Chapter 4
Topics on Fourier Series

In this chapter we go deeper into the theory of Fourier series and we study topics
such as convergence in norm and the conjugate function, divergence of Fourier se-
ries and Bochner—Riesz summability. We also study transference of multipliers on
the torus and of maximal multipliers. This is a powerful technique that allows one
to infer results concerning Fourier series from corresponding results about Fourier
integrals and vice versa.

We also take a quick look at applications of Fourier series such as the isoperti-
metric inequality problem, the distribution of lattice points in a ball, and the heat
equation. The power of Fourier series techniques manifests itself in the study of
these problems which represent only a small part of the wide and vast range of ap-
plications of the subject known today.

4.1 Convergence in Norm, Conjugate Function,
and Bochner-Riesz Means

In this section we address the following fundamental question: Do Fourier series
converge in norm? We begin with some abstract necessary and sufficient conditions
that guarantee such a convergence. In one dimension, we are able to reduce matters
to the study of the so-called conjugate function on the circle, a sister operator of
the Hilbert transform, which is the center of study of the next chapter. In higher
dimensions the situation is more complicated, but we are able to give a positive
answer in the case of square summability.
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242 4 Topics on Fourier Series

4.1.1 Equivalent Formulations of Convergence in Norm

The question we pose is for which indices p, with 1 < p < oo, we have

1D} f = Fllpomy =0 asN = e, @.L.1)

and similarly for the circular Dirichlet kernel Doj’(, We tackle this question by looking
at an equivalent formulation of it.

Theorem 4.1.1. For R > 0 and m € Z", let a(m,R) be complex numbers such that

(i) For every R > 0 there is a qg such that a(m,R) = 0 if |m| > gg.
(ii) There is an My < oo such that |a(m,R)| < My for all m € Z" and all R > 0.
(iii) For eachm € Z"", the limit of a(m,R) exists as R — oo and limg_.. a(m,R) = ay.

Let 1 < p <oo. For f € LP(T") and x € T" define

Sr(f)x) = Y a(m,R)f(m)e™m

meZ"

noting that the sum is well defined because of (i). Also, for h € €~ (T") define

A(h)(x) =Y awh(m)e*™™=.
meZn

Then for all f € LP(T") the sequence Sg(f) converges in LP as R — oo if and only if
there exists a constant K < oo such that

sup ||S&||,,» ;. » <K (4.1.2)
R>0

Furthermore, if (4.1.2) holds, then for the same constant K we have

sup M <K, (4.1.3)
et [l

and then A extends to a bounded operator A Sfrom LP(T") to itself; moreover, for
every f € LP(T") we have that Sg(f) — A(f) in LP as R — oo.

Proof. If Sg(f) converges in L?, then ||Sg(f)||» < Cy for some constant Cy that
depends on f € L”(T"). Moreover, each Sg is a bounded operator from L?(T") to
itself with norm at most #{m € Z" : |m| < qr} My. Thus {Sg}r>0 is a family of L?-
bounded linear operators that satisfy supg- ||Sr(f)||z» < Cy for each f € LP(T").
The uniform boundedness theorem applies and yields that the operator norms of Sg
from L? to L? are bounded uniformly in R. This proves (4.1.2).

Conversely, assume (4.1.2). For h € €=(T"), we have that

1%1_1,3010 Z a<m’R)h(m)827rim~x _ Z amh(m)eZJ'cim~x
meZ meZl
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in view of property (ii) and of the Lebesgue dominated convergence theorem, since
Y mezn |[h(m)| < eo. Fatou’s lemma now gives

40, = | im S|, < timine ()

R—o00 R—o0

o < K[,

hence (4.1.3) holds. Thus A extends to a bounded operatorg on LP(T") by density.
We show that for all f € LP(T") we have Sg(f) — A(f) in L? as R — oo. Fix

f in LP(T") and let € > 0 be given. Pick a trigonometric polynomial P satisfying

Ilf — P||lLr < €. Let d be the degree of P. Then there is an Ry > 0 such that for all

R > Ry we have

|a(m, R) — ay| |P(m)| <
- | <d

since a(m,R) — ay, for every m with |m;| + - - -+ |m,| < d. We deduce that

|Sk(P) —A(P)]

< ||Sk(P) —A(P)||

< Y la(mR) = an|[P(m)]
|my|4-+|my| <d

<€,

Lr

whenever R > Ry. Then

1Se(F) =AW < 1SR —=Sk(P)||,, + |Sr(P)—A(P)]| ,» + [|A(P)=A(f))|
<Ke+e+Ke=(2K+1)e

Lr

for R > Ry. This proves that Sg(f) converges to A(f) in L” as R — co. O

The most interesting situation arises, of course, when a(m,R) — a,, = 1 for all
m € Z". In this case A (and A) is the identity operator, and thus we expect the oper-
ators Sg(f) to converge back to f as R — oo. We should keep in mind the following
three examples:
(a) The sequence a(m,R) =1 when |m;| <R forall j € {1,2,...,n} and zero other-
wise, in which case the operator Sg of Theorem 4.1.1 is

Sr(f) = f*Dg: (4.1.4)

(b) The sequence a(m,R) = 1 when |m| < R and zero otherwise, in which case the
Sk of Theorem 4.1.1 is

] ]

Sk(f) = f* Dk (4.1.5)

(c) The sequence a(m,R) = (1 — ‘%2

)i, for some a > 0, in which case we denote
SR by B%.
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Definition 4.1.2. The Bochner—Riesz operator or Bochner—Riesz means of order
o > 0 is the operator

BENW = X (118" Fmyemins 4.1.6)
meZ
|m|<R

defined on integrable functions f on T".

Corollary 4.1.3. Let 1 < p <ooand ot > 0. Let Sg and §R beasin(4.14) and (4.1.5),
respectively, and let Bf be the Bochner—Riesz means as defined in (4.1.6). Then

v feLlr(T"), I%LI{}OHD;%*f_f’ =0 — ZE%HSRHUaLP < o,

!

Vel (T, lim || Dixf £, =0 s0p |kl p < =

HL!’HLI’ <o

VfeL!(T), lim |[Bi«f—f|,=0 << sup ||BE
R—oo R>0
Example 4.1.4. We investigate the one-dimensional case in some detail. We take
n =1, and we define a(m,N) =1 for all —N < m < N, and zero otherwise. Then
Sn(f) = §N( f) = Dy = f, where Dy is the Dirichlet kernel. Clearly, the expressions
ISy ||lz»—z» are bounded above by the L! norm of Dy, but this estimation yields a
bound that blows up as N — co. We later show, via a more delicate argument, that
the expressions ||Sy||Lr—r» are uniformly bounded in N when 1 < p < oo,
This reasoning, however, allows us to deduce that for some function g € L!(T!),
Sy(g) may not converge in L'. This is also a consequence of the proof of Theorem
4.2.1; see (4.2.13). Note that since the Fejér kernel Fj; has L! norm 1, we have

1Swl1 g = Jfim [[Dw * Fual| 3 = [Dw]] .-

This implies that the expressions ||Sx||;1_,;1 are not uniformly bounded in N, and
therefore Corollary 4.1.3 gives that for some fy € L!(T"), Sy(fy) does not converge
to foin L.

Although the partial sums of Fourier series fail to convergence in L' (T"), it is a
consequence of Plancherel’s theorem that they converge in L?(T"). More precisely,
if £ € L?>(T"), then

1Dy« f=fl[= X |Fm)P =0

|m|>N

as N — oo and the same result is true for D}, * f and for B,%‘ x f; for the latter, we
apply Theorem 4.1.1, noting that

2\ @
(%)
R +

and thus supg- || B |22 < 1.

2
Fm)P< Y 1Fm))? =17

mezZ"

[EAGIFESY

meZ
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Motivated by the preceding discussion for p = 2, it is natural to pose the follow-
ing question. Can 2 be replaced by p # 2 in the preceding results? This question has
an affirmative answer in dimension one for Dy. In higher dimensions an interesting
dichotomy appears. As a consequence of the one-dimensional result, the square par-
tial sums D}, * f converge in L” to a given f in L”(T"), but for the circular partial
sums this may not be the case.

We begin the discussion with the one-dimensional situation.

Definition 4.1.5. For f € €= (T") define the conjugate function f by

fx)=—=i Y sgn(m)f(m)e*™™,

meZ!

where sgn(m) = 1 form > 0, —1 for m < 0, and 0 for m = 0. Also define the Riesz
projections P and P_ by

PN = X Fm)em, “.17)
m=1
,1 N )
P (f)(x) = ; f(m)emim. (4.1.8)

Observe that f = Py (f) + P_(f)+ f(0), while f = —iP, (f) +iP_(f), when f
is in = (T"). Consequently, one has

1 N (N
P(f)= §(f+lf) - Ef(o) (4.1.9)
and therefore the L” boundedness of the operator f — fis equivalent to that of the
operator f — Py (f), since the identity and the operator f — f(0) are obviously
L? bounded. Clearly, these statements are also valid for the other Riesz projection
f > P_(f). The following is a consequence of Theorem 4.1.1.

Proposition 4.1.6. Let 1 < p < o. Then the expressions Sy(f) = Dy * f converge to
fin LP(T") as N — o if and only if there exists a constant Cp > 0 such that for all
smooth functions f on T" we have || f o1ty < Cpl| fllper1)-

Proof. In view of Corollary 4.1.3, the fact that for all f € LP(T"), Sy(f) — fin L?
as N — oo is equivalent to the uniform (in N) L? boundedness of Sy.
We note the validity of the identity

2N

N
o 2MiNx Z (f(')eZNiN(~))’\(m)e2nimx _ Z J?(m)ezmmx.
m=—N

m=0

Since multiplication by exponentials does not affect L” norms, this identity implies
that the norm of the operator Sy(f) = Dy * f from L? to L? is equal to that of the
operator
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2N A
Sn(g)(x) =Y g(m)e*™™
m=0
from L? to L?. Therefore,
0B [$v] 10 < 22 <= SUp Skl <= 4.1.10)

and both of these statements are equivalent to the fact that for all f € LP(T!),
Sn(f)— finLP as N — oo,

We have already observed that the L boundedness of the conjugate function is
equivalent to that of P;. Therefore, it suffices to show that the L” boundedness of
P, is equivalent to the uniform L? boundedness of S),.

Suppose first that supy~ || Sy || Lr— 1 < . Theorem 4.1.1 applied to the sequence
a(m,R) = 1 for 0 <m < R and a(m, R) = 0 otherwise gives that the operator A(f) =
P, (f)+ £(0) is bounded on L”(T"). Hence so is P;..

Conversely, suppose that P, extends to a bounded operator from L (T"!) to itself.
For all & in € (T") we can write

oo

Sy()(x) = Y h(m)e ™ — Y h(m)e?™™
m=0 m=2N+1
— Z ;l\(m)ebrimx —I—II;(O) _ 2mi(2N)x Z E(m+2N)e2”i””‘
m=1 m=1
= Py (1)(x) = NP, (72 ENOR) 4 7(0).
This identity implies that
sup [[Sy (/)| < (2[|P+] +1)|7]] “.111)
N>0 Lr — LP—LP P

for all f smooth, and by density for all f € LP(T!). Note that S, is well defined on
LP(T!). Thus the operators Sy, are uniformly bounded on L”(T").

Thus the uniform L? boundedness of Sy is equivalent to the uniform L” bound-
edness of Sjv, which is equivalent to the L” boundedness of P;, which in turn is
equivalent to the L” boundedness of the conjugate function. O

4.1.2 The L? Boundedness of the Conjugate Function

We know now that convergence of Fourier series in L? is equivalent to the L” bound-
edness of the conjugate function or either of the two Riesz projections. It is natural
to ask whether these operators are L” bounded.
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Theorem 4.1.7. Given 1 < p < oo, there is a constant A, > 0 such that for all f in
€= (T") we have

11> < ApllA - (4.1.12)

Thus the operator f +— ]7 has a bounded extension on LP(T') that also satisfies
(4.1.12).

Consequently, the Fourier series of L? functions on the circle converge back to
the functions in the L” norm for 1 < p < oo,

Proof. In proving the inequality (4.1.12), we make the following reductions:
(a) We assume that f is trigonometric polynomial.

(b) We assume that f(0) =0

(c) We assume that f is real valued.

=

Since f is a real-valued function, we have that f(—m) = f(m) for all m, and since
7(0) =0, we can write

- Z f met il f(_m) —2mimt _ yRe | — i Z f p2mimt 7
m=

which implies that fis also real-valued (see also Exercise 4.1.4(b)). Therefore the
polynomial f +if contains only positive frequencies. Thus for k € Z™ we have

| o+ if0)*dr =0

Expanding the 2k power and taking real parts, we obtain

3 1 (3 [ Forisea=o.

j=0 2j

where we used that f is real-valued. Therefore,

171 < X (55) [, For2irca

< % (5 IFA

J=1

by applying Holder’s inequality with exponents 2k/ (2k 2j) and 2k/(2j) to the jth
term of the sum. Dividing the last inequality by || f||?4 721> We obtain

W<Z(>ﬁ“f (4.1.13)
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where R = HfHsz/HfHLZk. If R > O satisfies (4.1.13), then R < Cy;, where Cy is the
largest real root of the polynomial g(t) = t2* — YX_, (%’;)t”"zj . (Since g(0) < 0 and

lim;_,o. g(#) = oo, g has at least one real root.) We conclude that if f satisfies (a), (b),
and (c), then we have for all k = 1,2,...

112 < okl | £] 2 - (4.1.14)

We now remove assumptions (a), (b), and (c). We first _remove assumption (c).
Given a complex-valued trigonometric polynomial f with f(0) = 0, we write

N N S N S
-y miji _ y Ci+C—j omije| | . y Cj—C—j omijt

t) = cie = Ee— +1 — . €

@ j=—N ! =N 2 =N 2

(with ¢op = 0) and we note that the expressions inside the square brackets are real-
valued trigonometric polynomials. Thus we can express f as P+ iQ, where P and
Q are real-valued trigonometric polynomials, and applying (4.1.14) to P and Q we
obtain the inequality

17,20 = 2G4 /1] (41.15)

for all trigonometric polynomials f with £(0) = 0.

Next, we remove the assumption that £(0) = 0. We write f = (f — £(0)) + £(0),
we observe that the conjugate function of a constant is zero, and we apply (4.1.15)
to obtain

1702 < 26301 = 7O < 260 (1] + 1710 ] <41 ] o

Since trigonometric polynomials are dense in L7, it follows that the operator f — f
has a bounded extension on L* that satisfies (4.1.12) for all f € L?*, and in particular
for all f € €=(T).

Every real number p > 2 lies in an interval of the form [2k,2k + 2], for some
k € Z". Theorem 1.3.4 gives that for all 2 < p < oo there is a constant A, such that

(4.1.16)

171 < Apl 7]

when f is a simple function. Thus the conjugate function has a bounded extension
on L? that satisfies (4.1.16) when p > 2.

To extend this result for p < 2 we use duality. We observe that the adjoint operator
of f+ fis f + —f. Indeed, for f,g in €=(T') we have

(flg) =Y —isgn(m)f(m) — Y F(m)—isgn(m)g(m) = —(f|3).

mez meZ

Lr

By duality, estimate (4.1.16) is also valid for 1 < p <2 with constantA, =A,. U

We extend the preceding result to higher dimensions.
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Theorem 4.1.8. Let 1 < p < oo and f € LP(T"). Then D}, * f converges to f in LP
as N — oo,

Proof. As a consequence of Corollary 4.1.3, Proposition 4.1.6, and Theorem 4.1.7,
it suffices to show that for all f trigonometric polynomials on T" we have

1 1
fv‘i%/o /0 (Dl £) ()| iy g < K| ][ 3 -

Obviously, this inequality is valid in dimension n = 1. We extend it by induction
to all dimensions. We assume that it is valid in dimension n — 1 and we prove it in
dimension .

Letx’ = (x2,...,x,) € T"~!. For a fixed trigonometric polynomial f, and for fixed
N >0and x' € T""!, define a trigonometric polynomial &N, On T! by setting

ovet) = ¥ |
m €L Limy|,...,|my| <N

eZn'im’-x'f’-\(m] ’ml):| p2mimixy

where m’ = (my,...,m,). Then we have

gN,x’(xl) _ Z eZJrim/~x/|: Z eZi‘cimlxl‘]’c\(m17m/):|

[ma |y, |mp | <N my€Z
= Z e27rim’~x’ [/ f(xl7y/)e2nim’~y’dy/:|
Tn—1
g~
— Z eme X fx1 (m/)
|mZ‘7~~~~,‘mn‘§N
= (DX/_I * fry )(x,)’

where fi, is the trigonometric polynomial of n — 1 variables defined by f, (x') =
f(x1,x"). We also have that

(D * gy )(x1) = (D + f) (x1,x") .
Combining this information, we write
1
L [ @k ) anay
T™-1J0
1
= [ [ 10xgw) ) duax
™1 .Jo
. 1
SKP/ / g (x1)|” dxy dx’
™1 J0 y

1
:Kp/o /rn—l |(D1"\f1 *fxl)(x/)‘pdx/dxl
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1
< KPK(n—l)p/ / |fx1 (x/)|pdxldx1
-1 .J0
:KanfHZP(T")’

where the penultimate inequality follows from the induction hypothesis. U

4.1.3 Bochner—Riesz Summability

In dimension 1 the Fejér means of an integrable function are better behaved than the
Dirichlet means. We investigate whether there is a similar phenomenon in higher
dimensions. Recall that the circular (or spherical) partial sums of the Fourier series
of f are given by .

