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Objectives: Beams are among the most important ele-

ments in structural engineering. In this chapter it is explained
how the internal forces in a beam can be made accessible to cal-
culation.

The normal force, the shear force and the bending moment are
introduced. Students will learn how to determine these quantities
with the aid of the conditions of equilibrium. In addition, they will
learn how to correctly apply the differential relationships between
external loading and internal forces.
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7.1 Stress Resultants

Beams are slender structural members that offer resistance to ben-
ding. They are among the most important elements in enginee-
ring. In this chapter the internal forces in structures composed of
beams are analyzed. Knowledge of these internal forces is impor-
tant in order to be able to determine the load-bearing capacity
of a beam, to compute the area of the cross-section required to
sustain a given load, or to compute the deformation (see Volume
2). For the sake of simplicity, the following discussion is limited
to statically determinate plane problems, as indicated in Fig. 7.1a.
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According to Section 1.4, the internal forces in a beam can be
made visible and thus accessible to calculation with the aid of
a free-body diagram. Accordingly, we pass an imaginary section
perpendicularly to the axis of the beam. The internal forces p
(forces per unit area) acting at the cross-section are distributed
across the cross-sectional area (Fig. 7.1b). Their intensity is called
stress (see Volume 2). The actual distribution of the forces across
the cross-section is unknown; it will be determined in Volume 2,
Chapter 4. However, it was shown in Section 3.1.3 that any force
system can be replaced by a resultant force R acting at an arbi-
trary point C' and a corresponding couple M (). When carrying
this out, we choose the centroid C of the cross-sectional area as
the reference point of the reduction. The reason for this particu-
lar choice will become apparent in Volume 2. In the following, we

7.1



176 7 Beams, Frames, Arches

adopt the common practice of omitting the superscript C that
refers to the reference point: instead of M(©), we simply write M.
The resultant force R is resolved into its components N (normal
to the cross-section, in the direction of the axis of the beam) and
V (in the cross section, orthogonal to the axis of the beam). The
quantities N, V and M are called the stress resultants. In parti-
cular,

N is called the normal force, V' is the shear force and M is
the bending moment.
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In order to determine the stress resultants, the beam may be
divided by a cut into two segments (method of sections). A free-
body diagram of each part of the beam will include all of the
forces acting on the respective part, i.e., the applied loads (forces
and couples), the support reactions and the stress resultants ac-
ting at the cut sections. Because of Newton’s third law (action
equals reaction) they act in opposite directions at the two faces
of the segments of the beam (compare Fig.7.2). Since each part
of the beam is in equilibrium, the three conditions of equilibrium
for either part can be used to compute the three unknown stress
resultants.

Before we can provide examples for the determination of the
stress resultants, a sign convention must be introduced. Consider
the two adjoining portions of the same beam shown in Fig.7.3.
The coordinate x coincides with the direction of the axis of the
beam and points to the right; the coordinate z points downward.
Accordingly, the y-axis is directed out of the z, z-plane (right-hand
system, see Appendix A.1). By cutting the beam, a left-hand face
and a right-hand face are obtained (see Fig.7.3). They are cha-
racterized by a normal vector n that points outward from the
interior of the beam. If the vector n points in the positive (negati-
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ve) direction of the z-axis, the corresponding face is called positive
(negative). The following sign convention is adopted:

Positive stress resultants at a positive (negative) face point
in the positive (negative) directions of the coordinates.

Here, the bending moment M has to be interpreted as a moment
vector pointing in the direction of the y-axis (positive direction
according to the right-hand rule). Fig. 7.3 shows the stress resul-
tants with their positive directions. In the following examples, we
shall strictly adhere to this sign convention. It should be noted,
however, that different sign conventions exist.

In the case of a horizontal beam, very often only the z-coordi-
nate is given. Then it is understood that the z-axis points down-
ward. Sometimes it is convenient to use a coordinate system where
the z-axis points to the left (instead of to the right) with the z-
axis again pointing downward (compare Example 7.4). Then the
y-axis is directed into the plane of the paper. In this case, only
the positive direction of the shear force V' according to Fig. 7.3 is
reversed, the positive directions of M and N remain unchanged.
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The sign convention for frames and arches may be introduced
by drawing a dashed line at one side of each part of the system
(Fig. 7.4a). The side with the dashed line can then be interpreted
as the “underneath side” of the respective part and the coordinate
system can be chosen as the one for a beam: z-axis in the direction
of the dashed line, z-axis toward the dashed line (“downward”).
Fig. 7.4b shows the stress resultants with their positive directions.
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We will now determine the stress resultants for the simply sup-
ported beam shown in Fig. 7.5a. First, the support reactions are
computed from the equilibrium conditions for the free-body dia-
gram of the beam as a whole (Fig.7.5b). With Fyy = F'sina and

