simple consequence of the
fact that (—isgn&)? = —1. The adjoint operator H* of H is uniquely defined via the
identity

(1) = [ SHEdx= [ H(F)gdx= (' (/) g).

and we can easily obtain that H* has multiplier —isgn& = isgn&. We conclude that
H* = —H. Likewise, we obtain H' = —H.

5.1.2 Connections with Analytic Functions

We now investigate connections of the Hilbert transform with the Poisson kernel.
Recall the definition of the Poisson kernel P, given in Example 1.2.17. Then for a
real-valued function f in LP(R), 1 < p < oo, we have

y [t ()
P, == ———dt, 5.1.16
BN =2 [ iy (5..16)
and the integral in (5.1.16) converges absolutely by Holder’s inequality, since the
function ¢+ ((x — )% +y*) "' is in L” (R) whenever y > 0.
Let Re z and Im z denote the real and imaginary parts of a complex number z.
Observe that

(P % f)(x) = Re (i/+wf(t)dt> —Re (i +°°f(’)dt> :

TJ)w X—t+iy TJ)w 7—t
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where z = x + iy. The function

i. +wmdt

F =
f(Z> TJ)-w Z—t

defined on
R: ={z=x+iy: y>0}

is analytic, since its d /dZ derivative is zero. The real part of Fy(x+iy) is (P, * f)(x).
The imaginary part of Fy(x+iy) is

it f) L f) -
fm <n/w xtJriydt> ‘E/,m mdf—<f*Qy)<x>,

where Q) is called the conjugate Poisson kernel and is given by

1 x

=——. 5.1.17
T x4 y? G417

Oy(x)

The function uy + ivy is analytic and thus us(x+iy) = (f*P,)(x) and v, (x+iy) =
(f *Qy)(x) are conjugate harmonic functions. Since the family P,, y > 0, is an ap-
proximate identity, it follows from Theorem 1.2.19 that P, * f — f in L”(R) as y — 0.
The following question therefore arises: What is the limit of f * O, as y — 07 The
next result addresses this question.

Theorem 5.1.5. Let | < p < oo, For any f € LP(R) we have
fx0e—HE(f) =0 (5.L18)

in L? and almost everywhere as € — 0. Moreover, for ¢ in .7 (R) we have

e
Fp(x+iy) = %/_m )H_(pi(;)_tdt — @(x) +iH()(x) (5.1.19)

asy — 0+ forallx e R

Proof. We see that

@1 [ T a= Ly,

T Jjt|>e t

where Y, (x) = e 'y(e7'x) and

t 1

ST T 7 Whenlt‘ZI,

w(t) =4 7H (5.1.20)
m when II‘ < 1.
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Note that y is integrable over the line and has integral zero. Furthermore, the inte-
grable function

w(r) = P Whenlr > 1, (5.1.21)
1 when |f| < 1,

is a radially decreasing majorant of Wy, i.e., it is even, decreasing on [0,), and
satisfies |y| < W. It follows from Theorem 1.2.21 (with a = 0) that f* Yz — 0 in
L?. Also Corollary 2.1.19 (with a = 0) implies that f * Y, — 0 almost everywhere
as € — 0.

Assertion (5.1.19) is a consequence of (5.1.18), the discussion preceding Theorem
5.1.5, and the observation that H(€) (@) converges to H(¢) pointwise everywhere as
e—=0. (]

Remark 5.1.6. We will show later that for f € L?(R), 1 < p < o, the expressions
H'E)(f) converge a.e. (and also in L” when p > 1) to a function H(f). This will
be a consequence of Theorem 5.1.12 (or Corollary 5.3.6 when p = 1), combined
with Theorem 2.1.14 and the observation that for Schwartz functions ¢, H'®)(¢)
converge to H(¢p) as € — 0. The linear operator H defined in this way extends the
Hilbert transform H initially defined on Schwartz functions and will still be denoted
by H. Thus for f € L?(R), 1 < p < oo, one has

lim f«Q, =H(f) ae.

=0

This convergence is also valid in L in view of the preceding observations and The-
orem 5.1.5.

5.1.3 L? Boundedness of the Hilbert Transform

As a consequence of the result in Exercise 5.1.4 and of the fact that
xS%(ex—efx), x>0,

we obtain that

2 |E
{x: [H(xe) ()] > o} < 5%7 a>0, (5.1.22)

for all subsets E of the real line of finite measure. Theorem 1.4.19 with py = go =1
and p; = g1 = 2 now implies that H is bounded on L? for 1 < p < 2. Duality gives
that H* = —H is bounded on L? for 2 < p < e and hence so is H.

We give another proof of the boundedness of the Hilbert transform H on L”(R),
which has the advantage that it gives the best possible constant in the resulting norm
inequality when p is a power of 2.
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Theorem 5.1.7. For all 1 < p < oo, there exists a positive constant C, such that

1HO . < CollF ]

for all fin 7 (R). Moreover, the constant C,, satisfies C, < 2p for 2 < p < oo and
C, <2p/(p—1) for 1 < p <2. Therefore, the Hilbert transform H admits an exten-
sion to a bounded operator on L” (R) when 1 < p < oo,

Proof. The proof we give is based on the interesting identity

H(f)* = f*+2H(fH(f)), (5.1.23)

which is valid whenever f is a real-valued Schwartz function. We prove (5.1.23) in
two different ways. First we consider the analytic function

defined on the upper half space. We compute its square. Fix z € C with Rez > 0 and
f areal-valued Schwartz function. Then for € > 0 we have

B = () [ ) 20
(l)/ /f(: <_, Zi >dtd /ft—t dtds

()/f ) et <>/f >+

[t—s|>¢ \t s|>€

// dtds
Z—t '

\l s|<e

Letting € — 0 and passing the limit inside the integral by the Lebesgue dominated
convergence theorem, we deduce

Ff(z)zzi%/RMdt. (5.1.24)

z—t
We now let Imz — 0+ in (5.1.24) and use (5.1.19) in Theorem 5.1.5. We obtain
P H(P+2fH(f) = (f+iH(f) =i(2fH(F)+iH (2fH(F)) )

and equating the real parts we deduce (5.1.23).
To give an alternative proof of (5.1.23) we take Fourier transforms. Let

m(&) = —isgnk
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be the symbol of the Hilbert transform. We have

(
+2m(E)(F*H())(E)
[ FnF(e—m)dn +2m( /f JF(E—mm(mydn  (5125)

FMF(E—mydn+2m() [ Ff(E—mm(E—m)dn. 5126

~

SHE)+2H(FH())]™

Averaging (5.1.25) and (5.1.26) we obtain

F(E)+2HHNE) = [ F)FE =m)[1+m(E) (m(m) +m(E —m))]an.

But the last displayed expression is equal to

| FFE = mm(mm(& —m)dn = (H(F)+ HT))(E)
in view of the identity

m(mm(c —n) = 1+m(&)m(n) +m(S)m(& —n),
which is valid for all (§,17) € R?\ {(0,0)} for the function m(&) = —isgn&.
Having established (5.1.23), we can easily obtain L” bounds for H when p = 2*
is a power of 2. We already know that H is bounded on L? with norm one when
p = 2% and k = 1. Suppose that H is bounded on L” with bound ¢, for p = 2* for
some k € Z™. Then for a nonzero real-valued function f in 6> we have
1 1
2 1
< (Il + 260l FH (]| ) ?
2 1
< (M1fzr +2en |1l 2o [H (] 20)*
Since ||H(f)||;2» < oo, wWe obtain that

(HH(f)Hm> o DM
£l 2 "Nl 2

IH)||,20 = |H()?

| ’ L2

If follows that
[[H ()] 20

17120

and from this we conclude that H is bounded on L*? with bound

c2p Scp—h/c%,—kl. (5.1.27)

<cptyfeptl,
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This completes the induction. We have proved that H maps L? to L” when p = 2k,
k=1,2,.... Interpolation now gives that H maps L” to L? for all p > 2. Since
H* = —H, duality gives that H is also bounded on L? for 1 < p <2.

The previous proof of the boundedness of the Hilbert transform provides us with
some useful information about the norm of this operator on L?(R). Let us begin
with the identity

X 2
cotg =cotx+ v/ 1-+cot°x,

valid for 0 < x < 7. If ¢, < cot %, then (5.1.27) gives that

5 T , T T
cp < cpt+ cp—i—lgcot%—i— l+cot5=cot2.2p,

and since 1 = cot§ = cot 55, we obtain by induction that the numbers cot% are

indeed bounds for the norm of H on L? when p = 2%, k = 1,2,.... Duality now
gives that the numbers cot zip, = tan % are bounds for the norm of H on L” when

k . .
p= 2,3—_, k=1,2,.... These bounds allow us to derive good estimates for the norm

|H||zp—rr as p — 1 and p — oo. Indeed, since cot% < p when p > 2, the Riesz—
Thorin interpolation theorem gives that ||H||zr—z» < 2p for 2 < p < e and by du-
ality ||H||pr—rr < % for 1 < p < 2. This completes the proof which is worth
comparing with that of Theorem 4.1.7. U

Remark 5.1.8. The numbers cot% for 2 < p < = and tan% for 1 < p <2 are

indeed equal to the norms of the Hilbert transform A on L”(R). This requires a
more delicate argument; see Exercise 5.1.12.

Remark 5.1.9. We may wonder what happens when p = 1 or p = 0. The Hilbert
transform of |, ;) computed in Example 5.1.3 is easily seen to be unbounded and not
integrable, since it behaves like 1/|x| as x — oo. This behavior near infinity suggests
that the Hilbert transform may map L' to L', This is indeed the case, but this will
not be shown until Section 5.3.

We now introduce the maximal Hilbert transform.

Definition 5.1.10. The maximal Hilbert transform is the operator

HO(f)(x) = sup [HE(f)(x)| (5.1.28)

>0

defined for all £ in L”, 1 < p < oo. For such f, H'®) (f) is well defined as a convergent
integral by Holder’s inequality. Hence H*)(f) makes sense for f € L”(R), although
for some values of x, H*) (f)(x) may be infinite.

Example 5.1.11. Using the result of Example 5.1.4, we obtain that

1
T

x—dl
(6]
Sx—p]

1 . (5.1.29)

HY) (00) (x) =
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We see that in general, H*)(f)(x) # |H(f)(x)| by taking f to be the characteristic
function of the union of two disjoint closed intervals.

The definition of H gives that H'€) (f) converges pointwise to H(f) whenever f
lies in ;°(R). If we have the estimate ||[H)(f)||z» < Cp||f||z» for f € LP(R), The-
orem 2.1.14 yields that H'®)(f) converges to H(f) a.e. as € — 0 for any f € L”. This
almost everywhere limit provides a way to describe H(f) for general f € LP(R).
Note that Theorem 5.1.7 implies only that H has a (unique) bounded extension on
LP, but it does not provide a way to describe H(f) when f is a general L? function.

The next theorem is a simple consequence of these ideas.

Theorem 5.1.12. There exists a constant C such that for all 1 < p < o we have

| (5], < Cmax (p. (p— 1)) £]

. (5.1.30)

Moreover, for all f in LP(R), H®)(f) converges to H(f) a.e. and in L.

Proof. Another proof of this theorem is given in Theorem 4.2.4 in [131] in which
the asserted bound is improved.

Recall the kernels P and Q¢ defined in (5.1.16) and (5.1.17). Fix 1 < p < e and
suppose momentarily that

fxQe =H(f)*Pe, €>0, (5.1.31)

holds whenever f is an L? function. Then we have

HE(f) = HE (f) — f+ Qe +H(f) *Pe. (5.132)
Using the identity
1
HE(f)(x) = (f % Qe)(x) = ——/ fx—1)we(t)dr, (5.1.33)
T JR
where v is as in (5.1.20), and applying Corollary 2.1.12, we obtain the estimate
1
su1t0>|H(8>(f)(X) ~ (£ Q)| <[] MA@, (5.1.34)
€>

where W is as in (5.1.21) and M is the Hardy-Littlewood maximal function. In view
of (5.1.32) and (5.1.34), we obtain for f € L”(R") that

[HE(F) @) < ||| M) () +MH()) (). (5.1.35)

It follows immediately from (5.1.35) that H (*) is LP bounded with norm at most
Cmax (p, (p— 1)_2).
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We now turn to the proof of (5.1.31). It suffices to prove (5.1.31) for Schwartz
functions since, given f € L there is a sequence ¢; € . such that || f — ¢;||.» — 0
as j — oo and P, Q¢ lie in L. Taking Fourier transforms, we see that (5.1.31) is a
consequence of the identity

((—isgn&)e 2760 (x) = %xzil . (5.1.36)
To prove (5.1.36) we write
(isang)e ) () = [ el isang ) a
) /  sin(2mx&) d&
_ 7/ € sin(x€) dE (5.1.37)
=f/0°°<e~E ) sin(x¢) d&
=2 || (%) cos(at) dg

= —% [— 1 +x/0 et Sin(xé)dé} (5.1.38)

and we equate (5.1.38) and (5.1.37).

The statement in the theorem about the almost everywhere convergence of
H®)(f) to H(f) is a consequence of (5.1.30), of the fact that the alleged conver-
gence holds for Schwartz functions, and of Theorem 2.1.14. Finally, the L? conver-
gence follows from the almost everywhere convergence and the Lebesgue dominated
convergence theorem in view of the validity of (5.1.35). O

5.1.4 The Riesz Transforms

We now study an n-dimensional analogue of the Hilbert transform. It turns out that
there exist n operators in R”, called the Riesz transforms, with properties analogous
to those of the Hilbert transform on R.

To define the Riesz transforms, we first introduce tempered distributions W; on
R”, for 1 < j < n, as follows. For ¢ € #(R"), let

I-v(n—H)

Yj
‘/‘/» = 1 d
< }7(P> T erl 81%0/|y\ze |y|”+1 (P(y) y

One should check that indeed W; € ./(R"). Observe that the normalization of W;
is similar to that of the Poisson kernel.
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Definition 5.1.13. For 1 < j <n, the jth Riesz transform of f is given by convolution
with the distribution W}, that is,

Ri(F)®) = (FWw) = TCE) 0)d (5.139)
JOE) = (W0 == b [ A0y, 1

for all f € (R"). Definition 5.1.13 makes sense for any integrable function f that
has the property that for all x there exist C; > 0, & > 0, and 8, > 0 such that for
y satisfying |y — x| < &, we have |f(x) — f(y)| < CyJx — y|®. The principal value
integral in (5.1.39) is as in Definition 5.1.1.

We now give a characterization of R; using the Fourier transform. For this we
need to compute the Fourier transform of W;.

Proposition 5.1.14. The jth Riesz transform R; is given on the Fourier transform
side by multiplication by the function —i&;/|E|. That is, for any f in &/ (R") we
have

i&;

R = (- 2 ©) . (5.1.40)
Proof. The proof is essentially a reprise of the corresponding proof for the Hilbert

transform, but it involves a few technical difficulties. Fix a Schwartz function ¢ on
R”. Then for 1 < j < n we have

(W, 0) = (W, $) (5.1.41)
n+1 . )

- F,i : )z:mo/w P g

( ;132)/>|<g\>5/kn e dx|§€nj+1 dg

F(:izrll)ﬁﬂg%esz ‘gj dé} dx

I\)‘«‘r N‘t

N‘«}»

=lim [ ¢@(x)

=0 JRn 2 |é|n+1

N n+1
— lim 2 / / “2mined L n-1g.0.40]dx
£—0 R” % sn—1 'H‘

e<r<t
L dr
:/<p( f / /sm27rrx9—9d9d
R” n 2 JSsl
'nr(i)
= Rn(P(x) ) né /Hsgn(x 9)9]d9‘| dx
Xj
= 7d s
R () [
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where in the penultimate equality we used the identity [y %dt = Z, for which we
refer to Exercise 5.1.1, while in the last equality we used the identity
LA 3 )

/ sgn(x-0)0;d0 = —i (5.1.42)
§- :

Xj
T
[

which needs to be established. The passage of the limit inside the integral in the

previous calculation is a consequence of the Lebesgue dominated convergence the-
orem, which is justified from the fact that

1/¢ sin(2
/ sin27r6) .| < 4 (5.143)
£ r
for all € > 0. For a proof of (5.1.43) we again refer to Exercise 5.1.1. (]

It remains to establish (5.1.42). Let us recall that O(n) is the set of all orthogonal
n X n matrices with real entries. An invertible matrix A is called orthogonal if its
transpose A’ is equal to its inverse A~!, that is, AA" = A’/A = I.

Lemma 5.1.15. The following identity is valid for all & € R"\ {0}:

n—1

/Sn_l sgn(€-6)6,d6 = 2?;) é&l (5.1.44)
Therefore (5.1.42) holds.
Proof. We begin with the identity
0 if k# J,
/ sgn (6;)0;d6 = (5.1.45)
s L 16,1d0 i k=j.

which can be proved by noting that for k # j, sgn(6;) has a constant sign on the
hemispheres 6; > 0 and 6 < 0, on either of which the function 6 > 6; has integral
zero.

It suffices to prove (5.1.44) for a unit vector £. Given & € §"~!, pick an orthogonal
n x n matrix A = (ay)x; such that Ae; = &. Then the jth column of the matrix A is
the vector (&1,&,...,&,)". We have

/1sgn(§o6)6;d9:/ 1sgn(Ae,-~9)6jdG
Sn— : Sn— :

= sgn(e;-A'0)(AA'0);dO
Sn—1

—/ sgn(e;-0)(A0);do

= Jq _,sen(6;) (a6 + - +&i0j+---+a;j,6,)do
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:gj/iklsgn(e,)e,deju Y o

1<m#j<n
&

- m Sn—1

Next, for all j € {1,2,...,n}, we compute the value of the integral

/7 \ej\dez/i 16,]d6,
Snl Snl

which is obviously independent of j by symmetry. In view of the result of Appendix
D.2, we write

16;]d6.

1 ds
0,|de :/ s dp ———
/S”*1 ‘ 1| -1 ‘ | \/1-s28n—2 ¢ (] —s2>%

1 n—>s
- w,,,z/ Is/(1—)"7 ds
-1

having used the expression for @,_, in Appendix A.3. This proves (5.1.44). The
proof of the lemma and hence that of Proposition 5.1.14 is complete. (I

Proposition 5.1.16. The Riesz transforms satisfy
n
~-1=Y R}, on L*(R"), (5.1.46)

where 1 is the identity operator.

Proof. Use the Fourier transform and the identity }.}_, (—i&;/|& [)2 = —1 to obtain
thatz;?le?(f):—fforanyfian(R”). O

We can express the mixed derivatives of Schwartz function in terms of its Lapla-
cian using the Riesz transforms.
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Proposition 5.1.17. For ¢ in . (R") and 1 < j k < n we have

90k (x) = —R;RiA@(x) (5.1.47)
forall x € R™.

Proof. We verify the claimed identity by taking Fourier transforms. We have

(9j0k@) (&) = (2mi&;)(27mi&) P (&)
= (S (2 a2y
= (@) (- ) emiepa)
= —(RiReAP) (&)
and taking the inverse Fourier transform, identity (5.1.47) follows. 0

Next we discuss a use of the Riesz transforms to partial differential equations.

Example 5.1.18. Suppose that f is a given function in L?(R") and that u is a tem-
pered distribution on R” that solves Laplace’s equation

Au=f. (5.1.48)

We express all second-order derivatives of u in terms of the Riesz transforms of f.
To solve equation (5.1.48) we first show that the tempered distribution

(8j8ku + Rij(f))A
is supported at {0}. In view of Proposition 2.4.1, this implies that
8j8ku = —Rij(f) +P

where P is a polynomial of n variables (that depends on j and k) and provides a way
to express the mixed partials of u in terms of the Riesz transforms of f.

To verify that (0;du~+R;Ri(f)) " is supported at {0}, we fix a Schwartz function
v whose support does not contain the origin. Then y vanishes in a neighborhood
of zero and we can pick € function 17 which vanishes in a smaller neighborhood
of zero and is equal to 1 on the support of y. We define

(&) =-n@& (-2 (- 12)

and we notice that { is a bounded & function and so are all of its derivatives; also

n(§)(2mi&;) (2mi&) = £(§)(—4x°|E[%).

Taking the Fourier transform of both sides of (5.1.48) we obtain

(—4m ) a(&) = f(8)
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and multiplying by { (which is allowed since all derivatives of { lie in L™ N%*)

L&) (4 (&)= C(8) Au=L(E)F(E).

It follows that for all 1 < j,k < n we have

((9j0ku)~, w) = ((2mi&;) (2mi& ), yr)

2mi&;) (2mi&y)u, nl//>

(&)(2mi&;) (2mi&)u, v)

§(&)(—4m* (&), v)

CEFE)v)

(- (=BEw)

)RR ()" (&), w)
—((RjR(f))"\my)

= <( Re(£))™ >

and since this holds for all Schwartz functions y whose support does not contain
the origin, it follows that (9;du -+ R;jRi(f))” is supported at {0}.

((
((
(n
(
(
(-
(

)
n(
n(

Exercises

5.1.1. (a) Show that for all 0 < a < b < e we have

b sinx

—dx| <4.
a X
(b) For a > 0 define .
I(a) = / SIY —ax gy
JO X

and show that /(a) is continuous at zero. Differentiate in a and look at the behavior
of I(a) as a — oo to obtain the identity

T
I(a) = 5~ arctan(a).
Deduce that 1(0) = 7 and also derive the following identity used in (5.1.10):

oo o
/ Smiibx)dx: msgn(b).

—o0
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(c) Argue as in part (b) to prove for a > 0 the identity

®1—cosx _,, T
———e ®dx= = —arct 1
/0 2 ¢ dx=z—arc an(a) 4+ alog

a

Vita?

[Him‘: Part (a): Consider the cases b < 1,a <1 < b, 1 <a. When a > 1, integrate
by parts.]

5.1.2. (a) Let @ be a compactly supported ¢! function on R for some m in
Z+J{0}. Prove that if @ is the mth derivative of ¢, then

[H (™) (x)] < Cpg (1 -+ [x]) ™!

for some Cyp,p > 0.
(b) Let ¢ be a compactly supported 4! function on R” for some m € Z*. Show
that

IRj(0%@)(x)] < Comp (1+ )"

for some C,, n,¢ > 0 and all multi-indices o with |ot| = m.
(c) Let I be an interval on the line and assume that a function 4 is equal to 1 on the
left half of 1, is equal to —1 on the right half of 7, and vanishes outside /. Prove that
for x ¢ 2I we have

|H (1) (x)| < 4[I]*|x — center(I)| 2.

[Hint: Use that when [t| < 1 we have log(1+1) =+ R (t), where |R; (1)] < 2¢|>.]

5.1.3. (a) Using identity (5.1.13) one may define H(f) as an element of .#/(R) for
bounded functions f on the line whose Fourier transform vanishes in a neighbor-
hood of the origin. Using this interpretation, prove that

H(e™) = —ie™,
H(cosx) = sinx,
H(sinx) = —cosx,
H (sin(mx)/mx) = (1 —cos(mx))/mx.

(b) Show that the operators given by convolution with the smooth function sin(¢) /¢
and the distribution p.v. cos(t) /¢ are bounded on L”(R) whenever 1 < p < oo,
[Hinz: Use that the Fourier transform of the distribution €™ is &y /. |

5.1.4. ([347]) Show that the distribution function of the Hilbert transform of the
characteristic function of a measurable subset E of the real line of finite measure is
4|E|
dH(XE)(a) = et _ p—Ta’ o>0.
[Hint: First take E = Uljyzl(aj,bj), where b; < ajy1. Show that the equation
H(xEe)(x) = o has exactly one root p; in each open interval (a;,b;) for 1 < j <N
and exactly one root r; in each interval (b;,a;1) for 1 < j <N, (ay+1 = ). Then
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{xeR: H(xe)(x) > a}| = ?':1 rj— Z?':l p;, and this can be expressed in terms
of ley:l a;j and le\,/:l b;. Argue similarly for the set {x e R: H(x£)(x) < —a}.Fora
general measurable set E, find sets E,, such that each E,, is a finite union of intervals
and that Yz, — xg in L*>. Then H(xg, ) — H(E) in measure; thus H(%E,,) = H(XE)
a.e. for some subsequence n;. The Lebesgue dominated convergence theorem gives
p (s, ) = ()~ See Figure 5.1.]