(f*DR)x) = Y flm)er™m,

meZ"
[m|<R

where R > 0. Taking the averages of these expressions, we obtain

& [ b= ¥ (-

meZ"
|m|<R

~

(m)e*™™™ = B (f)(x),

and we call these expressions the circular Cesaro means (or circular Fejér means)
of f.1It turns out that the circular Cesaro means of integrable functions on T2 always
converge in L', but in dimension 3, this may fail. Theorem 4.2.5 gives an example of
an integrable function f on T? whose circular Cesaro means diverge a.e. However,
we show below that this is not the case if the circular Cesaro means of a function f
in L' (T?3) are replaced by the only slightly different-looking means

Y (1) fmyens,

meZ"
Im|<R
for some € > 0. This discussion suggests that the preceding expressions behave bet-
ter as € increases, but for a fixed € they get worse as the dimension increases. The
need to understand the behavior of these operators for different values of ov > 0 led
to introduction of the operators By given in Definition 4.1.2.
The family of operators By forms a natural “spherical” analogue of the Cesaro—
Fejér sums. It turns out that there is no significant difference in the behavior of

2
these means if the expression ( - %)a in (4.1.6) is replaced by the expression
( — I%‘) . see Exercise 4.3.1. The advantage of the quadratic expression in (4.1.6)

is that it has an easily computable kernel and yields the elegant reproducing formula

o o (a+1) aPol 2B
By (f) = NCEOREDL: /( ) <R2) BP(f)dr, (4.1.17)
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which precisely quantifies the way in which B is smoother than Bg when a > 3.
Identity (4.1.17) also says that when a > 3, the operator B (f) is an average of the

operators BE (f), 0 < r < R, with respect to a certain density.

Note that the Bochner—Riesz means of order zero coincide with the circular (or
spherical) Dirichlet means, and, as we have seen, these converge in LZ(T”). We
address an analogous question on L”(T") for p # 2.

Proposition 4.1.9. Let | < p < o and f € LP(T"). Then the Bochner-Riesz means
BX(f) converge to f in LP(T") as R — e when ot > (n—1) |7 — f‘ Moreover, if f

is continuous on T" and a¢ > —, then BE(f) converges to f uniformly as R — oo
Proof. For z € C with Rez > 0, consider the function
2
m(&) = (1-1&)%

defined for £ in R". Note that ||m;]||;~ = 1. Using an identity proved in Appendix
B.5, we have that

(z+1)J24:(27]y])
OV

(m2)" (y) = K*(y) = (4.1.18)

where y € R" and Jy is the Bessel function of order v. The estimates in Appendices
B.6 and B.7 imply that there is a constant C(Re V) such that

1

Iy (r)] < C(Rev)e' OVl (1 4 7)=2

whenever Re v > 0. This yields that if Rez > % then there is a constant C'(¢) such
that the function K* obeys the estimate

K (y)] gc’(g+Rez)e1°|lmzl (14 [y]) " Re"7) (4.1.19)

and hence it lies in L' (R"). Using identity (3.1.10), whenever Re z > %, we define
for an integrable function f on T” and x € T" the operator

By(f)(x) = Y m(5)F(0)F™ = (f+L*R) (x),

where L is a function whose sequence of Fourier coefficients is {mz(£)} tezn.
But the function LR can be precisely identified. By the Poisson summation for-
mula (Theorem 3.2.8), which applies since both K,(x) and m_(x) are bounded by a
constant multiple of (1 + |x|)~"~¢ for some & > 0, we have

LZR Z m % 2mix-k —R" Z KZ x+€) )
keZ" leZn
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for all x € T". We show that the family {L*R}z~ is an approximate identity on T"
when Rez > %; on this see the related Exercise 3.1.3. Obviously, using (4.1.19) we
have that

/ LR (x)| dxe = / IK*(y)| dy = C"(n,Rez)e'?Mm < oo (4.1.20)
™" R”
for some constant C”(n,Rez), and also
| R@ar= [ KG)dy=m(0)=1
n RV!

for all R > 0 when Rez > % Moreover, for § < % using (4.1.19) we have

Cu; 1
n—1

/ LR ()| dx < — 2 o0,
d<sup; Ixjl<t RRez="7~ d<sup; xjl<t (czn |x+€|”+Resz

thus the integral of L>R over [—1/2,1/2]"\ [~8, 8]" tends to zero as R — oo.
Using Theorem 1.2.19, we obtain these conclusions for Rez > ”—51:

(a) For f € L'(T"), B4(f) converge to fin L! as R — oo,
(b) For f continuous on T, B;(f) converge to f uniformly as R — co.

We turn to the corresponding results for 1 < p < co. We have that
— 2
Rez> 25t = sup||Bi |11 rmy = €' (m,Re2)e M d1.21)

Rez=0 = sup||Bg|| 20y, 12(my = I:lli= = 1. (4.1.22)
R>0

The family of operators f — By (f) is of admissible growth for all Rez > 0, since
for all measurable subsets A, B of T" we have

Y a(km(k)xsk) < ), 1<GR",
kezr k<R

|, B

thus condition (1.3.23) holds. Moreover, hypothesis (1.3.24) of Theorem 1.3.7 holds
in view of (4.1.21) and (4.1.22). Applying Theorem 1.3.7 (or rather Exercise 1.3.4 in
which the strip [0, 1] x R is replaced by the more general strip [a,b] X R) we obtain
that when ¢ =Rez > (n— 1)|% — 1|, we have

oo,

2 1B e e <

Finally, using Corollary 4.1.3, we deduce that B (f) — f in L"(T") as R — oo for
all f e LP(T"). O

The preceding result is sharp in the case p = 1 (Theorem 4.2.5). For this rea-
son, the number o = (n— 1) /2 is referred to as the crifical index of Bochner—Riesz
summability.
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Exercises
4.1.1. If f € €=(T"), then show that D}, * f and DO”N * f converge to f uniformly
and in L? for 1 < p < oo,
4.1.2. Prove that

1Pl 202ty = IP-l2eeny 2y = IWllzeeny 20y = 1,
where W(f) = fis the conjugate function on the circle. Moreover, show that the
mappings f +— W(f)+ £(0) and f — W(f) — £(0) are isometries on L*(T").

4.1.3. Let —o < a; < b; < +oo for 1 < j < n. Consider the rectangular projection
operator defined on € (T") by

P(f) (X) = Z f(m)62ﬂi(m1xl+...+mnxn> '

aj<m;j<b;

Prove that when 1 < p < oo, P extends to a bounded operator from L?(T") to itself
with bounds independent of the a;,b;.
[Hint: Express P in terms of the Riesz projection P..]

4.1.4. Let P,(t) be the Poisson kernel on T! as defined in Exercise 3.1.7. For 0 <
r < 1, define the conjugate Poisson kernel Q,(t) on the circle by

foo A
Q,(t)=—i Y, sgn(m) plml g2mimt
m—=—co
(a) For 0 < r < 1, prove the identity

2rsin(2mt)

(1) = 1—2rcos(2mt) +r2"

(b) Prove that f(¢) = lim,_,1(Q, * f)(t) whenever f is smooth. Conclude that if f is
real-valued, then so is f.
(c) Let f € L'(T"). Prove that the function

2 (Pox f) (1) +i(Qr % ) (1)

is analytic in z = re?™" on the open unit disc {z € C: |z] < 1}.

(d) Let f € L'(T"). Conclude that the functions z +— (P * £)(t) and z +— (Q, * f)(t)
are conjugate harmonic functions of z = re*™" in the region |z| < 1. The term con-
jugate Poisson kernel stems from this property.
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4.1.5. Let f be in Aa(Tl) for some 0 < o < 1. Prove that the conjugate function f
is well defined and can be written as

f(x) = lim f(x—1t)cot(mt)dt
e-0Je<t|<1/2

/\tlg/z (f(x—1) = f(x)) cot(mt)dr.

[Him‘: Use part (b) of Exercise 4.1.4 and the fact that O, has integral zero over the
circle to write (f*Q,)(x) = ((f — f(x)) * Q) (x), allowing use of the Lebesgue
dominated convergence theorem.

4.1.6. Suppose that f is a real-valued function on T! with |f| < 1and 0 <A < 7/2.

(a) Prove that
7 1
AF@) g < .
/rl ¢ ' cos(A)

(b) Conclude that for 0 < A < /2 we have

AT 2
MO gy <
/rle dt_cos(l)'

[Hint: Part (a): Consider the analytic function F(z) on the disk |z| < 1 defined by
F(z) = —i(P.% £)(8) + (Qr % £)(8), where z = re*™®_ Then Re e** () is harmonic
and its average over the circle |z| = r is equal to its value at the origin, which is
cos(Af(0)) < 1.Let r1 1 and use that for z = 2% on the circle we have Re ¢*/'(2) >

MW cos(A).]

4.1.7. Prove that for 0 < o < 1 there is a constant Cy, such that
1 i rry < Call All g -
[Hint: Using Exercise 4.1.5, for |h| < 1/10 write flx+h)— f(x) as
/ (F(x—1) = Flx+ ) cot(n(t +h)) dt
le[<5|A|
/ ) — £(x)) cot(mr) dr
t\<5|h|
/ — 1) = £(x)) (cot(m(t +h)) — cot(mr)) d
|h|<\z|<1/2
() = flx+h) / cot(m(t +h))d.
S|h<[f<1/2

You may use the fact that cot(nt) = % + b(t), where b(t) is a bounded function
when |r| < 1/2. The case |h| > 1/10 is easy.



4.2 Divergence Theorems 255

4.1.8. The beta function is defined in Appendix A.2. Derive the identity

oL Sapip g
t_B(oz—,B,B—H)/o(t *PPa

2 .
and show that the function Kg (x) = ¥j,u <z (1 - %) % 2mimx satisfies (4.1.17).

rz—\m|2
R2

2
[Hint: Taket=1— % and change variables s =

in the displayed identity.]

4.2 A. E. Divergence of Fourier Series and Bochner-Riesz means

We saw in Proposition 3.4.6 that the Fourier series of a continuous function may
diverge at a point. As expected, the situation can only get worse as the functions
get worse. In this section we present an example, due to A. N. Kolmogorov, of an
integrable function on T! whose Fourier series diverges almost everywhere. We also
prove an analogous result for the Bochner—Riesz means at the critical index.

4.2.1 Divergence of Fourier Series of Integrable Functions

It is natural to start our investigation with the case n = 1. We begin with the follow-
ing important result:

Theorem 4.2.1. There exists an integrable function on the circle T' whose Fourier
series diverges almost everywhere.

Proof. The proof of this theorem is a bit involved, and we need a sequence of lem-
mas, which we prove first.

Lemma 4.2.2. (Kronecker) Suppose that N € " and
{x1,%2,...,xn,1}

is a linearly independent set over the rationals. Then for any € > 0 and any complex
numbers z1,22,...,zy with |z;| = 1, there exists an integer L € Z such that

|e2”’b‘/ —zjl<e forall 1< j<N.

Proof. Suppose that the assertion claimed is false. Then there is an € > 0 and com-
plex numbers z; = €0 j=1,...,N, with0 < 0; < 1, such that

{m(xy,...,xn) mEZ}ﬂB((61,...,9N),8) =0,
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where B((91 yeees ON), 8) denotes a neighborhood in TV of radius & centered at the
point (6y,...,0y). Pick a smooth, nonzero, and nonnegative function f on TV sup-
ported in B((6y,...,6y),€). Then f(m(xy,...,xy)) =0 for all m € Z, but

= /TN f(y)dy > 0. @.2.1)

Set x = (x1,...,xy). Then we have
0= le_l MZ Z J’c\ 27:1/ -mx
M
m=0 m=0 ZN

g

R . 1 ZmM([x)il
=f0)+ Y f(f)<Meezm(e-x)_1>'

teZN\{0}

Note that e27i(¢%) — | # 0because £ -x = {1x] + -+ Lyxy ¢ Z, since by assumption
the set {xy,x2,...,xn, 1} is linearly independent over the rationals. Observe that

1 e27tiM([~x) -1

_ A 27im({-x)
)M e2mi(lx) _ =) Z T

tends to 0 as M — oo for every fixed ¢ € ZN and is bounded uniformly in M by
| £(£)| which satisfies }yczn | f(€)] < oo. Using the Lebesgue dominated convergence
theorem, we obtain that

0=70)+1m Y (é)( L 1>
= + m 77){
M*)OOZEZN\{O} M eZm(Z )_1

. N ) 1 2miM(lx) _

rezmqoy M
= f(0)+0
which contradicts (4.2.1). Therefore the claimed L exists. [l

Lemma 4.2.3. There exists a positive constant ¢ > 0 such that given any integer
N > 2 there exists a positive measure iy on T' with uy(T"') = 1 such that

Z v (k 2’””“' > clogN (4.2.2)
k=—L

sup |(tn * Dr) (x)| = sup
L>1 L>1

for almost all x € T' (c is a fixed constant).
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Proof. Given irrational real numbers xi,...,xy such that the set {x;,...,xy,1} is
linearly independent over the rationals, we define Q[xj,...,xy] to be the field exten-
sion of Q consisting of all linear combinations of the form go + g1x1 + - - - + gnxn,
where ¢; are rational numbers. Obviously Q[xi,...,xy] is a countable set. Fix
N > 100 and choose points x; as follows:

1 2 3 N-1
0 — £ S 2 1 423
<X1<N<XQ<N<X3<N< < N <y < ( )
and such that x; ¢ Q, x2 ¢ Q[x1], ..., xy € Q[x1,...,xy—1]. Then obviously the set
{x1,...,xn,1} is linearly independent over the rationals. Let

Ey={x€[0,1]: {x—x,...,x—xy,1} is linearly independent over Q}

and observe that every x in [0,1]\ Q[xj,...,xy] belongs to Ey. Indeed, if x ¢ Ey,
then there are rational numbers ¢g; such that

qo+q1(x—x1)+ - +gn(x—xy) = 0.