Fyg = F cosa we obtain
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— AHfFHZO — AH:FH,
2 a
A: IB—aFy=0 — B:ZFV,
A b
B: —-lAy+bFy =0 — Ay = _Fy.

l

In a second step, a coordinate system is chosen and the beam is
divided into two parts by a cut at an arbitrary position x between
the points A and D (0 < z < a, Fig. 7.5b). The free-body diagram
of the left-hand segment of the beam is depicted in Fig. 7.5¢c. We
shall always represent the stress resultants at the cut section with
their positive directions. If the analysis yields a negative value
for a stress resultant, the resultant acts in opposite direction in
reality. The equilibrium conditions for this part of the beam yield

— Ag+N=0 — N:—AH:—FH,

b
T: AV7V:0 — V:AV:ZFv,

~ b
C: zAy—-M=0 — M::L'AV::L'ZF\/.

Now we cut the beam at an arbitrary position « between points D
and B (a < z < 1). The free-body diagram of the left-hand part is
depicted in Fig. 7.5d. From the equilibrium conditions we obtain

— Ay —Fg+N=0 - N=Fyg—Ayg =0,
b—1
T: Avavf‘/:O*) V:AvaV: I FV
- "R =-B,

~
C: 2Ay —(z—a)Fy —M =0 - M =x2Ay — (x —a)Fy

:(kgls)aFv.

It should be noted that the equilibrium conditions for the cor-
responding right-hand parts yield the same results for the stress
resultants. Usually, the part of the beam with a smaller number
of forces will be chosen, since it allows for a simpler calculation of
the results.
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The stress resultants are functions of the coordinate x; they
are shown graphically in Fig.7.5e. These graphs are called the
shear-force, mormal-force and bending-moment diagrams, respec-
tively. The shear-force and normal-force diagrams display a jump
discontinuity at point D (point of application of the external force
F). The jumps have the magnitude of the components Fy and Fy,
respectively. The bending-moment diagram shows a slope discon-
tinuity (kink) at D. The maximum bending moment is located at
D. Tt is usually the most important value in the design of a beam
(see Volume 2).

This example shows that, in order to determine the stress re-
sultants, the beam may be sectioned at an arbitrary position x
between two concentrated loads (external loads or support reac-
tions). The process of sectioning has to be performed for each such
span. Since there are discontinuities at the points of application
of a concentrated load, these points should not be chosen for a
section (compare however Section 7.2.5).

7.2 Stress Resultants in Straight Beams

Beams are usually subjected to forces perpendicular to their axes.
If there are no components of forces (external forces or support
reactions) in the direction of the axis of a beam, the normal force
vanishes: N = 0. In the following subsections, we shall concentrate
on such problems.

7.2.1 Beams under Concentrated Loads
In order to determine the stress resultants V' and M we choose
a coordinate system and imagine the beam cut at an arbitrary
position z. The stress resultants are represented with their positive
directions in the free-body diagrams; they can be computed from
the equilibrium conditions for either portion of the beam. The
results of the analysis are usually presented in a shear-force and
a bending-moment diagram.

As an alternative to this elementary method, there exists an-
other method to determine the stress resultants. It is based on the
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differential relationships between the load and the stress resultants
and will be presented in the Sections 7.2.2 to 7.2.4.

For the sake of simplicity, we restrict the discussion in the
following to beams that are subjected to concentrated loads and
to couples. As an example we consider the simply supported beam
shown in Fig. 7.6a.
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Fig. 7.6

The support reactions are obtained from the equilibrium condi-
tions for the free-body diagram of the beam as a whole (Fig. 7.6b):

I IB=Y a;F;+> Mi=0 » B= } {ZaiFi—ZMi},

AN
B: _lA+Z(l_ai)Fi+ZMi =0

1
Now, let us imagine the beam cut at an arbitrary position x
(Fig. 7.6¢). Since the normal force is equal to zero, it is not shown
in the free-body diagram. The equilibrium conditions for the left-
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hand portion of the beam,
T A=) F-V=0,
o —2 A+ (x—a)Fi+> M;+M=0,
yield the shear force and the bending moment:
V=A-YF, (7.1)
M=2zA=Y (x—a)F;—Y M. (7.2)

The summations in (7.1) and (7.2) include only the forces F; and
the couples M; acting at the left-hand portion of the beam.