5.1.5. Let 1 < p <o and let T be a linear operator defined on the space of Schwartz

functions that commutes with dilations, i.e., T(8* f) = §*T(f) for all f € ./ (R")
and all A > 0. (Here 8*(f)(x) = f(Ax).) Suppose that there exists a constant C > 0
such that for all f € .(R") with L norm one we have

{x TN > 1} <C.

Prove that 7 admits a bounded extension from L?(R") to LP*(R") with norm at
most C'/7.
[Hint: Try functions of the form A ~/? f(2~1x) /|| f||z» with 2 > 0.]

5.1.6. Let ¢ be in . (R). Prove that

eZiriNx
IMpM/ o(x)dx = ¢(0)7i
R

N—o0 X
leciNx
hmpM/ o) dx = — @(0)i.
N——oo R X

5.1.7. Let Ty, o € R, be the operator given by convolution with the distribution
whose Fourier transform is the function

g (E) = e~ TisEnE
(a) Show that the Ty,’s are isometries on L?(R) that satisfy

(To) ' =T .
(b) Express Ty, in terms of the identity operator and the Hilbert transform.
5.1.8. Let Q§,j ) be the Jjth conjugate Poisson kernel of P, defined by

; (et .
Qi’j) (X) = nfl ) xj ntl °
T (WP +y?) T

Prove that

(V)" (8) = —i-Zre 2™l
&l
Conclude that R;(P,) = Qy) and that for £ in L*>(R") we have R;(f)* P, = f * Qy).
These results are analogous to the statements Qy (&) = —isgn (§)Py(E), H(P)) = Oy,
and H(f)+ P, £+0,.
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5.1.9. Fix n > 2. Let fy, f1,..., f, be in L>(R") and, for 0 < j < n, let uj(x,x0) =
(Py, * fj)(x) be the Poisson integrals of f; where x = (x1,...,x,) € R" and xy > 0.
Show that a necessary and sufficient condition for

f]:R](fO)7 jil,...,l’l7
is that the following system of generalized Cauchy-Riemann equations holds:

8u,

Z (x,x0) = 0,

du; du; duy
0<j#k<n.
Ix (x,x0) = axj (x,x0) , <j#k<n
5.1.10. Prove the distributional identity

Xj
|x|n+l '

Ajlx| ™" = (1 —n)p.v.

Then take Fourier transforms of both sides and use Theorem 2.4.6 to obtain another
proof of Proposition 5.1.14.

5.1.11. (a) Prove that if T is a bounded linear operator on L?(R) that commutes
with translations and dilations and anticommutes with the reflection f(x) — f(x) =
f(=x), then T is a constant multiple of the Hilbert transform.

(b) Prove that if 7 is a bounded linear operator on L?(R) that commutes with transla-
tions and dilations and vanishes when applied to functions whose Fourier transform
is supported in [0, ), then 7 is a constant multiple of the operator f > ( f x<,w,0])v.

5.1.12. ([282) Fix 1 < p < 2.

(a) Show that the function G(x,y) = Re (|x| +iy)? is subharmonic on R?.

(b) Let u(x,y),v(x,y) be real-valued functions on R? such that u + iv is a holomor-
phic function of x 4+ iy. Prove that G(u, ) is a subharmonic function on R?.

(c) Prove that there is a constant B}, such that for all a and b reals we have

p
b|P < (tanﬂ) lal? — B, Re (|a| +ib)? .
2p
(d) Prove that for f in ¢;°(R) we have

/QJ‘C (£ ()| +iH () (x))? dx > 0.

(e) Combine the results in parts (d) and (c) with a = f(x), b = H(f)(x) to obtain
that

||

- T
Ly S AN 2
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(f) To deduce that this constant is sharp, take 7/2p" <y < m/2p and let f,(x) =
(x+ 1)~ x4+ 12Y/F|x — 1|~2/" cos y. Then

2
o Kt” Y/nsiny when [x| > 1,
H(fy)(x) = 1 xe1]2V/7
—winon siny  when x| < 1.

[Hint: Part (d): Let Cg be the circle of radius R centered at (0,R) in R?. Use that
the integral of the subharmonic function G((P, * f)(x),Qy * f)(x)) over Cg is at
least 2TRRe (|(Pr* f)(0)|+i(Qr* f)(0))? and let R — oo. Part (f): The formula for
H(fy) is best derived by considering the restriction of the analytic function

iz+i\ 2"
z—1

F(z)=(z+ 1)_1<

on the real line. |

5.2 Homogeneous Singular Integrals and the Method
of Rotations

So far we have introduced the Hilbert and the Riesz transforms and we have de-
rived the L” boundedness of the former. The boundedness properties of the Riesz
transforms on L? spaces are consequences of the results discussed in this section.

5.2.1 Homogeneous Singular and Maximal Singular Integrals

We introduce singular integral operators on R” that appropriately generalize the
Riesz transforms on R”. Here is the setup. We fix 2 to be an integrable function of
the unit sphere "~ with mean value zero. Observe that the kernel

= 2R x#0, (5.2.1)

is homogeneous of degree —n just like the functions x;/|x|"™!. Since Kq is not
in L'(R"), convolution with Ko cannot be defined as an operation on Schwartz
functions on R”. For this reason we introduce a distribution W, in .#/(R") by setting

(Wa, @) = lim Ko (x)@(x)dx = lim Ko(x)e(x)dx  (5.2.2)

=0 J|x|>¢ €20 Je<|x|<e!
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for ¢ € Z(R"). Using the fact that © has mean value zero, we can easily see that
Wq, is a well defined tempered distribution on R". Indeed, since K¢ has integral zero
over all annuli centered at the origin, we have

- 0/ o oonaes [ LED

(Wo,0)] = |tim [ S0 —0@)ar+ [ o0
Q(x/|x Q(x/|x

<Vl [, |)(c|"/—|1|)d”féi£’n'y"“’(”' - |)(c|"/+|1|)|dx

<Ci|[Vel =[] e ‘Zq lo)x]] |21
ajs

for suitable C; and C,, where we used (2.2.2) in the last estimate. Note that the
distribution Wy, coincides with the function Ko on R"\ {0}.
The Hilbert transform and the Riesz transforms are examples of these general

operators Tq. For instance, the function Q(8) = % = %sgn 0 defined on the unit

sphere 8° = {—1,1} C R gives rise to the Hilbert transform, while the function

F(n-H) 0
Q)= n+21 |9’|
Tz

defined on 8"~ ! C R” gives rise to the jth Riesz transform.
Definition 5.2.1. Let Q be integrable on the sphere §"~! with mean value zero. For

0<ée<Nand f €<y l?(R") we define the truncated singular integral

(€N) B Qy/lyl)
15 (00 = | e T ay, (5.23)

Note that for f € LP(R") we have

15 Al < 121 108N /&) || o ey

which implies that (5.2.3) is finite a.e. and therefore well defined. We denote by T
the singular integral operator whose kernel is the distribution Wy, that is,

Ta(f)(x) = (£ Wa)() = lim 75"V () (x),

N—roo

defined for f € Z(R"). The associated maximal singular integral is defined by

157 (f) = sup_sup |75 (7). (324

0<N<eo0<e<N
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We note that if Q is bounded, there is no need to use the upper truncations in
the definition of T_((;’N) given in (5.2.3). In this case the maximal singular integrals
could be defined as

15 (f) = sup [T (f)], (5.2.5)

>0

where for f € Uj<p<L”(R), € >0, and x € R", T!gg) (f)(x) is defined in terms of
the absolutely convergent integral

T = /ly\zef(x B y)fzﬁyy{nly) dy.

To examine the relationship between T_((;) and T[g**) for Q € L*(S"~1), notice that

Q €
/ f(x—y>(y/,,'y')dy’< sp [TV (N[ (526)
e<|y|<N Iyl 0<N<oo

Then for f € LP(R"), 1 < p < oo, we let N — oo on the left in (5.2.6) and we note
that the limit exists in view of the absolute convergence of the integral. Then we

take the supremum over € > 0 to deduce that T!(;) is pointwise bounded by T_((;*).

Since T((;’N) = TS(;) — T(N), it also follows that Tg*) < 2T!(2*>; thus T_((;) and Ts(z**)
are pointwise comparable when Q lies in L(S"~!). This is the case with the Hilbert
transform, that is, H***) is comparable to H (*); likewise with the Riesz transforms.

A certain class of multipliers can be realized as singular integral operators of the
kind discussed. Recall from Proposition 2.4.7 that if m is homogeneous of degree 0
and infinitely differentiable on the sphere, then m" is given by

m¥ =c8&+Wa,

for some complex constant ¢ and some smooth 2 on §"~! with mean value zero.
Therefore, all convolution operators whose multipliers are homogeneous of degree
zero smooth functions on 8”~! can be realized as a constant multiple of the identity
plus an operator of the form Tj,.

Example 5.2.2. Let P(§) = ¥|¢/—rba&* be a homogeneous polynomial of degree
k in R” that vanishes only at the origin. Let & be a multi-index of order k. Then the
function g

m(&) P(E)

is infinitely differentiable on the sphere and homogeneous of degree zero. The oper-
ator given by multiplication on the Fourier transform by m(&) is a constant multiple
of the identity plus an operator given by convolution with a distribution of the form
Wq for some Q in €*(S""!) with mean value zero. In this section we establish
the L? boundedness of such operators when 2 has appropriate smoothness on the
sphere. This, in particular, implies that m(&) defined by (5.2.7) lies in the space
A, (R"), defined in Section 2.5, for 1 < p < oo

(5.2.7)
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5.2.2 L? Boundedness of Homogeneous Singular Integrals

Next we would like to compute the Fourier transform of Wq. This provides infor-
mation as to whether the operator given by convolution with K is L? bounded. We
have the following result.

Proposition 5.2.3. Let n > 2 and Q € L' (S""') have mean value zero. Then the
Fourier transform of Wg is a (finite a.e.) function given by the formula

"/"?2(5)2/5,119(9)<10g6 i 2 % sen (é~9)) de. (5.2.8)

Remark 5.2.4. We need to show that the function of & on the right in (5.2.8) is well
defined and finite for almost all & in R”. Write & = |E|E’ where &’ € §”~! and notice
that

log =log — +log

1 1
56 Iél &-6]
Since © has mean value zero, the term log -+ Al multiplied by 2(6) vanishes when

integrated over the sphere.
We need to show that

R )|10g|€/ 740 (5.2.9)

for almost all £’ € §"~!. Integrate (5.2.9) over &’ € S"~! and apply Fubini’s theorem
to obtain

IOy R e‘dé‘ a8
|/ 10g|€|d§d9

+1 1 n—3
:w,,,z/ |Q(9)|/ <10g|s> (1—5%)7 dsd
Sn—1 -1

=Gl @] 1(r-1) <

since we are assuming that n > 2. (The second-to-last identity follows from the
identity in Appendix D.2.) We conclude that (5.2.9) holds for almost all &’ € §"~!.

Since the function of € on the right in (5.2.8) is homogeneous of degree zero, it
follows that it is a locally integrable function on R”.

Before we return to the proof of Proposition 5.2.3, we discuss the following
lemma:

Lemma 5.2.5. Let a be a nonzero real number. Then for 0 < € < N < oo we have

N _ 1
fim [ oSl =cos(r) o0 L (5.2.10)

o0 r o
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N _ 1
/ C(’S(”’)C(’S(r)dr’ < 2‘10gﬂ‘ forallN>¢>0, (5.2.11)
£ r a
N ,—ira __ 1
lim et meos(r) log —lgsgna, (5.2.12)
E— € r a
N—o0
N ,—ira __ 1
/ e —eos(n) | < 2’10gﬁ‘+4 forallN>¢e>0. (52.13)
£ r a

Proof. We first prove (5.2.10) and (5.2.11). By the fundamental theorem of calculus
we write

/‘N cos(ra) — cos(r) dr = /N cos(rlal) — cos(r) dr

r r

N rlal
f/ / sin(¢r)dt dr
e J1
la| N
—/ / sin(¢r)drdt
1 Je
la| Nla|
_/ cos(€t) dt—|—/ cos(t) dr,
1 ! N t

and from this expression, we clearly obtain (5.2.11). But the first integral of the
same expression converges to —log |a| as € — 0 while the second integral converges
to zero as N — oo by an integration by parts. This proves (5.2.10).

To prove (5.2.12) and (5.2.13) we need to know that the expressions

N Nla| i
/ sin(ra) dr‘: / sin(r) i
€ r €lal r

tend to 7 as € — 0 and N — oo and are bounded by 4. Both statements follow from
Exercise 5.1.1. U

(5.2.14)

Let us now prove Proposition 5.2.3.

Proof. Letus set &' = & /|&|. We have the following:

(Wa.9) =(Wa.9)
Cim [ 20D 50

e20 jze "

— lim (X/JXI)
£20 Je<i<n ]

O(x)dx

— lim (x/|x|) —2mx§ x
= tim [ (&) / dx d

S*}O \x\"
N— £<|x|<N

= lim Q(6) / e—“"fefﬂdedg
S*}O n S§n—1 r

e<r<N
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— lim Q(6) / (2716108 _ cos(amrle))) Y a0 de
8—>0 n sn—1 r
e<r<N
—ir6-&" _
—1im | o&) [ () e = eos(n) g g
g e
2(E] =S 2]
~ 0@ [ )0z g - Fsn(&-0)) avaz.

where we used the Lebesgue dominated convergence theorem to pass the limit in-
side, Lemma 5.2.5, and Remark 5.2.4. We were able to subtract cos(2zr|&]) from
the r integral in the previous calculation, since 2 has mean value zero over the
sphere. Also, the use of the dominated convergence theorem is justified from the
fact that the function

(9,§)HIQ(G)\|<P(5)|(10£%|§, 0] )

lies in L' (S"~! x R"™). Moreover, all the interchanges of integrals are well justified
by Fubini’s theorem. O

Corollary 5.2.6. Let Q € L' (S"~1) have mean value zero. Then for almost all &' in

S ! the integral
/SH.Q( )10g|€/ 10 (5.2.15)

converges absolutely. Moreover, the associated operator Tg maps L*(R") to itself if
and only if

€S8S.Sup
g/esn—l

Q(6)log————

5.2.16
o |5' o]/ 6210

Proof. To obtain the absolute convergence of the integral in (5.2.15) we integrate
over £’ € S"~! and we apply Fubini’s theorem. The assertion concerning the bound-
edness of T on L? is an immediate consequence of Proposition 5.2.3 and Theorem
2.5.10. (]

There exist functions € in L'(S"~!) with mean value zero such that the ex-
pressions in (5.2.16) are equal to infinity; consequently, not all such Q give rise
to bounded operators on L?(R"). Observe, however, that for Q odd i.e., Q(—6) =
—Q(6) forall 6 € S"=1 (5.2.16) trivially holds, since log Flm is even and its prod-

uct against an odd function must have integral zero over $"~'. We conclude that
singular integrals To with odd Q are always L? bounded.
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5.2.3 The Method of Rotations

Having settled the issue of L? boundedness for singular integrals of the form T with
£ odd, we turn our attention to their L” boundedness. A simple procedure called the
method of rotations plays a crucial role in the study of operators 7o when 2 is an
odd function. This method is based on the use of the directional Hilbert transforms.
Fix a unit vector 6 in R". For a Schwartz function f on R” let

1 +

Ao = —p. [ -0y (5.2.17)

oo t
We call 575 (f) the directional Hilbert transform of f in the direction 6. For func-
tions f € . (R") the integral in (5.2.17) is well defined, since it converges rapidly at
infinity and by subtracting the constant f(x), it also converges near zero.

Likewise, we define the directional maximal Hilbert transforms. For a function
finUj<pcwl?(R") and 0 < & < N < oo we let

€ 1 d
AN == [ fa-e)T
e<|t|<N
L%%(**) (f)(x) = 0<531€<J%(8,N)(f)(x) .

We observe that for any fixed 0 < € < N < e and f € L?(R"), %%(E’N) (f) is well
defined almost everywhere. Indeed, by Minkowski’s integral inequality we obtain

. 2 N
A8 ) gy < 21 eyl s <o

T
which implies that %ﬁ;ew) (f)(x) is finite for almost all x € R". Thus jf(;**)( f)is
well defined for f in J;<,<.L?(R").

Theorem 5.2.7. If Q is odd and integrable over 8", then To and Tg*) are LP
bounded for all 1 < p < oo. More precisely, Tq initially defined on Schwartz func-
tions has a bounded extension on LP(R") (which is also denoted by T, ).

Proof. Let e; be the usual unit vectors in S"~!. The operator J,, is obtained by
applying the Hilbert transform in the first variable followed by the identity operator
in the remaining variables. Clearly, /%, is bounded on L?(R") with norm equal to
that of the Hilbert transform on L?(R). Next observe that the following identity is
valid for all matrices A € O(n):

Hipe) () () = Az, (foA) A 'x). (5.2.18)

This implies that the L” boundedness of ¢ can be reduced to that of J7;,. We
conclude that % is L? bounded for 1 < p < e with norm bounded by the norm of
the Hilbert transform on L” (R) for every 6 € 8"~ 1.
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Identity (5.2.18) is also valid for %(S’N) and %(**). Consequently, %(**) is
bounded on L7 (R") for 1 < p < e with norm at most that of H**) on L (R).

Next we realize a general singular integral 7o with © odd as an average of the
directional Hilbert transforms ./75. We start with f in U <. L”(R") and the fol-
lowing identities:

QO vy — Vo
/ESMSN pf STy =+ Snflg(")/rzsf(x r6) <-do

N dr

—_ Q((—))/ Fetre) L ao,
Sn—1 r=¢ r

where the first follows by switching to polar coordinates and the second one is a

consequence of the first one and the fact that £ is odd via the change variables

0 — —0. Averaging the two identities, we obtain

[ LU i yyay
Je<|y|<N |y|n
LT e [1 L) TE0) g (52.9)
2 Jen—t r=¢ r
=2 e was.

It follows from the identity in (5.2.19) that

/ Mf (x—y)dy=2 [ Q(0) AN (), (5220
e<hl<N D 2 Jen—1

from which we conclude that

)% T )%
157 (NW <5 [, 120)4 (£)(x)d6. (5.2.21)
Using the Lebesgue dominated convergence theorem, we see that for f in . (R"),
we can pass the limits as € — 0 and N — o inside the integral in (5.2.20), concluding
that
T

=75 Jou R(0) Ao () (x) 0, (5.2.22)

To(f)(x)
for f € .Z(R"). The L? boundedness of T and Tg(z**) for Q odd are then trivial
consequences of (5.2.22) and (5.2.21) via Minkowski’s integral inequality. ]
(%)

Corollary 5.2.8. The Riesz transforms R; and the maximal Riesz transforms R i

are bounded on LP (R") for 1 < p < eo.
Proof. The assertion follows from the fact that the Riesz transforms have odd ker-
nels. Since the kernel of R; decays like |x|™" near infinity, it follows that Rﬂ.*)( f)is

well defined for f € LP(R"). Since RE*) is pointwise bounded by 2R5-**), the conclu-
sion follows from Theorem 5.2.7. O
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Remark 5.2.9. It follows from the proof of Theorem 5.2.7 and from Theorems 5.1.7
and 5.1.12 that whenever Q is an odd function on S"~!, we have

)4 when p > 2,

HT-Q| (p_l)*l when 1 < p <2,

a
vear <l {

ap when p > 2,

(%)
||T_Q | a(p—1)"" whenl<p<2,

o <21l {

for some a > 0 independent of p and the dimension.

5.2.4 Singular Integrals with Even Kernels

Since a general integrable function £ on 8"~! with mean value zero can be written
as a sum of an odd and an even function, it suffices to study singular integral opera-
tors T with even kernels. For the rest of this section, fix an integrable even function
Q on 8"~! with mean value zero. The following idea is fundamental in the study of
such singular integrals. Proposition 5.1.16 implies that

To=—) RjRTq. (5.2.23)
j=1

If RjTo were another singular integral operator of the form T, for some odd £;,
then the boundedness of T would follow from that of Tg, via the identity (5.2.23)
and Theorem 5.2.7. It turns out that R ;T does have an odd kernel, but it may not be
integrable on 8"~ ! unless Q itself possesses an additional amount of integrability.
The amount of extra integrability needed is logarithmic, more precisely of this sort:

ca :/ 12(8)[10g"|Q(6)|d6 < oo, (5.2.24)
Sr=

Observe that
2]l <ca+ew1 <Cyilca+1),

which says that the norm |||, is always controlled by a dimensional constant
multiple of cq + 1. The following theorem is the main result of this section.

Theorem 5.2.10. Let n > 2 and let Q be an even integrable function on 8"~ with
mean value zero that satisfies (5.2.24). Then the corresponding singular integral
Tq is bounded on L (R"), 1 < p < oo, with norm at most a dimensional constant
multiple of the quantity max ((p —1)72, p?)(ca +1).

If the operator T in Theorem 5.2.10 is weak type (1, 1), then the estimate on the
L operator norm of Tg can be improved to ||Tq||r—rr < Co(p—1)""as p — 1.
This is indeed the case; see the historical comments at the end of this chapter.
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Proof. Let W be the distributional kernel of Tp. We have that W coincides with
the function Q (x/|x|)|x| ™" on R"\ {0}. Using Proposition 5.2.3 and the fact that Q
is an even function, we obtain the formula

Wa(6) = [ QO)ogzy = 9| (5.2.25)

which implies that W_Q is itself an even function. Now, using Exercise 5.2.3 and
condition (5.2.24), we conclude that W_Q is a bounded function. Therefore, T is L?
bounded. To obtain the L? boundedness of T, we use the idea mentioned earlier
involving the Riesz transforms. In view of (5.1.46), we have that

n
- Y RiT;, (5.2.26)
=1

where T; = R;To . Equality (5.2.26) makes sense as an operator identity on LZ(R”),
since T and each R; are well defined and bounded on L?(R").
The kernel of the operator 7; is the inverse Fourier transform of the distribu-

tion —i ‘%@ (&), which we denote by K;. At this point we know only that K is

a tempered distribution whose Fourier transform is the function — é" (). Our
first goal is to show that K coincides with an integrable function on an annulus. To
prove this assertion we write

Wo =Wg +Wa+Wg,
where Wg is a distribution and W_(lz ,Wg are functions defined by

Q(x/|x))

=1
<W'Q7 > 81—r>I(1) e<lx|< |x\" (P( )dX7
(x/\x\)
Wo(x) = x| Xi<pn<2>
. Q(x/|x)
WQ (X) = |)C|n ‘ X2<\x|'

We now fix a j € {1,2,...,n} and we write
_ 1 0o
Kj =K} +K; +K7,

where

>
I

9 (_léﬁwo(‘g)) )
KJ] :< é|W1 (‘5)) )
(—igWg ().

Notice that Kf-) is well defined via Theorem 2.3.21.

K=
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Define the annulus
A={xeR": 2/3 <|x| <3/2}.

For a smooth function ¢ supported in the annulus 2/3 < |x| < 3/2 we have

(K}.9) =

Il
|
A~
ot
=
<.
<
Nt

Q

= —lim / MRj((p)(—y) dy (9 is even)

£-0 [yl

e<|y|<1/2

r n+1

= — (5 +1 ) lim / 0/l / +1 x)dxdy,
x'r &0 Iy ly— x|n
e<|yl<1/2

where the action of the distribution W3 on R;(¢) is justified by fact that R; ( )(y) is

smooth on the support of W3; note |x—y| > 1/6. Moreover, (W3 (&), — TJ oV (E))
should be interpreted as a convergent integral.

It follows that for x € A, the absolute value of the convolution of Wg with the
kernel of the Riesz transform R; is

(L 0
(,,fl ) fim i O/ , (5.2.27)
' 20 e<pl<) |x I ly[”
(et v . O
' Ipl<d \x =yl |x| |

120/
< /H<1 nlyl = dy

<l |

where we used the fact that Q(y/|y|)|y|™" has integral zero over annuli of the form
€ <|y| < 3. the mean value theorem applied to the function x| ~(+1) "and the fact
that |x —y| > 1/6 for x in the annulus A. We conclude that on A, K;) coincides with
the bounded function inside the absolute value in (5.2.27).
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Likewise, for x € A we have

(et e
a2 =yl Iyl

r() 1 |Q(y/ly])l
< / d

=2 =yt

2
I“M) qn
<= [, om0/l

from which it follows that on the annulus A, K;" coincides with the bounded function
inside the absolute value in (5.2.29) or in (5.2.28).
Now observe that condition (5.2.24) gives that the function Wé satisfies

Ly W (@) og* WA (1)l ax

ldr

2100 o -
< ol T g 2120 0

rl‘l

< (log4) [n(logZ)H.QHLl +cql <.