Then g =g+ +¢gn #0, since {x,...,xy, 1} are linearly independent over Q. It
follows that

x=—q 'qo+q ' qxi+--+q "gnan,

thus x € Qxy,...,xy]. We conclude that Ey has full measure.
Next, we define the probability measure
1 i
=—3 &,
N=

where 6xj are Dirac delta masses at the points x;. For this measure we have

Z ( Ze 2mkxj)627rikx

L

Z lj;](k)eZR'ikx’ —

k=L

(4.2.4)

Im [ezm(ug)(xﬁj)} sgn(sin(m(x—x;)))

[sin(7(x —x;))]

)

where the signum function is defined as sgna = 1 for a > 0, —1 for a < 0, and zero
ifa=0. By Lemma 4.2.2, for all x € Ey there exists an L € Z™ such that

|627tiL(X—Xj) _ie—zm%("_xl')sgn(sin(ﬂ(x Xj )| < l
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which can be equivalently written as

‘ezm(u%)(“‘*xﬂsgn(sin(n(x—xj))) —il < % 4.2.5)

It follows from (4.2.5) that

; 1
Im [ez’“(LJr%)(x_"-/)] sgn(sin(w(x—x;))) > 5
Combining this with the result of the calculation in (4.2.4), we obtain that

- 27ikx I 1 S
T (k)27 s >
Z Hn(k)e ‘> ZNJg’1 |sin(mw(x —x;))| ~ ; |x — x]|

k=L

But for every x € [0,1), there exists a jo such that x € [xj,xjy41). It follows from
(4.2.3) that |x —x;| < C(]j — jo| + 1)N ™!, and thus

L

> c'NlogN .
b —x;]

Thus for every x € Ey there exists an L € Z* such that

|DL*.UN |—

Z Un ( 2””"" > clogN,
k=L

which proves the required conclusion since Ey is a set of measure 1. U

Lemma 4.2.4. For each 0 < M < oo there exists a trigonometric polynomial gy and
a measurable subset Ay of T with measure |Ay| > 1—2"M such that ||gy|| ;1 = 1,
and such that

>2oM, (4.2.6)

inf sup| Dy xgy)(x |7 inf sup Z gar (k)&

XEAM L>1 XEAYM L>1

Proof. Given an M € Z*, we pick an integer N(M) such that clogN(M) > 2M+2,
where c is as in (4.2.2), and we also pick the measure [y (), which satisfies (4.2.2).
By Fatou’s lemma we have

=[{xeT": supl(DL*HN ))(x)| > 2"

:|U{xeT1: sup |(Dj* Unary) (x )| > 2"+
L>1 1<j<L

= o I KT supy < (Dt ) ()] 22023 4X

< liminf|[{x € T': sup [(D;* yqu))(x)| >2%2}],
Lo 1<j<L
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and thus we can find a positive integer L(M) such that the set

Ay={xeT": sup |(Dpxpuyu)(x)| >2""2}
I<L<L(M)

has measure greater than 1 — 2", We pick a positive integer K (M) such that

sup || Fxu) *Dj = Dj| ;. < 1,
1<j<L(M)

where Fx is the Fejér kernel. This is possible, since the Fejér kernel is an approx-
imate identity and {D; : 1 < j < L(M)} is a finite family of continuous functions.
Then we define gy = Uy () * Fi(ar)- Since Uy py) is a probability measure, we obtain

(D gu) (x) = (D * tian)) ()| < [P Figary = D[ o < 1

forallxe€[0,1]and 1 < j <L(M).But given x € Ay there exists an Lin {1,...,L(M)}
such that |(Dg * ty ) (x)| > 272 and for this L we have

|(Dr* gm)(x)| > [(Dr* tyary) (x)] — 1 > M2 | > M+ 5 oM

Therefore, (4.2.6) is satisfied for this gy and Ay. Since Ly is a nonnegative measure
and Fyy) is nonnegative and has L' norm 1, we have that

gl = [l any * Fxan [l = v | || Fxon | =1,
showing that gy, has L! norm equal to one. U

We now have the tools needed to construct an example of a function whose
Fourier series diverges almost everywhere. The example is given as a series of func-
tions whose behavior worsens as its index becomes bigger. The function we wish to
construct is a sum of the form

g=Y €gu;, 4.2.7)
j=1

for a choice of sequences €; — 0 and M; — oo, where gy are as in Lemma 4.2.4.
Let us be specific. First, we set dy = 1 and for N > 1

dn = 1rgrlsagx]vdegree (gm,), (4.2.8)

where gy is the trigonometric polynomial of Lemma 4.2.4. We set &g = My = 1.
Assume that we have defined €; and M; for all 1 < j < N for some N > 2. We set

en=2"3dy_1)"! (4.2.9)
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and then we pick My such that
MV > (2N pdy_y +1)ey!. (4.2.10)

This defines gy and My for a given positive integer N, provided €; and M are known
for all j < N. This way we define €y and My for all natural numbers N.

We observe that the selections of €; and M; force the inequalities £; < 27/ and
dj <dj, forall j > 1. Since each 8m; has L! norm 1 and €; <27/, the function g
in (4.2.7) is integrable and has L! norm at most 1.

For a given j > 1 and x € AMj, by Lemma 4.2.4 there exists an L > 1 such that

|(Dr *gMj)(x)| > 2Mj Set
k =k(x) =min(L,d;).
Then we have

|[(Dix8) (x)| = & (D * gu, ) (x)] -, Y. &l(Dixgu,) ()] = Y&l (Dicx gu, ) (x)-
<s<j s>

We make the following observations:

) [(Dexgu,)(x)] = (DL *gu,) (x)] > 2.
(i) [(De*gu,) ()] = |(Diin(as ) * &1,) ()] < || Drmingary || = < 3ds, when's < .

(iii) |(Dk*ng)( )| = [(Dmin (ds .k *gM) ()] < ||Dmin dj,L) ||L” <3dj, when s > j.

In these estimates we have used that k = min(L, d <2m-+1<3m, and

that

Dr * ng = Dmin(r,ds) * ng ’

which follows easily by examining the corresponding Fourier coefficients.
Using the estimates in (i), (ii), and (iii), for a fixed x € Ap; and k = k(x) we obtain

[(Dixg)(x)| > €2" =3 Y &d,—3Y &d;. (4.2.11)

1<s<j §>j

Our selection of €; and M; now ensures that (4.2.11) is a large number. In fact, we

have
3Y ed;j=Y 27%dj(d,—1) ' <) 27 <1

s> s> s>

and
3 Y &di<3di ) &<di ) 27(d1)" <dj.

1<s<j 1<s<j 1<s<j
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Therefore, the expression in (4.2.11) is at least £j2M-i —dj1—12> 27 1t follows that
for every j > 1 and every x € Ay, there exists a k = k(x) € Z such that

|(Dicxg)(x)] 227

We conclude that for every r > 1 and x € |J Ay,

j=r

sup| (D ) (x)] > 2/ > 2", (4.2.12)
k>1

since x belongs to some AMj with j > r. For given r > 1, Lemma 4.2.4 yields that
1> ’ UAM.’ > Timinf|Ay, | > Tim (1—27M7) = 1.
e

Then the set o -
A= ﬂ UAMj
r=0j=r

has measure 1, since it is a countable intersection of subsets of T! of full measure.
In view of (4.2.12) we have that for all x in A

sup|(Dyxg)(x)| > sup2” =0 (4.2.13)
k>1 r>1
and thus the required conclusion follows. (]

4.2.2 Divergence of Bochner—Riesz Means of Integrable Functions

We now turn to the corresponding n-dimensional problem for spherical summability
of Fourier series. The situation here is quite similar at the critical index o = ”%1

Theorem 4.2.5. Let n > 1. There exists an integrable function f on T" such that

_ImPN
Z ( R? )
meZ"

|m|<R

a5l .
lim sup BR2 (f) (x) = lim sup (m)eanm~x — oo

R—yo0 R—oo

for almost all x € T". Furthermore, such a function can be constructed such that it
is supported in an arbitrarily small given neighborhood of the origin.

We will need a couple of lemmas.

Lemma 4.2.6. Let n > 2. The complement of the set
S={xeR": {1}U{|x—m|: m € Z"} is linearly independent over Q}

has n-dimensional Lebesgue measure zero.
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Proof. Recall that a function g defined on an open subset Q2 of R” is called real
analytic if for every point xp in £ there is a ball B(xp, €) is contained in £ and there
exist coefficients cg(xo) such that g(x) = Y.gcg(xo)(x —x0)P for all |x—xo| < &,
where the sum is taken over all multiindices. We will need two facts about real
analytic functions. First, the function x — |x| is real analytic on R"\ {0}. Indeed,
given xq # 0, for [x —xp| < |xo|/3 we have that

|x—xo\2 X0
o +2(x—x0) | |2<1
This allows us to write
lx — xo|? X0 \2
x| =|xo (1+7+2x—xo —)
o] = bl (1-+ 50 2 —0) 0
> 1/2> |x —xo|? Xo \k
= |xg (7—1—2 X —Xo —) )
| '%(k ET T

which is a power series of the form Y5 cg (xo)(x —x0)B.

Secondly, we need the fact that a real analytic function defined on an open con-
nected subset of R” cannot vanish on a set of positive measure, unless it is identically
equal to zero; a proof of this in dimension one and an outline of the proof in higher
dimensions is contained in [205].

We return to the proof of the lemma which requires us to show that S has full
measure in R”. Indeed, if x € R"\ S, then there exist k € Z", my,...mg €Z", and

40,41, - - -, qx nonzero rational numbers such that
k
qo+ Y qjlx—mj| =0. (4.2.14)
j=1

Since the function
k

Y= qo+ Y qjly—mj|
j=1

is nonzero and real analytic on R" \ Z", it must vanish only on a set of Lebesgue

measure zero. Therefore, there exists a set Ap, .. m; qo.q1,...s
zero such that (4.2.14) holds exactly when x is in this set. Then

Rn \S g U U U Aml,m,mk,qo,ql,m,qk7

k=1my,...m€Z" qo.q1....,qr€Q

from which it follows that R" \ S has Lebesgue measure zero. (]
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Let us denote the Bochner—Riesz kernel by

Kg(x) _ Z (1 - %)0‘6271'%%

Im|<R
when x € T". We need the following lemma regarding Ky':

Lemma 4.2.7. Let n > 2. For almost every x € T" we have

n—1
limsup |Kgp* (x)] =oo.
R—yo0
It is noteworthy to compare the result of this lemma with the analogous one-
dimensional statement
limsup |Dg(x)| = o
R—oo

for the Dirichlet kernel, which holds exactly when x = 0. Thus the uniform ill be-

n—1
havior of the kernel KR2 reflects in some sense its lack of localization.

Proof. Fix n > 2 and fix xo € ([—~1/2,1/2)"\ {0}) NS, where S is as in Lemma
4.2.6. Using (4.1.18) and the Poisson summation formula (Theorem 3.2.8), for each
o> % we obtain the identity

ra+1) , « J21a(27R|xo—m])

K¢ X0) = -
RO0) =R L = Rig )

(4.2.15)

and the sum converges absolutely because of the asymptotics for the Bessel func-
tions in Appendix B.8. The term with m = 0 in the sum in (4.2.15) is a finite constant
since by Appendix B.6 the function

Iy a2R]Y])

e

is smooth and therefore bounded. But for m # 0 in (4.2.15) we have |[m — x| > 1/2.
The asymptotics in Appendix B.8 imply that for R > 2 we have

e2iR|xg—m| ,~i5 (5+a)—if + e 2miRxo—m| 4i % (5+0)+i ]

T/ R|xo —m|

+O((Rlxo—ml) )

Jua(27R|xo —m|) =

forall o > “51. We insert this expression in (4.2.15), we multiply by e*™*X for some
A real, and then we average in R from 1 to T, for some T > 10. We obtain
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1 T :
T K& (x0)e*™ R dR
1
= I'(o+1) A TR+ xo—m|) "5 —a g p
T ezmio} IXO*mI% T,
F(5+o)+if
+F((X+1) i3 (3+a)i 1 2mR(7L [xo— m\ e R (4.2.16)
meZm\{0} |xo—m| e T

I 1 1 1 (T
FRACAD) Y of————— )= [ R R
E(x n+3 T
mezm {0} \|xo —m| 2 !

I'(a+1) /T Ju1o(27R|x0|)
7 T (Rixo))i

ZﬂilRRn dR .

Assume that we are able to pass the limit as o — “51+ through the sums and
integrals in the preceding identity; we justify this step momentarﬂy Then we obtain

] T h—1 )
7/ Ke® )R
el k(2=
NG ORI (e Ll AT
T meZm {0} lxo—m|" T Ji
| iz 2n—1 i T
(" Sl .
71'% meZm {0} |x0 m| T /1 (4.2.17)
LTCE) y 0(1> T
7T ety \o—mPFT)T )R
1
+F(:‘§})/TJ (ZER‘XODeM“RR”dR.
o T ) (Rlxo)"~ 2

We now justify the passage of the limit in ¢ inside the sums and the integrals in
(4.2.16) to obtain (4.2.17). First, when |m| < R < T and a > “5~, the mean value
theorem gives

2\ o P\
1— emeO'm (1= eanxo-m
R2 R2
- ((x n— 1) |m|? %1 1
— - )
= 2 R2 & P

R2

< ((x—n_l) sup t 7 1og

0<r<1
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—1
thus K (xo) converges to K, Z (x0) uniformly in R € [1,T] as & — "5 and therefore
the 1ntegral over [1,7T] of the former converges to the integral over [1, 7] of the latter.
Next, an integration by parts shows that the integral

/T 2miR(A+|xp— m\ 770! dR

1

is bounded by a constant multiple of (A 4 [xo —m|) !, which makes the first infinite
sum in (4.2.16) converge absolutely and uniformly in o > %5+, thus one may pass

the limit in & inside the sum. Also, the integral
/ 2mR(7L [xp— m\ 7706 dR
1

is bounded by a constant multiple of (A — |xo — m|)~! whenever A is not in the set
A ={lxo—m|: meZ"} ={A,A2,A3,... },

where 0 < A; <Ay < A3 < ---. Thus for A ¢ Ay, the preceding argument explains
the passage of the limit in ¢ inside the second infinite sum in (4.2.16). If A happens
to be in Ay, then there is at most one mg # 0, such that A = [xo —mo| and the
second sum in (4.2.16) restricted to m € Z" \ {0,mo} converges absolutely, while
for the single term with m = my, letting o0 — %—i— is trivial. Finally, for the term
involving the Bessel function J, 1 the passage of the limit in ¢« inside the integral

is straightforward since the function

is continuous on the compact set ["5-,
(4.2.17).

There are four terms to the right of (4.2.17) and we observe that if A # +|xg — my|
for any mo € Z", then all these terms converge to zero as T — oo. This assertion
is trivial for the first three of these four terms, while for the last we assume that
T > |xo|~!. We split the integral

5] x [1,T]. This completes the proof of

rJ, 1 (27Rlxl)
- / AR R R (4.2.18)

(R |x0| )t
as a sum of the integral over [1,|xo|~'], which obviously converges to zero as T — oo

by Appendix B.6, and of the integral over [|xo|~!,T]. For the latter, we use the
asymptotics in Appendix B.8 to write

. T 2n—1N - . ST 2=
e2mR\x0|eﬂ%(”T)fl% +6727UR‘XO‘€I%< " )+z%

7[\/R|)C0‘

5,y (nRlx)) = +O((Rlxo])2).

n
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The part of the integral in (4.2.18) over [|xo|~!, 7] corresponding to 0((R|x0|)’%)
grows like log(7T'|xo|) which divided by T obviously tends to zero. The part of the
integral in (4.2.18) over [ |xo| ™!, T] corresponding to the main term is

T A . T el
/ 2R |x0)) =5 () —iF 4 2miR(A~|xol) oi5 (5D +T gp
Ixol 1

1
T 7t\/|xol

which tends to zero as T — oo by an integration by parts, since A # |xo| because we
are considering the case where A # +|xo — m| for any m € Z".
Now consider the case where A = =£|xo — my| for some mg € Z". In this case the
expression to the right in (4.2.17) converges to
D5 =G p(el) oY
't |xo — mp|” o' |xo—mo|"

as T — oo. Next observe that

= 1
Zﬁ , (4.2.19)

J=1

We have now shown that

,1,2| n lf)u - ﬂ,j,
1 T -1 il T 2 J
Jim / KT (xo)e™Mdr = 0 A £4A,  (4.220)
e 1 1 )
F(nz )e_[% .
- fA=—-A;
ny%*l A./' ! ]

Since x lies in S, the set {1} U{A;,A42,43,...} is linearly independent over the
rationals and thus no expression of the form £4;, & --- £ A, is equal to an integer.
It follows from this fact and (4.2.20) that

1 nt N e 1B 2kt | oIS p—2midjt p(g) N o1
lim — K (x0) [1 + dt = —= —.
T—oT J1 JIJI 2 ﬂTTl FZ’I )“jr'l
Suppose we had that
sup\KT(x0)| <Ay <oo.
R>1
F(n+l )
Then, setting ¢, = —2—, we would have
T 2
N T e 27:1/1 it —2miljt
1 1 ol e ' +elTe 4
b 2
J=177 Jj=1
T a1 N —i% 2midt | L% ,—2midjt
=limsup— [ [K, * (x0)[]] 144 - teze dt
T—5e0 1 i=1 2
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) 1 e*i%eZm'}th _i_ei%e*zn'iljl
§AXOhmsup? H [1+ 5 dt
T—o0 1 j=1

= Axo )

which contradicts (4.2.19) by letting N — oo. Here, once again, we used the fact
that no expression of the form +A; & ---+4;; is equal to an integer and thus the
preceding limsup is a limit and is equal to 1, since the integral of all the exponentials
produces another exponential which remains bounded.

We deduce that supg- |K (x0)| = oo for every point xg € SN [—1,1)"\ {0}

and this concludes the proof of Lemma 4.2.7.

Proof. We now prove Theorem 4.2.5. This part of the proof is similar to the proof

of Theorem 4.2.1. Lemma 4.2.7 says that the means B;Tl (8o)(x), where & is the
Dirac mass at 0, do not converge for almost all x € T". Our goal is to replace this
Dirac mass by a series of integrable functions on T" that have a peak at the origin.