The stress resultants can also be computed with the equilibrium
conditions for the right-hand part of the beam. Usually, the part
of the beam that allows for a simpler calculation of the results is
chosen.

The shear-force diagram is shown in Fig. 7.6d. According to
(7.1), the shear force is piecewise constant. The shear-force dia-
gram has jump discontinuities at the points of application of the
concentrated forces F;. The magnitude of a jump is equal to the
magnitude of the respective force.

According to (7.2), the bending moment (Fig. 7.6e) is a piece-
wise linear function of the coordinate z. The diagram displays
slope discontinuities (kinks) at the points of application of the
forces F; and jump discontinuities (magnitudes M;) at the points
of application of the external couples M;. The supports A and B
(hinge and roller support) cannot exert a moment. Therefore, the
bending moment is zero at the end-points of a simply supported
beam.

A relationship exists between the bending moment and the
shear force. If the derivative of (7.2) with respect to x is calculated
and (7.1) is applied, we obtain

dM
=A- F,=V. .
& YN F=V (7.3)

The slopes of the straight lines in the bending-moment diagram
are thus given by the corresponding values of the shear force.
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Example 7.1 The simply supported beam in Fig. 7.7a is subjected E7.1
to the three forces Fy = F, Fp, =2 F and F3 = —F.
Draw the shear-force and bending-moment diagrams.
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Fig. 7.7

Solution As a first step we draw the free-body diagram of the
entire beam (Fig. 7.7b) and compute the support reactions A and
B. The equilibrium conditions yield

2 1
A: —aF—-2a2F+3aF+4aB=0 — B:2F,
2 3
B: —4aA+3aF+2a2F —-aF =0 — A:2F.

In the next step, we pass imaginary sections at arbitrary positions
x in each span between two concentrated loads. The equilibrium of
the forces for the left-hand parts of the beam yields the shear force
(the corresponding free-body diagrams are not shown in Fig. 7.7):

V=A=3F/2 for 0<z<a,
V=A—-F=F/2 for a<z<2a,
V=A—F—2F=—3F/2 for 2a<z<3a,

V=A-F-2F+F=-F/2 for 3a<az<d4da.
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The bending moment is obtained from the equilibrium of the mo-
ments:

M::rA:g:rF for 0<z<a,
M=2A-(z—a)F =(a+ j2)F for a<z<2a,
M =zA— (z — a)F — (z — 2a)2F = (5a — 3 )F
for 2a <z <3a,
M=zA—(z—a)F — (z —2a)2F + (z — 3a)F
=(2a— J2)F for 3a <z <4a.

It should be noted that it would have been simpler to use the
right-hand parts instead of the left-hand parts for x > 2a.

The shear-force and bending-moment diagrams are shown in
Fig.7.7c. The bending-moment diagram has a positive (negative)
slope in the regions of a positive (negative) shear force.

The values of the stress resultants at the right-hand end of the
beam (z = 4 a) may serve as checks:

— the shear force has a jump discontinuity of magnitude B (the
diagram should close at z = 4a),

— the bending moment is zero (roller support at the end of the
beam).

Since the beam in Fig. 7.7a is simply supported, the results for
V and M are already given by (7.1) and (7.2).

E7.2 Example 7.2 Determine the shear-force and bending-moment dia-
grams for the cantilever beam shown in Fig. 7.8a.

Solution First, the support reactions are calculated with the aid
of the free-body diagram of the whole beam (Fig. 7.8b). The equi-
librium conditions yield

0 A-F=0 —~ A=F,

VA
A: —M,+My—IF=0 — M,=My—IF=IF.
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In order to obtain the shear force, we section the beam at an
arbitrary position x (since there is no concentrated load acting
between both ends of the beam, only one region of = needs to be
considered). The shear force follows from the equilibrium conditi-
on of the forces in the vertical direction:

V=A=F for 0<z<lI.