Since the Riesz transform R; is countably subadditive and maps L” to L with norm
at most 4(p —1)~! for 1 < p < 2, it follows from Exercise 1.3.7 that K} =R;(WJ)
is integrable over the ball |x| < 3/2 and moreover, it satisfies

[iKiwlas<c| [ whwltoe" whwlax+1| <Clea 1.
x>

Furthermore, since 7(\] is homogeneous of degree zero, K; is a homogeneous
distribution of degree —n (Exercise 2.3.9). This means that for all test functions ¢
and all A > 0 we have

(K;,8"(9)) = (K;, ), (5.2.30)

where 8* () (x) = @(Ax). But for ¢ € €3 supported in the annulus 3/4 < |x| < 4/3

and for A in (8/9,9/8) we have that s (@) is supported in A and thus we can
express (5.2.30) as convergent integrals as follows:

- Ki(x)o(x)dx = - Ki(x)p(A 'x)dx = /n AM'Kij(Ax)p(x)dx.  (5.2.31)
From this it would be ideal to be able to directly obtain that K;(x) = A"K;(Ax) for all
8/9 < |x| <9/8 and 8/9 < A < 9/8, in particular when A = |x|~!. But unfortunately,
we can only deduce that for every A € (8/9,9/8), K;(x) = A"K;(Ax) holds for all x
in the annulus except a set of measure zero that depends on A. To be able to define
the restriction of K; on S"~!, we employ a more delicate argument.
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For any J subinterval of [8/9,9/8] we obtain from (5.2.31) that

K;(x)o(x)dx = / ][ MK (Ax)dA () dx,

R" R JJ

where integral with the slashed integral denotes the average of a function over the set
J. Since ¢ was an arbitrary 4;;° function supported in the annulus 3/4 < |x| < 4/3,
it follows that for every J subinterval of [8/9,9/8], there is a null subset E; of the
annulus A’ = {x: 27/32 < |x| < 32/27} such that

K;(x) = ]é 27K (Ax) dA (5.2.32)

forallx € A"\ E,.
Let Jo = [v/8/9,1/9/8]. We claim that there is a set of null subset E of A’ such
that for all x € A"\ E we have

][ MK (Ax)dA = ][ 2K (Ax)dA (5.2.33)
Jo rJo

for every r in Jy. Indeed, let E be the union of E,;, over all r in Jo N Q. Then in
view of (5.2.32), identity (5.2.33) holds for x € A"\ E and JyN Q. But for a fixed x in
A’\ E, the function of r on the right hand side of (5.2.33) is constant on the rationals
and is also continuous (in ), hence it must be constant for all » € Jy. Thus the claim
follows since both sides of (5.2.33) are equal to (5.2.32).

Writing x = 86, where 27/32 < § < 32/27 and 6 € S"~!, it follows by Fubini’s
theorem that there is a 8 € (27/32,32/27) (in fact almost all § have this property)
such that

MK (A86)dA = ]Z MK (A86)dA (5.2.34)
Jo rJo

for almost all 8 € S"~! and all r € J;. We fix such a 8, which we denote &.
We now define a function Q; on S"~! by setting

Q) =][ SIATK(A606) dA :f SIATK;(A606) dA
Jo rJo
for all r € Jo. The function £; is defined almost everywhere and is integrable over
S"=! since K ;j 1s integrable over the annulus A.

Lete; = (1,0,...,0). Let ¥ be a ;°(R") nonzero, nonnegative, radial, and sup-
ported in the annulus 32/(27v/2) < |x| < 27v/2/32 around S"~!. We start with

Q;(6) = ]{% SIATK;(A.608) dA = 7€0 S AK (1A 80) dA.,

which holds for all r € Jy, we multiply by ¥(re;), and we integrate over $"~! and
over (0,0) with respect to the measure dr/r. We obtain
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i dr © R nondr
/ ‘I’(rel)—/ Q;(6)d6 :][ / SIATK (A 6yr0)¥ (re1)r"d6 " dx
0 roJsn- JhJo Jsn-i r
_ ][ / AT K (A 8ox) ¥ (x)dxd A
Jo /R
:][ / K; () ((8)\x) dxdA
Jo JR"
= <Kjaql> dA,
Jo
= (K;,¥)
in view of the homogeneity of K;. But also, for some constant cfi, we have
_ I W\ — _iéj’\ t7 o _iej’\ _
<K]alIl> - <K],'f/> - . |€‘ Wﬂ(é)ql(g)dé = Cyp g1 WWQ(O)CIO - 07

since by (5.2.25), %%VVB(&) is an odd function. We conclude that £; has mean

value zero over S"~ 1.
Thus Q € L'(S"~") has mean value zero and the distribution W, is well defined.
We claim that

Kj=Wo,. (5.2.35)

To establish (5.2.35), we show first that <Kj,(p> = <ng,(p> whenever @ is sup-
ported in the annulus 8/9 < |x| < 9/8. Using (5.2.32) we have

K (x)p(x)dx = /R n 7§0 K;(8oAx) A dA () dx

R”

_ / v / K (8oAr0)SIA" " 2 9(r0) d6 L.
0 Sn—1 Jo r

— /w/ K (82 0)S1(A')'dA 9(r0)do
o Js1 S r

) dr
B /O 57171!2/-(9)(1)("9)6197
= (Wa,.0),

having used (5.2.34) in the second to last equality.

Given a general ;" function ¢ whose support is contained in an annulus of the
form M~! < |x| < M, for some M > 0, via a smooth partition of unity, we write ¢ as a
finite sum of smooth functions ¢ whose supports are contained in annuli of the form
8s/9 < |x| < 9s/8 for some s > 0. These annuli can be brought inside the annulus
8/9 < |x| < 9/8 by a dilation. Since both K; and W, are homogeneous distributions
of degree —n and agree on the annulus 8/9 < |x| < 9/8 they must agree on annuli
85/9 < |x| < 9s/8. Consequently, (K;, @) = (Wq,,) for all ¢ € €5°(R"\ {0}).
Therefore, K; —Wgq; is supported at the origin, and since it is homogeneous of degree

—n, it must be equal to bdy, a constant multiple of the Dirac mass. But 7(; is an



5.2 Singular Integrals and the Method of Rotations 347

odd function and hence Kj is also odd. It follows that W_Q is an odd function on
R"\ {0}, which implies that £; is an odd function. We say thatu € . (R") is odd
if ¥ = —u, where u is defined by (,y) = (u,y) for all y € . (R") and y(x) =
¥(—x). We have that K; —Wq; is an odd distribution, and thus & must be an odd
distribution. But if 58y is odd, then b = 0. We conclude that for each j there exists an
odd integrable function ; on §"~! with [|©2]|,1 controlled by a constant multiple
of cg + 1 such that (5.2.35) holds.
Then we use (5.2.26) and (5.2.35) to write

- ZRJTQJ’
=1

and appealing to the boundedness of each Tq; (Theorem 5.2.7) and to that of the
Riesz transforms, we obtain the required L boundedness for T, . O

We note that Theorem 5.2.10 holds for all Q € L'(S"~!) that satisfy (5.2.24), not
necessarily even . Simply write 2 = Q, + Q,, where €, is even and €, is odd,
and check that condition (5.2.24) holds for £,.

5.2.5 Maximal Singular Integrals with Even Kernels

We have the corresponding theorem for maximal singular integrals.

Theorem 5.2.11. Let Q be an even integrable function on 8"~ with mean value
zero that satisfies (5.2.24). Then the corresponding maximal singular integral T!g**),
defined in (5.2.4), is bounded on LP(R")for 1 < p < oo with norm at most a dimen-

sional constant multiple of max(p®, (p—1)72)(cq +1).

Proof. For f € LIOC(R"), x define the maximal function of f in the direction 6 by
setting

1
Mo(f)(x) = Sup /|r|ga |f(x—r0)|dr. (5.2.36)

In view of Exercise 5.2.5 we have that My is bounded on L”(R") with norm at most
3p(p—1)7".

Fix @ a smooth radial function such that ¢(x) = 0 for |x| < 1/4, ®(x) =1 for
|x| >3/4,and 0 < @(x) < 1 forall xin R". For f € LP(R") and 0 < € < N < oo we
introduce the smoothly truncated singular integral

~ i
e = [ o) (@) -@ () ) Fx=ndy

|y|"

and the corresponding maximal singular integral operator

75(f) = sup sup [TEN (1) (5.2.37)

0<N<ee0<e<N

Computing the supremum in (5.2.37), we first consider the case where N > 4¢.
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For f in LP(R") (for some 1 < p < o0), we have

TN () ) =TSN () ()]

_ Q) ooy Qy) .,

- [ S sy - L () 7)o
. Iyl vl

T<bl<e N<lyl<N

S[ / | |}()|'yn|)| (t—3)ldyt 12 ()] ( )d]
£<lyl<e N<lyl<n

< /|.Q [ /|f(x—r9)|dr+ / I —rG)dr}

Sn—l

<16 [ 12(6)[Mo(f)(0)d6.

Now if N < 4e, then the function @ (£) — @ (%) — Xe<|y|<y is bounded by 3 and is
supported in the annulus § < |y| < 4e. In this case we obtain

FEN ()0 - TEV (@) <3 / 1Q(6 \/ x—r6) |—d9
Sn— 1
<96/ 0)| Mo (f)(x)d6.
We deduce from these estimates that
swp [TV ()@ -TEM ()0] <9 [ 12(0)] Ma(f) ()6
0<e<N<oo

Using the result of Exercise 5.2.5 we conclude that

1757(5) -5, < 6002y ma(p. (o~ 1)) 7],

e

This implies that it suffices to obtain the required L” bound for the smoothly trun-
cated maximal singular integral operator i(;*)
Let K, £2;, and T; be as in the previous theorem, and let F; be the Riesz transform

of the function Q (x/|x|)D(x)|x|~". Let f € L”(R"). A calculation yields the identity
=(eN LG/ govy - L 2G/RD 4
W = [ | St )~ o M) - )ay
Re" g N

n

— (X [0 Q) - HE ) | +Ri(9) @),

j=1
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where in the last step we used Proposition 5.1.16. Therefore we may write
~ N 1l " —V Y
TV = X [ [ #5E2)  #E () [Ri0)as
J=1-

=AM ) +AEY () ) + AV () (),

(5.2.38)

— 3o {F (7)) =K (59} R 0) .

AV () = an]/R [5%|x—y|>sKj(x£ ) = 5 Xyl >N K (Ty)}RJ(f)(y)dy'
=

It follows from the definitions of F; and K that

(=) . Q/y))
Fi(z)—Ki(z) = lim WV () — 1) Yy
=) = T I oy i P Ip®
:Fn;l)/ Q(Y/M)(q)(y)_l){ Y % }a’y
o Iy b lz—y[*t1 gt

whenever |z| > 1. But using the mean value theorem, the last expression is easily
seen to be bounded by

C Q/lyD) Iyl C'llo —(n+1
/ d - (n >7
" HS% |y|n |Z|n+1 Y 'lH HL] |Z|

whenever |z| > 1. Using this estimate, we obtain that the jth term in Aég’N) (H(x)is
bounded by

c, 121w / (le(f)(y)ldy <c 2||'QHL1/ R () )| dy

e —y|/e)ytt =T 2nen NG
[x—y|>¢ k=yl/e) R" (1+ B )

It follows that for functions f in L” we have

sup  [AFN (p)] <G| MR;(f)),

0<e<N<oo
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in view of Theorem 2.1.10. (M here is the Hardy-Littlewood maximal operator.)
By Theorem 2.1.6, M maps LP(R") to itself with norm bounded by a dimensional
constant multiple of max(1, (p—1)~"). Since by Remark 5.2.9 the norm ||R;||,, .,
is controlled by a dimensional constant multiple of max(p, (p—1)~1), it follows that

| sup jAZN <Gll@| max(p,(p— )Y f]l,- (5239

0<e<N<oo )‘ HLP

Next, recall that in the proof of Theorem 5.2.10 we showed that

where £; are integrable functions on §"~! that satisfy
1] 1 < Culca +1). (5.2.40)

Consequently, for functions f in L?(R") we have

sup |A(38 Z (**

0<e<N<oo

and by Remark 5.2.9 this last expression has L” norm at most a dimensional constant
multiple of ||2; ||L1 max(p, (p—1)"")||R;(f) It follows that

Finally, we turn our attention to the term AEE’N) (f). To prove the required esti-
mate, we first show that there exist nonnegative homogeneous of degree zero func-
tions G; on R" that satisfy

e

(5.2.41)

sup_ AV ()|

< Cumax(p?, (p—1)")(ca+1 )|
0<e<N<eo

|Fj(x)] < Gj(x) when |x| < 1 (5.2.42)

and
/Sn_. 1G;(6)|d6 < Cu(co+1). (5.2.43)

To prove (5.2.42), first note that if |x| < 1/8, then

r(=H| r 2o/l —y;
Bl =2 [ ® I d
| J( )| 77:% N |y|n (y) ‘x y|n+1 y

Q
<q, [, 120D,
|y|21 |y|
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We now fix an x satisfying 1/8 < |x| < 1 and we write

J
, Gl Xj =Y B Qy/y)
<l [ (00 - o) 2
res)
=|K;(x)|+ e (P (x) + Pa(x) + P3(x)) ,
where
ne =| [ (Rt~ e (o0 o) 255
Xj—yj Q
P =], (@0 - o) 25
Xj—Yyj Q
A =| [ pi (o0 - o) 2]

But since 1/8 < |x| < 1, we see that

byl [20/1y) /
Pi(x)<C — = dy<C,||Q
<G g <Gl

and that

Q(y/ly
Aw=a [ 19004 o
b2yl

For P,(x) we use the estimate |®(y) — @ (x)| < C|x —y| to obtain

P < [, c__10/bl,

<pl<2 e=ynmt oyl
Q
§4C/ 12(y/|y))] gy
6 <WI<2 [x =y 1y~ 2
1Q(y/y])|

RY [x — y|r [y

<4cC

Recall that K;(x) = Q;(x/|x|)|x|". We now set

1RG/bDIdy

5.2.44
S ) (5.2.44)
b=y 1y|

Gj(x)—C,,<H.Q||L1+’Qj<|i|)‘+|x|”—§/R

and we observe that G; is a homogeneous of degree zero function, it satisfies
(5.2.42), and it is integrable over the annulus % < |x| < 2. To verify the last assertion,
we split up the double integral
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Q d
/ / G/ DIdy dx
<=2 JRY | — -ty

into the pieces 1/4 <|y| <4, |y| >4, and |y| < 1/4. The part of I where 1/4 <|y| <4
is pointwise bounded by a constant multiple of

/‘Q<|§|>’ / |y—d)f|n—1dyS / ’Q(ﬁ)‘ / \y—djn—ldy’

P<bl<4 3<hki<2 1<bi<4 l—yl<6

which is pointwise controlled by a constant multiple of ||| ,1. In the part of I where
[y| > 4 we use that |x —y| "' < (]y|/2) ! to obtain rapid decay in y and hence
a bound by a constant multiple of ||€2]|;:. Finally, in the part of I where |y| < 1/4
we use that |x —y|™"*! < (1/4)7"*!, and then we also obtain a similar bound. It
follows from (5.2.44) and (5.2.40) that

ﬁ 1Gi(x)[dx < Ca (121l + 125l +1R211.1) < Calea+1).
<Jx[<2

Since G is homogeneous of degree zero, we deduce (5.2.43).
To complete the proof, we argue as follows:

sup AN () ()]
0<e<N<o

<2’ [ IBEIR( -2l

e>0j 1 E"

<2sup / / Fi(r0)||R;(f)(x—r0)| "' d@dr
8>OJ ]gn r=0J8""

GO s [ k(-0 ar o

e>0 €"

Using (5.2.43) together with the L” boundedness of the Riesz transforms and of My
we obtain

(5.2.45)

(
‘ ’ sup |A1 N

i
0<e<N<oo

Ly S Cnmax(pa (pf 1)_2)(C-Q + 1)||f|

Combining (5.2.45), (5.2.39), and (5.2.41), we obtain the required conclusion. [
The following corollary is a consequence of Theorem 5.2.11.

Corollary 5.2.12. Let Q be as in Theorem 5.2.11. Then for 1 < p < c and f in

LP(R") the functions T((;,N) (f) converge to To(f) in LP and almost everywhere as
€—0and N — oo,
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Proof. The a.e. convergence is a consequence of Theorem 2.1.14. The L” conver-
gence is a consequence of the Lebesgue dominated convergence theorem since for

£ € LP(R") we have that | TSN (£)] < TS () and TS (£) is in LP(R™). O

Exercises

5.2.1. Show that the directional Hilbert transform .73 is given by convolution with
the distribution wg in ./ (R") defined by

1 T ¢(10)

<we,(p> = Ep.v. T dt.

Compute the Fourier transform of wg and prove that % maps L! (R") to L'**(R").

5.2.2. Extend the definitions of Wq and T, to 2 = du a finite signed Borel measure
on $"~! with mean value zero. Compute the Fourier transform of Wy, and find a
necessary and sufficient condition on measures dL so that Ty, is L? bounded. Notice
that the directional Hilbert transform .7 is a special case of such an operator Ty, .

5.2.3. Use the inequality AB < AlogA + €8 for A > 1 and B > 0 to prove that if
Q satisfies (5.2.24) then it must satisfy (5.2.16). Conclude that if |Q]log™ [2] is in
L' (8" 1), then Tg is L? bounded.

[Hint: Use that g, 1 |£ - 6]~%d6 converges when o < 1. See Appendix D.3.]

5.2.4. Let Q be a nonzero integrable function on S"~! with mean value zero. Let
f > 0 be nonzero and integrable over R”". Prove that Tq (f) is not in L' (R").

o —

[Hint: Show that Tq (f) cannot be continuous at zero.

5.2.5.Let 6 € §"!. Use an identity similar to (5.2.18) to show that the maximal
operators

1 ra 1 ta
sup~ [ |f(x—r6)|dr, sup—/ [ (x—rB)|dr
—a

a>0aJo a>02a
are L (R") bounded for 1 < p < oo with norm at most 3p (p—1)~!.

5.2.6. For Q € L'(S"~!) and f locally integrable on R”, define

Ma(£)) =sup— [ 100/ =)l

=su
R>0 VaR"
Apply the method of rotations to prove that M maps LP (R") to itself for 1 < p < eo.

5.2.7. Let Q(x, 0) be a function on R" x 8"~ ! satisfying
(a) 2(x,—0) = —Q(x,0) for all x and 6.
(b) sup, |2(x,0)] isin L} (S"~1).
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Use the method of rotations to prove that

Q(x,y/ly])
|

To(F@ =p. | Fle—y)dy

is bounded on L?(R") for 1 < p < .

5.2.8. Let 2 € L'(S""!) have mean value zero. Prove that if To maps L”(R") to
Li(R"), then p = g.
[Hint: Use dilations.]

5.2.9. Prove that for all 1 < p < oo there exists a constant A, > 0 such that for every
complex-valued ¢%(R?) function f with compact support we have the bound

19271l + |01

5.2.10. (a) Let A = Z?:l 8)(2/, be the usual Laplacian on R”. Prove that for all 1 <

p < oo there exists a constant A, > 0 such that for all ¢ functions f with compact
support we have the bound

1p S Apl|O, f+ iy, f|

Lr:

195,95 £l < Ap[|AFI] -

m times

—— .
(b) Let A™ = Ao---0A. Show that for any 1 < p < oo there exists a C, > 0 such
that for all f of class €>" with compact support and all differential monomials o
of order |¢t| = 2m we have

198 f ]l = CollA™ 1] -
5.2.11. Use the same idea as in Lemma 5.2.5 to show that if f is continuous on

[0,0), differentiable in (0,c0), and satisfies

Na
lim M du=0
N—oo JN u

for all a > 0, then

N flan) =S 1
Iélgéo/e fdtff(O)logE.

5.2.12. Let 2, be an odd integrable function on S"~1 and Q, an even function on
S~ that satisfies (5.2.24). Let f be a function supported in a ball B in R”". Prove
that

(a) If | f|log™ | f] is integrable over a ball B, then Tg, (f) and T!g:*> (f) are integrable
over B.

(b) If | f|(log™ | f])? is integrable over a ball B, then Tq, (f) and T_((;;*)( f) are inte-
grable over B.

[Hint: Use Exercise 1.3.7.]
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5.2.13. ([324]) Let 2 be integrable on S"~! with mean value zero. Use Jensen’s
inequality to show that for some C > 0 and every radial function f € L?>(R") we
have

1Ze (N2 < 7.2

This inequality subsumes that Ty, is well defined on radial L?(R”") functions.

5.3 The Calderén-Zygmund Decomposition and Singular
Integrals

The behavior of singular integral operators on L' (R") is a more subtle issue than
that on L? for 1 < p < oo. It turns out that singular integrals are not bounded from
L' to L'. See Example 5.1.3 and also Exercise 5.2.4. In this section we see that
singular integrals map L' into the larger space L. This result strengthens their L?
boundedness.

5.3.1 The Calderon-Zygmund Decomposition

To make some advances in the theory of singular integrals, we need to introduce
the Calderén—Zygmund decomposition. This is a powerful stopping-time construc-
tion that has many other interesting applications. We have already encountered an
example of a stopping-time argument in Section 2.1.

Recall that a dyadic cube in R" is the set

[2my, 2% (my + 1)) x -+ x [26m,, 2% (m, + 1)),
where k,my,...,m, € Z. Two dyadic cubes are either disjoint or related by inclusion.

Theorem 5.3.1. Let f € L'(R") and « > 0. Then there exist functions g and b on
R" such that

(1) f=g+b.
(2) gl < 1 fllpr and gl < 2"

(3) b=Y;bj, where each bj is supported in a dyadic cube Q. Furthermore, the
cubes Qi and Q; are disjoint when j # k.

(4) /lej(x)dx: 0.

(5 Ibjll <2 e|Qyl-

6) L;10il<a '|flp.
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Remark 5.3.2. This decomposition is called the Calderon—Zygmund decomposition
of f at height ¢. The function g is called the good function of the decomposition,
since it is both integrable and bounded; hence the letter g. The function b is called
the bad function, since it contains the singular part of f (hence the letter ), but it
is carefully chosen to have mean value zero. It follows from (1) and (2) that the bad
function b is integrable and satisfies

1ol < WAl + sl < 2017 r-

By (2) the good function is integrable and bounded; hence it lies in all the L? spaces
for 1 < p < oo. More specifically, we have the following estimate:

1 -1 1 1 1 1
leller < lellfllsll=" < lI715 @' » =27 a7 |1£]- (5.3.1)
Proof. Decompose R” into a mesh of disjoint dyadic cubes of the same size such
that

1

for every cube Q in the mesh. Call these cubes of zero generation. Subdivide each
cube of zero generation into 2" congruent cubes by bisecting each of its sides. We
now have a new mesh of dyadic cubes, which we call of generation one. Select a
cube Q of generation one if

1
@/Q|f(x)|dx> a. (53.2)

Let S be the set of all selected cubes of generation one. Now subdivide each
nonselected cube of generation one into 2" congruent subcubes by bisecting each
side and call these cubes of generation two. Then select all cubes Q of generation
two if (5.3.2) holds. Let S©) be the set of all selected cubes of generation two. Repeat
this procedure indefinitely.

The set of all selected cubes |J_; S is countable and is exactly the set of the
cubes Q; proclaimed in the proposition. Note that in some instances this set may
be empty, in which case » = 0 and g = f. Let us observe that the selected cubes
are disjoint, for otherwise some Q; would be a proper subset of some Q;, which is
impossible since the selected cube Q; was never subdivided. Now define

1
bi=|f——— d .
J (f |Q/| /Q]f .X) XQ.N

b=Y;bj,andg= f—b.