Let us fix a nonnegative €™ radial function @ on R” that is supported in the unit
ball || < 1 and has integral equal to 1. We set

~

Pe()= Y @)= ) P(em)e™ ",

meZl meZ"

where the identity is valid because of the Poisson summation formula. It follows that
the mth Fourier coefficient of ¢, is ®(em). Therefore, we have the estimate

a5l C, Cy
sup sup [Bi? (@¢)(x)| < Y [@(em)| < ) —. (4221

x€T" R>0 meZn mezn (1+8|m|)n+1 e

For any k > 1, we construct measurable subsets Ej of T" with |E;| > 1 — k, a se-
quence of positive numbers Ry < Ry < ---, with Ry 1 oo, and two sequences of posi-
tive numbers & J 0 and J; | O such that & § Y for all k and

sup |By” (22 (¢e, — 0y, )( )‘Zk for x € Ey. (4.2.22)
R<Ry,

Wepick E1 =0,R; =1,and &y =y = 1. Let k > 1 and suppose that we have selected
E;, R}, ¥, and €; for all 1 < j <k — 1 such that (4.2.22) is satisfied. We construct
Ek, Ry, T, and & such that (4.2.22) is satisfied with j = k. We begin by choosing .
Let B be a constant such that

[@(x) = P(y)| < Blx—y|
for all x,y € R". Define 7; such that

By, Y |ml=1. (4.2.23)

Im| <Ry
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Then define
k—1
Ar=C27 "+ G Y 27 (7 + 1),
j=1

where C,, is the constant in (4.2.21), and observe that in view of (4.2.21) we have

n—1

sup sup BRT( 2k, + Z 27 (g, — q)yj)>(x)‘ < Ag. (4.2.24)
x€T*R>0

Let & be the Dirac mass at the origin in T". Since by Fatou’s lemma and Lemma
4.2.77 we have

n—1
liminf {xeT": sup |By? (50)(x)‘>2k(Ak+k+2)H:

R/ —eo 0<R<R'

there exists an R, > max(Ry_1,k) such that the set

E, = {xe T": sup

n—1
By (2—"50)()6)\ > Ap+k+ 2}
O0<R<Ry

has measure at least 1 — E Note that since Ry is increasing and tends to infinity,
(4.2.23) yields that ¥ is decreasing and tends to zero.
‘We now choose €&, such that & < Y, & < &-—1, and that

sup sup2 4B (80)() B’ (9)(W] < ¥ 2(1-25) 7 |1 - m)| < 1.

x€T" R<Ry |m| <Ry

This is possible, since for a fixed Ry, the preceding sum tends to zero as & — O.
Then for x € E} we have

inf sup 2~ |B 7 (@) (X)| > Ax+k+1. (4.2.25)
YEEL R<Ry

The inductive selection of the parameters can be schematically described as follows:
(%1, Re—1,Ex—1, €1} = % = Ay = {Re, Ex} = & = {W%.Ri, Ex, &}

Observe that the construction of Y, gives for all s > k4 1 the estimate

sup sup By (e, — @) < Y [@(em) — b (ym)|

x€T" R<Ry |m‘§Rk

<B(x-&) Y, Iml

[m| <Ry

<By Y, |ml

Im| <Ry

<BYir ), Iml=1,

|m|<Ry

(4.2.26)

using (4.2.23) and the fact that the sequence ¥ is decreasing.
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We now prove (4.2.22). For x € T" write

(iz (@e, — (p%)():B;g( 2” (Pyk"'zz (e, — ‘Pys))(x)

JrBR% (Z_k(pgk) ( )

B (X 2700 00) ).

s=k+1

from which it follows that

—1 —1
T 2= > T 2*1{
sup By (2 (pe=01)) ()] = sup (B (2794) ()
oup B 2( 2 <Pyk+Z2 we.y—wyy))(x)
Cap B (Y 2
up B (S%l (9e—2)) ()|

In view of (4.2.25), (4.2.24), and (4.2.26) for all x € E, we obtain

sup |By? (22 (9e, — 0y )( )’z(Ak+k+1)—Akf Y 27>k,
R<R; s=k+1

which clearly implies (4.2.22). Setting
Z (Pe, —y) € (1",

we deduce that supg. ‘B% (f)(x)| > k for all x in ;> E,, and thus

sup‘B% (x)’ =0
R>0

for all x in
NUs-
k=1r=k
Since this set has full measure in T”, the required conclusion follows.
By taking &; arbitrarily small (instead of picking & = 1), we force f to be sup-
ported in an arbitrarily small neighborhood of the origin. O

The previous argument shows that the Bochner-Riesz means B are badly be-
haved on L' (T") when a = % It follows that the “rougher” spherical Dirichlet

means D07V % f (which correspond to o = 0) are also ill behaved on L'(T"). See
Exercise 4.2.2.
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Exercises

4.2.1. Using Theorem 4.2.1 construct a function F on T” such that

= o

limsup |(Dy * F)(x1,. .. ,Xn)

N—oo
for almost all (xy,...,x,) € T".

4.2.2. For any 0 < & < o0 and R > 0 consider the Bochner—Riesz kernel

K§(x) = Z (1 - I%Z)aezmm-x'

|m|<R
Use Exercise 4.1.8 to obtain that if for some x¢ € T" we have

limsup |[Kg (x0)| < oo,
R—oo

then for all B > o we have
sup|K£ (x0)] < oo.
R>0

Conclude that whenever 0 < a < ”2;1, the Bochner—Riesz means of order o of

the function f constructed in the proof of Theorem 4.2.5, in particular the circu-
lar (spherical) Dirichlet means of this function, diverge a.e.

4.2.3. (a) Show that for M, N positive integers we have

Fy(x) for M <N,

PP =) By + sy £ K for b > .

(b) Prove that for some constant ¢ > 0 we have
' Z |k| eZnikx
Tl

as N — oo,

k<N
[Hint: Part (b): Show that for x € [—1, 1] we have

dx > cNlogN

| ‘Z [k| ¥ = (N +1)(D(x) — Fv (x))
k|I<N

and use the result of Exercise 3.1.5.}
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4.2.4. Given the integrable functions

=)

A0 = Y 27 (), iiz ), xeT!,

j=0

show that || fi * Dn||;1 — o0 and || f2 x Dy/[;1 — 0 as N — oo.

[Hint: Let M; = 22 or Mj = 2% depending on the situation. For fixed N let jy
be the least integer j such that M; > N. Then for j > jy + 1 we have M; > MJZ»N >

N?% > 2N +1, hence AA/;’I;IY > % Split the summation indices into the sets j > jy and
J < jn. Conclude that || fi * Dy/||;1 and || f> * Dy||,1 tend to infinity as N — oo using
Exercise 4.2.3.}

4.3 Multipliers, Transference, and Almost Everywhere
Convergence

In Chapter 2 we saw that bounded operators from L”(R") to L(R") that commute
with translations are given by convolution with tempered distributions on R”. In par-
ticular, when p = ¢, these tempered distributions have bounded Fourier transforms,
called Fourier multipliers. Convolution operators that commute with translations
can also be defined on the torus. These lead to Fourier multipliers on the torus.

4.3.1 Multipliers on the Torus

In analogy with the nonperiodic case, we could identify convolution operators on T”"
with appropriate distributions on the torus; see Exercise 4.3.2 for an introduction to
this topic. However, it is simpler to avoid this point of view and consider the study
of multipliers directly, bypassing the discussion of distributions on the torus.

For h € T" we define the translation operator T acting on a periodic function
f as follows: T (f)(x) = f(x — h) for x € T". We say that a linear operator 7" act-
ing on functions on the torus commutes with translations if for all h € T" we have
(T (f))(x) = T(z"f)(x) for almost all x € T".

Theorem 4.3.1. Suppose that T is a linear operator that commutes with translations
and maps LP(T") to L1(T") for some 1 < p,q < o. Then there exists a bounded
sequence {am }mezrn such that

T(f)x)= Y. anf(m)e?™™* 4.3.0)

meZ"
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forall f € €=(T"). Moreover, we have

[Ham} |- < (17|

LP—L9 "

Proof. Consider the functions e,,(x) = ¢*** defined on T" for m in Z". Since
T commutes with translations, for every & € T" there is a subset Fj, of T" of full
measure such that

T(em)(x—h) = T("(em)) (x) = €T () (x)

for every x € Fy,. Note that

/Tn [{heT": x€ F}|dx = / /T X{(hx)eTxT: xep,y dhdx

- /I‘n N\ x{<h7x)€Tn><T”: xXEF,} dxdh

_ / Faldh =1,
Tll

Therefore there exists an xy € T" such that |{h € T" : xo € F;}| = 1. It follows that
for almost all & € T" we have T (e,) (xo — 1) = e 2®™"T (e,,)(x0). Replacing xo —
by x, we obtain

T(em)(x) _ eZﬂ,’im.x (e—2ﬂim-x0T(em)(xO)) — amem(X) (432)

for almost all x € T", where we set a,, = e >™"~0T (e,,)(xo), for m € Z". Taking L9
norms in (4.3.2), we deduce |a,,| = ||T (em)||ze <||T||zr— 14, and thus a,, is bounded.
Moreover, since T (e,;) = apyen, for all m in Z", it follows that (4.3.1) holds for all
trigonometric polynomials. By density this extends to all f € ¥ (T") and the theo-
rem is proved. ]

Definition 4.3.2. Let 1 < p,q < . We call a bounded sequence {ay}meczn an
(LP,L9) multiplier if the corresponding operator given by (4.3.1) maps LP(T")
to LY(T"). If p = g, (LP,LP) multipliers are simply called L? multipliers. When
1 < p < oo, the space of all L” multipliers on T" is denoted by .#,(Z"). This no-

~.

tation follows the convention that .#,(G) denote the space of L” multipliers on

LP(G), where G is a locally compact group and G is its dual group. The norm of
an element {a,,} in .#,(Z") is the norm of the operator T given by (4.3.1) from
LP(T") to itself. This norm is denoted by ||{an}|| , -

My

We now examine some special cases. We begin with the case p = g = 2. As
expected, it turns out that .4, (Z") = (= (Z").

Theorem 4.3.3. A linear operator T that commutes with translations maps L*(T")
to itself if and only if there exists a sequence {ay }mezn in €°(Z") such that

T()x)= Y anf(m)e?™m* (4.3.3)

meZ"

for all f € €=(T"). Moreover, in this case we have ||T|| 2> = |[{am}m]| -
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Proof. The existence of such a sequence is guaranteed by Theorem 4.3.1, which also
gives ||{am tmlle= <||T|;2_, 2. Conversely, any operator of the form (4.3.3) satisfies

1T = T lanf ) < [{ambnll= E 1P

and thus |||\ ;2_2 < [[{a@m}m]|e= =

We continue with the case p = g = 1. Recall the definition of a finite Borel mea-
sure on T”. Given such a measure U, its Fourier coefficients are defined by

w(m) :/ e 2mm gy (x), meZ".

Clearly, all the Fourier coefficients of the measure i are bounded by the total vari-
ation ||p|| of u. See Exercise 4.3.3 for basic properties of Fourier transforms of
distributions on the torus.

Theorem 4.3.4. A linear operator T that commutes with translations maps L' (T")
to itself if and only if there exists a finite Borel measure [L on the torus such that

T(f)(x)= Y [(m)f(m)e*mm= (4.3.4)
mezZ"
Jorall f € €=(T"). Moreover, in this case we have ||T||;1_,1 = ||it||- In other words,

M (L") is the set of all sequences given by Fourier coefficients of finite Borel mea-
sures on T".

Proof. Fix f € L'(T"). If (4.3.4) is valid, then T(f)(m) = £ (m)fi(m) for all m € Z".

But Exercise 4.3.3 gives that fx t(m) = f(m)li(m) for all m € Z"; therefore, the

integrable functions f * u and T(f) have the same Fourier coefficients, and they

must be equal. Thus T(f) = f * i, which implies that 7 is bounded on L' and

1T e < TRlHAl

To prove the converse direction, we suppose that T commutes with translations

and maps L' (T") to itself. We recall the Poisson kernel P defined on T”, which can
be expressed in the following two ways:

. T ﬂ) e

P, (x) _ e—27r\m|£e2mm~x _ ’12
mEZZ" 717%

>0 (4.3.5)

mezn (14 522)"5

1
for all x € T”, in view of the identity obtained in (3.2.4). The preceding identity says
that P. > 0; hence, || Pe||1 = Jpn Pe(x) dx. Integrating the first series in (4.3.5) over
T" we conclude that ||Pe ]|, (rn) = 1. The boundedness of T now gives

1T el ony < 17

) ||Ll (T" —L!
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for all € > 0. The Banach—Alaoglu theorem implies that there exist a sequence €; | 0
and a finite Borel measure ( on T” such that T(ng) tends to u weakly as j — oo.
This means that for all continuous functions g on T” we have

lim [ g(x)T(Pe,)(x)dx = /T g(x)du(x). 4.3.6)

jﬁoo "

It follows from (4.3.6) that for all g continuous on T" we have

|, san

< sup 7 (Bep) s < 17 ool

Since, by the Riesz representation theorem we have that the norm of the linear func-
tional

g [ sdu)
on the space of continuous functions € (T") is ||i]|, it follows that

el <||T) - 4.3.7)

It remains to prove that 7' has the form given in (4.3.4). By Theorem 4.3.1 we have
that there exists a bounded sequence {am} on Z" such that (4.3.1) is satisfied. Taking
glx)= e~ 27k 5 (4.3.6) and using the representation for 7 in (4.3.1), we obtain

A = [ 2y

_ 111’1’1 672mk~x Z amefZ7'(€j|m\eZ7tlm~xdx
J— JTH mezn

_ hm Z / e—2mk‘xame—277:£j\m|e2mm~xdx
J= megn /T

—27e;

= lim gre Wl = ay .

Joreo
This proves assertion (4.3.4). It follows from (4.3.4) that T(f) = f* u and thus
1Tl < ||t]]- This fact combined with (4.3.7) gives ||T||1_1 = [|1t]]- O

Remark 4.3.5. It is not hard to see that most basic properties of the space .#,(R")
of L? Fourier multipliers on R”" are also valid for .#,(Z"). In particular, .#,(Z") is
a closed subspace of ¢*(Z") and thus a Banach space itself. Moreover, sums, scalar
multiples, and products of elements of .#,(Z") are also in .#,(Z"), which makes
this space a Banach algebra. As in the nonperiodic case, we also have .#,(Z") =
My (") when 1 < p < co,
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4.3.2 Transference of Multipliers

It is clear by now that multipliers on L!(T") and L' (R") are very similar, and the
same is true for L?(T") and L?(R"). These similarities became obvious when we
characterized L' and L? multipliers on both R” and T”. So far, it is not known if a
nontrivial characterization of .#,(R") exists, but we might ask whether this space is
related to .#,(Z"). There are several connections of this type and there are general
ways to produce multipliers on the torus from multipliers on R"” and vice versa.
General methods of this sort are called transference of multipliers.
We begin with a useful definition.

Definition 4.3.6. Let 7o € R". A bounded function b on R” is called regulated at the

point ty if
1
lim — /H (b(t() —1) —b(to)) dt=0. (4.3.8)
1|<e

e—0 "
The function b is called regulated if it is regulated at every fy € R".

Clearly, if 1y is a Lebesgue point of b, then b is regulated at #g. In particular, this
is the case if b is continuous at fy. If b(fp) = 0, condition (4.3.8) also holds when
b(ty —t) = —b(tp +1t) whenever |¢t| < € for some € > 0; for instance the function
b(t) = —isgn (¢t — o) has this property.

An example of a regulated function is the following modification of the charac-
teristic function of the cube [—1,1]"

1 when all |x;| < 1,

~ 2k=mif (x1,...,%,) belongs to some k-dimensional

A1 (X15 0 Xn) = n
face of the boundary of [—1,1]",

0 when some |x;| > 1,
with the understanding that points are zero-dimensional.
The first transference result we discuss is the following.

Theorem 4.3.7. Suppose that b is a regulated function at every point m € Z* and
that b lies in #,(R") for some 1 < p < co. Then the sequence {b(m)}nczn is in
Mp(L") and moreover,

H {b(m) }mezr

iy < 1l -

If b is regulated everywhere, then for all R > 0 the sequences {b(m/R)}nczn are
in M,(Z") and we have

Zli% H{b(m/R)}mEZ" ||k/ﬂp(Z") < Hb”///p(R”) .
The second conclusion of the theorem is a consequence of the first, since for a

given R > 0 the function b(& /R) is regulated on Z" and has the same .#,(R") norm
as b(&). Before we prove this result, we state and prove a couple of lemmas.
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Lemma 4.3.8. Suppose that the function b on R" is regulated at the point xo. Let
Ke(x) = e e ™/eP for £ > 0. Then we have that (b*Ke)(x0) = b(xp) as € = 0.

Proof. For r > 0 define the function

Fo(r) = rl /\, <r(b(x0—t)—b(xo))dt:r1n /0 ' /S (b0 —s8) ~b(xn)) dOs™ds.