Because of the couple My at the center of the beam, two regions
of £ must be considered when the bending moment is calculated.
Accordingly, we pass a cut in the region given by 0 < = < /2
and another one in the span [/2 < x < [. The equilibrium of the
moments yields

l
M=M,+zA=(I+2x)F for O<$<2,

M=My,+2zA—-My=(z—1)F for <z<l.

The shear-force and bending-moment diagrams are shown in
Fig. 7.8c. The shear force is constant over the entire length of the
beam. The bending moment is a linear function of the coordinate
z and has a jump of magnitude My = 2] F at the point of ap-
plication (z = 1/2) of the external couple My. The two straight
lines in the regions « < /2 and = > [/2 have the same slope since
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the shear force has the same value in both regions (see (7.3)).

It should be noted that in this example the support reactions
need not be calculated in order to determine the shear force and
the bending moment. If we apply the equilibrium conditions to
the right-hand portions of the cut beam, the stress resultants are
obtained immediately. The support reactions A and M4 can then
be found from the diagrams: they are equal to the shear force and
the bending moment, respectively, at z = 0.

Example 7.3 Draw the diagrams of the stress resultants for the
beam shown in Fig. 7.9a.
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Solution The support reactions follow from the conditions of
equilibrium for the whole beam (Fig. 7.9b). With the components
By = By of the reaction force B (action line under 45° against
the vertical axis) we obtain
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~ M,
A: My-1By=0 — By=By="",
~ M,
B: lAv+My=0 — Ay=-— lO’

M,
— AH—BHZO — AH: ZO.

The forces A and B represent a couple with the moment M.
Since there is a discontinuity in the bending moment, two re-

gions of x must be considered to describe it for the entire beam.

First, we imagine the beam being cut in the region x < a. The

equilibrium conditions for the left-hand portion of the beam (Fig.
7.9¢) yield

— Ag+N=0 — N:fAH:fA?O,
M
T Ay -V =0 — V=Ay=- 10’
) X
C: —xAy+M=0 — M:acAV:—lMO.

In order to obtain the stress resultants to the right of the applied
couple, the beam is sectioned at a position x > a. Now it is simpler
to use the free-body diagram of the right-hand portion of the beam
(Fig.7.9d). Notice the positive directions of the stress resultants

(negative face!) in this diagram. The conditions of equilibrium
yield

M,
(B V+By=0 — V=-By=-— [0’
N l—x
C: M—-(l—-xz)By=0 — M=(—-2)By= My .

The stress resultants are shown graphically in Fig.7.9e. The
moment diagram has a jump discontinuity at the point of appli-
cation of the applied couple (x = a). The two straight lines in the
regions z < a and x > a have the same slope, since the shear force
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has the same value in both regions (see also (7.3)). The normal
force is induced by the support reactions and is constant in the
entire beam.

It should be noted that the support reactions are independent
of the point of application of the applied couple. The bending-
moment diagram, however, depends on this point.

7.2.2 Relationship between Loading and Stress Resultants

A relationship between the shear force V' and the bending moment
M for beams under concentrated loads has already been given in
(7.3). This result is now extended to a beam that is subjected to
a load ¢(z) (force per unit length) that varies continuously over
the length of the beam (Fig. 7.10a). Fig. 7.10b shows the free-body
diagram of a beam element of infinitesimal length dz. The load
q may be considered to be constant over the length dx since the
effect of any change of ¢ disappears in the limit dz — 0 (compare
Section 4.1). The distributed load is replaced by its resultant dF' =
qdx. The shear force V' and the bending moment M act at the
location . They are drawn in their positive directions (negative
face!). Proceeding to the location x+dz, the stress resultants have
changed by an amount dV and dM, respectively, to the values
V +dV and M + dM. They are also shown with their positive
directions. The conditions of equilibrium yield

t: V—qdz—(V4+dV)=0 — qdz+dV =0, (7.4)
) dx
C : fod:cV+2qd:1:+M+dM:0
1
— desc+dM+2quc~d:17:0. (7.5)
From (7.4) we obtain

=—q. (7.6)

Thus, the slope of the shear-force diagram is equal to the negative
intensity of the applied loading.
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The term in (7.5) containing dz - dz is “small of higher or-
der” compared with dz or dM. Therefore, it vanishes in the limit
dz — 0 and (7.5) reduces to

dM

dr = V. (7.7)
The derivative of the bending moment with respect to x is equal
to the shear force. This result is already known from the case of
beams under concentrated forces (see (7.3)). It should be noted
that the algebraic signs in (7.6) and (7.7) result from the sign
convention for the stress resultants.