For a selected cube Q; there exists a unique nonselected cube Q" with twice its
side length that contains Q;. Let us call this cube the parent of Q;. Since the parent
Q' of Q; was not selected, we have |Q'| ™" [, | f|dx < &. Then
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1 1 on .
0 Jy, T < o [ rlax= 1 [ 17lar < 2"

Consequently,

/Q|bj\dx§/Q fdx+10;] <2/ fldx <2 aQj],
J J

|QJ|/ S

which proves (5). To prove (6), simply observe that

1 1 1
o< X [ iflax=— [ iflax< 7],
LI gL [, =g [ 11de< sl
Next we need to obtain the estimates concerning g. We obviously have

f onR"\U; 0,

@/Q.fdx on Q. (5.3.3)

On the cube Q;, g is equal to the constant |Q;|~! fQ fdx, and this is bounded by

2" . It suffices to show that g is bounded outside the union of the Q;’s. Indeed, for
each x € R"\ J; ;Qj and for each k = 0,1,2,... there exists a unique nonselected

dyadic cube Q)((k) of generation k that contains x. Then for each k > 0, we have

10| < g | IFldy < e

|fo |

1
10} Jo

The intersection of the closures of the cubes Q)(Ck) is the singleton {x}. Using Corol-
lary 2.1.16, we deduce that for almost all x € R\ |J ;0 we have

. 1

Since these averages are at most @, we conclude that |f| < « a.e. on R"\ | ;0js
hence |g| < a a.e. on this set. Finally, it follows from (5.3.3) that ||g||;1 < [|fl.1-
This finishes the proof of the theorem.

We now apply the Calder6n—Zygmund decomposition to obtain weak type (1,1)
bounds for a wide class of singular integral operators that includes the operators T
we studied in the previous section.



358 5 Singular Integrals of Convolution Type

5.3.2 General Singular Integrals

The kernels of the general singular integrals we will study are tempered distributions
that coincide with functions away from the origin. The setup as follows. Let K be
a measurable function defined on R"\ {0} that is integrable on compact subsets of
R"\ {0} and satisfies the size condition

sup/ |K(x)|dx=A] < oo. (5.3.4)
R>0JR<|x|<2R

This condition is less restrictive than the standard size estimate

sup |x|"|K(x)] < oo, (5.3.5)

xeR”
but it is strong enough to capture size properties of kernels K(x) = Q(x/|x|)/|x|",

where Q € L'(S"~!). We also note that condition (5.3.4) is equivalent to

sup — |K (x)] |x|dx < o. (5.3.6)
R>0 R J|x|<r

See Exercise 5.3.1.
The size condition (5.3.4) is sufficient to make the restriction of K(x) on |x| >
a tempered distribution (for any & > 0). Indeed, for ¢ € . (R") we have

@11+ ) @)
/\x\zl‘ (Xe(x)|dx < Z /m+1>‘x‘>2m (11 2m)V dx

Z Sup(1+IXI)NI<P( )

and this expression is bounded by a constant times a finite sum of Schwartz semi-
norms of ¢.

We are interested in tempered distributions W on R” that extend the function K
defined on R"\ {0} and have the form

(W, ) = lim K(x)o(x)dx, o 7R, (5.3.7)

J=eJ|x|>§;

for some sequence §; | 0 as j — co. It is not hard to see that there exists a tempered
distribution W satisfying (5.3.7) for all ¢ € .(R") if and only if

lim K(x)dx=L (5.3.8)

J=re J12|x|>86;

exists. See Exercise 5.3.2. If such a distribution W exists it may not be unique, since
it depends on the choice of the sequence §;. Two different sequences tending to zero
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may give two different tempered distributions W of the form (5.3.7), both coinciding
with the function K on R"”\ {0}. See Example 5.4.2 and Remark 5.4.3.
If condition (5.3.8) is satisfied, we can define

(W, ) = lim K(x)o(x)dx (5.3.9)

J—reo. jz|x\25j

and the limit exists as j — oo for all ¢ € .’(R") and is equal to

W, ) = K(x)(¢(x) — ¢(0))dx+ @(0)L+ K(x)o(x)dx.

[x[<1 [x[>1

Moreover, the previous calculations show that W is an element of ./ (R").

Next we assume that the given function K on R"\ {0} satisfies a certain smooth-
ness condition. There are three kinds of smoothness conditions that we encounter:
first, the gradient condition

VK (x)| < Aalx| ™1, x#0; (5.3.10)

next, the weaker Lipschitz condition,

)
Kr—y) = K] < A2, ||y|+5, whenever x| > 2|y[; (5.3.11)
X n
and finally the even weaker smoothness condition
sup / K(x—y) — K(x)| dx = A2, (5.3.12)
y#40 / [x[>2]y|

for some Ay < oo. One should verify that (5.3.12) is a weaker condition than (5.3.11),
which in turn is weaker than (5.3.10). Condition (5.3.12) is often referred to as
Hormander’s condition.

5.3.3 L" Boundedness Implies Weak Type (1,1) Boundedness

This next theorem provides the most classical application of the Calder6n—Zygmund
decomposition.

Theorem 5.3.3. Let K be a function on R"\ {0} that satisfies (5.3.4)! and (5.3.12)
Jor some Aj,Ay < . Let W be an element of ' (R") related to K as in (5.3.7).
Suppose that the operator T given by convolution with W has a bounded extension
that maps L"(R") to itself with norm B for some 1 < r < oo. Then T has an extension
that maps L' (R") to L' (R") with norm

! this condition could be replaced by the assumption that X is integrable over any compact set that
does not contain the origin.
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Il 1 < Ca(A2+B), (5.3.13)
and T also extends to a bounded operator from LP(R") to itself for 1 < p < oo with
norm

|7 <Cymax (p,(p—1)"") (A2 +B), (5.3.14)

LP—LP

where Cy,,C), are constants that depend on the dimension but not on r or p.

Proof. We discuss the case r < o and we refer to Exercise 5.3.7 for the case r = co.
Let & > 0 be given. We fix a step function f given as a finite linear combination of
characteristic functions of disjoint dyadic intervals. The class of such functions is
dense in all the L? spaces. Once (5.3.13) is obtained for such functions, a density ar-
gument gives that 7 admits an extension on L' that also satisfies (5.3.13). Therefore
it suffices to prove (5.3.13) for such a function f.

Apply the Calderén—Zygmund decomposition to f at height ycor, where 7 is a
positive constant to be chosen later. That is, write the function f as the sum

f=g+b=g+) bj,
7

where conditions (1)—(6) of Theorem 5.3.1 are satisfied with the constant & replaced
by ya. Since f is a finite linear combination of characteristic functions of disjoint
dyadic cubes, there are only finitely many cubes Q; that appear in the Calder6n—
Zygmund decomposition to f. Each b; is supported in a dyadic cube Q; with center
y; and the Q;’s are pairwise disjoint. We denote by £(Q) the side length of a cube
Q. Let Q7 be the unique cube with sides parallel to the axes having the same center
as Q; and having side length E(Qj) =2,/n{(Qj). Because of the form of f, each

bj is a bounded function supported in Q;, hence it is in L, thus each T(b;) is a
well-defined L" function. We observe that for all j and all x ¢ Q7 we have

7(bj)(x) = lim K=y (0)dy = [ Kx=3)b()dy.

koo Sk |x—y|> 8

where the last integral converges absolutely. This is a consequence of the Lebesgue
dominated convergence theorem, based on the facts that b; is bounded, that K is
integrable over any compact annulus that does not contain the origin (cf. (5.3.4)),
and that x — Q; is contained in such a compact annulus, since x ¢ Qj..

Next we use the cancellation of b; in the following way:

T(b; d
/(U,'Q;‘)C;| (1)(X)| X

<Y b0l - K-yl dvas
7 /(@) /0,

| IO (K(x—y) = K(x—y;)) dy| dx
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=X [ 00N [ IKGr=9) = K(x )l dxdy
IR4Y, (8
=YX [ ol [ K= (=) =Kl dxdy
7 /0; =y H@))F
<Y [ o[ K= (=) K@) dxdy
FR4Y [x[>2]y—y;l
< A2} [Ibs]].
J
A2 f] <o
where we used (5.3.12) since if x € —y; + (Q})¢ then [x] > %é(Q}‘) = /nl(Qj)

and since y —y; € —y; + Q; we have [y —y;| < ?ﬂ(Qj), thus |x| > 2|y —y;|. See
Figure 5.2.

Fig. 5.2 The cubes —y; 4+ Q;
and —y; + Q7. AR

Thus we proved that
[y gy ZIT @@ dx <2 2] ]
JU;i )5

an inequality we use below. We have

’{xeR” T () (x)] > Ot}‘
< erR": IT(2)(x)| > %}H{xew; IT(b)(x)| > 3}‘

2
LU+ {re U Im(Ee)@l> 3}

2}’
< EHT(g)
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“[fre e |ZT<b,.><x>|>%}\

L,+):|Q ol LT s
HfHLl

2r
:a|

L

*B’Hg

2"
< 2B )7 ||+ vy
- ((2"“3y>’ N wyﬁ) +2n+2A2> HfO!‘!LI ,

2”“A 112

2ny

Choosing y = 2~"t1)B~1  we deduce the weak type (1,1) estimate (5.3.13) for T
with C, = 24+ 2"1(2/n)" + 2712,

It follows from Exercise 1.3.2 that T has an extension that maps L? to L” with
bound at most C,(Ay +B)(p —1)~'/7 when 1 < p < r. The adjoint operator T* of

T, defined by
(T()lg)=<(f1T"(g)).

has a kernel that coincides with the function K*(x) = K(—x) on R"\ {0}. We notice
that since K satisfies (5.3.12), then so does K* and with the same bound. Therefore,
T*, which maps L” to L”, has a kernel that satisfies (5.3.12). By the preceding
argument, 7* maps L? to L” with bound at most C',(A> + B)(p — 1)~/? whenever
1 < p’ < . By duality this yields that 7 maps L” (R") to L”(R") with bound at most
C/(Ay+B)(p—1)'"1/7 whenever < p < co. Using interpolation we obtain that T
maps L? to itself with norm at most C},(A + B) max((p — 1)~1/7, (p — 1)!=1/P) for
p in the interval (r,7'), which is nonempty only if r < 2. Then (5.3.14) holds since
max((p—1)71/7,(p—1)""/P) <max((p—1)"', p). O

5.3.4 Discussion on Maximal Singular Integrals

In this subsection we introduce maximal singular integrals and we derive their
boundedness under certain smoothness conditions on the kernels, assuming bound-
edness of the associated linear operator.

Suppose that K is a kernel on R"\ {0} that satisfies the size condition

K ()] < Aylx| ™" (5.3.15)

for x # 0. Then for any £ > 0 the function K& (x) = K(x)X|x|>¢ lies in L (R")
(with norm bounded by cpﬁ,lAls’”/ Py forall 1 < p < oo. Consequently, by Holder’s
inequality, the integral

(f+KE) @)= [ flx—y)K()dy

ly|>¢e

converges absolutely for all x € R” and all f € L?(R"), when 1 < p < oo,
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Let f € Uj<p<w L? (R"). We define the truncated singular integrals T(€)(f) asso-
ciated with the kernel K by setting

TE(f) = fK);

we also define the maximal truncated singular integral operator associated with K
by setting
T(f) = sup|(f *K'®))| = sup| T (f)].
>0 >0

This operator is well defined, but possibly infinite, for certain points in R”.

We now consider the situation in which the kernel K satisfies an integrability
condition over concentric annuli centered at the origin, a condition that is certainly
a weaker condition than (5.3.15). Precisely, suppose that K is a measurable function
on R"\ {0}, that is integrable on compact subsets of R”\ {0}, for which there is a
constant A; < oo such that

sup/ K(x)|dx < A; < oo. (5.3.16)
R>0JR<|x[<2R

Such kernels may not be integrable to the power p’ > 1 over the region |x| > €.
For this reason, it is not possible to define T as an absolutely convergent integral.
To overcome this difficulty, we consider double truncations. We define the doubly
truncated kernel K (€V) by setting

K(EN) (x) = K(x)legmgN(x) . (5.3.17)

A repeated application of (5.3.16) yields that

/\K(E’N)(x)\dx §A1<{log2 %} + 1) ,

which implies that K(&) is integrable over concentric annuli centered at the origin.

Next, we define the doubly truncated singular integrals T(EN) by setting
T(&N) (f) = FxKEN)

and we observe that these operators are well defined when f in L?, for 1 < p < oo,
Indeed, Theorem 1.2.10 yields that

[T < I [ 1K 0l < o
for functions f in L7, 1 < p < oo, Consequently, for almost every x € R"” we have
TN (f) ()] < o0

For functions in ;< ,<., L¥ (R") we define the doubly truncated maximal singular
integral operator T**) associated with K by setting
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T (f) = sup [TEN(F)]. (5.3.18)

0<e<N<oo

For such functions and for almost all x € R”, T**)(f)(x) is well defined, but poten-
tially infinite.

One observation is that under condition (5.3.16), one can also define T(*)(g)
for general integrable functions g with compact support. In this case, say that the
ball B(0,R) contains the support of g. Let x € B(0,M) and N = M + R. Then
IT) (g)(x)] < |g| * |[K©EN)|(x), which is finite a.e. as the convolution of two L'
functions; consequently, the integral defining T<€)(g)(x) converges absolutely for
all x € B(0,R). Since R > 0 is arbitrary, 7€) (g)(x) is defined and finite for almost
all x € R™.

Obviously T™) and T are related. If K satisfies condition (5.3.15), then

f(x—y)K(y)dy‘ < sup
N>0

| fa=nKG)a),
e<ly|<N

e<py|

which implies that
TO(f) <TE(f)

forall f € Uj<pecoL?. Also, TEN(£) =TE () = TN (f); hence

Tt (f) <21M(f).

Therefore, for kernels satisfying (5.3.15), TG+ and T™ are comparable and the
boudnedness properties of 7**) and T*) are equivalent

Theorem 5.3.4. (Cotlar’s inequality) Let 0 < A,A,A3 < o and suppose that K is
defined on R"\ {0} and satisfies the size condition,

IK(x)| < Aqlx|™", x#0, (5.3.19)
the smoothness condition
K (x—y) — K(x)] < Agly|® [x| "2, (5.3.20)

whenever |x| > 2|y| > 0, and the cancellation condition

/ K(x)dx
r<|x|<R

Let W in ' (R") be related to K via (5.3.7) and let T be the operator given by
convolution with W. Then there is a constant C, 5 such that the following inequality
is valid:

sup
0<r<R<eo

<As. (5.3.21)

TY(f) <M(T(f)) +Cys (A1 + Az +A3) M(F), (53.22)
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Jor all f € Z(R"), where M is the Hardy-Littlewood maximal operator. Conse-
quently, T is bounded on LP (R") when 1 < p < co.
Proof. Let @ be a radially decreasing smooth function with integral 1 supported
in the ball B(0,1/2). For a function g and € > 0 we use the notation g¢(x) =
£ "g(e~'x). For a distribution W we define W, analogously, i.e. as the unique dis-
tribution with the property (We,y) = & (W, y,-1). We begin by observing that
K1 (x) = €"K(ex) satisfies (5.3.19), (5.3.20), and (5.3.21) uniformly in € > 0.

Set, as before, K(¢)(x) = K(x)X|x>¢- Fix f € 7 (R") for some 1 < p < . Obvi-
ously we have

K = fa((Ke) V), = fxWr@e+ fx (Ke)V =W, 150),. (5323)
Next we prove the following estimate for all € > 0:
|(Ke- 1)V =W, 1% 9) ()] < C(A| +A2 +A3)(1+ [x]) ™8 (5.3.24)

for all x € R". Indeed, for |x| > 1 we express the left-hand side in (5.3.24) as

[ (Ke 10— Ke 1= ) o).

Since ¢ is supported in |y| < 1/2, we have |x| > 2|y|, and condition (5.3.20) yields
that the expression on the left-hand side of (5.3.24) is bounded by

Ay
8 o 00Ny <

Ay
(14 |x])nte”

which proves (5.3.24) in the case |x| > 1. When |x| < 1, the left-hand side of (5.3.24)
equals

(W1 % @) (x) = lim K. 1(x—y)o(y)dy (5.3.25)
8;=0/x—y[>8;

for some sequence J; | 0; see the discussion in Section 5.3.2. The expression in
(5.3.25) is equal to
L+bh+1,

where
L= / (K1 (x=y)o(y)dy,
Jx=yl>3

b=[  Kea=(e0) - 9w)dy,
‘X*Y‘Sg
L = lim K. 1(x—y)dy.
st fim [ Koy
In7; we have 1/8 < |x—y| <14 1/2=3/2; hence I, is bounded by a multiple of
Aj. Since |@(x) — @(y)| < c|x —y|, the same is valid for . Finally, I3 is bounded

by a multiple of A3. Combining these facts yields the proof of (5.3.24) in the case
|x| < 1 as well.
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Use Corollary 2.1.12 to deduce that

sup 1+ (K, 1) =Ko 140),| < c(di-+Ar+An)M().
e>

Finally, take the supremum over € > 0 in (5.3.23) and use (5.3.24) and Corollary
2.1.12 one more time to deduce the estimate

TE(f) <M(f+W)+C (A +As+A3)M(f),

where C depends on n and §; this concludes the proof of (5.3.22) for all functions
f€.Z(R"). Thus T™) is bounded on L?, 1 < p < oo, when restricted to Schwartz
functions.

Now given a general function g in L”(R") we find a sequence /; in ./(R") such
that ||; — g||z» — 0 as j — co. Then we have the pointwise estimate

7@ ()| < I (g —hy) | +|T ()| < cpuAiey " g —hjllr +]T (k)]

for all € > g. Taking the supremum over € > & and then L” norm over the ball
B(0,R), we obtain

o) < pat&o "R g = hjllr +C (A1 + A2 +A3) Al -

|| sup [T)(g)]|
£2¢)

Now we let j — oo first, and then R — o0 and &y — 0 to deduce the boundedness of
T™) on LP(R") via the Lebesgue monotone convergence theorem. ]

5.3.5 Boundedness for Maximal Singular Integrals Implies
Weak Type (1,1) Boundedness

We now state and prove a result analogous to that in Theorem 5.3.3 for maximal
singular integrals.

Theorem 5.3.5. Let K(x) be function on R"\ {0} satisfying (5.3.4) with constant
A| < oo and Hormander’s condition (5.3.12) with constant Ay < c. Suppose that the
operator T as defined in (5.3.18) maps L?(R") to itself with norm B. Then T (%)
maps L' (R") to L' (R") with norm

N, pe < CalA1 +A2+B),

where C,, is some dimensional constant.

Proof. The proof of this theorem is only a little more involved than the proof of
Theorem 5.3.3. We fix an L'(R") function f. We apply the Calderén-Zygmund
decomposition of f at height Yo for some 7y, o« > 0. We then write f = g+ b, where
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b =13 ;b; and each b; is supported in some cube Q;. We define ij as the cube
with the same center as Q; and with sides parallel to the sides of Q; having length
£(Q;) = 5/nt(Q;). This is only a minor change compared with the definition of Q;
in Theorem 5.3.3. The main change in the proof is in the treatment of the term

er (UQj)C: 769 (b) ()] > %}( (5.3.26)
J
We show that for all ¥ < (2"+3A;)~! we have
er (UQ;)C: 709 (b (x)] > %}) < 2m84, HfHL‘ . (5.3.27)
J

Let us conclude the proof of the theorem assuming for the moment the validity of
(5.3.27). As in the proof of Theorem 5.3.3, we can show that

erRn; 17 (g }‘+‘UQ1 (2n+2Bz (5{/’5)")%.

o

Combining this estimate with (5.3.27) and choosing
Y= (2”+5 (A1 + Ay +B))71 ,
we obtain the required estimate

[{xeR": [T (f)(x)] > a}| < C(Ar +A2+B) Hf”

with G, = 273 4 (5/n)"2" 5 427+,
It remains to prove (5.3.27). This estimate will be a consequence of the fact that
forx € (U j Q’;)L we have the key inequality

T4 () (x) < 4E) (x) + 2" 2 ayEy (x) + 2" P ayA; (5.3.28)

where

Z \Kx ¥) = K(x—y))||b;(y)dy,
=;/Qj1<<x—y>—1<<x—y,~>dy,

and y; is the center of Q;.
If we had (5.3.28), then we could easily derive (5.3.27). Indeed, fix a ¥ satisfying
¥ < (2"73A;)~!. Then we have 2" oyA; < &, and using (5.3.28), we obtain
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fre (Uey): = 2}
“Jfoe (e 4aio> 5}
J

(5.3.29)
* €. Ant2 ﬁ ‘
+er (LJJQJ) 1 2" ayEs (x) > 12}
48 n+6
< — Ei(x)dx+2""y E>(x)dx,
o J(U; 03¢ U, 05)¢
since § = § + 15 + {5. We have
/ E;(x)dx
U, 07)¢
<Y [ o[ K-y - K(x-y,)|dxdy
7 /Q; J(Q5)¢
(5.3.30)
<Y [ 1o |K(x—y) = K(x—y;)|dxdy
FRAY] Pr—=yjl>2ly—y;]

gAzz/Q_ bl dy = A2 Y |Ib]] < 422" £
j J J

where we used the fact that if x € (Q})¢, then |x —y;| > %E(Qj) = 3/nl(Q;). But

since [y —y;| < % £(Qj), this implies that [x —y;| > 2|y —y;|. Here we used the fact
that the diameter of a cube is equal to /n times its side length. Likewise, we obtain
that

I/

Ex(x)dx <A, Y |0/ gAzﬁ. (5.3.31)
/(UjQ}f)” Z,: ! ay

Combining (5.3.30) and (5.3.31) with (5.3.29) yields (5.3.27).

P

Fig. 5.3 The cubes Q; =
and Q}f. 9,
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Therefore, the main task of the proof is to prove (5.3.28). Since b =} ;bj, to

estimate 7*) (b), it suffices to estimate each |TN) (b;)| uniformly in € and N. To
achieve this we use the estimate

ITEN (b)) < |T® (b)) + TN (b)), (5.3.32)

noting that the truncated singular integrals T(¢) (bj) are well defined. Indeed, say x
lies in a compact set K. Pick M such that Ky — Q; is contained in a ball B(0,M).
Then

T (b)) )] < b+ (K| (x),

which is finite a.e. as the convolution of two L! functions; thus the integral defining
T(®)(b;)(x) converges absolutely and the expression T () (b;)(x) is well defined for
almost all x.
We work with 7€) and we note that T") can be treated similarly. Fix x ¢ |J Y

and € > 0 and define

Ji(x,e) ={j: Vye€ Q; wehave |x—y| < €},

Jr(x,€) ={j: Vye€ Q; wehave [x—y| > e},

J3(x,€) ={j: Iy € Q; wehave |x—y| =¢€}.
Note that

T (b;)(x) =0

whenever x ¢ |J; Q7 and j € J (x,€). Also note that
K (x—y) =K(x—y)
whenever x ¢ |J; 07, j € J2(x,€) and y € Q;. Therefore,

sup| T (b)) <sup| Y. T(B)))|+sup| Y, T(bjxp12¢) )],

>0 >0 jer(x,E) >0 jE]}(x,S)
but since
sup| Y T(by)()| <Y T (b)) ()| < Ei(x), (5.3.33)
€20 jeh(xe) j

it suffices to estimate the term

sup| Y 7oy ) )]

€0 jess(x.¢)

We now make some geometric observations; see Figure 5.3. Fix € > 0 and a cube
Q; with j € J3(x, €); recall that x lies in (U; Q7). Then we have

£> %(K(Qj) —0(Qj)) = %(5\/%— 1)E(Q)) > 2¢/nl(Q)). (5.3.34)
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Since j € J3(x,€), there exists a yg € Q; with

lx—yo| = €.

Using (5.3.34), we obtain that for any y € Q; we have

€
5 <e—nl(Q;) < |x—yo| —ly—yol < [x—yl,

3¢
x—y| < |x—yol +[y— yo\<8+f4(Q])<7-

Therefore, we have proved that

U 05 SB®3)\BxE).
jEJ3()C,8>
Letting
ci(e) — dy,
J |Q]|/ X\ )\>8() y

we note that in view of property (5) of the Calderén—Zygmund decomposition (The-
orem 5.3.1), the estimate

leje) <2 ay

holds. Then
sup K= )b () s e (0 )dy\
>0 JEJ3(x,€) Qj
<sup| T [ KO 0)0,00e0) - (6) ]
e>01 jeyy(xe)’ Qi
tsp| T eie) K(x—y)dy‘
e>01 jess(x.e) Qj
< sup / (K(x—y) = K(x—=y,)) (b;(9) Xjx—yjze (¥) — cj(€)) dy’
e>01 jeys(xe)’ Qi
+ 2" oy sup |K(x—y)|dy
£>0/B(x, 3)\B(x,)
< L, Kx=3) =Kl 1))+ 2 o) dy
+2" oysup K (x—y)|dy

£>0/ 5<x—y|<¥

< E (x) + 2" ayEy (x) + 2" ay(24y) .