Let 7 > 0. Since b is regulated at xq there is a 8 > 0 such that for r < § we have
|Fx,(r)| <n.Fix such a § and write

(b= Ke)ao) ~b(ao) = [ (b0 ) ~blro))Ke(o)dy = AT +45,

where
Af= [, (b0 =) = blxo)) Ker)dy
and
A = e 5(b(xo—)’)—b(xo))Ks(Y))dy
6 1

/s /S,,f1 (b(xo —r8) = b(xo))r"dr

0
- / 1R () dr
For our given n > 0 there is an & > 0 such that for € < & we have

1A° |<2||b||Lw/ e ™Pay <.

>0
|J|Zg

Via an integration by parts A can be written as

1 2 5y /)2
5] = |8"Fy (8) gre ™0/ —02m | e I R (1) dr

n d/¢€
1‘*}0(5)%e7”(6/8)2 +27r/0 r"HFxO(sr)efmzdr

d/e
= |1[7"0(6)|*€7ﬂ<5/£> + suPa \Fxo(Sr)\ZﬂT/ Pl g
0<r<g

< |Fx0 |Cn+ sup |Fyy(r )|Cn
0<r<é

S (Cn +Cn)r' )

where we set C, = sup,>0t”e’7”2 and C), =27 [y #+1e=™ dr_ Then for € < & we
have |(b* K¢ )(xo — b(x0)| < (Cy+C,+1)n, thus (b*K¢)(x0) — b(xo) as € — 0.0
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Lemma 4.3.9. Let T be the operator on R" whose multiplier is b(&), and let S be
the operator on T" whose multiplier is the sequence {b(m)}mczr. Assume that b(&)
is regulated at every point & = m € Z". Suppose that P and Q are trigonometric
polynomials on T" and let L¢(x) = e el forx € R" and € > 0. Then the following
identity is valid whenever o, >0and a+ 3 = 1:

im &3 / T(PLeq)(x)Q(x) Lep () dx = [ S(P)(x)Q(x)dx. 4.3.9)
e—0 ™

Proof. It suffices to prove the required assertion for P(x) = e¥mx and Q(x) =
e¥mikx | m e 2", since the general case follows from this case by linearity. In view
of Parseval’s relation (Proposition 3.2.7 (3)), we have

o {b(m) when k = m, 43.10)

Q(x)dx=Y b(r)P(r)
" SP)x e rEZZn Y 0 when k # m.

On the other hand, using the identity in Theorem 2.2.14 (3), we obtain

=&t [ bE)(ea) BT (o)t g

\5*»1\2 _ ‘é’k‘z
Sea e T 6B dé. (4.3.11)

~(cap) [ b(E)e"

Now if m =k, since o + 8 = 1, the expression in (4.3.11) is equal to

(eap)~* /R b(é)e—x'i;’z‘z dé (4.3.12)

which tends to b(m) in view of Lemma 4.3.8, since b is regulated at every point
meZ".

We now consider the case m # k in (4.3.11). Since |m — k| > 1, then every & in
R" must satisfy either |§ —m| > 1/2 or |§ — k| > 1/2. Therefore, the expression in
(4.3.11) is controlled by

(S

(eaB)”

e - —mf?
[ b e T g b(E)e e T w dE ),
E—m]>} 6>

2 =2
which is in turn controlled by

T

I8l (aigeiﬁ +B7%67W) )
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which tends to zero as € — 0. This proves that the expression in (4.3.10) is equal
to the limit of the expression in (4.3.11) as € — 0. This completes the proof of
Lemma 4.3.9 (]

Proof (Theorem 4.3.7). We are assuming that T maps L” (R") to itself and we need
to show that S maps L?(T") to itself. We prove this using duality. For P and Q
trigonometric polynomials, using Lemma 4.3.9, we have

S(P)(x)Q(x) dx

Tn

-0

lim &2 ./R" T(PLg/,,)(x)Q(x)LS/p/ (x)dx

<Moo limsup‘(:%HPLE/A OLe/p|| 1w
£—0

LP(R")

L
7

1
n P n / 4
= ||THU_>LP limsup (gz/Rn|P(x)|pe—8ﬂ|x2 dx) <£2/RHQ(X)|pe—snx2 dx)l

£—0

L
7

il (e (ot as)”

provided for all continuous 1-periodic functions g on R we have that

lime? g(x)e*”\"‘zdx :/ g(x)dx. (4.3.13)
£—0 R® ™

Assuming (4.3.13) for the moment, we take the supremum over all trigonometric

polynomials Q on T" with L” norm at most 1 to obtain that S maps L” (T") to itself

with norm at most || T'||z»—r», yielding the required conclusion.

We now prove (4.3.13). Use the Poisson summation formula to write the left-hand
side of (4.3.13) as

g3 Z/ g(x—k)eigﬂ‘xfk‘zdx = / g(x)e? Y ek gy
kezn T " keZn

_ (%) Z efn\k|2/862m'x-kdx
T keZn

= g(x)dx+Ag,
Tﬂ
where ,
A <l X e 0
|k|>1
as € — 0. This completes the proof of Theorem 4.3.7. U

We now obtain a converse of Theorem 4.3.7. If (&) is a bounded function on R”
and the sequence {b(m)}nezy is in .4, (Z"), then we cannot necessarily obtain that
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bisin .#,(R"), since such a conclusion would depend on the values of b on the in-
teger lattice, which is a set of measure zero. However, a converse can be formulated
if we assume that for all R > 0, the sequences {b(m/R)}ncz are in .#,(Z") uni-
formly in R. Then we obtain that (& /R) is in .#,(R") uniformly in R > 0, which is
equivalent to saying that b € .#,(R"), since dilations of multipliers on R” do not af-
fect their norms (see Proposition 2.5.14). These remarks can be precisely expressed
in the following theorem.

Theorem 4.3.10. Suppose that b(&) is a bounded function defined on R" which is
Riemann integrable over any cube. Suppose that the sequences {b('g)}mez» are in
Mp(ZL") uniformly in R > 0 for some 1 < p < co. Then b is in M, (R") and we have

121,y < s0p [|{ (7 Imezr | g, ) 43.14)

Proof. Suppose that f and g are smooth functions with compact support on R”.
Then there is an Ry > 0 such that for R > Ry, the functions x — f(Rx) and x — g(Rx)
are supported in [—1/2,1/2]". We define periodic functions

= Z f(R(x—k)) and Gg(x Z g(R

keZ keZn

on T". Observe that the mth Fourier coefficient of Fy is Fg(m) = R~ f(m/R) and
that of Gg is Ggr(m) = R™"g(m/R).
Now for R > Ry we have

Y b(m/R)f(m/R)g(m/R) Volume (% + [0, £]") (4.3.15)
meZ"
~ R X bl /R G|
meZ"
= R”/ ( Y b(m/R)I/ﬁ\g(m)ezmm'x) Gr(x)dx
™ meZ
<R”||{b m/R) }'”H///,, 7" FRHLP(T”) GRHLP’(T")
= ;‘i%‘!‘{b m/R) ez (///,,(Z”)RHHFRHLP(R”) |GRHL!'/(R”)
= ]Seli%H{b(m/R>}mEZ"H,//p(zn) |f] LP(RM) 8| L’ (RY)* (4.3.16)

Since b is bounded and Riemann integrable over any cube in R", the function
b(E)f(&)g(&) is Riemann integrable over R”. The expressions in (4.3.15) are sums
associated with the partition {[%, “£1)"},,cz» of R" which tend to

~

b(&)f(8)8(8)dE

R”
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as R — oo by the definition of the Riemann integral. We deduce that the absolute
value of

| BT EREE = [ () ()5l dx

is bounded by the expression in (4.3.16). This proves the theorem via duality. U

4.3.3 Applications of Transference

Having established two main transference theorems, we turn to an application.
Corollary 4.3.11. Let 1 < p < oo, f € LP(T"), and a > 0. Then
(a) || Dy x f — f|
(b) ||D7e *f—f”Lp(T,,) — 0as R — o if and only if xp,1) € #,(R").
(c) ||BE(f) - f| r(rmy — 0as R — eo if and only if (1-|E)% € 4,(R").

Loy = 0as R — oo if and only if X_1 1 € M ,(R").

Proof. First observe that in view of Corollary 4.1.3, the assertions on the left in (a),
(b), and (c) are equivalent to the statements

IS;;I())HDﬁ*fHM(Tn) < CPHfHLP(T")’
IS;;%HD%*JCHLP(T") < CI’HfHu'(T")’

;li%“Bg(f)”U(T") < CPHfHLP(T")’

for some constant 0 < C,, < oo and all f in LP(T"). These statements can be
rephrased as

su _11n(m/R) }nezn ny <9,
R>I())H{X[ 1,1] ( / )} eZ Mp(ZN)
su m/R) }mezn ny <<,
R>P0H{%3(o71)( /R)ymez My (T
su l—mRzo‘m n by <o
R>18H{( [m/R[") ¥ Y mez My(2r)

If these statements hold, then Theorem 4.3.10 gives that the functions ¥y i (&),
Zoo)(€): and (1= |E)? Tie in .7, (R").

To prove the converse implication, for any given R' € R* \ {|m| : m € Z"}, the
functions Y[y 1(§ /R'), Xp(0,1(§ /R') are Riemann integrable over R" and are reg-
ulated (actually continuous) at every point in Z". Moreover, the function (1 — ||*)%
is continuous, regulated, and Riemann integrable over R”. Then the hypotheses of
Theorem 4.3.7 are satisfied and its conclusion yields that

{x= 1,112 (m/R ) ez

Mp(ZM) SH%[—1,1]n My (4.3.17)
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0.0y (/R Ve | 4 iz <llxson g, - (4.3.18)

sup [{(1 = m/RI*)EYnez | g, amy <1 =1 %]

Notice that the first and second estimates are uniform in R’, so one may insert a
supremum over R’ € R™\ {|m|: m € Z"} in (4.3.17) and (4.3.18). To replace R’ by a
general R € Z™ simply notice that for any R > 0 there isan R € R™ \ {|m|: m € Z"}
such that . .

Dg*f=Dyxf and Dgxf=Dpxf

for any f € LP(T"). Then using (4.3.17) we obtain

Ise‘iPOHDﬁ*fHLP :IselipoHD% * £, :;&%HD??/ o < -1 (//Z,,HfHLP
and likewise for Bﬁ O

4.3.4 Transference of Maximal Multipliers

We now prove a theorem concerning maximal multipliers analogous to Theorems
4.3.7 and 4.3.10. This enables us to reduce problems related to almost everywhere
convergence of Fourier series on the torus to problems of boundedness of maximal
operators on R”.

Let b be a bounded function defined on all of R". For R > 0, we introduce the
multiplier operators

SpR(F)(x) = Y b(m/R)F (m)e*™™* (4.3.19)
mezZr
TorlH) = [ BIE/RFE)E™dE, (43.20)

initially defined for smooth functions with compact support f on R"” and smooth
functions F on T".
We introduce the maximal operators

My(F)(x) = sup |S6.1(F) ()], 4.3.21)
No(f)(x) = sup Ty () ()], (43.22)

defined for smooth functions F on T" and smooth functions with compact support
fonR" Let 7(b)(€) = b(€ —y) be a translation operator defined for y € R”. We
have the following result concerning these operators.

Theorem 4.3.12. Let b be a function defined on R". Suppose that b is bounded,
regulated, Riemann integrable over any cube, and assume that for all & € R" the
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function t — b(E /t) has only countably many discontinuities on RT. Let 1 < p < oo
and C,, < oo, and suppose that b lies in #,(R"). Let M}, and N}, be as in (4.3.21)
and (4.3.22). Then the following assertions are equivalent:

1M ()| oy < CollBl] g, [1F 1 ) Fee™(T), (4323
HNb(f)HLP(R") < CPHbH/z,,HfHLp(Rn)v [ ety (RY). (4.3.24)
Proof. Let F ={t1,...,4} be a finite subset of R*. We prove the claimed equiva-

lences for the maximal operators

M7 (G)(x) = sup Sy, (G)(x)],

teF

Ny (9)(x) = tsell§|Tb,t(g)(X)|,

with constants that are uniform in the finite set .%. Then Mf; may be viewed as
an operator defined on the dense subspace ™ (T") of L”(T") and taking values in
LP(T",0=(.7)), which is the dual space of L” (T, ' (.7 )). Likewise, N;7 is defined
on the dense subspace 6;°(R") of L”(R") and takes values in L”(R", {*(.%)), which
is the dual space of L (R",¢' (.7)). Using duality, with respect to the complex inner
product, estimates (4.3.23) and (4.3.24) are equivalent to the pair of inequalities

B Nt k

X G £ ()00 <Gl g | 5 g 329
BN ‘

[ & )jzzlb(tj)fj@)d&‘ <Collll g el | 5 1 ey 4320

where g, f; € €5°(R"), and G,F; € €~(T"). In proving the equivalence of (4.3.25)
and (4.3.26), by density, we work with smooth functions with compact support g, f;
and trigonometric polynomials G, F;j.

Suppose that (4.3.25) holds and let fi,..., fr,g be smooth functions with com-
pact support on R”. Then there is an Ry > 0 such that for R > R the functions
Fjr(x) = fj(Rx) and Gg(x) = g(Rx) are supported in [—1/2,1/2]" and thus they
can be viewed as functions on T” once they are periodized. Also, the mth Fourier
coefficient of Fj g is IFJ\R(m) = R’”fj(m/R) and that of G is C/};g(m) =R"g(m/R).
Since b lies in .#,(R") we have

HbH//p(Rn> = zlilé)) H{b(m/R)}meZ" (%p(zn)

in view of Theorems 4.3.7 and 4.3.10, which are both applicable in view of the
hypotheses of b.
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As in the proof of Theorem 4.3.10, for R > Ry we have

Y Zb m/Rt;) f;(m/R)g(m/R) Volume (% 4-[0, k1" (4.3.27)
meZ j
'Y me/m Fir(m )é\(m)'
meZl j
< n .
_CPHbH///pR ]:21|F o () G (T7)
k
=Cpllbll.a, || Y 1] ( H)Hg”LP(R")v
j=1

where we applied (4.3.25) in the first inequality above for the function & — b(& /R),
which has the same ., norm as b.

Since b is bounded and Riemann integrable over any cube in R", the functions
b(&/tj) fi(£)g;(&) are Riemann integrable over R”. Realizing the limit of the partial
sums in (4.3.27) when R — o as a Riemann integral, we obtain

" i b6 /1) (& @48 | <G, ol | ]kzl 0], e

and thus we showed that (4.3.25) implies (4.3.26).

We now turn to the converse. Assume that (4.3.26) holds. We will prove (4.3.25)
for trigonometric polynomials and then by density we extend it to all " functions
on T". Expressing g in terms of g in (4.3.26) and taking the supremum in (4.3.26)
over all ¢;° functions g with L” norm 1 we deduce that

Let Py,...,P, and Q be trigonometric polynomials on T”. Set L¢(x) =
Since b is regulated at every point in R"”, Lemma 4.3.9 gives

o Xr(E)neemcae] < clbl | L], @22
=1 J

2
e—7r£|x| )

y zé<m>b<m/rj>ﬁj<m>\

meZn j=1

lim e / . ( /R f@«é)b(é/memé*dé)Q(x)Ls/,,@)dx
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< Cpl|b]l.z, limsup [eg QLs/pHLp(Rn)}
e—0

k
j:Zl |PjL8/P, | LY (R™)

1

e p—emiii®y )P}
I Y T

_n_

= Cp||b|., limsup [821”
e—0

k
( |Pj|)L£/p’
j=1

:CprH‘///p

k
;|Pj| o eIl
where we used Holder’s inequality and (4.3.28) in the only inequality above and
(4.3.13) in the last equality. Thus we obtain that (4.3.26) implies (4.3.25), and this
completes the equivalence of boundedness of M, l‘;j and Nf.

We now prove the claimed equivalence for the operators M, and N,. We first
show that if M;” is bounded on (€ (T"),|| - ||1») with bound independent of the
finite set %, then M, is bounded on (€ (T"), || - ||zr).

For each § € R”, let A; be the null subset of R* such that 7 — b(& /1) is contin-
uous on R™\ A¢. We fix a function F in 4" (T"), and we note that for each x € T"
the function

t—Sp(F)(x) = Y b(m/t)F(m)e*™ ™~ (4.3.29)
meZn
is continuous on the set R™ \ U,,cz» Am. We pick a countable dense subset D' of
R\ Uppezn Am. and we let D = D' U,z App. Then D is a countable set and the
Lebesgue monotone convergence theorem gives that

|sup b (F)1] = lim ||, (F) |y < CollBllst | F |y (43.30)

Lr(T7)

where .7} is an increasing sequence of finite sets whose union is D. Using that the
function in (4.3.29) is continuous on R™ \ D, we conclude that the supremum over
t € D in (4.3.30) can be replaced by the supremum over t € Z+ (Exercise 4.3.7).