The last estimate, together with (5.3.33), with (5.3.32), and with the analogous esti-
mate for supy-o |7 (b;)(x)| (which is similarly obtained), yields (5.3.28). O
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The value of the previous theorem lies in the following: Since we know that for
some sequences €; . 0, N; 1 oo the pointwise limit T(€Ni)(f) exists a.e. for all f ina
dense subclass of L', then Theorem 5.3.5 allows us to deduce that T(€Ni)( f) exists
a.e. for all fin L'(R").

If the singular integrals have kernels of the form Q(x/|x|)|x|™" with € in L™,
such as the Hilbert transform and the Riesz transforms, then the upper truncations
are not needed for K in (5.3.17). In this case

is well defined for f € ;<< L”(R") by Holder’s inequality and is equal to

lim f(x—y)Mdy.

N—eo Je<|y|<N |y["

Corollary 5.3.6. The maximal Hilbert transform H*) and the maximal Riesz trans-
Jorms RE-*) are weak type (1,1). Secondly, limg_,o H'€) (f) and limg_>OR§-8) (g) exist
a.e. forall f € L'(R) and g € L'(R"), as € — 0.

Proof. Since the kernels 1/x on R and x;/[x|" on R" satisfy (5.3.10), the first state-
ment in the corollary is an immediate consequence of Theorem 5.3.5. The second
statement follows from Theorem 2.1.14 and Corollary 5.2.8, since these limits exist
for Schwartz functions. (]

Corollary 5.3.7. Under the hypotheses of Theorem 5.3.5, T™**) maps L? (R") to itself
for 1 < p <2 with norm
Cn (Al + A2 + B)

p—1

)

Meror

where C,, is some dimensional constant.

Exercises

5.3.1. Let A be defined in (5.3.4). Prove that
1 1
—A; <sup— |K(x)]| |x|dx <2A;;
2 R>0 R Jjx<r

thus the expressions in (5.3.6) and (5.3.4) are equivalent.

5.3.2. Suppose that K is a locally integrable function on R”\ {0} that satisfies
(5.3.4). Suppose that §; | 0. Prove that the principal value operation

(W, ) = lim . K(x)p(x)dx

Jeo J§i<|x<1
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defines a distribution in .#/(R") if and only if the following limit exists:

lim K(x)dx.
j=eJ8<lx<1

5.3.3. Suppose that a function K on R"\ {0} satisfies condition (5.3.4) with con-
stant A and condition (5.3.12) with constant A,.

(a) Show that the functions K (x) X|x|>¢ also satisfy condition (5.3.12) uniformly in
€ > (0 with constant A} + A».

(b) Obtain the same conclusion for the upper truncations K (x) Xlx|<n-

(c) Deduce a similar conclusion for the double truncations K€" (x) = K (x) Xe<|x|<N-

5.3.4. Modify the proof of Theorem 5.3.5 to prove that if T**) maps L" to L for
some 1 < r < oo, and K satisfies condition (5.3.12), then 7**) maps L' to L1

5.3.5. Assume that T is a linear operator acting on measurable functions on R”
such that whenever a function f is supported in a cube Q, then T'(f) is supported in
a fixed multiple of Q.

(a) Suppose that 7" maps L” to itself for some 1 < p < co with norm B. Prove that T’
extends to a bounded operator from L' to L' with norm a constant multiple of B.
(b) Suppose that T maps L? to L for some 1 < g < p < e with norm B. Prove that
T extends to a bounded operator from L' to L** with norm a multiple of B, where

5.3.6. (a) Let 1 < g < oo. Show that the good function g in Theorem 5.3.1 lies in the
Lorentz space L% and that ||g||,4.1 < Cn,qal/‘/ Hf||i{q for some constant C,, .
(b) Let 1 < r < 0. Obtain a generalization of Theorem 5.3.3 in which the assumption
that 7 maps L” to L is replaced by that T maps L"! to L with norm B.
(c) Let 1 < r < oo, Obtain a further generalization of Theorem 5.3.3 in which the
assumption that 7 maps L to L” is replaced by that it is of restricted weak type
(r,r), i.e., it satisfies

|E]

[ 17 Gte) (@) > o) < B2

for all subsets E of R” with finite measure.

5.3.7. Let K satisfy (5.3.12) for some A > 0, let W € ./ (R") be an extension of K
on R" as in (5.3.7), and let T be the operator given by convolution with W. Obtain
the case r = oo in Theorem 5.3.3. Precisely, prove that if 7 maps L”(R") to itself
with constant B, then T has an extension on L! + L™ that satisfies

<G, (A2 +B),

HTHLMLL“’
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and for 1 < p < oo it satisfies

I
172 < Gn 57 (A2 +B),

where C,,,C), are constants that depend only on the dimension.
[Hint: Apply the Calderén—Zygmund decomposition f = g+ b at height ay, where
y=(2""1B)~1. Since |g| < 2"y, observe that

{x o IT(N) ) > e[ < [{x: [T (D) ()] > or/2}].
For the interpolation use the result of Exercise 1.3.2.]

5.3.8. (Calderon—Zygmund decomposition on L?) Fix a function f € LY(R") for
some 1 < g < oo and let o0 > 0. Then there exist functions g and b on R” such that

(D) f=g+0>.
@) llgllze < [1fllzs and g~ < 2¥ .

(3) b=1Y%;b;, where each b; is supported in a cube Q;. Furthermore, the cubes Oy
and Q; have disjoint interiors when j 7# k.

@) |bjllfs <2"Ta?]Q;].

5) fQ_, bj(x)dx=0.
©) X,;10; < a || fl|,.

e 1—q|| £114
(D) 1blles <274 || fllze and [|B]| 1 < 2074 f|74-

[Hint: Imitate the basic idea of the proof of Theorem 5.3.1, but select a cube Q if
(ﬁ Jolf()]9dx) /4 - o Define g and b as in the proof of Theorem 5.3.1]

5.3.9. Let f € L'(R"). Then for any a > 0, prove that there exist disjoint cubes Q 5
in R" such that the set Eq = {x € R" : M.(f)(x) > o} is contained in |J;3Q; and
¥ < g Jo, IF(Oldr < .

[Hint: For given & > 0, select all maximal dyadic cubes Q (o) such that the average
of f over them is bigger than ¢. Given x € E, pick a cube R that contains x such
that the average of | f| over R is bigger than o and find a dyadic cube Q such that
27"Q] < |R| < |Q] and that [p,[f|dx >27"a|R|. Conclude that Q is contained
in some Qr(4 ") and thus R is contained in 3Q;(4"¢t). The collection of all
Qj = Q;(4"a) is the required one.]

5.3.10. Let K(x) be a function on R"\ {0} that satisfies |K(x)| < A|x|™". Let n(x)
be a smooth function equal to 1 when |x| > 2 and vanishing when |x| < 1. For f € L?,
1 < p < oo, define truncated singular integral operators
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DN = [ KO-y
lyl>e
0 = [ n0/eK0-y)dy.

Show that the truncated maximal singular integral 7)(f) = supoo |T® ()| is L?
bounded for 1 < p < oo if and only if the smoothly truncated maximal singular in-
tegral T,;*)( ) =supesg |T,7(£)( f)| is L? bounded. Formulate an analogous statement
forp=1.

5.3.11. (M. Mastylo) Let 1 < p < . Suppose that T are linear operators defined
on LP(R") such that for all f € LP(R") we have |T:(f)| < Ae~?| f]|»r for some
0 < a,A < . Also suppose that there is a constant C < o such that the maximal
operator T, (f) = supg-|Te(f)| satisfies ||T.(h)||r < C||h]|Lr for all h € .7 (R™).
Prove that the same inequality is valid for all f € L?(R").

[Hint: For a fixed § > 0 define S5(f) = sup,~ s |T:(f)|, which is a subadditive func-
tional on LP(R"). For a fixed fy € L?(R") define a linear space Xo = {Afo: A € C}
and a linear functional Ty on Xy by setting To(A fo) = ASs(fo). By the Hahn—
Banach theorem there is an extension Ty of Tj that satisfies |To(f)| < Ss(f) for
all f € LP(R"). Since S5 is L” is bounded on Schwartz functions with norm at most
C, then so is Tp. But T is linear and by density it is bounded on L”(R") with norm
at most C; consequently, (S5 (fo)llzr = [|70(fo)llzr = To(fo)ll» < C||follz»- The
required conclusion for T, follows by Fatou’s lemma.]

5.4 Sufficient Conditions for L” Boundedness

We have used the Calder6n—Zygmund decomposition to prove weak type (1,1)
boundedness for singular integral and maximal singular integral operators, assum-
ing that these operators are already L?> bounded. It is therefore natural to ask for
sufficient conditions that imply L? boundedness for such operators. Precisely, what
are sufficient conditions on functions K on R"\ {0} so that the corresponding sin-
gular and maximal singular integral operators associated with K are L? bounded?
We saw in Section 5.2 that if K has the special form K (x) = Q2 (x/|x|)/|x|" for some
Q € L'(S"!) with mean value zero, then condition (5.2.16) is necessary and suf-
ficient for the L? boundedness of T, while the L? boundedness of 7™ requires the
stronger smoothness condition (5.2.24).

For the general K considered in this section (for which the corresponding op-
erator does not necessarily commute with dilations), we only give some sufficient
conditions for L? boundedness of 7' and T ),

Throughout this section K denotes a locally integrable function on R" \ {0} that
satisfies the “size” condition

sup/ |K(x)|dx=A] < oo, (5.4.1)
R>0JR<|x|<2R
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the “smoothness” condition
sup / K(x—y) — K(x)| dx = Ay < oo, (5.4.2)
y#£0 J[x[=2]y]

and the “cancellation” condition

sup
O<R|<Ry<oo

K(x)dx

R1<\x\<R2

—A3 <o, (5.4.3)

for some A1,A,A3 > 0. As mentioned earlier, condition (5.4.2) is often referred to
as Hormander’s condition. In this section we show that these three conditions give
rise to convolution operators that are bounded on L.

5.4.1 Sufficient Conditions for L Boundedness of Singular
Integrals

We first note that under conditions (5.4.1), (5.4.2), and (5.4.3), there exists a tem-
pered distribution W of the form (5.3.7) that coincides with K on R"\ {0}. Indeed,
condition (5.4.3) implies that there exists a sequence 9; |. 0 such that

lim K(x)dx=L
j=e )8y <1

exists. Using (5.3.8), we conclude that there exists such a tempered distribution W.
Note that we must have |L]| < As.

We observe that the difference of two distributions W and W’ that coincide with
K on R"\ {0} must be supported at the origin.

Theorem 5.4.1. Assume that K satisfies (5.4.1), (5.4.2), and (5.4.3), and let W be a
tempered distribution of the form (5.3.7) that coincides with K on R"\ {0}. Then we
have

sup  sup [(Kxe<|.|<n)" (&) < 15(A1 + A2 +A3) (5.4.4)
0<e<N<=oEcR”
and consequently R
sup [W(&)| <15(A; +A,+A3). (5.4.5)
EER"

Thus the operator given by convolution with W maps L*(R") to itself with norm at
most 15(A1 4 As + A3). Consequently, it also maps L' (R") to L' (R") with bound
at most a dimensional constant multiple of Ay + Ay + Az and LP (R") to itself with
bound at most C,max(p,(p—1)"1)(A1 + A2+ A3), when 1 < p < o0, where C, is a
dimensional constant.
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Proof. Let us set K(&N) (x) = K(x X)Xe<|x|<n- Estimate (5.4.4) implies that for all f
in . (R") we have

£+ KD 2 < 15(A1+ A2 +43) || f]] 2
uniformly in j. Using this, (5.3.9), and Fatou’s lemma, we obtain that
If =W ||,2 < 15(A1 +A2+A43) || f]| 2

for all f € ./(R"), and this is equivalent to (5.4.5).
Case 1: Suppose that € < |E|~! < N. Then we write

—

KEN(E)=1(E)+hL(E),

where

/ 727Z'ix~(§ dx
e<lx|<|g|~ 1

/ 7271'1)6'6 dx.
&1~ 1<\x\<N

We now have
(&)= / K(x)dx+ / K(x) (e "¢ — 1) dx. (5.4.6)
e<|x|<|g|! e<lx|<[§]!

It follows that

@) <As+amg] [ K@ < s+ 2m(2a)
x| <|G|™
uniformly in €. Let us now examine L (). Let z = Zé—lz so that 2746 = —1 and

2|z| = || . By changing variables x = x’ — z, rewrite I as
12(5) — _/ K(x’ —Z) 672m’x’.5 a’x’;
|E|~ < |/ —z|<N
hence averaging gives

1 Comi 1 o
=_ K(x)e mx'édx—f/ K(x—2z)e 278 gy
2/\€I*1<|x\<N ) 2 Jig|- < vz <N F=2)

Now use that

/Fdx /de_/ (F-G)dx+ [ Fdv— [ Fax (5.4.7)
A\B B\A
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to write 15(§) = J1(§) +12(8) +13(§) +Ja(§) + J5(§), where

Ji(8) = +% (K(x) — K(x—2z))e 275 dx, (5.4.8)
|E|-T<|x—2|<N
D) = +% / K(x)e 2™ dx (5.4.9)
&1 <[l <N
—zl<[&] !
(&) = +% K(x) e 27%S g, (5.4.10)
||~ <|x|<N
[x—z|>N
Ji(&) = —% / K (x)e 2™ dx | (5.4.11)
&1 <lx—z| <N
x| <|E| !
J5(&) = f% / K(x)e 2% gy (5.4.12)
|E|~ < |x—z|<N
[x|>N

Since 2|z| = ||, J1(&) is bounded in absolute value by 1A,, in view of (5.4.2).
Next observe that [§|~! < |x| < 3|&|7! in (5.4.9), while J|&|~! < |x| < [&|~in

(5.4.11); hence both J; and J4 are bounded by %Al. Finally, we have %N <|x| <N

in (5.4.10) (since |x| > N — 1|&|~"), and similarly we have N < [x| < 3N in (5.4.12).

Thus both J3 and J5 are bounded above by %Al.

Case 2: If e < N < |&|~!, then we write

/ K(x)e 27 gy — / K(x)dx+ / K(x)(e 2™ 1) dx
e<|x|<N e<|x|<N e<|x|<N

which is bounded in absolute value by
A3+27r|(§|/ K (x)| x| dx < As +47A,.
Jld<[g!

Notice that if £ = 0, only the first term appears which is bounded by Aj.
Case 2: If |E| 7! < & < N, we write

/ K(x)efzmx'édx:/ K(x)efzm"‘gdx—/ K(x)e 28 g,
e<|x|<N |E|-T<|x|<N [E]-T<|x|<e

and both of the terms on the right are similar to I;(£) which was shown to be
bounded by 24| + %Az.
In all cases (5.4.4) holds. [l
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5.4.2 An Example

We now give an example of a distribution that satisfies conditions (5.4.1), (5.4.2),
and (5.4.3).

Example 5.4.2. Let 7 be a nonzero real number and let K(x) = W defined for

x € R"\ {0}. For a sequence & | 0 and ¢ a Schwartz function on R", define

dx

<W,(P> = lim (p(x) |x|n+ir’

koo J & <|x|

(5.4.13)

whenever the limit exists. We claim that for some choices of sequences &, W is a
well defined tempered distribution on R”. Take, for example, &, = e 2™/ For this
sequence O, observe that

1— (e72frk/r)7i1
[;kg‘xlgl |x|n+”_ X Wy—1 it 5
and thus
dx dx
W.0)= | (00 —0@)mmt [ eWiEm. G4

which implies that W € .’ (R"), since
[(W.0)| < ClI[Vol| -+ ()] -]
If ¢ is supported in R" \ {0}, then
W.0)= [ Keow)dx.

Therefore W coincides with the function K away from the origin. Moreover, (5.4.1)
and (5.4.2) are clearly satisfied for K, while (5.4.3) is also satisfied, since

—iT —iT
Rl 7R2
—iT

20,1
|7

1
——dx| = Wy—1
/Rl<\X\<R2 x|

Remark 5.4.3. It is important to emphasize that the limit in (5.4.13) may not exist
for all sequences & — 0. For example, the limit in (5.4.13) does not exist if & =
e~ /T Moreover, for a different choice of a sequence O for which the limit in
(5.4.13) exists (for example, & = e (2k+1)/7) we obtain a different distribution W,
that coincides with the function K (x) = |x|™"~'% on R"\ {0}.

We discuss a point of caution. We can directly check that the distributions W
defined by (5.4.13) are not homogeneous distributions of degree —n — i7. In fact,
the only homogeneous distribution of degree —n — iT that coincides with the func-
tion |x|~"~" away from zero is a multiple of the distribution u_,_;;, where u, is
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defined in (2.4.7). Let us investigate the relationship between u_,_;; and W defined
in (5.4.14). Recall that (2.4.8) gives

X

<M7n7ir,(P> = / (p(x)]jrfizgﬂxrnfirdx

x[>1

T g, @m
+,/,X|§1<‘P(x)“"(0>>r<fg)lxl i 2000,

Using (5.4.14), we conclude that u_,_;j; —c; W = ¢, & for suitable nonzero constants
c1 and c;. Since the Dirac mass at the origin is not a homogeneous distribution of
degree —n — i, it follows that neither is W.

Since _

U pir = iz = 31§

the identity u_,_jz —ciW = c289 can be used to obtain a formula for the Fourier
transform of W and thus produce a different proof that convolution with W is a
bounded operator on L?(R").

5.4.3 Necessity of the Cancellation Condition

Although conditions (5.4.1), (5.4.2), and (5.4.3) are sufficient for L? boundedness,
they might not necessary. However, we show that (5.4.3) is a necessary condition,
given (5.4.1).

Proposition 5.4.4. Suppose that K is a function on R"\ {0} that satisfies (5.4.1).
Let W be a tempered distribution on R" related to K as in (5.3.7). If the operator
T given by convolution with W maps L*(R") to itself (equivalently if W is an L™
function), then the function K must satisfy (5.4.3).

Proof. Pick a radial € function ¢ supported in the ball |x| <2 with 0 < ¢ < 1,
and @(x) = 1 when |x| < 1. For R > 0 let ®(x) = ¢(x/R). Fourier inversion for
distributions gives the second equality,

(W +9%)(0) = (W.g") = (W.9F) = | W(ERG(RE)dE,
and the preceding identity implies that
(W 0) O < Wl |9l = 17| 22 @1

uniformly in R > 0. Fix 0 < R} < Ry < oo, If Ry < 2R, we have

‘ / K(x)dx| < K(x)|dx < A,

R1<‘X‘<R2 R1<|X‘<2R1
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which implies the required conclusion. We may therefore assume that 2R; < R».
Since the part of the integral in (5.4.3) over the set R} < |x| < 2R; is controlled by
Ay, it suffices to control the integral of K (x) over the set 2R} < |x| < R,. Since the
function @®2 — @R is supported away from the origin, the action of the distribution
W on it can be written as integration against the function K. We have

RnK(X)(fPR2 (x) — "1 (x)) dx
- / K(x)dx+ / K(0)(1— "1 (x)) dx+ / K(x)@"2 (x) dx.
2R <|x|<R; R <|x|<2R; Ry<|x|<2R;

The sum of the last two integrals is bounded by 3A; (since 0 < ¢ < 1), while the
first integral is equal to

(W 92)(0) — (W x ¢™1)(0)

and is therefore bounded by 2||T||,2_,;2||®]|,1. We conclude that the function K
must satisfy (5.4.3) with constant

A3 <3A1 200 | ITl 2 pe < c(Ai+ 1T 2 2) -

This establishes the assertion. O

5.4.4 Sufficient Conditions for L’ Boundedness of Maximal
Singular Integrals

We now discuss the analogous result to Theorem 5.4.1 for the maximal singular
integral operator 7(**).

Theorem 5.4.5. Suppose that K satisfies (5.4.1), (5.4.2), and (5.4.3) and let T**) be
as in (5.3.18). Then T™**) is bounded on LP(R"), 1 < p < oo, with norm

7 < Comax(p. (5= 1))+ As-+.45),

where C, is a dimensional constant.

Proof. We first define an operator T associated with K that satisfies (5.4.1), (5.4.2),
and (5.4.3). Because of condition (5.4.3), there exists a sequence J; | 0 such that

lim K(x)dx

J—reo 5j<|x\§l

exists. Therefore, for ¢ € .7(R") we can define a tempered distribution

(W, ) = lim K(x)p(x)dx

J== 8 <|x|<j
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and an operator T given by T (f) = f«W for f € #(R"). In view of Theorems 5.4.1
and 5.3.3, T admits an L” bounded extension (1 < p < oo) with

1]

Lo < cnmax(p, (p—1)"1) (A1 + Az +A3) (5.4.15)

and is weak type (1,1). This extension is still denoted by T
Fix 1 < p <eand f € LP(R") NL”(R") with compact support. We have

TEN(f)(x)
- oy KEN )y = TN ) =T())

e<|x—

= [ Ka=yfe)dy= [ Ka-)fO)dy
e<|x—y| N<[x—y|
= /€<|x y‘(Kx y) =K dy+/ Nf()dy
/ (K(x—y)— K(Zz—y))f(y)dy—/ K(z2=y)f(y)dy
N< eyl N<]x—y]
= /s<|x_y‘ (K(x—y) =K(z1 =) () dy+T(f)(z1) = T (f X |<e) (1)
oo KGRl =)0y =T e2) 4 T () 2),

where z; and z, are arbitrary points in R” that satisfy |z; —x| < % and |75 —x| < %
We used that f has compact support in order to be able to write 7(®)(f)(x) and
TW)(£)(x) as convergent integrals for almost every x.

At this point we take absolute values, average over |z; —x| < § and [z —x| < J,
and we apply Holder’s inequality in two terms. We obtain the estimate

1 /2\"
g ; <£> /‘Zlf,\'IS% /‘xfy‘zg |K(.X—y) _K(Zl _y)| |f(y)|dde1

+ +
N T
Sl= —
//~
(RIS

) [ )
[ Ky K- l170) vz
[z2—x|< 5 Jx—y[>N

‘

| —
TN TN

+

Vn

+

Z[o =N
~ ~—

/zz—x\<ﬁ T(f)(z2)]dza

Vn
1

\
) /Iz <l |T(f%x—~|<N)(Z2)|pd22) "

_l’_
~
Tl
PR

2|
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where vy, is the volume of the unit ball in R”. Applying condition (5.4.2) and estimate
(5.4.15), we obtain for f in L?(R") N L™ (R") with compact support that

TN (f) ()]

<o (G) [ e (5) [ e

(ZA ) max(p, (p—1)” )(V{l(z)"/mm f(m)f’dm);
cal Zamain -0 (G (3) [, i)
+240|f]) -

We now use density to remove the compact support condition on f and obtain the
last displayed estimate for all functions f in L? (R") N L*(R"). Taking the supremum
over all 0 < € < N and over all N > 0, we deduce that for all f in L”(R")NL*(R")
we have the estimate

T () (x) < 240 | f]| - +Sp(F) (%), (5.4.16)

where S, is the sublinear operator defined by

Sp()() = 2M(T () () w“(zAﬁm =M )7

and M is the Hardy—Littlewood maximal operator.

Recalling that M maps L' to L' with bound at most 3" and also L” to LP** with
bound at most 2-3"/? for 1 < p < o (Exercise 2.1.4), we conclude that S, maps
L?(R") to LP>(R") with norm at most

s < (A1 +As+A3)max(p, (p—1)71), (5.4.17)

p HLP—>L1’-°°

where ¢, is another dimensional constant.
Now write f = fo + f%, where

Ja = IXfl<a/(164,) and  f = fX|f>a/(164,)-
The function fy is in L NLP and f* is in L' N LP. Moreover, we see that

1740 < (16A2/ )P || £]17,- (5.4.18)
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Apply the Calderén—Zygmund decomposition (Theorem 5.3.1) to the function f* at
height ay to write f* = g* + b%, where g% is the good function and »* is the bad
function of this decomposition. Using (5.3.1), we obtain

I8l < 277 (ar) | £ |0 <2 W) P | f e (5419)
We now use (5.4.16) to get
{xeR": TCI(f)(x) > a}| < by +by+bs, (5.4.20)

where

=|{xeR": 2A2||faHLm JFSp(fa)(x) > a/4}],
2 = [{x €R": 245[8%|,. +S,(8%)(x) > a/4}],
by =|{xeR": T (b%)(x) > a/2}].

Observe that 24, || fo||z= < /8. Selecting ¥ = 27" (A; +A,)~! and using prop-
erty (2) in Theorem 5.3.1, we obtain

240”1 < A2 ay <02t <

and therefore

by <{xeR": Sy(fa)(x) > ot/8},

5.4.21
by <|{xeR": S,(g%)(x) > at/8}]. ( )

Since ¥ < (2"A;) 7!, it follows from (5.3.27) that

+2n+8A2Hfa||Ll < (5\/’;)’1 +211+8A2 HfaHLl
o Y oa

b3 <

and using (5.4.18), we obtain
b3 < Cu(A1 +A2)P || |17,
Using Chebyshev’s inequality in (5.4.21) and (5.4.17), we finally obtain that

by +by < (8/a) (¢a)P (A1+A2+A3)P max(p, (p— 1)~ (|| 7|7, +|¢*|

r)-

Combining the estimates for by, b, and b3 and using (5.4.19), we deduce

1T ()] e < CalAr +A2 4 A3) max(p, Mg 6422

e

Finally, we need to obtain a similar estimate to (5.4.22), in which the weak L” norm
on the left is replaced by the L” norm. This is a consequence of Theorem 1.3.2 via



384 5 Singular Integrals of Convolution Type

p+1
interpolation between the estimates L% L% = and L2 — [P for 2 <p<o
and between the estimates L?? — L?P* and L' — L' for 1 < p < 2. The latter
estimate follows from Theorem 5.3.5. See also Corollary 5.3.7. (]

Exercises

5.4.1. Let T be a convolution operator that is L?> bounded. Suppose that a given
function fy € L' (R") N L?(R") has vanishing integral and that T'(fp) is integrable.
Prove that T'(fy) also has vanishing integral.

5.4.2. Let K satisfy (5.4.1), (5.4.2), and (5.4.3) and let W € .¥’ be an extension of
K on R”". Let f be a compactly supported %! function on R” with mean value zero.
Prove that the function f*W is in L' (R").

5.4.3. Suppose K is a function on R"\ {0} that satisfies (5.4.1), (5.4.2), and (5.4.3).
Let K&V (x) = K (x) fe<|x|<n for 0 < € <N < oo and let 7€) be the operator given
by convolution with K(&¥), Let 1 < p < o and f € LP(R"). Prove that for some

sequence €; | 0, T(&N)(f) converges almost everywhere as j — oo and N — oo,
[Hint: Use Theorems 5.4.5 and 2.1.14. ]

5.4.4. (a) Prove that for all x,y € R” that satisfy 0 £ x # y we have

xX—y x Iyl

x|

=y

(b) Let Q be an integrable function with mean value zero on the sphere S"~!. Sup-
pose that Q satisfies a Lipschitz (Holder) condition of order 0 < ov < 1 on 8",
This means that

12(61) — 2(62)| < Bo|6) — 62"

for all 8;,0, € S"~!. Prove that K (x) = Q(x/|x|)/|x|" satisfies Hormander’s condi-
tion (5.4.3) with constant at most a multiple of By + || Q2| 1.

5.4.5. Let Q be an L' function on 8"~! with mean value zero.
(a) Let @.(7) = sup{|Q2(6;) — 2(6,)|: 61,6, €S, |6, — 6,| <t} and suppose
that the following Dini condition holds:

1 dt
/ W (1) — < oo.
0 t

Prove that the function K (x) = Q(x/|x|)|x| ™" satisfies Hormander’s condition.
(b) (A. Calderdn and A. Zygmund) For A € O(n), let

|A]| = sup{|6 —A(6)|: 6 € s 1y,



5.5 Vector-Valued Inequalities 385

Suppose that Q satisfies the more general Dini-type condition

1 dt
/ (1) — < oo,
0 t

where
o) = sup [ |2(A(8)) - Q(8)[d6.
AcO(n) Sn-t
lAll<t
Prove the same conclusion as in part (a).
[Him‘: Part (b): Use the result in part (a) of Exercise 5.4.4 and switch to polar
coordinates.]

5.5 Vector-Valued Inequalities

Certain nonlinear expressions that appear in Fourier analysis, such as maximal func-
tions and square functions, can be viewed as linear quantities taking values in some
Banach space. This point of view provides the motivation for a systematic study of
Banach-valued operators. Let us illustrate this line of thinking via an example. Let
T be a linear operator acting on L? of some measure space (X, i) and taking values
in the set of measurable functions of another measure space (Y, V). The seemingly
nonlinear inequality

(5.5.1)
LpP

I(zirr)'l, <cil (e

can be transformed to a linear one with only a slight change of view. Let us denote
by L (X, ¢?) the Banach space of all sequences {f i} j of measurable functions on X
that satisfy

K33 ill o .y = (/X (Z|fj2>2du>" < oo (55.2)
J

Define a linear operator acting on such sequences by setting

T{f3) =T} (5.5.3)
Then (5.5.1) is equivalent to the inequality
HT({f/}j)Hm(y,ﬂ) < CPH{fJ‘}mexﬂ)v (5.5.4)

in which 7 is thought of as a linear operator acting on the L” space of ¢>-valued
functions on X. This is the basic idea of vector-valued inequalities. A nonlinear
inequality such as (5.5.1) can be viewed as a linear norm estimate for an operator
acting and taking values in suitable Banach spaces.
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5.5.1 (>-Valued Extensions of Linear Operators

The following result is classical and fundamental in the subject of vector-valued
inequalities.

Theorem 5.5.1. Let 0 < p,q < o0 and let (X, 1) and (Y, V) be two O-finite measure
spaces. The following are valid:

(a) Suppose that T is a bounded linear operator from LP (X) to L1(Y) with norm N.
Then T has an (*>-valued extension, that is, for all complex-valued functions f jin
LP(X) we have

[(Zre)

for some constant Cp, 4 that satisfies Cp 4, = 1 if p < g. Moreover, if T maps real-
valued L? functions to real-valued L1 functions with norm N, then (5.5.5) holds
for real-valued functions f; with Nyeq in place of N.

(b) Suppose that T is a bounded linear operator from LP (X) to LY*(Y) with norm
M. Then T has an *-valued extension, that is,

l(zror)?

for some constant D), 4 that depends only on p and q. Moreover, if T maps real-
valued L? functions to real-valued LT> functions with norm M., then (5.5.5) holds
for real-valued functions f; with M,q in place of M.

) (5.5.5)

La(y) = C”"’NH (;'ffl)é

(5.5.6)

b= = D”"’MH (;ij)i

LP(X)

To prove this theorem, we need the following identities.

Lemma 5.5.2. For any 0 < r < oo, define constants

r+l lr r v
A= (F(,fl )> and B, = (F(ZH)> . (5.5.7)
2

T2

Then for any A1, 2, ..., A, € R we have

1
(/R llx1+---+l,,xn|’e”x|2dx> = A A2+ 22, (5.5.8)
where dx = dx - - - dx,. Also for all wi,wa,...,w, € C we have
1
(/C [wizi +~~~+wnz,,|’e_”zlzdz> :Br(|w1|2+~~~+ |wn|2)%, (5.5.9)

where dz = dz; ---dz, = dx\dy1 - - - dx,dy, if z; = xj + iy;.
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Proof. Dividing both sides of (5.5.8) by (A7 + -+ + k,%)%, we reduce things to the
situation in which A2 +--- + A2 = 1. Let ¢; = (1,0,...,0)" be the standard basis
column unit vector on R” and find an orthogonal n x n matrix A € O(n) (orthogonal
means a real matrix satisfying A’ = A~!) such that A=!e; = (A1,...,4,)". Then the
first coordinate of Ax is

(Ax)l =Ax-e; =x-Ale :x-Ailel =Aixi -+ Ay,

Now change variables y = Ax in the integral in (5.5.8) and use the fact that |Ax| = |x|
to obtain

1

(/ |)~1X1 +-- +Arn.xi1| e — ] dx) = </ |y1| e —xly| dy>
. 1
(2/ te ™ dt)
0
o 1
</ Si —ﬂsds>
0
()
L
T 2

:Ara

which proves (5.5.8). We used the fact that [ ey = 1.
The proof of (5.5.9) is almost identical. We normalize by assuming that

|Wl|2+...+|wn\2:1,

and we let & be the column vector of C" having 1 in the first entry and zero
elsewhere. We find a unitary n x n matrix </ such that o7 ~'e; = (wy,...,w,)".
Unitary means /! = o/*, where &/* is the conjugate transpose matrix of .7,
i.e., the matrix whose entries are the complex conjugates of <7’ and that satis-
fies u-&/v = o/*u-v for all u,v € C". Then (&/z); = wiz1 + -+ + wuz, and also
|7 z| = |z|; therefore, changing variables { = .27z in the integral in (5.5.9), we can
rewrite that integral as

</c 'C'V‘fmzdéy - (/CICnl’e’fclde')1
(27r/0mtremztdt>1

1

= <7r/ sge’”ds)r
0
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where the second equality follows by polar coordinates and the third by the change
of variables s = 2. O
We now continue with the proof of Theorem 5.5.1.

Proof. The proof is based on conclusion (5.5.9) of Lemma 5.5.2.

Part (a): Assume first that ¢ < p and let B, be as in (5.5.7). We may assume
that the sequence {f;}; is indexed by Z*. Use successively identity (5.5.9), the
boundedness of T, Holder’s inequality with exponents p/q and (p/q)’ with respect

to the measure e’”‘dzdz, and identity (5.5.9) again to deduce for n € Z™

(8 o)’

L‘{

7q'/;/(;n |Z1T(f1)+"'+ZnT(fn)|qe*ﬂ:\z|2dZdv
= (Bq)iq/cn/;|T(Zlf1+...+ann)|qdve,n|z‘2dz

q
p
< (By) "IN /C ( /X o1 +~-~+znfn|”du) e " dz

<

<)o [ [l raplr due ™)

(s [ (L 15P) W)’
~ (8,8, qN"H(ZIf/)

)’
Now, letting n — oo in the previous inequality, we obtain the required conclusion

with Cp 4, = B,B, ! when g < p.
We now turn to the case g > p. Using similar reasoning, we obtain

(£ o),

= @) [ [T+ +aT (e " dzav

Lq

7q/ / ITGifi 4+ znf)dve ™ dz

(NB / </ lzif1+ - +z,,f,,|”du>e“' dz

a/p
Lp Cn —7|z \2 )

J P
B (on enid2ay“H

= (NB, H/Imf1+ A+ znful? du’

{/H|Zlf1+ A+ znful?
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= (NB,' {/(/ |21 fi+ - + znfp|Te ™! dz) du}q
ooy ] o (£157) o)
W (L 158)

Note that we made use of Minkowski’s integral inequality (Exercise 1.1.6) in the last
inequality. Letting n — oo proves the required conclusion with C,, , = 1if ¢ > p.

If T happens to map real-valued functions to real-valued functions, then we adapt
the preceding argument by taking f; to be real-valued functions, we replace B, by
A, B, by Ay, N by N4 and we use identity (5.5.8) instead of (5.5.9).

Part (b): Inequality (5.5.6) will be a consequence of (5.5.5) and of the following
result of Exercise 1.1.12 which holds when Y is o-finite:

1 1
11 r ;
el < sip v(e) ( [lerav) < (Y lelo, 5510

0<V(E)<eo

where 0 < r < g and the supremum is taken over all subsets E of Y of finite measure.
Using (5.5.10), we obtain

[(Zirw) .
L v [(Rimer) )
:0<5(UEF)’<°QV(E)$ lr(/ (ZUCET il )' >r
oG, </ (Zlf, )7du>p, (5.5.11)

where Tg is defined by Tg (f) = x£ T (f). Since for any function f in L?(X) we have

o< () e < (2wl

it follows that for any measurable set E of finite measure the estimate

IN

1

sup  V(E)«

0<V(E)<eo

IN

11
V(E)a

Te(f)

_1
r

V(E)7

1
Tell,p ., < (qfr)’M (5.5.12)

1

is valid. Inserting (5.5.12) in (5.5.11), we obtain (5.5.6) with D, , = C,, , (#)7 and
0 < r < gq.Recall that C,, = 1 if r > p and C,,, = B,B, " if r < p.
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If T happens to map real-valued functions to real-valued functions, then we take
fj to be real-valued and we replace M by M,.,, B, by A, and B, by A, in the
preceding argument. (]

5.5.2 Applications and ("-Valued Extensions of Linear Operators

Here is an application of Theorem 5.5.1:

Example 5.5.3. On the real line consider the intervals I; = [}, ) for j € Z. Let T;
be the operator given by multiplication on the Fourier transform by the characteristic
function of I;. Then we have the following two inequalities:

H(;Z'Tf(ff)'z)é ) =€ H(Zlf, ) Ry’ (5.5.13)
H(jEZZITj(fj)Z)% L <CH(Z|f1 )% N’ (5.5.14)

for 1 < p < 0. To prove these, first observe that the operator 7' = %(1 +iH) is given
on the Fourier transform by multiplication by the characteristic function of the half-
axis [0,00) [precisely, the Fourier multiplier of T is equal to 1 on the set (0,c0)
and 1/2 at the origin; this function is almost everywhere equal to the characteristic
function of the half-axis [0, %)]. Moreover, each T; is given by

Tj(f)(x) = 70T (e 27i0) £) (x)

and thus with g;(x) = e 2"* f(x), (5.5.13) and (5.5.14) can be written respectively
as

I8 7608, <65
I8 7692 - =S5

Theorem 5.5.1 gives that both of the previous estimates are valid by in view of the
boundedness of T = %(1 +iH) from L” to LP and from L' — L'>. For a slight
generalization and an extension to higher dimensions, see Exercise 5.6.1.

LPR

LlR

We have now seen that bounded operators from L? to L? (or to L9%) always
admit ¢>-valued extensions. It is natural to ask whether they also admit ¢-valued
extensions for some r # 2. For some values of r we may answer this question. Here
is a straightforward corollary of Theorem 5.5.1.
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Corollary 5.5.4. Let (X, 1) and (Y,V) be G-finite measure spaces. Suppose that T
is a linear bounded operator from LP (X ) to L (Y) with norm A for some 1 < p < o,
Let r be a number between p and 2. Then we have

(57, <Al (S0

(5.5.15)

LX)’

Proof. Using Exercise 5.5.2 we interpolate between the trivial bound L? (X, ¢P) —
LP(Y,£P) and the bound L? (X, ¢?) — LP(Y,¢?), which follows from Theorem 5.5.1.
We obtain the bound L? (X, ¢") — LP(Y,¢") since r lies between p and 2. O

Example 5.5.5. The result of Corollary 5.5.4 may fail if r does not lie in the interval
with endpoints p and 2. Let us take, for example, 1 < p < 2 and consider an r < p.
Take X =Y = R and define a linear operator T by setting

T(f)x) = ()20, ()-

Then T is L” bounded, since ||T (f)||r < |T(f)l» < [|f]lLr- Now take f; = x[;_1 j

for j=1,...,N. A simple calculation gives
N , % \ e—2m'x -1
T : ) =Nr|——M ,
(21 (7)) ——— X0y

while

(Z‘fj ) = Xjo.N] -

It follows that N'/” < CN'/? for all N > 1, and hence (5.5.15) cannot hold if p>r.

We have now seen that ¢"-valued extensions for r # 2 may fail in general. But do
they fail for some specific operators of interest in Fourier analysis? For instance, is

the inequality 1 1
H(J;ZHUJ-)V)’ : (j;zmv)’

true for the Hilbert transform H whenever 1 < p,r < «? The answer to this question
is affirmative. Inequality (5.5.16) is indeed valid and was first proved using complex
function theory. In the next section we plan to study inequalities such as (5.5.16)
for general singular integrals using the Calderén—Zygmund theory of the previous
section applied to the context of Banach-valued functions.

(5.5.16)

r 7

5.5.3 General Banach-Valued Extensions

7z, and let
* be its dual (with norm || ||z+). A function F defined on a measure space (X, )
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and taking values in 4 is called %-measurable if there exists a measurable subset
Xp of X such that u(X \ Xo) = 0, F[Xp] is contained in some separable subspace %
of A, and for every u* € #* the complex-valued map

x = (u*,F(x))

is measurable. A consequence of this definition is that the positive function x —
IF (x)|l2 on X is measurable; to see this, use the relevant result in [382, p. 131].
For 0 < p < e we denote by L”(X) the space L?(X,C). Let L? (X ) ® 4 be the set
of all finite linear combinations of elements of % with coefficients in L” (X), that is,
elements of the form
F= fiug +---+ fiutkm, (5.5.17)

where f; € LP(X), uj € A, and m € Z". We define L (X, ) to be the space of all
PB-measurable functions F on X satisfying

(Ll

with the obvious modification when p = co. Similarly define LP>* (X, %) as the space
of all Z-measurable functions F on X satisfying

) ’
Pdu(x) ) <o, (5.5.18)

< oo, (5.5.19)
LP=(X)

[IF¢)

B

Then L? (X, %) (respectively, L7 (X, 2)) is called the L? (respectively, LP°) space
of functions on X with values in Z. The quantity in (5.5.18) (respectively, in (5.5.19))
is the norm of F in LP (X, A) (respectively, in LV (X, A)).

Proposition 5.5.6. Let 8 be a Banach space and (X, |L) a O-finite measure space.
(a) The set {¥.}_ | xe,uj: uj € %, E; S X are pairwise disjoint and u(E;) < oo} is
dense in LP (X , %) whenever 0 < p < co.

(b) The set {Y.7_o Xe,u;: uj € %, E; S X are pairwise disjoint and X = UT_E;} is
dense in L*(X, ).

(c) The space 6> ® % of functions of the form ):;-":l Qjuj, where u; € %, @ are in
6y’ (R"), is dense in LP (R", %) for 1 < p < oo,

Proof. If F € LP(X, %) for 0 < p < oo, then F is %-measurable; thus there exists
Xo € X satisfying (X \ Xo) = 0 and F[Xy] € Ay, where % is some separable
subspace of Z. Choose a countable dense sequence {uj};":l of Hy.

(a) First assume that p < oo. Since X is o-finite, for any € > 0, there exists a
measurable subset X; of Xy with u(X;) < oo such that

[

epr
Z?du<?.

Setting
_ _1
Bluj,e) ={uec %o |u—ujl|lz <eBuX)) 7},
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we have Zo € U7 B(uj, €). Let Ay = B(uy,€) and A; = B(uj,€) \ (UL B(us,e))
for j > 2. It is easily seen that {A;}7 -y are pairwise disjoint and U 1A =
U;f’:lg(uj,e). Set Ej = F~'[A;]NX,. Then X; = U7, E; and {E; }7., are pair-
wise disjoint. Since p(X;) = Y7 1L(Ej) < oo, it follows that u(E;) < oo and also
that for some m € ZT,

epr
[ IFwlde <5 (5.5.20)

j=m+1%5]

Moreover, one can easily verify that 7' xg;u; is Z-measurable. Notice that

|F(x) —uj|lz < €Bu(X;))~"/? for any x € E; and j € {1,...,m}. This fact com-
bined with (5.5.20) and the mutual disjointness of {E;}!, yields that
m P »
- Y x| dw = [ (PG| du+ / |F @, du
j=1 B X\X Jj=m+1 J
p
/ —ujl|| du
Y Uj= l B

e’ gf eP »
< =egP.
3737173
(b) Now consider the case p = . Obviously we have %y S U7, B(u;, €), where
B(uj,e) ={uec PBy: ||lu—uj||z < e}. Let Ay = B(u1,€) and for j > 2 define sets
Aj=B(uj,€)\ (U] B(u;,€)). Let E; = F~'[Aj] for j > 1 and Eg = X \ (UT_, Ej).
Then p(Eo) = 0. As in the proof of the case p < oo, we have that {E;}7_, are
pairwise disjoint and Xy € U;‘C:OE ;. Pick up = 0. Notice that ):;;0 XE;Uj is AB-
measurable. Since ||F (x) —uj||% < € for any x € Ej and j > 0, we have

—
j=0

=

Y xe,(F

j=0

<e,
L>(X, 5B)

L>(X,B)

which completes the proof in the case p = oo.

(c) For the last assertion, we fix a smooth function with supported in the unit ball
of R” with integral one. Let ¢5(x) = 0"¢@(x/0) for x € R" and § > 0. Given a
function Y7 Xk, u; as in part (a) approximating a given f in L” ® %, we consider
the function }7' (XE; * 9s) uj which lies in 65° ® 2. Since || xE; * 95 — XE; |1Lr — 0
as 0 -+ 0 when | < p < oo, Z;-”:](xgj * @s)u; tends to Y/ xe;ujin LP © 9 as
6 — 0, and the conclusion follows. O

Let (X,u) be a measure space. If F is an element of L!(X) ® 2 given as in
(5.5.17), we define its integral (which is an element of %) by setting

firoaue) = £ ( [ riesanco ) u,
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Observe that for every F € L'(X) ® % we have

H/XF(x)du(x) = ug </ijdu> uj>
B ||u*s\|l;€<1 /x<u*’ ifj”jw“’

</X sup  |(u' ijuj|du

||M*Hae*<1
= HFHu(x,yz’)'
Thus the linear operator

F'—>IF:/XF(x)du(x)

is bounded from L' (X) ® 4 into 2. Since every element of L'(X, %) is a (norm)
limit (Proposition 5.5.6 (c)) of a sequence of elements in L' (X) ® 23, by continuity,
the operator F + Ir has a unique extension on L' (X, %) that we call the Bochner
integral of F and denote by

F(x)du(x).

X
L'(X, %) is called the space of all Bochner integrable functions from X to 4. Since
the Bochner integral is an extension of Ir, for each F € L!(X, %) we have

H/XF(x)dxH@S/XHF(X)H@‘ZX-

Consequently, measurable functions F with [ ||F(x)||dx < e are Bochner inte-
grable over X. It is not difficult to show that the Bochner integral of F' is the only
element of 4 that satisfies

< /F Ydu(x > /<u F(x))du(x) (5.5.21)

for all u* € Z*. The next result concerns duality in this context when X = R".

Proposition 5.5.7. Let B be a Banach space and 1 < p < e,
(a) For any F € LP(R", %) we have

(G(x),F(x))dx| .

HF”LP(R",%) = sup -

I o, ) =1
Consequently, LP(R", B) isometrically embeds in (L” (R", %*))*.
(b) for any G € Lpl(R”,%’*) one has

(G(x), F (x)) dx

1G] e ey = 502

IFllLe rn, 2)<1

and thus L” (R", %8*) isometrically embeds in (L”(R", 2))*.
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Proof. Holder’s inequality yields that the right-hand side of (a) is controlled by its
left-hand side. It remains to establish the reverse inequality.

For F € LP(R", %) and & > 0, by Proposition 5.5.6, there is F (x)=Y7_; X, (x)u;
with m € Z* or m = o (when p = co) such that ||Fe — F||.r(re, ) < €/2, Where
{E;}}_, are pairwise disjoint subsets of R" and u; € 2. Since Fe € L”(R”,%), we
choose a nonnegative function  satisfying ||A]|, ®) < 1 such that

1
g €
el rier ) = (/ @], dx)’</Rnh(x)HFe(x)Hﬂdx+4. (5.5.22)

When 1 < p < oo, we can further choose h € L (R") to be a function with bounded
support, which ensures that it is integrable. For given u; € %, there exists u; € %"
satisfying |[u}|| = 1 and

4

-_ (5.5.23)
4([IAl 11 gy + 1)

lujllez < (uj,uj) +

Set G(x) = XL h(x)xE; (x)u;. Clearly G is #*-measurable and ||G|| / R 7 S 1.
It follows from (5.5.22) and (5.5.23) that '

o6 Fnas = [ ) X 0

; (nu,u |h|\L8Rn +1>> e, () dx

E &
HFsHLp RUZ) T4 4

Using Holder’s inequality we have

[ (G ). Fol) = Fx)) dx

€
<116l o o) IF = Felloor ) < 5
hence we obtain

|| Fe < sup

<
161, o gy <!

[ (G, F(x)ds

o (re, ) < e

Letting € — 0 yields the desired inequality in part (a).