Assume now that N;” is bounded on (%;°(R"), | - ||z») with bound independent
of the finite set .. We show that N}, is bounded on (%;°(R"),|| - ||z»). Let f be in
%€, (R"). We have that the map

(= T = [ ENFEE™E =11 [ HEF1E)EE g 3331

JRr JR"

is a continuous function on R" since f is continuous. Thus the estimate

LR (4.3.32)

1590 75 ()L ey < ol 1]

teD
for a countable dense subset D of Rt (such as D = Q%) can be easily extended by
replacing the supremum over D by the supremum over R™. And estimate (4.3.32)
for D = Q™ follows from the corresponding estimate on finite sets via the Lebesgue
monotone convergence theorem. O
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Remark 4.3.13. Under the hypotheses of Theorem 4.3.12, the following two in-
equalities are also equivalent:

5G| powamy < CollENl, |G| ooy Ge?™(T"),  (4.333)

[N ()| pom ey < CpllBll.t, 181l r (e g € 65 (R"), (4334
with C), < C, < C(n, p)C,, for some other constant C(, p). Indeed, Exercise 1.4.12

gives that the pair of inequalities (4.3.33) and (4.3.34) is equivalent to the pair of
inequalities

Z| ,|H @339

Lr Tn

k ~
Y. 3. Fimblon/t) )| < G114, |6

meZ j=1

k o~ PR
y j<é>b<s/r,->§<é>dé] < 1bll gl

. (4.3.36)

Z il
=

L7 1(RY)

where L'+! is the Lorentz space and fi € €;°(R") and Fj € €=(T").

Now (4.3.36) follows from (4.3.35) just like (4.3.26) follows from (4.3.25) with
the only exception being that Holder’s inequality for L? and LY is replaced by
Holder’s inequality for LP and L' and we use that ||g||zr= < ||g||z». Conversely,
assuming (4.3.36), in order to prove (4.3.35) it will suffice to know that

(L 10) ey =00 £ 21

For this we refer to Exercise 4.3.6.

n
sup €%
O<e<l

. 4.3.37
Lq‘rl(T") ( 33 )

4.3.5 Applications to Almost Everywhere Convergence

As an application of the preceding results, we relate the almost everywhere conver-
gence of Fourier series of functions on T! with the almost everywhere convergence
of Fourier integrals of functions on R. In this subsection we show that the following
two results are equivalent:

Theorem 4.3.14. For every 1 < p < oo there exists a finite constant C,, such that for
all F € €=(T") we have

Theorem 4.3.15. For every 1 < p < oo there exists a finite constant Cy, such that for
all f € €5°(R) we have

;§£+|F*DN|HLP <G|, (4.3.38)

1€ () || oy < Coll Fllrimy (4.3.39)
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where

CaN@ =l [ ey

R>0

is the Carleson operator.
As a consequence of Theorem 4.3.14, we obtain that for any F € L? (T' ), we have

li a 2mimx __
dim Z F(m)e F(x)
m[<N

for almost every x € [0, 1].

Theorem 4.3.14 can be proved directly, but we do not pursue this here. Instead,
we show the equivalence of the two theorems and refer the interested reader to [131],
which contains the proof of Theorem 4.3.15.

We observe that both operators F +— €, (F) = supy~¢ |F * Dy| and f — €..(f)
are sublinear and take nonnegative values. Thus they satisfy the inequalities

G (F) = (G)| S C(F=G)  [Cu(f) = Chn(8)| S Cos(f — 8)

for all F,G in €*(T') and f,g in %;°(R). Then, by density (see the argument in
the proof of Theorem 1.4.19 or Exercise 1.4.17), they admit bounded extensions to
LP(T') and L”(R), respectively, so that (4.3.38) and (4.3.39) hold for all F € L”(T")
and f € LP(R).

Next, we discuss the details of the transference argument that claims the equiva-
lence of Theorems 4.3.14 and 4.3.15.

Consider the following function defined on R:

1 when |x| < 1,
b(x)=q1/2  when [x| =1, (4.3.40)
0 when |x| > 1.

Then b is bounded and Riemann integrable over any interval, and is easily seen to
be regulated; also, given any x € R, the function 7 — b(x/¢) is discontinuous only
forr € {x,—x}.

Let Sp g be as in (4.3.19), where b is defined in (4.3.40). We note that inequality
(4.3.38) is equivalent to

J
Hls;i%|sb,;e(F)| Hu <C||F|, (4.3.41)

for all F € €(T"), where {Dg}g~o is the family of Dirichlet kernels as defined in
(3.1.16), depending on the continuous parameter R. Indeed, we have
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Z\m|§[R] f(m)ezmmx ifR¢ZT,

Sp.r(F)(x) = e ik (4.3.42)
(Day+ F)(x) + LR “; (=R)e itReZ"

Since supR>0\f(iR)| < ||F|lr < ||F]|ee, it follows that if (4.3.38) holds, then
(4.3.41) also holds with C;, =Cp+1.

The only hypothesis of Theorem 4.3.12 missing is that b lies in .#,(R). We
obtain this from the fact that supg. [[6(-/R)||.4,(z) < °° via Theorem 4.3.10, since

supl|F + Dipp = 51 1Dy < GF (43.43)

where the last estimate follows from Proposition 4.1.6, Theorem 4.1.7, and Corollary
4.1.3. The preceding equality is due to the fact that Dg = Dr4¢ whenever 0 < € < 1.

Now all hypotheses of Theorem 4.3.12 are valid. As a consequence we obtain the
equivalence of the boundedness of the the maximal operator

Np(f)(x) = G (f)(x) = sup

R>0

R ‘
[ F@etay
-R
on L?(R) and of

My(F)(x) = sup

Y, Fmeemp() ‘ = sup 5, (F) (3]

meZ

on LP(T"). But in view of (4.3.42) and of the fact that supg- o |F (£R)| < ||F||1». the
L” boundedness of M, is equivalent to the L” boundedness of %, on L”(T"). This
discussion concludes the equivalence of Theorems 4.3.14 and 4.3.15.

4.3.6 Almost Everywhere Convergence of Square Dirichlet Means

The extension of Theorem 4.3.14 to higher dimensions is a rather straightforward
consequence of the one-dimensional result.

Theorem 4.3.16. For every 1 < p < oo, there exists a finite constant Cp, , such that
forall f € LP(T") we have

Dn < C 4344
H;L;%\ N f] () = P~”Hf||LI’(T") ( )
and consequently N )

im Y 7(m)e s = f(x)

N—ee meZ
mj|<N

Jor almost every x € T" and f € LP(T").
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Proof. We prove Theorem 4.3.16 when n = 2. Fix a p with 1 < p < oo. Since the
Riesz projection P, is bounded on L7 (T') (Theorem 4.1.7 and identity (4.1.9)), ap-
plying Theorem 4.3.10 with b(§) = X0, We obtain that that the function ¥ .
is in ., (R). It follows that the characteristic function of the half-space &; > 0 in
R? lies in ,///p(Rz). Since rotations and translations of multipliers preserve their
M, norms (Proposition 2.5.14), it follows that the characteristic function of any half
space created by a line in R? lies in .7, ,,(Rz) with a fixed norm. The product of three
multipliers is a multiplier (Proposition 2.5.13); thus the characteristic function of the
triangle T created by the lines & = & — §, & = —& — 4, & = L+ § lies also in
M ,(R?) with norm independent of L € Z™. The regulated function

1 f(él,éz)ET\
0 if(&,6)¢T
o(&,&) =13 if(&,&) €aT\{(0,— )(L+§7L+%),(—L—%’L+}1)}
g f(él,éz)e{(wz,u )s(—L—3,L+3)}
1 if(&,.&)=1(0,—1)

is a.e. equal to the characteristic function of 7. Thus Theorem 4.3.7 gives that the
restriction of & on Z2, i.e., the sequence {@m, my }m, m, defined by @, m, = 1 when
|mi| < |ma| < L and zero otherwise, lies in ///p(ZZ) with norm independent of L in

Z. This means that for some constant B, we have the following inequality for all f
in LP(T?):

Je

where B, is independent of L € Z*. There is also a a version of (4.3.45), proved
similarly, in which |m;| < |my| is replaced by the strict inequality |m;| < |my|.
Now let 1 < p < oo, L€ Z", and f € LP(T?). For fixed x; € T! define

N . p
Z Z f(m17m2)62m(m1x1+m2x2) dxrdx) < BngHZp(

myeZlZ mel
[ma| <L |my|<|my]

) (4.3.45)

fol (X2) = Z [ Z f(ml’mz)e2mm1x1] p2mimaxy _ Z xLl (m2)62m'm2x2

my€Z my€L my€ZL
[ma| <L [my|<|my| [ma|<L

and for fixed x, € T! define

sz(xl) _ Z |: Z f(ml’mz)eZﬂimzxz] eZm'mlxl _ Z /Z\z(ml)eZﬂ:imlxl'

my€EL my€L myEL
[my|<L  |my|<|my| |my|<L



4.3 Multipliers, Transference, and A. E. Convergence 289

We have
/\ . . P
E Sf(my ,mz)ezmmm XM s dix

/Tl /T‘ 0NCL |m1\<N\m2\<N
<P~ 1/ /
T! JT! 0<N<L

+ sup
0<N<L

p

Z f(ml ’m2)82mmlx1] e27rim2x2

[ma| <N [m||<m2

Z ]?(ml 7m2)ezmm2x2} ezmmlxl

lm1|<N |:m2<|m1

=r-! {/ / sup | DN>|<f)C (x2) ’pd)del
T! JT! 0<N<L

+/ / sup ‘(DN*fzz)(xl)‘pdxldxz}
T! JT! 0<N<L

< or-1 {/ / sup |(DN>|<foI)(x2)|pdx2dx1
Tl T1 N€Z+

// sup DN*fL (x1 | dxldxz}
T! TlN 7+

<oiep [ ] Ukl dda+2riep [ R dads
T! JT! T! JT!
p
<2yl

P
dxl dXQ

where we used Theorem 4.3.14 in the penultimate inequality and estimate (4.3.45)
in the last inequality. Since the last estimate we obtained is independent of L € Z,
letting L — oo and applying Fatou’s lemma, we obtain the conclusion (4.3.44) for
n = 2. When n > 3 the idea of the proof is similar, but the notation a bit more
cumbersome. (]

Exercises

4.3.1. Let o > 0. Prove that the function (1 —|£[?)% is in .#,(R") if and only if the
function (1 —|&|)¥ is in .#,(R").
[Hint: Use that smooth functions with compact support lie in ./, ,,(R").]

4.3.2. The purpose of this exercise is to introduce distributions on the torus. The
set of test functions on the torus is € (T") equipped with the following topology.
Given f;, f in €= (T"), we say that f; — f in €= (T") if

0% 7a“f||Lm(T,,> -0 asj—oo, Va.
Under this notion of convergence, ¢ (T") is a topological vector space with topol-
ogy induced by the family of seminorms pg (@) = sup,cy« [(d%f)(x)|, where o
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ranges over all multi-indices. The dual space of ¢ (T") under this topology is the
set of all distributions on T” and is denoted by 2’(T"). The definition implies that
for uj and u in 2'(T") we have u; — u in 2'(T") if and only if

<”jvf> - <’47f> as j — oo forall f € € (T").

The following operations can be defined on elements of 2'(T"): differentiation (as
in Definition 2.3.6), translation and reflection (as in Definition 2.3.11), convolution
with a > function (as in Definition 2.3.13), multiplication by a €* function (as
in Definition 2.3.15), the support of a distribution (as in Definition 2.3.16). Use the
same ideas as in R” to prove the following: B

(a) Prove that if u € 2'(T") and f € €= (T"), then (f *u)(x) = (u,7(f)) isa €=
function.

(b) In contrast to R”, the convolution of two distributions on T” can be defined. For
u,v € 2'(T") and f € €=(T") define

<u*v,f> = <u,f>k\7>.

Check that convolution of distributions on 2'(T") is associative, commutative, and
distributive.
() Prove the analogue of Proposition 2.3.23, i.e., that €*°(T") is dense in 2'(T").

4.3.3. For u € 2'(T") and m € Z" define the Fourier coefficient #(m) by

@(m) = u(e 2™ mC)) = (u,e27m ()Y

<

Prove properties (1), (2), (4), (5), (6), (8), (9), (11), and (12) of Proposition 2.3.22
regarding the Fourier coefficients of distributions on the circle. Moreover, prove that
for any u, v in 2'(T") we have (u*v)"~(m) = u(m)v(m). In particular, this is valid
for finite Borel measures.

4.3.4. Let u be a finite Borel measure on R” and let v be the periodization of p,
that is, v is a measure on T" defined by

v(a) =) u(A+m)

meZ

for all measurable subsets A of T”. Prove that the restriction of the Fourier transform
of 1 on Z" coincides with the sequence of the Fourier coefficients of the measure v.

4.3.5. Let v, be the volume of the unit ball in R” and e¢; = (1,0, ...,0). Prove that

lim — / dx— 1
i d<1dx==.
=0 V€ Jjx—ey|<e Axi<1 2
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Conclude that the function

1 when |x] < 1,
ZBo,1)(*) =4 1/2  when |x[ =1,
0 when |x| > 1

is regulated.

4.3.6. Let Ls(x) = ¢~ €l” be defined for £ > 0 and x € R" and let 1 < q < oo.
Prove that there is a constant C(n,q) < e such that for any 1-periodic continuous
function g on R” we have

sup €% ||ng/qHLq,1<Rn) < C(”:Q)Hg”LqJ(T") .
O<e<l1

[Hint: Reduce matters to the situation where g =Y 1 czn Xx+£, Where E is a measur-
able subset of [—1/2,1/2)". Express the L% norm of gL, /q in terms of its distribu-
tion function and for 0 < A < 1 estimate the measure

{Lesg > A3 U (k+E)|= ‘B(O, (%log%)%)ﬂ U (k+E)’
k

(/0 keZ"

by G (v+ (L log 1))y E|]

4.3.7. Let 0 < Cy < oo. Suppose that {f; },cg+ is a family of measurable functions
on a measure space X that satisfies

HSUP‘MHLP <G
teF

for every finite subset F of R™.
(a) Suppose that for each x € X, the function # — f;(x) is continuous. Show that

Lr S CO'

|| suplf;]]
t>0
(b) Prove that for any # > 0 there is a measurable function ﬁ on X that is a.e. equal
to f; such that

H sup ‘ffmu’ <Go.
teR*

[Him‘: Part (a): Notice that in view of the Lebesgue monotone convergence theo-
rem, we have || sup;eq |f1] ||Lp < Cp. Also, for each x € X we have sup,cq|fi(x)| =
sup;cgr+ | fi(x)| by continuity. Part (b): Let a = sup || sup,cf | fi|||r < Co, where the
supremum is taken over all finite subsets ' of R. Pick an increasing sequence of
finite sets F, such that || sup,c |fi|l|r — a as n — oo. Let g = sup, sup,c, | f;| and
note that ||g||z» = a. Then for any s € R we have
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| max(| £l sup £} <a.
teF;, Lr

This implies || max(|fs],g)|l.r < a=||g|zr, so that |f;| < g a.e. for all s € R. |
4.3.8. (E. Prestini) Show that for f € L*>(T?) we have that

Z J'c\(ml7m2)627ri(m1x1+m2x2) —>f(X],X2)
[mi| <N
|m2\§N2

for almost all (x,x;) in T2.
[Hint: Use the splitting f(m1,mz) = f(m; 12) Xy <y 2 S (00,02) Xy 5y 2
and apply the idea of the proof of Theorem 4.3.16.]

4.4 Applications to Geometry and Partial Differential Equations

In this section we discuss two applications of Fourier series. The first concerns a
classical result in planar geometry and the other the heat equation.

4.4.1 The Isoperimetric Inequality

Suppose we are given a closed positively oriented nonself intersecting ¢’ curve C
in the (x,y) plane of length L that encloses a region R of area A. The curve can be
described in terms of its parametric equations x = x(¢) and y = y(¢), where ¢ € [0, 1].
Since the curve is closed, we have (x(0),y(0)) = (x(1),y(1)) and the ¢! functions
x(t),y(t) can be thought of as 1-periodic functions on the circle. The perimeter L of
the curve is given by the equation

1

L= [ Jwwr+ly@pa

0
while the area of the region R enclosed by the curve is equal to
A :// 1dxdy
(-3)
= —=—=—| —%)dxd
// 9x 2 ay 2]
=5 fcxdy —vydx

=1 [xo@ —apwar,

where we made use of Green’s theorem in the third equality above.
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A €' curve y(t) is regular if /(1) # O for all £. We have the following result
relating the perimeter and the enclosed area of a region enclosed by a closed %!
curve.

Theorem 4.4.1. Given a closed, positively oriented, nonself intersecting, regular,
€' planar curve of length L that encloses a region of area A, we have that

A<IL*/4n (4.4.1)

with equality holding if and only if the curve is a circle.