(b) The duality statement |[(G(x),F(x))| < ||G(x)||+||F(x)||# together with
Holder’s inequality imply the > inequality in part (b). We prove the < inequal-
ity via an argument symmetric with that in case (a). For completeness we in-
clude the details. For a given G in L (R",%) and & > 0, by Proposition 5.5.6,
there is Ge(x) = Y| xg;(x)u; with m € Z* or m = oo (when p = 1) such that
Ge — G|, R 7)< e/ 2 where {E;}IL, are pairwise disjoint subsets of R" and
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' € #B*. Since G lies in L (R", %*), we choose a nonnegative function A satisfy-
ing ||| zp(r) < 1 such that

L’ (R, %) — </n

When 1 < p < o, we can further choose & € LP(R") to be a function with bounded
support, which ensures that it is integrable. For each u}f € %, there exists u; € &
satisfying ||u;||z = 1 and

1

Ge| Gg(x)y|f;;*dx)p </Rnh(x)HGg(x)Ht@*dx+§. (5.5.24)

* * £
([l < <u,~,u;>+4(| (5.5.25)

|hHLI (R”) + 1) '
Set F(x) = ¥y h(x) xg; (x)u;. Clearly F is %-measurable and ||F||pre, ) < 1.1t
follows from (5.5.24) and (5.5.25) that

/n<Gg(x),F(x)>dx = e h(x) ixEj(x)Wj,uﬁdx
j=1

- €
> [ Y (Il — g | 2, (0 dx
e Zl< = ey + 1) ) 25

4

2 HG8| LR, %%) " 3¢

Hence, for any € > 0, we have

||G5||LI’I(R".,%?*) s sup {G(x),F(x))dx| +€
' IF||Lpn, 2y <1 1/ R
which implies the reverse inequality in part (b) by letting € — 0. U

Definition 5.5.8. Let X,Y be measure spaces. Let T be a linear operator that maps
LP(X) to L1(Y) (respectively, LP(X) to L9*(Y)) for some 0 < p,g < eo. We define
another operator T acting on L” (X) ® 2 by setting

T(Z‘,lfjuj) =Y. T(f)u;.
= =

If T happens to have a bounded extension from L? (X, %) to L(Y, %) (respectively
from LP(X, %) to LT(Y,28)), then we say that T has a bounded ZB-valued exten-
sion. In this case we also denote by 7' the Z#-valued extension of 7.

Example 5.5.9. Let &8 = ¢" for some 1 < r < o. Then a measurable function
F: X — 2 is just a sequence {f;}; of measurable functions f; : X — C. The
space L”(X,¢") consists of all measurable complex-valued sequences {f;}; on X
that satisfy

< oo,
LP(X)

||{fj}jHu(x,er) - H <¥,|fj|r>i
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The space LP(X) ® ¢" is the set of all finite sums

m

Z(ajlaajZ;ajfﬂ"')gja
j=1

where g; € LP(X) and (aj1,a0,a;3,...) € £", j=1,...,m. This is certainly a sub-
space of L”(X,¢"). Now given (fi, f2,...) € LP(X,0"), let F,, = e1 fi + - + emfms
where e; is the infinite sequence with zeros everywhere except at the jth entry, where
it has 1. Then F,, € LP(X) ® ¢" and approximates f in the norm of L”(X,¢"). This
shows the density of L7 (X) ® ¢" in LP (X, £").

If T is a linear operator bounded from L”(X) to L4(Y), then 7 is defined by

T({f}) ={T(f)};-

According to Definition 5.5.8, T has a bounded ¢ -extension if and only if the in-

equality 1 1
|(Erar) |, <cl(Zr)
J J

LpP
is valid.

A linear operator T acting on measurable functions is called positive if it satisfies
>0 = T(f)>0.Itis straightforward to verify that positive operators satisfy

f<g=T(f)<T(g):
ITOI<T(f), (5.5.26)
sup|T'(f;)| < T (sup|f;l),

J J

for all f, g, f; measurable functions. We have the following result regarding vector-
valued extensions of positive operators:

Proposition 5.5.10. Let 0 < p,q < oo and (X, 1), (Y, V) be two measure spaces. Let
T be a positive linear operator mapping LP (X) to LY(Y) (respectively, to LY(Y))
with norm A. Let % be a Banach space. Then T has a 9B-valued extension T that
maps LP (X, ) to L1(Y,B) (respectively, to LT (Y, 9B)) with the same norm.

Proof. Let us first understand this theorem when % = ¢” for 1 < r < . The two
endpoint cases r = 1 and » = oo can be checked easily using the properties in (5.5.26).
For instance, for r = 1 we have

|z, <[ Tram

L’

w= T2, <A E1s

J
while for r = o we have

[supir ], < [7uplin],, <A lsupisll,
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The required inequality for 1 < r < oo,

Iz, <ol ()

follows from the Riesz—Thorin interpolation theorem (see Exercise 5.5.2).
The result for a general Banach space % can be proved using the following in-
equality:

L’

|7(F)(x)| 2)(x), xeX, (5.5.27)
by simply taking L7 norms. To prove (5.5.27), let us take F = Z;?:l fju;j. Then

<T(IF

7L~ | £ e

= sup ‘<u*, Y T(fj)(x)“j>‘

B |ur|| e <1

= sup ‘T(ij@*,uj))(x)‘

lla* | g <1 j=1

<7( s | Y fu) )@

[ =S =

= T(Hjnzlfjuj gg) (x)

=T(IFll2) ),

where the inequality makes use of the fact that T is a positive operator. U

Exercises

5.5.1. ([207]) Let (X,u) and (Y,v) be o-finite measure spaces and suppose that
0< p1,p1 < oo, 1 < ¢qo,q1 < oo, and that pg > p;. For 0 < 6 < 1 define p, g by

1 1-6 06 1 1-6 6

» P p 4 g a

Let #; and %, be Banach spaces and let T be a linear operator that maps
LPo(X, %) to L1(Y,%,) with norm Ag and L1 (X, %) to LY (Y,%,) with norm
Aj. Show that 7' has an extension that maps L” (X, %) to L1(Y,%,) with norm at
most 9Aé’9A?, by following the steps below:

(a) Let i € {0,1}. If F;, j=1,...,m are in L”i(%;) with disjoint supports, using
maxjc (i | T(F)) )l < 3 Lepmmet || Zpy &7 (Fi) () o, fory €Y show that

m

) F
j=1

LPi(X,%1)

< A;

LYi

j=1,..m
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(b) Assume that F lies in a dense subspace of %, it satisfies ||||F||, ||.» = 1, and
it takes only finitely many values. For a A > 1 pick a large integer N such that
AN <||F(x)|, < AN forall x € X such that [|F (x)|| , # 0 and define F; = Fxq,,
where Q; = {x: 2/ < ||F||5, <2/"'}. Leta= £ — plo' Prove the inequalities

P
. p
IS
i LPO (X, %))

< A90p0 and HZ),jaeFj " - <1.
> LP1(X, %)

(c) Define go(y) = max; &~ 7°||T(F})(y) ], 81(y) = max; A7 T (F})(y) |5,
for y € Y and show that

llgollz0(y) <AgA“® and lgtllza vy < Ai.

(d) Prove that for all y € Y we have

- 1 1
1-6 0
7)o < DITENs 80000 (2+ 8 + o)

and conclude that || T (F F)llr(v,2,) < 947 9A9 by picking A = (1+/2)%°.
[Hint: Part (d): Split the sum according to whether 1/¢ > £ 1( 5 and Ala < %]

5.5.2. Prove the following version of the Riesz—Thorin interpolation theorem. Let
(X,u) and (Y, V) be o-finite measure spaces. Let 1 < po,qo,, P1,q1,70,50,71,5] <
and 0 < 8 < 1 satisfy

1—6+9 1 -6 6 1
po  pp’ 90 @ q
1-6 6 1 1-6 6 1
+— =-, +— = -

ro r r S0 851 S

Suppose that T is a linear operator that maps LP°(X) to L9(Y) and LP!'(X) to
L9'(Y). Define a vector-valued operator 7' by setting 7({f;};) = {T(f;)}, acting
on sequences of complex-valued functions defined on X. Suppose that T maps
LPo(X,00(C)) to L90(Y,£%(C)) with norm My and LP1 (X, ¢ (C)) to L91(Y, ¢*1(C))
with norm M, . Prove that T maps L”(X,¢"(C)) to L(Y,¢*(C)) with norm at most
My oM.

[Hint: Use the idea of the proof of Theorem 1.3.4. Apply Lemma 1.3.5 to the
function

n af(lZ) 1% Q(Z) B

Fo-Y Y , B s [ T 0) 1, 0)av )

)—P(
S a6 ™" bl
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—r(]— L —d(1_ q —r(1— r
where P(z) = 2 (1-2)+ Iz, Q(z) = 46(1 z)+ el R(z) = £ (1—2)+ {z,and
S(z) =(1—-2)+ ‘S‘%,/z, {ai}icz,{bj;}icz are finitely supported sequences of pos-

0 1 :

itive reals, oy, Br; € R, Ay are pairwise disjoint subsets of X with finite measure,
and B; are pairwise disjoint subsets of ¥ with finite measure.]

5.5.3. Prove the following version of the Marcinkiewicz interpolation theorem. Let
(X,u) and (Y,v) be o-finite measure spaces and let 0 < pg < p < p; < oo and
0 < 6 < 1 satisty

P PP
Let A, %, be Banach spaces and T be defined on LP° (X, %) + L' (X, %) such
that for every y € Y and for all F,G € L?0(X, %) + LP' (X, %) we have

2, < ITEYO)| 5, + TGO,

1-6 6 1
_|_

I7(F+G)()

(a) Suppose that T maps L” (X, %, ) to LPo(Y, %8, ) with norm Ay and L' (X, %)
to LP1*(Y, %) with norm A;. Show that T maps L? (X, %) ) to L? (Y, %,) with norm
1

p P AL=6 46
at most 2(%—]7O + ﬁl*l’> PA, VAT
(b) Let pg = 1. If T is linear and maps L! (X, %) to L'**(Y, %,) with norm Ay and
LP\ (X, %) to LP' (Y, %B,) with norm A;, show that T maps L? (X, %)) to LP(Y, %)
with norm at most 72 (p — 1)71/'7A(1)_6A‘1’.
[Hint: Part (a): Copy the proof of Theorem 1.3.2. Part (b): Use Exercise 5.5.1 ]

5.5.4. For all x € R" let K (x) be a bounded linear operator from %) to %, and
let 2 ® 2 the space of all finite linear combinations of elements of the form F =
Y™, Xgui, where E; are disjoint measurable subsets of R” of finite measure, #; in
Bi,andmeZ".

(a) Suppose that K satisfies

L]

K(x)

e@]_}ﬂzdxzcl < oo,

Prove that the operator

T(F)(x) = Rnl?(x—y)(F(y))dy,
initially defined on 2 ® 4, has an extension that maps L?(R", %)) to L (R", %)
with norm at most C; for 1 < p < oo,
(b) (Young’s inequality) Let 1 < p,q,s < co be such that p < e, s > 1, 1/g+ 1=
1/s+1/p. Suppose that K satisfies

<

=) < oo,

) H%] *)352 LS(Rn)
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Prove that the T defined in part (a) has an extension that maps L”(R", %)) to
L1(R", %,) with norm at most C.

(c) (Young'’s inequality for weak type spaces) Suppose that 1 < p,s <o, 1/g+1=
1/s+1/p, and that K satisfies

Prove that the 7 defined in part (a) has an extension that maps L?(R", %)) to
Li(R", %,).
(d) Prove the following (slight) generalization of the assertion in part (a). Suppose

that K satisfies
JRLE0

for all u € 2;. Then T has an extension that maps L' (R", %)) to L' (R", %,) with
norm at most Cj.

IR =5 <

,%| *)%2

ﬂ%Z dx S Cl”“”%l

5.5.5. Use the inequality for the Rademacher functions in Appendix C.2 instead of
Lemma 5.5.2 to prove part (a) of Theorem 5.5.1 in the special case p = g. Notice
that this approach does not yield a sharp constant.

5.5.6. Let 0 < p # 2 < o0 and suppose that 7} are uniformly bounded linear operators
from L?(R) to L”(R). Show that the inequality

H(];Tf(ff)'zﬁHm <G| (L 1P

jez

LP

may fail.
[Hint: Let Tj(g)(x) = g(x— j). When p > 2 take f;(x) = x;
When p < 2 take fj = xpo,1] for j=1,2,...,N.]

_ji-jforj=12,....N.

5.5.7. Suppose that T is a linear operator that takes real-valued functions to real-
valued functions. Use Theorem 5.5.1(a) with p = g to prove that

ol TGl

f real-valued ||f| P f complex-valued Hf| P .
170 f#0

5.6 Vector-Valued Singular Integrals

We now discuss some results about vector-valued singular integrals. By this we
mean singular integral operators acting on functions defined on R” and taking values
in Banach spaces.
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5.6.1 Banach-Valued Singular Integral Operators

Suppose that %, and %, are Banach spaces. We denote by L(%),%,) the space
of all bounded linear operators from %, to %,. We consider a kernel K defined on
R"\ {0} that takes values in L(%;,%,). In other words, for all x € R"\ {0}, K(x)
is a bounded linear operator from %, to %, with norm ||K (x)|| 4 . Thus for any
v € % and any x € R"\ {0} we have

2, < K (x)|2

[

1K () (v)

2 1vl2, -

We assume that there is a constant A < o such that the size condition holds

1K), <A™, (5.6.1)

and also the regularity condition

sp [ [Rlx—y) - R
yeRM\ {0}V [x[>2[y|

Moreover, we assume that there is a sequence & | 0 as k — oo and an element Ko of
L(%,,%,) such that

2, AX <A < o0, (5.6.2)

lim
k—yo0

=0. (5.6.3)
B1— By

/ K(y)dy—
g<lyl<1

Given these assumptions, we define an operator T on Gy ® Z as follows:
For functions f; € ¢;°(R") and u; € %, we define

T(l;ftui) (x) = lim | e ) (;fi(x_Y)“i) dy (5.6.4)
=3 [ ) = FDRO)N )yt )R
= |<1 i=1
/H ]Zf, =R (i) dy. (5.6.5)
y|>
Notice that for each i € {1,...,m} we have

=) HNRO) @)y < I il [ DR,

and this is a finite integral in view of (5.6.1). Thus the function

(filx=y) = fi(0)) K () (i)
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is %,-integrable and the expression
o =) = ) IR ) i),
y|<

is a well-defined element of %,. Also the integral in (5.6.5) is over the compact set
1 < |y|] < |x| +M, where the ball B(0,M) contains the supports of all f;, and thus it
also converges in %, using (5.6.1).

The following vector-valued extension of Theorem 5.3.3 is the main result of this
section.

Theorem 5.6.1. Letr %, and %, be Banach spaces. Suppose that K(x) satisfies
(5.6.1), (5.6.2), and (5.6.3) for some A > 0 and Ky € L(%,,%,). Let T be the
operator associated with K as in (5.6.4). Assume that T is a bounded linear op-
erator from L' (R", %)) to L' (R",%,) with norm B, for some 1 < r < co. Then T
has well-defined extensions on LP(R", %) for all 1 < p < 0. Moreover, there exist
dimensional constants C, and C,, such that

1T )1 2,) < ColA+BONIF 1 o 5 (5.66)
forall F in L' (R", %) and
||T(F)HLP(R",932) < Gumax (p, (p— 1)7])<A+B*)||F||LP(R".%’1) (5.6.7)
whenever 1 < p < oo and F is in LP(R", %,).

Proof. Although T is defined on the entire L' (R”, %) NL'(R", %)), it will be con-
venient to work with its restriction to a smaller dense subspace of L' (R", ;). We
make the observation that the space 2 ® % of all functions of the form Y./ | Xz, u,
where R; are disjoint dyadic cubes and u; € %), is dense in L (R", %;). Indeed, by
Proposition 5.5.6 (b) it suffices to approximate a 6 ® %;-valued function with a
2 ® %1-valued function. But this is immediate since any function in €;°(R") can
be approximated in L' (R") by finite linear combinations of characteristic functions
of disjoint dyadic cubes.

Case 1: r = 0o, We fix F =Y [" | xgu; in 2® % and we notice that for each
x € R" we have ||F (x)|| 2, = X/ X&, (x)||ui| ,, which is also a finite linear combi-
nation of characteristic functions of dyadic cubes. Apply the Calderén-Zygmund
decomposition to ||F| 4, at height yor, where ¥y =27""!1B_! as in the proof of
Theorem 6.3.1. We extract a finite collection of closed dyadic cubes {Q,}; satis-
fying ¥;1Q;] < (yo) '||F| 1 (r",2,) and we define the good function of the decom-
position

(F) for x ¢ U;Q;
“”‘{mAwgﬂww forx 0
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Also define the bad function B(x) = F (x) — G(x). Then B(x) = ¥_; B;(x), where each
Bj is supported in Q; and has mean value zero over Q ;. Moreover,

Gl re,2) < IF 1 (R0 ) (5.6.8)
[Gll=rr, ) < 2"y (5.6.9)

and [|B 1 gn ,) < 2" v0r] Q).
of Theorem 5.3.1. We only verify (5.6.9). On the cube Q;, G is equal to the constant
10;|7! fQ, F(x)dx, and this is bounded by 2"yo. For each x € R"\ |J; Q; and for

each k=0,1,2,... there exists a unique nonselected dyadic cube Q§Ck> of generation
k that contains x. Then for each £ > 0, we have

1 1
HmﬂhéﬂF@”y fgdmlﬁﬁ””“

The intersection of the closures of the cubes Q,(Ck) is the singleton {x}. Using Corol-
lary 2.1.16, we deduce that for almost all x € R"\ |J j Q; we have

m m 1 {
= . i = i [ ) ;= lim F
;XR, (xX)u ;kﬂ (|Q)(ck) /Q,(Yk) xr;(v)dy )u lim |Q |/Q<k (y)dy

14

dy < ya.

B

Since these averages are at most Yo, we conclude that ||F||z, < yor almost every-
where on R" \ U; Q) #, < Yo a.e. on this set. This proves (5.6.9).
By assumption we have

IT(G)l| 1= (rn 8y < Bil|Gllpo(ro ) < 2"y0UB, = /2.

Then the set {x € R": IT(G)(x)|| , > a/2} is null and we have

— —

{xeR": [TF(F)W)lls, > a}| < [{xeR": |T(B)(x)]z, > a/2}]|.

Let 05 = 2y/nQ;. We have

[ eR" < [ T(B) ()] >amH
IUgif+[tx¢Uej: ITB) )|, > /23]

IF Nl v, 2) 2 7
(f) (®", 1)+*/(U T B)@)l|5, dx

Y o o Jw,0)
(2[) ||FHL1 R, %) /
T(B dx,
<= 2 o 7@

since B =Y ;B;. It suffices to estimate the last sum. Denoting by y; is the center of
the cube Q; and using the fact that B; has mean value zero over Q;, we write



5.6 Vector-Valued Singular Integrals 405

rh,
X
ol
; Q,H J(Y)H,gl (@)
<L BN [ IR R, dsdy
J j x—y;1>2]y—y;l

SAZHBJHLI(Qj,@I)
J

<2"MA|F| 11 e 2,5

% dx

T(B;) ()|

dx
P>

|, (Res=9) = Rx—,)) (8,00 dy

R(x =) =K(x=y))|| 5, _, 5, dxdly

where we used the fact that [x —y;| > 2|y —y;| forallx ¢ Q7 and y € Q; and (5.6.2).
Consequently,

2v/n)" IFllp v z,) 2

[{xeR": T(f)X)]z, > a}| < " p +52"+]AHF||L1<R",@1)
_ ((Zﬁ)n2n+13*+2n+1A) ”F”Ll(R"v@l)
o
1Nt rer, 2,

<G A+B)— 1,

where C, = (24/n)"2"*! 4271 Thus T has an extension that maps L' (R", %) to
L' (R", %,) with constant C, (A + B,). By interpolation (Exercise 5.5.3 (b)) it has
an extension that satisfies (5.6.7).

Case 2: 1 <r<oo. Wefix F =Y, xpu; in £® % and we notice that for each
x € R" we have ||F(x) |z, = X" Xr;,(x)||uil| 2, . Thus the function x — ||F (x)|| z, is
a finite linear combination of characteristic functions of disjoint dyadic cubes. We
prove the weak type estimate (5.6.6) by applying the Calderén—Zygmund decompo-
sition to the function x — [|F (x)|| 5, defined on R”". Then we decompose F = G + B,
where G and B satisfy properties analogous to the case r = co. The new ingredient in
this case is that the set {x € R": |T(G)(x)|| %, > &/ 2} is not null but its measure
can be estimated as follows:

7 2B,
R OIHE

|{x cR": HT(G)(x)

r
2
) 1600 < 5 WPl

where the first inequality is a consequence of the boundedness of T on L” and the
second is obtained by combining (5.6.8) and (5.6.9). Combining this estimate for
the good function with the one for the bad function obtained in the preceding case,
it follows that 7 has an extension that satisfies (5.6.6), i.e., it maps T:L! (R", %)
to L1 (R", %,) with constant C,, (A + B,.), where C,, = 2+ (2/n)"2"+! +-21+1,
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Next we interpolate between the estimates 7 : L'(R", %) — L'"*(R",%,)
and T : L"(R", %)) — L'(R",%,). Using Exercise 5.5.3 (b) and the fact that
(p—1)"17 < (p—1)"" when I < p < 2, we obtain

1T (F) | g ) < Ca(p— 1) (A+BIIFlrwe 2 » (5.6.10)
when 1 < p < min(r,2), where C, is independent of r, p, %, and %,.

We prove (5.6.7) for p > r via duality. Since K (x) is an operator from % to %,,
its adjoint K* (x) is an operator from % to ;. Obviously K*(x) and K (x) have the
same norm, so (5.6.1) holds. For the same reason, condition (5.6.2) also holds for
K*, Finally condition (5.6.3) also holds since for any & | as k — oo we have

‘/ K*(y)dy—K / K(y)dy—
g<[|y<1 g<[|y<1

Let 7" be the Banach-valued operator with kernel K*(—x). Clearly 77 is well
defined on ¢;°®@ %;. For F(y) =YL, fi(y)w] in 65° ® %; and G(z) = ):‘,lj:l gj(2)v;
in 6;° ® % we prove the followmg duality relation

— 0.
331*%%2

BB,

/n (T'(F)(x),G(x))dx = / (F(2),T(G)(z))dz. (5.6.11)

Indeed, for each index i € {1,...,m} and j € {1,...,1} we have

k—ro0

:hm/lm/n (R (=) (filx—y)w7)85(x)v; ) dxdy

/Rn < lim AP& I?*(—y)(fi(x—y)W?)dy7gj(x)Vj>dx

k—yo0
:klgrolo/bbsk/n fila)wi), gz +y), >dzdy
~ lim | ﬁ(z)w;7K<—y><gj<z+y>vj>>dzdy
k=reo J|y|>g; JR?

—/ fi@)wi, lim l?(y)(gj(z—y)vj')dy>dz,
koo J]y| £

proving (5.6.11), provided we can justify the interchange the x (or z)-integral with the
y-integral paired with the limit. These justifications can be given using the definition
in (5.6.4). For the part of the y-integral where |y| > 1 the interchange is easily justi-
fied in view of the absolute convergence of the double integral and (5.5.21). For the
part of the y-integral where |y| < 1 we introduce the operators K" and K and we use
the facts that |g;(z —y) —g;(z)| < [|Vgjllz=[y[ and | fi(x —y) — fi(x)| < [V fillL=]y]
together with the assumption ||K(y)||z, 2, < Aly| ™" and (5.5.21) to obtain the ab-
solute convergence of the double integral, and thus justify the interchange.
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We claim that 7/ is bounded from L” (R”, #B;) to L” "(R", 7). Indeed, to verify
this assertion, we fix F in 6;° ® %; and use Proposition 5.5.7 (b). Using (5.6.11),
for each G € 6;° ® %1, we write

[ (e w.cw)ax| =| [ (F( >>dx\
/ P

<|Fl,

||f3* X)H%dx

—

T(G)

(R",%5) L"(R",%,)

< ||FHU (R",25) B, ”GHL’ R*, B) >
so taking the supremum over all G € 65° ® %) with [|G|| -, ,) < 1 we deduce
that
(F)

Collecting these facts, we have that 7" is associated with a kernel K*(—x) which
satisfies (5.6.1), (5.6.2), and (5.6.3) (with I?o* in place of I_fo), and moreover it has a
bounded extension that maps L” (R", %) to L "(R”, 27 ). The Calderén-Zygmund
decomposition in the vector-valued setting (discussed in the first paragraph of the
proof) yields that 77 has an extension that satisfies

7!

17

<B.||Fl,0

L’ (R, B}) (R".%5) "

1T/ (F)]| 1w e o) S CuA+B)IF || e z5) -

Using interpolation (Exercise 5.5.3 (b)) and the fact that (p’ — 1)1/ 4 < p, we obtain
that for 1 < p’ < 7, T’ has an extension on L” (R", %;) that satisfies

1T F) | 1 oy < Co P A+ BOIF o 55) - (5.6.12)
Let F =Y ", @;u; be in the dense subspace 6;° ® % of LP(R", %8,). We observe

that || 7'(F)|| Lr(R,%,) < *. Indeed, all ¢; are supported in |x| <R, then for [x| > 2R
we have

(5.6.13)

I?(x—y)(iq)iui) d)’H% SA(@)_ni”‘Pi
i= L) =

which is integrable to the power p > 1 in the region |x| > 2R. Also using the defi-
nition in (5.6.4) we see that the expression on the left in (5.6.13) is bounded, hence
integrable to the power p in the region |x| < 2R. For a fixed r < p < oo, we are now
able to apply Proposition 5.5.7 (a) to write

H <R

(] r—— sup L (GW) T(F)(x))dx
HGHLP’(Rn,w;)S
— s / (T(G)(x), F(x)) dx
161, e e <1 R

L' (Rn )
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< sup HT’(G)!

161, gy <1

<Cop(A+B)|F|lrwr )

LY (R",%}) ”F”LP(R",{;BI)

where we used (5.6.12). This combined with (5.6.10) implies the required conclu-
sion whenever r < e and p € (1,min(r,2)) U (r,e). The remaining p’s follow by
interpolation (Exercise 5.5.3 (a)). O

5.6.2 Applications

We proceed with some applications. An important consequence of Theorem 5.6.1 is
the following:

Corollary 5.6.2. Let A,B > 0 and let W; be a sequence of tempered distributions

on R" whose Fourier transforms are uniformly bounded functions (i.e.,
Suppose that for each j, W; coincides with a function K; on R"\ {0} that satisfies

Ki(x)| <A™,  x#0, (5.6.14)

lim Kj(x)dx=Lj, (5.6.15)

&—0J|x|>¢

for some complex constant Lj, and

sup / sup [Kj(x—y) — K;(x)|dx <A. (5.6.16)
yeRMN {0}/ [x[=2]y| j

Then there are constants Cy,,C), > 0 such that for all 1 < p,r < s we have
1
[(Ewis) .o = Cimasts v em|(Lisr)
[(Zws)

)
Lr

, <Getwnan|(Sinr)

where ¢(p,r) = max(p,(p—1)"")ymax(r,(r—1)=").

Proof. Let T; be the operator given by convolution with the distribution W;. Clearly
T is L* bounded with norm at most B. It follows from Theorem 5.3.3 that the 7;’s
are of weak type (1,1) and also bounded on L" with bounds at most a dimensional
constant multiple of max(r, (r — 1) ') (A + B), uniformly in j. We set %) = %, = ("
and define

T({f})) = {W;= [}
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for {f;}; € L'(R","). It is immediate to verify that 7 maps L"(R",/") to itself
with norm at most a dimensional constant multiple of max(r, (r—1)~')(A+B). The
kernel of T is K in L(¢",¢") defined by

K(x)({1;})) = {K;i(x)1;} 5, {tj}j el
Obviously, we have

K (x—y)—K(x)

r—er

< sup|K;(x—y) — K;(x)],
J

and therefore condition (5.6.3) holds for Kasa consequence of (5.6.16). Moreover,
(5.6.1) and (5.6.2) with Ko = {L;}; are also valid for this K, in view of assumptions
(5.6.14) and (5.6.15). The desired conclusion follows from Theorem 5.6.1. [l

If all the W;’s are equal, we obtain the following corollary, which contains in
particular the inequality (5.5.16) mentioned earlier.

Corollary 5.6.3. Let W be an element of ' (R") whose Fourier transform is a func-
tion bounded in absolute value by some B > 0. Suppose that W coincides with some
locally integrable function K on R"\ {0} that satisfies

K(x)| <Alx[™,  x#0,
lim K(x)dx=L
&0 Jg <|x|<1

and
sup / K(x—y) — K(x)|dx < A. (5.6.17)
yeRM\ {0} 7 [x[>2]y]

Let T be the operator given by convolution with W. Then there exist constants
Cy1,Cl, > 0 such that for all 1 < p,r < o we have that

[(Zirer)],..
(2w, <cewna«n|(Lisr)

< max(r, (r—1)""! (A—l—B)H(Z|fj|’>%

L’

9
Le

where c(p,r) =max(p, (p—1)"")max(r,(r—1)~"). In particular, these inequalities
are valid for the Hilbert transform and the Riesz transforms.

Interestingly enough, we can use the very statement of Theorem 5.6.1 to obtain
its corresponding vector-valued version.

Proposition 5.6.4. Let let 1 < p,r < oo and let 51 and P, be two Banach spaces.
Suppose that T given by (5.6.4) is a bounded linear operator from L' (R", %)) to
L"(R", %)) with norm B = B(r). Also assume that for all x € R"\ {0}, K(x) is a
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bounded linear operator from B\ to P, that satisfies conditions (5.6.1) , (5.6.2),
(5.6.3) for some A > 0 and Ky € L(%1,%,). Then there exist positive constants
Cy,C,, such that for all %, -valued functions F; we have
1
)L

(i)
[(Zirer.)

. gc;(AJrB)H(;| oy
1

< Cy(A+B)e H(

)

LP(R") LP(RY)

where ¢(p) = max(p, (p—1)71).

Proof. Let us denote by ¢"(%) the Banach space of all #;-valued sequences {u;};

that satisfy
1

" < oo,

[{u;};

(B~
Now consider the operator S defined on L’ (R, (%)) by
SUF} ) ={T ()}

It is obvious that S maps L"(R",£"(#)) to L"(R",{"(%,)) with norm at most B.
Moreover, S has kernel K(x) € L(¢"(%)),¢"(%,)) given by

K(0)({us})) = (K@) ()},
where K is the kernel of 7' It is not hard to verify that for x € R\ {0} we have

K (x)

@) = IKO| 5,2,

hence for x # y € R” we also have

[K(x—y) —K(x)

= |[K(x—y)—K(x)]|,

[r(ﬂ] )*}f' ﬂ2

Moreover, if we define Ky € L(0"(%,),0" (%)) b

Ko({us};) = {Ko(v)(w))} ;-

for {u;}; € £"(%), then we have

lim K(y)dy = Ko,
koo J g <ly|<1
in L(E’(%’l ),E*(%z)).
We conclude that K satisfies conditions (5.6.1), (5.6.2), (5.6.3). Hence the oper-

ator S associate with K satisfies the conclusion of Theorem 5 .6.1, that is, the desired
inequalities for 7. O
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5.6.3 Vector-Valued Estimates for Maximal Functions

Next, we discuss applications of vector-valued inequalities to some nonlinear opera-
tors. We fix an integrable function ® on R” and for # > 0 define &; (x) =t P (1 'x).
We suppose that @ satisfies the following regularity condition:

[>2[y] >0

sup / sup | Py (x—y) — Dy (x)|dx =Ap < oo. (5.6.13)
yeR"\{0} - |x

We consider the maximal operator

Mo (f)(x) = sup|(f * @) (x)]

t>0

defined for f in L' + L. We are interested in obtaining L? estimates for Mg. We
observe that the trivial estimate

Mo (£)]] o < 1] |1 £l (5.6.19)

holds when p = ec. It is natural to set
# =C and <@2=Lm(R+)

and view M as the linear operator f — { f * Pg } 5+ that maps A, -valued functions
to %,-valued functions.

To do this precisely, for each x € R" we define a bounded linear operator Ko (x)
from % to %, by setting for ¢ € C

Ko (x)(c) = {c @5(x)}sere -
Clearly we have

lyl?é(x) HCﬁLw<R+) = sup | D5 (x)|.
6>0

Now (5.6.18) implies condition (5.6.2) for the kernel K. Also condition (5.6.1)
holds (for some A < depending on n) since

sup | P (x)| < Alx[™"
6>0
and also condition (5.6.3) holds since for every 6 > 0 we have

lim Ds(y)dy = Ds(y)dy.
€=0/e<ly|<1 <1

We also define a %,-valued linear operator acting on complex-valued functions
on R" by
Mo (f) = f Ko ={f*Ps}ser+-
Obvisouly Mg maps L*(R", %)) to L*(R", ;) with norm at most ||®||..
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Applying Theorem 5.6.1 with r = e we obtain for 1 < p < oo,

[Ma(f)|

ez < Comax(p, (p=1)7") (Ae + 19 ) | f]| gy, (5:6:20)
which can be immediately improved to

|Ma(f)

ez < Comax (L, (r =17 (Ap + [Pl | £]] ey (562D
via interpolation with estimate (5.6.19) for all 1 < r < oo.
Next we use estimate (5.6.21) to obtain vector-valued estimates for the sublinear

operator M.

Corollary 5.6.5. Let P be an integrable function on R" that satisfies (5.6.18). Then
there exist dimensional constants C, and C), such that for all 1 < p,r <  the fol-
lowing vector-valued inequalities are valid:

H( Ma(r)1) |, <Coet ol (SIAF) ], G622
J
where ¢(r) = 1+ (r—1)"!, and
|(Zimotr) V[, < Getrn (ot 111) (s V[, o2

where c(p,r) = (1+ (r—1)")) (p+(p—17").

Proof. We set ) = C and %, = L”(R™"). We use estimate (5.6.21) as a start-
ing point in Proposition 5.6.4, which immediately yields the required conclusions
(5.6.22) and (5.6.23). (]

Similar estimates hold for the Hardy—Littlewood maximal operator.

Theorem 5.6.6. For 1 < p,r < oo the Hardy—Littlewood maximal function M satis-
fies the vector-valued inequalities

|(zmr) |, <cii+o—1 H(sz)’
H(ZIM(fj)I’)% (zir) |,

where c(p,r) = (1+(r—1)"") (p+(p—17").

Proof. Let us fix a positive radial symmetrically decreasing Schwartz function ¢ on
R” that satisfies @(x) > 1 when |x| < 1. Then the Hardy-Littlewood maximal func-
tion M(f) is pointwise controlled by a constant multiple of the function Mg (|f]).

(5.6.24)

1 )

<Cyc(p,r

, (5.6.25)

Ly
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In view of Corollary 5.6.5, it suffices to check that for such a @, (5.6.18) holds. First
observe that in view of the decreasing character of @, we have

sup | f|* Py < Mo (|f]) < 2" sup|f]+ Dy,
J J

and for this reason we choose to work with the easier dyadic maximal operator
d
Mg (f) = S‘%P|f*‘p2j|-
J

We observe the validity of the simple inequalties
27" M(f) SM(f) < Ma(f]) < 2"MG(If]).- (5.6.26)
If we can show that

sup / sup | Py (x —y) — @y (x)|dx = C, < o0, (5.6.27)
yeRM\ {0}/ [x|>2]y| jeZ

then (5.6.22) and (5.6.23) are satisfied with Mﬁfp replacing M. We therefore turn
our attention to (5.6.27). We have

[ supl@y(e—y) - @y @)dx
=2]yl jez

<Y [ @) - By()dx
jez/1x1=2)yl

— 0y
/ yIVe ()l
[x|>2]y|

= . 20+ dx+2/§y| ./|x\zz|y(\|¢2j(x_y>| + [Py (x)|) dx
= 2./§’y| /\x|22|y| 2(%1)1 (1+ |2slzxdf 03N +22_/§|’y/|xzy| |, (x)] dx
<L S T T T 2 T, el

- 27>yl /\XIZTJ'M |2y/|(1f]|\)’f)N et 22/%}4 Gz

<Cy Z \2))7\ +Cy
27>y

§3CNa

where Cy > 0 depends on N > n, 6 € [0, 1], and |x — 0y| > |x|/2 when |x| > 2|y|.
Now apply (5.6.22) and (5.6.23) to Mg and use (5.6.26) to obtain the desired
vector-valued inequalities. U
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Remark 5.6.7. Observe that (5.6.24) and (5.6.25) also hold for r = 0. These end-
point estimates can be proved directly by observing that

su_pM(fj) < M(sup\fj|).
Jj J

The same is true for estimates (5.6.22) and (5.6.23). Finally, estimates (5.6.25) and
(5.6.23) also hold for p = oo,

Exercises

5.6.1. (a) For all j € Z, let I; be an interval in R and let 7; be the operator given
on the Fourier transform by multiplication by the characteristic function of ;. Prove
that there exists a constant C > 0 such that for all 1 < p,r < o and for all square
integrable functions f; on R we have

H(;mm)h)i - ngaX(n%)maX( )H( 5 ,)r
[(Em6) -y <mos (25T

(b) Let R; be arbitrary rectangles on R" with sides parallel to the axes and let S; be
the operators given on the Fourier transform by multiplication by the characteristic
functions of R;. Prove that there exists a dimensional constant C,, < oo such that for
all indices 1 < p,r < oo and for all square integrable functions f; in L”(R") we have

(R0 oy = Comes (= 27) s (o555 | (S5

[Hint: Part (a): Use Theorem 5.5.1 and the identity 7; = 4 (M*HM~* —M*HM "),
if 1 is X(q,), where M (f)(x) = f (x)e?™* and H is the Hilbert transform. Part (b):
Apply the result in part (a) in each Variable.]

L’(R)’

L}(R)

Lr(RY)

5.6.2. Let (T,du) be a o-finite measure space. For every r € T, let R(¢) be a rect-
angle in R” with sides parallel to the axes such that the map ¢ — R(¢) is measurable.
Then there is a constant C, > 0 such that for all 1 < p < oo and for all families of
square integrable functions {f; }scr on R” such that ¢ — f;(x) is measurable for all
x € R" we have

(fuspaur)|

|(f Gy Pano) | = comas 1y
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[Hint: When n = 1 reduce matters to an L (L*(T,dp),L*(T,dt)) inequality for the
Hilbert transform, via the hint in the preceding exercise. Verify the inequality p =2
and then use Theorem 5.6.1 for the other p’s. Obtain the n-dimensional inequality
by iterating the one—dimensional.]

5.6.3. Let @ be a function on R” that satisfies sup, g |x|"|®(x)| <A and
[ 1ea-n-e@lar<n), [ |@Eldr<n®™),
R |>R

for all R > 1, where 1 is a continuous increasing function on [0,2] that satisfies
1n(0) =0 and [ 1 g < oo

(a) Prove that (5.6.27) holds.

(b) Show that if @ lies in L' (R"), then the maximal function f ~ sup ez |f * Pyl
maps L?(R") to itself for 1 < p < co.

[Hint: Part (a): Modify the calculation in the proof of Theorem 5.6.6. Part (b): Use
Theorem 5.6.1 with r = e |

5.6.4. (a) On R, take f; = X[pi-12j) to prove that inequality (5.6.25) fails when p = oo
and 1 <r < e,

(b) Againon R, take N >2 and f; = X[@ 3 for j=1,2,...,N to prove that (5.6.25)

2

failswhen 1 < p <eoand r=1.

5.6.5. Let K be an integrable function on the real line and assume that the operator
f+ f*K is bounded on L?(R) for some 1 < p < oo. Prove that the vector-valued

inequality
1
|(Z g1
J

may fail in general when g < 1.
[Hint: Take K = x|_ j and f; = Xzt gy for 1< j < N.]

17 = C”’qH (Z'mlq)é
j

Lr

5.6.6. Let {Q;}; be a countable collection of cubes in R” with disjoint interiors.
Let c; be the center of the cube Q; and d; its diameter. For € > 0, define the
Marcinkiewicz function associated with the family {Q;}; as follows:

n+¢€
d;

Me(x) = .
elx) > |x—cj|”+‘€+d;”rE

Prove that for some constants C, ¢ , and G, ¢ one has

<=
S

n+e¢g’

HMSHLP SCn-,&,p(z‘,|Qj|) ) p>
J

n+ée

Mell, e <Cue(Tl0sl)
J

and consequently [pn Me(x)dx < C, Y |Q}l-
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[Him‘: Verify that

dnte .
J nte
[ —cjlrre +dnte < CM(20;)(x)

and use Theorem 5.6.6.]

HISTORICAL NOTES

The L? boundedness of the conjugate function on the circle was announced in 1924 by Riesz
[292], but its first proof appeared three years later in [294]. In view of the identification of the
Hilbert transform with the conjugate function, the L” boundedness of the Hilbert transform is also
attributed to M. Riesz. Riesz’s proof was first given for p = 2k, k € Z™, via an argument similar to
that in the proof of Theorem 4.1.7. For p # 2k this proof relied on interpolation and was completed
with the simultaneous publication of Riesz’s article on interpolation of bilinear forms [293]. The
weak type (1,1) property of the Hilbert transform is due to Kolmogorov [197]. Additional proofs
of the boundedness of the Hilbert transform have been obtained by Stein [350], Loomis [230], and
Calderén [41]. The proof of Theorem 5.1.7, based on identity (5.1.23), is a refinement of a proof
given by Cotlar [75].

The norm of the conjugate function on L”(T'), and consequently that of the Hilbert transform
on L?(R), was shown by Gohberg and Krupnik [129] to be cot(x/2p) when p is a power of 2. Du-
ality gives that this norm is tan(7/2p) for 1 < p <2 whenever p’ is a power of 2. Pichorides [282]
extended this result to all 1 < p < e by refining Calderdén’s proof of Riesz’s theorem. This result
was also independently obtained by B. Cole (unpublished). The direct and simplified proof for the
Hilbert transform given in Exercise 5.1.12 is in Grafakos [130]. The norm of the operators % (I+iH)

for real-valued functions was found to be % [min(cos(7/2p),sin(7/2p))] ! by Verbitsky [366] and
later independently by Essén [108]. The norm of the same operators for complex-valued functions
was shown to be equal to [sin(7r/p)]~! by Hollenbeck and Verbitsky [156]. Exact formulas for the
LP norm, 1 < p < oo of the Hilbert transform acting on a characteristic function were obtained by
Laeng [211]. The best constant in the weak type (1, 1) estimate for the Hilbert transform is equal
to (1+ 3% + 5L2 +-)(1 - 3% + 5i2 —-+-)~! as shown by Davis [91] using Brownian motion; an
alternative proof was later obtained by Baernstein [17]. Iwaniec and Martin [175] showed that the
norms of the Riesz transforms on L”(R") coincide with that of the Hilbert transform on L” (R) for
1 <p<oo.

Operators of the kind T as well as the stopping-time decomposition of Theorem 5.3.1 were
introduced by Calderén and Zygmund [46]. In the same article, Calderén and Zygmund used this
decomposition to prove Theorem 5.3.3 for operators of the form T when Q satisfies a certain
weak smoothness condition. The more general condition (5.3.12) first appeared in Hormander’s
article [159]. A more flexible condition sufficient to yield weak type (1,1) bounds is contained
in the article of Duong and M€Intosh [104]. Theorems 5.2.10 and 5.2.11 are also due to Calderén
and Zygmund [48]. The latter article contains the method of rotations. Algebras of operators of the
form T, were studied in [49]. For more information on algebras of singular integrals see the article
of Calderdn [44]. Theorem 5.4.1 is due to Benedek, Calderén, and Panzone [22], while Example
5.4.2 is taken from Muckenhoupt [259]. Theorem 5.4.5 is due to Riviere [296]. A weaker version
of this theorem, applicable for smoother singular integrals such as the maximal Hilbert transform,
was obtained by Cotlar [75] (Theorem 5.3.4). Improvements of the main inequality in Theorem
5.3.4 for homogeneous singular integrals were obtained by Mateu and Verdera [245] and Mateu,
Orobitg, and Verdera [244]. For a general overview of singular integrals and their applications, one
may consult the expository article of Calder6n [43].

Part (a) of Theorem 5.5.1 is due to Marcinkiewicz and Zygmund [242], although the case p = ¢
was proved earlier by Paley [273] with a larger constant. The values of r for which a general linear
operator of weak or strong type (p,q) admits bounded ¢" extensions are described in Rubio de
Francia and Torrea [304]. The L? and weak L? spaces in Theorem 5.5.1 can be replaced by general
Banach lattices, as shown by Krivine [206] using Grothendieck’s inequality. Hilbert-space-valued
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estimates for singular integrals were obtained by Benedek, Calderén, and Panzone [22]. Other
operator-valued singular integral operators were studied by Rubio de Francia, Ruiz, and Torrea
[303]. Banach-valued singular integrals are studied in great detail in the book of Garcia-Cuerva
and Rubio de Francia [122], which provides an excellent presentation of the subject. The ¢"-valued
estimates (5.5.16) for the Hilbert transform were first obtained by Boas and Bochner [28]. The
corresponding vector-valued estimates for the Hardy-Littlewood maximal function in Theorem
5.6.6 are due to Fefferman and Stein [115]. Conditions of the form (5.6.18) have been applied to
several situations and can be traced in Zo [386].

The sharpness of the logarithmic condition (5.2.24) was indicated by Weiss and Zygmund [372],
who constructed an example of an integrable function £ with vanishing integral on S' satisfying

Jor1192(0)[log™ |©2(6)] (log(2 +log(2 + \9(9)|)))76d9 = oo for all § > 0 and of a continuous

function in LP(R?) for all 1 < p < o such that limsup,_, |T!(;) (f)(x)| = oo for almost all x € R?.
The proofs of Theorems 5.2.10 and 5.2.11 can be modified to give that if €2 is in the Hardy space

H' of S"~!, then T and T_((;) map L? to LP for 1 < p < eo. For Tq, this fact was proved by Connett

[72] and independently by Ricci and Weiss [289]; for Tg(;) this was proved by Fan and Pan [110]
and independently by Grafakos and Stefanov [139]. The latter authors [138] also obtained that the
logarithmic condition ess.supjg|_; fgi-1 |€2(0)](log ﬁ [)!*%d@ < oo, o > 0, implies L bounded-

ness for T and T!(;> for some p # 2. See also Fan, Guo, and Pan [109] as well as Ryabogin and
Rubin [308] for extensions. Examples of functions  for which T maps L? to L? for a certain
range of p’s but not for other ranges of p’s is given in Grafakos, Honzik, and Ryabogin [132]. A
different example of this sort was provided later by Honzik [158]; the range of p’s for which bound-
edness holds are different for these examples. Honzik [157] also constructed a delicate example of

an integrable function Q with mean value zero over S! such that Ty is bounded on L?(R) but T;;)
is not.

The relatively weak condition |Q|log™ || € L!(S*"!) also implies weak type (1,1) bound-
edness for operators T. This was obtained by Seeger [317] and later extended by Tao [355] to
situations in which there is no Fourier transform structure. Earlier partial results are in Christ and
Rubio de Francia [63] and in the simultaneous work of Hofmann [155], both inspired by the work
of Christ [60]. Soria and Sjogren [324] showed that for arbitrary Q in L' (S"~1), Tq is weak type
(1,1) when restricted to radial functions. Examples due to Christ (published in [139]) indicate
that even for bounded functions Q on 8"~!, T may not map the endpoint Hardy space H'(R") to
L'(R"). However, Seeger and Tao [318] have showed that Ty, always maps the Hardy space H' (R")
to the Lorentz space L!?(R") when |Q|(log™ |Q[)? is integrable over $"~!. This result is sharp in
the sense that for such Q, T may not map H'(R") to L'9(R") when ¢ < 2 in general. If T, maps
H! (R") to itself, Daly and Phillips [87] (in dimension n = 2) and Daly [86] (in dimensions n > 3)
showed that £ must lie in the Hardy space H' (S”’l). There are also results concerning the singu-
lar maximal operator Mg (f)(x) = sup,~ »,1]7 Sy [f(x=2)[[2(v)|dy, where € is an integrable
function on 8"~ ! of not necessarily vanishing integral. Such operators were studied by Fefferman
[116], Christ [60], and Hudson [162]. An excellent treatment of several kinds of singular integral
operators with rough kernels is contained in the book of Lu, Ding, and Yan [234].
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