Proof. Assume that the curve has parametric equations x = x(¢), y=y(¢),0 <t < 1.
We may assume that the curve has constant speed, i.e., it satisfies

W@+ ()P =L

for all t € [0, 1]. This is achieved via the reparametrization of the curve in terms of
the inverse function s~!(¢) = ¥(t) of the normalized arc length function

0 = [ W@R+ R

Since |(xX/(¢),Y'(t))| # 0, 1 — s(t) is a one-to-one and onto continuous map from
[0,1] to [0,1]. Then the curve ¢ — (x(y(¢)),y(y(¢))) has constant speed, since

RO+ o)y op = EE O DL OF

So we can replace the map (x(¢),y(¢)) by (x(y(¢)),y(y(¢))) which produces the same
curve. Let

f(t) = x(1) +iy(r)
for r € [0,1]. Then in view of the preceding discussion, we may assume that the
function f(¢) = x(r) +iy(¢) satisfies |f'(¢)| = L for all ¢ € [0, 1].
Under the assumption |f”(¢)| = L for all 7 € [0, 1], we now show that (4.4.1) holds,
with equality if and only if f(t) = coe*™" + C for some co,Co € C with |co| = 2.
To prove this claim we argue as follows:

A _%Im lf’(l)md’
0

1 1 — =<
:fmﬁfmumfﬂwﬂ

1 —~
<ifr-Fo),

L1 ,
< EEHJC HL2

L2
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establishing (4.4.1), but we need to explain why the inequality

~ 1
1f=FO)2 < ?Hf/HLZ (4.4.2)
is valid. Indeed, we have

"(t) = Z 277:imf(m)62m’m

meZ

where the series converges in L?. Thus we have

1

||f’HLz=2n[Z|mf<m>|2rzzn[ Y |fm |2] 2|l f—FO) . 443
meZ

meZ\{0}

which proves (4.4.2).

Now suppose that equality holds in (4.4.1), then we must have equality in (4.4.2)
and thus in (4.4.3), which implies that f(m) = 0 when |m| > 2; hence for all 7 € [0, 1]
we must have

£(t) = ce®™ + e 4 £(0) (4.4.4)

where ¢, ¢’ are complex numbers. But since || f7||;2 = L, it follows that
7 (je? +1e'?) = L, (4.4.5)

and since |f’(¢)| = L for all t € [0, 1], it follows that
L2 2, |02 7 2midt
(E) = |e +|c'[2 = 2Re [cc’e?™] (4.4.6)
for all 7 € [0, 1]. Combining (4.4.5) and (4.4.6) we obtain

Re [cc'e®™] = 0. (4.4.7)

Insertlng t=0and=1/8in (4.4.7) and using that Im (iz) = —Rez, we deduce that
Recc’ = Imcec’ = 0. This implies that either ¢ or ¢’ is zero. In either case (4.4.4) and
(4.4.5) imply that f(¢) is a circle of radius L/27 centered at the point f(0). O

4.4.2 The Heat Equation with Periodic Boundary Condition

Let k > 0 be a fixed quantity. Consider the partial differential equation

n 2
5 Z 2 t€(0,0), x€R”, (4.4.8)
= J
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which is called the heat equation. Assume that there is an initial condition
F(0,x) = f(x) xeR" (4.4.9)

for a given €’ function f on R” which is assumed to be 1-periodic in every variable.
We would like to find a continuous function F(¢,x) on [0,0) x R” which is €
on (0,c0) x R such that
F(t,x+e;)=F(t,x)

forallz>0andalle; = (0,...,0,1,0,...,0), so that F solves the equation (4.4.8).

The function F(z,x) represents the temperature of a body at time ¢ > 0 at the
location (xj,...,x,). Since the initial temperature f is 1-periodic in each variable,
we expect F (z,-) to also be periodic in each variable. For example, F (¢,x) is a good
model for the temperature of the torus {(e*1,... 2™ ) : x; € R} at time ¢ > 0,
given that its temperature at time # = 0 is f(x). When n = 1, F(¢,x) models the
temperature of a infinitesimally thin ring, thought of as the unit circle, at time ¢ > 0
at the location *™,

Let us suppose there is a continuous function F(z,x) on [0,e0) x R" which is €™
on (0,00) x R" that solves the equation (4.4.8) and satisfies F(f,x+e;) = F(t,x)
for all x € R" and ¢ > 0. Denote by ¢, (t) the Fourier coefficient of the function
x+— F(t,x) defined by

cm(t) = [ F(t,x)e ™My,
™"

Then ¢,,(¢) is a continuous function on [0, ) since F is continuous in the variable
t. For the same reason, ¢, is a smooth function on (0,0) whose jth derivative is
given by

d’ 9/

—cCcplt) = _

a7 n®) ™ Ot

for any j = 1,2,.... Using equation (4.4.8) we obtain that

F(t,x) e 2mm= gy

2] , 02 .
(1) = /n EF(LX) e 2 gy = - kﬁF(t,x) e 2mmE gy — 472 |m) ke, (),

where the last identity is due to an integration by parts in which the boundary terms
cancel each other in view of the periodicity of the integrand in x. Also ¢,,(0) = f(m).
The ordinary differential equation ¢/, (t) = —4m?|m|*kc,(t) with initial condition
cm(0) = f(m) is easily solved by separating the variables

dep (1)
cm(t)

= —47?|m|kdr , (4.4.10)

yielding the solution

~

Cm (t) _ f(m)ef47r2|m\2kt.
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We may therefore define the function

Flt,)= Y fm)e 4% mPh 2mims 4.4.11)

meZ"

on [0,0) X R" and observe the following:

(a) F is continuous on [0,e0) x R” and €* on (0,) x R".
(b) F satisfies the heat equation (4.4.8) and the initial condition (4.4.9).
(c) F is 1-periodic in each of the last n variables.

These statements can be easily proved by passing the differentiation inside the
sum, in view of the rapid convergence of the series in (4.4.11) due to the fact that
the periodic function f is €= (R"). Furthermore, F is unique with properties (a),
(b), and (c), since any other function G(x,¢) with these properties is derived in the
preceding way, and so it has to be equal to F(x,?).

Definition 4.4.2. Define the heat kernel

H[(X): Z ef4zr2\m\2kt62n'im-x

meZ

for ¢ > 0. Notice that the series defining H; is absolutely convergent for any ¢ > 0.
The importance of the heat kernel lies in the fact that one can express the solution
F(x,1) of (4.4.8) in terms of the convolution F(x,1) = (f * H;)(x).

We summarize these facts in the following proposition.

Proposition 4.4.3. Let k > 0 be fixed and let [ be in €=(R"). Assume that f is
1-periodic function in each variable. Then the heat equation

.%F(x,t) =kAF(x,1) t € (0,0), x€R" (4.4.12)

under the initial condition
F(0,x) = f(x) xeR" (4.4.13)

has a unique solution which is continuous on [0,00) x R" and € on (0,00) x R"
given by
Flxt) = (f+H)(x)= Y flm)e 4 Im 2mimx, (4.4.14)

meZ’

Proof. Since f is €, the series in (4.4.14) is rapidly convergent in m and thus it
gives a continuous function on [0, o) x R". Moreover, the series can be differentiated
term by term in the variable ¢ > 0, and thus it produces a % function on (0,0) x R".
By Fourier inversion (Proposition 3.2.5), F satisfies the initial condition (4.4.13).
Finally, to verify (4.4.12), we simply notice that
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9 D o o
F(x.t) = - —4n=|m|*kt 2mim-x
gt &) mg a1/ me ¢
— 47’k Y fm)e TPk 2 i x
meZ
2 2
=k Z f(m)e—mzlm\zh(%+m+§7>ezmm.x
mezn X1 Xn
9 9? - 202 .
= k<7 4 — f(m)efzm m] kt j2mim-x
2 2 )mé
82
- k%F(x,t),

where the rapid convergence of the series in m makes it possible to pass the differ-
entiations in and out of the sum. Finally, to show uniqueness, assume that there is
another solution G(t,x), continuous on [0,0) x R"” and > on (0,) x R”", that can
be expanded in Fourier series as follows:

G(t,x) = Z cm(t)ezmm'x.

meZ"

Conditions (4.4.12) and the rapid decay of the coefficients ¢,,(¢) yield the ordinary

differential equation (4.4.10) with initial condition ¢,,(0) = f(m), which has the
solution ¢, (¢) = f(m)e““’z""'zk’. Thus G = F on [0,00) x R". O

It is important to observe that the family {H; },~0 is an approximate identity on
T!. Indeed, the Poisson summation formula (Theorem 3.2.8) and the fact that the
inverse Fourier transform of e =47k jg o= Il*/4k /(2v/mkt)" [Example 2.2.9 and
Proposition 2.2.11 (8)] yield that for all x € [0, 1]" we have

x4
4k,

— 1 -
Hy(x) = 2v/k)" fezie

This identity implies that H, (x) > 0 for all 7 > 0 and that

I

_ = _ 2
Hz(x)dx:/n a :rkt)ne 4ktdx:/ne W ax =1

T

for all # > 0 and that

v 2
H,(u)duS/ %efmdx:/ e ™ gy
<ul x| =8 (2V7ke) 25

which tends to zero as t — 0 for any § > 0 in view of the Lebesgue differentiation
theorem. Thus properties (i), (ii), and (iii) of approximate identities hold.

As a consequence, we have that ||F(t,-) — f||p(r) — 0ast — 0 for 1 < p <o
and F(z,-) converges to f uniformly on T"; see Theorem 1.2.19.
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Exercises

4.4.1. Let f,F be as in Proposition 4.4.3. Prove that the total heat on the torus
remains constant in time by showing that for all # > 0 we have

/TnF(t,x)dx: Anf(x)dx.

Moreover, show that the temperature at any fixed point x € T" on the torus tends to
the average initial temperature, i.e., it satisfies

lim F(r0) = [ £0)dy
4.4.2. Derive the following property of the heat kernel,
H; «Hs = Ht+s
for all £,s > 0.

4.4.3. Consider the heat equation on [0,e) x R

d 02
8t u(x,t) = ) u(x,t)

. oL 2,
without a boundary condition. Show that u = 2¢ 4 x* and u(t,x) = e~9" /%, as well
as constant functions, are solutions of this equation. Prove that the set of solutions
is a vector space over the field of complex numbers C.

4.4.4. Suppose that a square-integrable function g(x) on R” is supported in a cube
[—A,A]" for some A > 0. Then we have the following representation:

g(x) = 2A / g 727”'2/% dy) i X[-AA]" >

mEZ"
where the series converges in L?

4.4.5. This exercise provides an application of Fourier series in complex analysis.
Let z € C\ Z. Consider the function h;(x) = cos(27zx) defined on [—3, 1] extended
periodically on the entire line [notice /,(—1) = h.(1)].

(a) Compute the Fourier coefficients of 4.

(b) Obtain a Fourier series expansion of /&, noticing that it is a Lipschitz function.
(c) Plug in x = 1/2 to prove that

1 oo
tﬂ' — .
cot(mz) +7fmZ"1Z2*m
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4.5 Applications to Number theory and Ergodic theory

In this section we discuss three applications of Fourier series techniques to number
theory and ergodic theory.

4.5.1 Evaluation of the Riemann Zeta Function at even Natural
numbers

Definition 4.5.1. We define the Bernoulli polynomials {By};_, on [0, 1] recursively
as follows:
Bo (x) =1

B;((x) = kBy_1(x)
fork=1,2,..., and
1
/ Bi(x)dx=0.
0

In view of this definition we find the first few polynomials By (x) = x — %, By (x) =
X2 —x+ %, B3(x) = x— %xz + %x, etc. Unlike orthogonal polynomials, the Bernoulli
polynomials have the remarkable property that their number of zeros in the unit
interval does not increase as the degree of the polynomials increases; in fact all
Bernoulli polynomials have at most three zeros in [0, 1].

Notice that for £ > 2 we have

Be(1) — By (0) = /OIB;(x)dx:k/OIBk_l(x)dx: 0,

thus we may think of these polynomials as functions on the circle T'. We extend the
Bernoulli polynomials to the whole line periodically by setting By (x+{) = By (x) for
x € ]0,1]. We now compute the Fourier coefficients of B;. We have

—~ 1 o 0 ifm=0
Bim) = [ (1~ e 2”""'dr={ L
2mim .

Therefore, using Corollary 3.4.10, we can write

1 .
B (x) _ Z o i emex
mz0 2mim

where the series converges at every x € (0,1).
We have the following result concerning the Fourier expansion of the Bernoulli
polynomials.
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Theorem 4.5.2. For each k > 2 we have

L omims 4.5.1)

By (x) = —k! W )

meZ\{0}

where the series converges absolutely and uniformly on [0,1]. When k = 1 we have

Bix)=— Y, L omim (4.5.2)

meZnjo} 2wim
Jorall x € (0,1) and the series converges conditionally.

Proof. We have already proved (4.5.2) and we focus attention to the case k > 2. As
a consequence of B, = kBj_; we obtain

Bk(x):k/o By (t)dt +Cy.

Using the property that By has integral zero over [0, 1] we evaluate the constant Cy.

We have
1 X
0 :/ |:k/ Bk_l(t)dt+Ck]dx
0 0
1 1
Zk/ (/ dx)Bkl(t)dl+Ck
0 Jt
1
= 7/{/ tBy_1(t)dt + Cy.
0
Thus

1
Cy :k/ tBr_1(t)dt.
0

The Fourier series of By(x) can be obtained by integrating the one for By_;(x)
for all £ > 2 by induction via the identity

X 1
Bi(x) = k /0 B (t)di +k /O 1By (1) dr (4.5.3)

Indeed, assume that (4.5.1) holds for some k > 2. Then using (4.5.3) we obtain

Bu)= [ 1im ¥ e K= DY i / ' lim y k=Dt i
0 N 22y (2mim)k-1 0 N A2 (2mim)k-1
m#0 m£0
! k=1 o ! k—1)! 5.
= lim Z _k(.iz_lezmmtdt_ hm/ ¢ Z k(.iz_lebnmtdt
N=eJo =y (2mim) Nowo =y (2mim)

m#0 m#0
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— — lim k! e2mimx _ lim k! {t eZ}timt:|t1
Noeo 12y Qrim)k1 2mim Noeo 20 Qrim)cT | 2mim |,_,
miozﬂlmx m0
B _k’W;’O (2mim)k

Passing the limit from inside the integral to outside is allowed due to the uniform
convergence of the series when k > 3. In the case k = 2, one may use Exercise 3.5.6
which says that for all [a,5] € T' and g integrable functions over [a, b] one has
b b b
lim [ (g Dw)(0)dr = / lim (g% Dy) (1) di = / a(t)dr.
a N—e a

N—oo

This argument proves identity (4.5.1) for all £ > 2 by induction and concludes the
proof. (]

We recall the following definition from number theory.

Definition 4.5.3. For s > 1 we define

N“,_\

called the Riemann zeta function.

We use the Fourier expansions of the Bernoulli polynomials to obtain the values
of the Riemann zeta function for integers. When k is an even integer, identity (4.5.1)
can also be written as

k cos(27nx)
Bi(x)=2(-1)'*2 k'Z Q)

and inserting x = 0 yields

i 1 B (0) (2m)*

R YO e 70

The polynomial Bj(x) = x — 1/2 has rational coefficients and thus so do all the By
by a straightforward inductive argument that uses the identity (4.5.3). Thus B, (0) is
a rational number for all £ > 1. We conclude that

By (0)(27)%™

£ (2m) = ey (4.5.4)

which is a rational multiple of (2717)2’", hence transcendental, since 7 is a transcen-

dental number. We have therefore obtained the following.
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Corollary 4.5.4. (Euler) The value of the Riemann zeta function {(2m), m =
1,2,..., is equal to a rational multiple of (2m)*"; hence it is a transcendental
number.

The corresponding statement for odd integers remains unresolved in general, as
of this writing.

4.5.2 Equidistributed sequences

Here we discuss Weyl’s theorem on equidistributed sequences.

Definition 4.5.5. A sequence {a; };._, with values in T" is called equidistributed if
for every cube Q in T we have

#lk: 0<k<N-1

N—oo N

Theorem 4.5.6. The following statements are equivalent:
(a) The sequence {ay}7_, is equidistributed.
(b) For every smooth function f on T" we have that

1N71
lim — ag) = x)dx.
my LS = [ 5

N—oo N

(c) For every m € 7'\ {0} we have

1 N-1 i
lim — e MM — (),
v

N—oo

Proof. We first prove the equivalence of (a) and (b). We begin by observing that
(b) is a restatement of (a) if f = xp and Q is a cube in T". Thus, if (a) holds,
then (b) holds for all step functions, i.e., finite linear combinations of characteristic
functions of cubes. We prove that (a) implies (b) for smooth functions. Given a
smooth function f on T" and given € > 0, by the uniform continuity of f, there is a
step function g = Y/ ¢; g, (c; € C and Q; are cubes in T") such that || f — g||r~ <
%. Since g is a finite linear combination of step functions, there is an Ny such that
for N > Ny we have

1! €
5 L st [ stas| <5
Since
[ x)dn— [ s)ax| <7 =gl <
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and

lN 1
\ <l —gli- <

Zgak —*Zfak

it follows that for N > Ny we have

X s [ s

k=0

<e,

thus (b) holds.
To prove that (b) implies (a) given a cube Q in T" pick two smooth functions g
and & such that
0<h<xo<g

and such that g is equal to 1 on Q and vanishes off (1+ €)Q while % is equal to 1 on
(1 — €)Q and vanishes off Q. Observe that

Qe [ hwar<|ol< [ swdr<iol+ae

for some ¢, > 0. Since

lN—l 1N1
Nzh(ak <—Z%Qak <—Zgak
k=0

the sandwich theorem implies that
1 N=1 1 N=l
0] —ene < liminf = k:ZOxQ(ak) < limsup k:ZOxQ(ak) <|0|+cne

Since € > 0 was arbitrary the conclusion follows.
The implication (b) = (c) is trivial.
We now prove that (¢) = (b).
Given a smooth function f on T" we write

1y RS TR - ~ 1A,
N Z flap) = N Z Z f(m)e ™% = £(0)+ Z f(m) <N Z e mm‘ak)'
k=0 k=0 meZ" mezn\{o} k=0

Because of the rapid decay of the Fourier coefficients of f we can pass the limit as
N — oo inside the sum in m. It follows that

lim — Z Slag) f(x)dx.

N*)oo ™
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Example 4.5.7. The sequence {kv/2— [kv/2]}7_, is equidistributed on T'. We check
this by verifying condition (c) of Theorem 4.5.6. Indeed if m € Z\ {0} then

& 27iN(my/2
lim Y V2V _ iy It BN
NoeN S N—oo N g2mi(mv2) _ 1 )

since m+/2 is never a rational and thus the denominator never vanishes.
Naturally, the same conclusion is valid for any other irrational number in place

of V2.

Example 4.5.8. We examine the sequence of the first digits of powers of 2. Consider
the following sequence of numbers defined form =1,2,...

d,, = first digit of 2.

For instance we have dy =2,d, =4,d3 =8,dy =1,ds =3,....
Fix an integer k € {1,2,3,4,5,6,7,8,9}. We would like to find the frequency in
which k appears as a first digit of 2™, precisely, we would like to compute

. #{me{l,2,...,N}: d,=k}
lim .
N—oo N

The crucial observation is that the first digit of 2™ is equal to k if and only if there is
a nonnegative integer s such that

K10° <27 < (k+1)10°,
Taking logarithms with base 10 we obtain
s+log (k) <mlog 2 < s+log;o(k+1),
but since 0 < logo(k) and log;o(k+ 1) < 1, taking fractional parts we obtain that
s = [mlog(2]

and that
logo(k) < mlogj2 —[mlog,2] <logjo(k+1).

Since the number log,;2 is irrational, it follows from Example 4.5.7 that the
sequence

{mlog;y2—[mlog)y2]}"_

is equidistributed in [0, 1). Using Definition 4.5.5 in dimension n = 1 with

Q = [a,b] = [logo(k),log;o(k+1)]
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we obtain that

#{me{1,2,....N}: dn=k}
Ng:o N

= logyo(k+ 1) —logo(k) = logyo(1+ 7).

This gives the frequency in which k appears as first digit of 2”*. Notice that

9 9
Zloglo(l—l— Z logo(k+1) —10g10(k)) 1,

as expected, and that the digit with the highest frequency that appears first in a
term of the sequence {1,2,4,8,16,32,64,...} is 1, while the one with the lowest
frequency is 9.

4.5.3 The Number of Lattice Points inside a Ball

Points in Z" are called lattice points. In this subsection we obtain the number of
lattice points N(R) inside a closed ball of radius R in R”" centered at the origin,
precisely, we compute the asymptotic behavior of

N(R) = [B(O,R)NZ"|

as R — oo. We denote by v, the volume of the closed unit ball in R". We have the
following result.

Theorem 4.5.9. Let n > 2. If N(R) is the number of lattice points inside the closed
ball of radius R centered at zero in R", then we have that

N(R) = v,R" + O(R"i71),

as R — oo,
Proof. Let B be the closed unit ball in R" and yp its characteristic function. Using
the result in Appendix B.5 we have x3(&) = %ﬂi‘) Now in view of the behavior

of the Bessel function given in Appendix B.6 for || < 5- we have J, 22r|E]) <

Cl&|2. Also for [E] > 5= we have Jup (27| E]) < C|§\_%, in view of the result in
Appendix B.7. Consequently, there is a constant C,, such that for all £ € R” we have

Z5(E)| < Cu(1+1]E) "

Fix a smooth nonnegative radial function § supported in |x| < % with integral
equal to 1 and define §;(x) = é (%) for € > 0. For 0 < € < {5, define functions

_x &) * Ce
Ve = Xa+£)p* Ce-

I\)
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These functions are even, hence their Fourier transforms are real-valued. We observe
that

®*(x) =1 when x| <1—¢ and &*(x) =0 when |x| > 1. (4.5.5)

Indeed, we have

S0 = [t yp0)Lelx—)dy

= X _

7/\y|<17% ¢ —Y)dy

— &
For [x| <1—¢ 5| <L—1,s0|f—r|<t—14L=1_1for|s| <, whichmeans

¢e(x):/ L CE=ydy= [ Cndi=1
b<g—2 <}
F0r|x|217‘%—)42%—%4-%:%,50
@8()():/ . lg(g—y)dy:(),
|y|§3_2

proving (4.5.5). Likewise one can show that
PE&(x) =1 when |x| <1 and W¢(x)=0 when |x| > 1+¢€. (4.5.6)
Next we claim that
|PE(E)]+|PEE) < Cun(1+1ED T (1+ele)™ @57

for every £ € R" and N a large positive number. Indeed to show (4.5.7) for ¢ we
write

D2(&)| = |70 _35)s(E)C (Ee)]
< (1-5)C(1+E](1-5)""F [ (Ee)] (4.5.8)
<Cun(1+E)"F (1+elg) Y

since { € S (R)and 0 < € < %. The proof for ¥¢ is completely similar.
We now notice that for R > 0, m € Z"\ {0}, and x € [0, 1]" we have

1+ |m+x|R <1+ (vn+|m|)R <2/n(1+|m|R).
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This implies that for € < 1/10 we have
Y R'(1+Rm)""F (1+eRm)™N
meZm\{0}

gC’/ Y R'(1+Rjm+x)
011" mezm\ {0y

_ n+l

T (14&R|m+x|) Ndx

< C’/ R'(1+RJx))~" (1+&R|x|) Vdx
RYl
<Cle™'T, (4.5.9)

where the proof of (4.5.9) is easily deduced by considering the cases (a) x| < R™!
which yields a constant, (b) R~ < |x| < (Re)~! which yields a constant multiple of
8’%, and (c) (Re)~! < |x| which also produces a constant multiple of e "7 if we
pick N > ”T_l

Using (4.5.5) and the Poisson summation formula we write

Y (R = Y (%)

mezr mezr
=R'Q(0)+ Y R'®F(Rm)
meZm\ {0}
> vR'(1—e)'—Coy Y, R'(1+Rm)~"3 (1+&Rm|) ™Y
meZm\ {0}

/ _n-l
> R —nv,R'e —C, e~ 7,

where we used that (1 —¢g)" > 1 —ne, (4.5.8), and (4.5.9). Now pick € such that
eR' = "7 , or equivalently € = R to deduce the estimate

N(R) > v,R" — O(R"i71)

as R — oo,
Finally, making use of (4.5.6), and via a similar argument we write

Y as() < ¥ P =REEO0) + Y RPE(Rm)
meZn mezZ" meZ"\{0}
vaR'(14+€)"+Cyy Y, R'(1+R|m|)
meZM\ {0}
n—1

< VvR"+v,2"R'e+Cynye™ T .

_ntl
2

IN

(1+&R|m|)™

The same choice of £ = R™#31 , yields the upper estimate for N(R).
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Combining the upper and lower estimates for N(R) we obtain
N(R) = v,R" + O(R"5+1),
as R — oo, (]

Exercise 4.5.8 contains an application of Theorem 4.5.9.

Exercises

4.5.1. Prove that for all x € [0, 1] we have

> sin(2mjx) (1)t (2m)2n
Y = Bonr1(x).-
j 2 (2m+1)!

4.5.2. Show that for all z € C with |z] < 1 we have

mzeot(mz) =1-2)° 22k +2).
k=0

[Him‘: Use the result of Exercise 4.4.5.]

4.5.3. Suppose that a pointx = (x1,...,x,) € [0, 1]" has the property that m-x is irra-
tional for all m € Z"\ {0}. Show that the sequence { (kx; — [kx1], ..., kx, — [kx,]) } 7o
is equidistributed in T".

4.5.4. ([191]) Let N(x,R) be the number of lattice points inside the closed ball of
radius R > O centered at x € R". Show that

/ IN(x,R) = v,R" | dx = O(R"")
Tn

as R — oo, where v,, is the volume of the unit ball on R".

4.5.5. (Minkowski) Let S be an open convex symmetric set in R” and assume that
the Fourier transform of its characteristic function satisfies the decay estimate

(&) <c+]E) "

(This is the case if the boundary of S has nonzero Gaussian curvature.) Assume that
|S| > 2". Prove that S contains at least one lattice point other than the origin.
[Hint: Assume the contrary, set f = Is* Xls and apply the Poisson summation

formula to f to prove that £(0) > £(0).]
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4.5.6. For t € [0, ) let
N(t)=#{meZ": |m| <t}.

Let 0 =ry <r; <ry <--- be the sequence all of numbers r for which there exist
m € Z" such that [m| = r.

(a) Observe that N is right continuous and constant on intervals of the form [r i T ).
(b) Show that the distributional derivative of N is the measure

u@)=#{meZ": \m =t},
defined via the identity (i, ) = Y7 o#{m € Z": [m| =r;} ¢(r;).
4.5.7. Let f € €'((0,)), and let 0 < a < b < 0. Derive the identity

b b
Yl = [ F0dNG) = FONE) ~ f@N(@) ~ [ 7 NG dx

meZ’
a<|m|<b

where N is defined in Exercise 4.5.6 and [ f f(t)dN(t) is the Riemann-Stieltjes in-
tegral of f with respect to N.

4.58.LetneZt and 0 < A < oo.
(a) Prove that for k € Z* U {0} we have

i€’ —iwn e LO(a D25t
mx A1) —(n-1)

meZl
a<|m|<b

forall 0 < a < b < o with b — a < 1, where m,_; is the volume of "~ .

(b) Show that when A >n — % +1 , the limit

lim eilm|

7
R g o ™
Im|<R

exists.
(c) Prove, however, that whenn — 1 — 2= < A <n—1, the limit in part (b) does not
exist.

[Hint: Use Exercise 4.5.7 and Theorem 4.5.9. Part (b): For R > 1 use the identity

R—3]-1 . .
t|m\ [ I ] eilm| ilm|
2 (5 #) 5 &

meZ”\{O} k=0 meZ" meZ’
lm|<R ket <|m| <k+3 [R—1]+4<|m|<R

Notice that the main term in the first sum on the right is telescoping. Part (c): Show

that limg—eo Y ez {0} | | /1 does not tend to zero. }
R<|m|<R+1
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HISTORICAL NOTES

The boundedness of the conjugate function on the circle (Theorem 4.1.7) and, hence, the L”
convergence of one-dimensional Fourier series was announced by Riesz in [292], but its proof ap-
peared a little later in [293]. The proof of Theorem 4.1.7 in the text is attributed to S. Bochner.
Luzin’s conjecture [235] on almost everywhere convergence of the Fourier series of continuous
functions was announced in 1913 and settled by Carleson [54] in 1965 for the more general class
of square summable functions (Theorem 4.3.14). Carleson’s theorem was later extended by Hunt
[165] for the class of L? functions for all 1 < p < oo (Theorem 4.3.15). Sj6lin [325] sharpened
this result by showing that the Fourier series of functions f with |f|(log™ |f])(log™ log™ | f|) in-
tegrable over T! converge almost everywhere. Antonov [5] improved Sj6lin’s result by extend-
ing it to functions f with |f|(log™ |f|)(log™ log"log™ |f]) integrable over T'. One should also
consult the related results of Soria [330] and Arias de Reyna [9]. The book [10] of Arias de
Reyna contains a historically motivated comprehensive study of topics related to the Carleson—
Hunt theorem. Counterexamples due to Konyagin [200] show that Fourier series of functions f

with |f](log* |f|)% (log™ log™ \f\)*%*g integrable over T! may diverge when & > 0. Examples of
continuous functions whose Fourier series diverge exactly on given sets of measure zero are given
in Katznelson [189] and Kahane and Katznelson [183].

The extension of the Carleson—Hunt theorem to higher dimensions for square summability of
Fourier series (Theorem 4.3.16) is a rather straightforward consequence of the one-dimensional
result and was independently obtained by Fefferman [112], Sjolin [325], and Tevzadze [359]. An
example showing that the circular partial sums of a Fourier series may not converge in L? (T") for
n > 2 and p # 2 was obtained by Fefferman [113]. This example also shows that there exist L”
functions on T" for n > 2 whose circular partial sums do not converge almost everywhere when
1 < p < 2. Indeed, if the opposite happened, then the maximal operator f — supy~q |D(n,N) * f]|
would have to be finite a.e. for all f € LP(T"), and by Stein’s theorem [335] it would have to be of
weak type (p, p) for some 1 < p < 2. But this would contradict Fefferman’s counterexample on L?!
for some p < p; < 2. On the other hand, almost everywhere is valid for the square partial sums of
functions f with |f|(log™ | f])"(log™ log*log™ |f|) integrable over T", as shown by Antonov [6];
see also Sjolin and Soria [327].

The development of the complex methods in the study of Fourier series was pioneered by
the Russian school, especially Luzin and his students Kolmogorov, Menshov, and Privalov. The
existence of an integrable function on T! whose Fourier series diverges almost everywhere (The-
orem 4.2.1) is due to Kolmogorov [195]. An example of an integrable function whose Fourier
series diverges everywhere was also produced by Kolmogorov [198] three years later. Localiza-
tion of the Bochner-Riesz means at the critical exponent o = % fails for L! functions on T"
(see Bochner [30]) but holds for functions f such that |f|log™ |f| is integrable over T" (see Stein
[333]). The latter article also contains the L” boundedness of the maximal Bochner—Riesz oper-
ator supp-q |Bg(f)| for 1 < p <eo when a > |%—%| Proposition 4.1.9 is due to Stein [331] and
Theorem 4.2.5 is also due to Stein [335]. The technique that involves the points for which the set
{|x—m|: m € Z"} is linearly independent over the rationals was introduced by Bochner [30].

Transference of regulated multipliers originated in the article of de Leeuw [94]. The methods
of transference in Section 4.3 were beautifully placed into the framework of a general theory by
Coifman and Weiss [70]. The key Lemma 4.3.8 is attributed to G. Weiss. Transference of maximal
multipliers (Theorem 4.3.12) was first obtained by Kenig and Tomas [192] and later elaborated by
Asmar, Berkson, and Gillespie [12], [13].

Paraphrasing Pappus of Alexandria, bees know than a hexagon will hold more honey than a
triangle or square of the same length, but people claim a greater share of wisdom knowing that the
circle of a given length holds the maximum area among all geometric shapes of equal perimeter.
This reflection captures the isoperimetric inequality, which was first recorded by Pappus in the
fourth century A.D. and was credited it to Zenodorus (second century B.C.). Archimedes also
studied the problem, but his work on the subject, like the original writings of Zenodorus, has been
lost. Rigorous modern-day proofs of this inequality can be traced to J. Steiner, K. Weierstrass, and
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F. Edler, whose methods are based in geometry and calculus. The proof in the text is due to A.
Hurwitz. On the history of the isoperimetric inequality see [322].

The mean square error for lattice points (Exercise 4.5.4) is due to Kendall [191] while the more
delicate pointwise asymptotic formula of Theorem 4.5.9 was obtained by Landau [212]. Using
Landau’s formula Pinsky, Stanton, and Trapa [284] showed that the spherical partial sums of the
Fourier series of the characteristic function of a sufficiently small ball in T” converge at the center
of the ball if and only if the dimension n is strictly less than three; this property is valid for the
characteristic function of any ball as shown in Pinsky [283].
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