If (7.7) is differentiated and (7.6) introduced, we obtain

2
(ilaj\j =—q. (7.8)

The differential relations (7.6) and (7.7) may be used, for exam-
ple, to determine qualitatively the stress resultants and can also
serve as checks. For example, if ¢ = const, then the shear force is a
linear function of x according to (7.6) and the bending moment is
represented by a quadratic parabola according to (7.7). The Table
at the end of this section shows the relations between the loading
and the stress resultants for several simple examples of q.

The most important value for the design of a beam is usually
the magnitude of the maximum bending moment. The correspond-
ing coordinate x for a relative maximum is characterized by the
condition of a vanishing shear force (compare (7.7)). It should be
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noted, however, that the absolute maximum may be located at an
end point of the beam or of a span (position of discontinuity).

q V M

0 constant linear

constant linear quadratic parabola
linear quadratic parabola cubic parabola

7.2.3 Integration and Boundary Conditions

The relations (7.6) and (7.7) may also be used to quantitatively
determine the stress resultants for a given load ¢(z). If we integrate
(7.6) and (7.7), we obtain

V:f/qd:chC’l, (7.9)
M= /de+02. (7.10)

The constants of integration C7 and Cs can be calculated if the
functions (7.9) and (7.10) for the stress resultants are evaluated at
positions of x where the values of V or M are known. The corre-
sponding equations are called boundary conditions. The following
Table shows which stress resultant vanishes at a given support at
the end of a beam. Statements V # 0 and/or M # 0 cannot be

support Vi M

pin . #0 0

By

parallel motion —Zff—— 0 #0

]
sliding sleeve = #£0 #0 (7.11)

fixed end I 40 #0

free end —_— 0 0
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used as boundary conditions.

191

In contrast to the method of sections (see Section 7.2.1), the

support reactions do not have to be computed in order to determi-

ne the stress resultants V and M: they are automatically obtained

through the integration. If, on the other hand, some support re-
actions are known in advance, they can also be used to determine
the constants of integration.

To illustrate the procedure, let us consider the three beams
shown in Figs.7.11a—c. They are subjected to the same load but
have different supports. With ¢ = go = const, Equations (7.9) and

(7.10) yield

V:—q0z+01,

1
M= — qOIE2+Cll'+CQ

2

for each beam.
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The boundary conditions
a) M(0)=0, b) V() =0, c)V(0)=0
M(l)=0, M(l)=0, M(l)=0
and thus the resulting constants of integration
a)0=Cy, b)0=—ql+Cy, ¢)0=0C1,
a),b),c) 0=—1ql?+Cil+Cy

C1:§QOI, Cli%l, 01:07
%
Cy=0, Cy=—35ql%, Cy = 5 qol?

are different for each of the cases a) to ¢). This leads to the follo-
wing stress resultants (Figs. 7.11a—c):

)Vf (1*25) b)V:qol(l—j),
M:;qozzj(lfj), M=t (1-7)
c) V=—qu,

1 T\ 2
M= a0 1= (7).
9 do0 [ I
The results are written in such a way that the terms in parenthe-
ses are dimensionless. The maximum bending moment M,

max

qo 1?/8 for the simply supported beam is located at the center of
the beam (x =1/2: V =0).

The support reactions can be taken from the diagrams; they
are equal to the values of the stress resultants at the endpoints of
the beams:

a)A:V(O)zéqol, b) A=V(0)=qol,
B=-V()=14ql,  My=M0)=-1ql?,
¢) My = M(©0)=1ql?,
B=-V()=ql.
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oDt o y
A:CISZv_» “B:qu Aﬂ (1‘/

The shear-force and bending-moment diagrams can also be ob-
tained with the method of sections. In order to explain this me-
thod in the case of a distributed load, the beam in Fig.7.11a is
reconsidered. In a first step, the support reactions have to be cal-
culated (Fig.7.12a). Next, the beam is sectioned at an arbitrary
position z (Fig. 7.12b). Then we replace the distributed load go by
its resultant gox (notice that the distributed load must not be re-
placed by its resultant for the entire beam, i.e., before the beam is
divided by the cut). The equilibrium conditions for the left-hand
portion of the beam (Fig.7.12b) yield the stress resultants

T A—qx—-V =0
1 T
— V:quox:2qol<172l>,

) 1
C: sz+2zq0:r+M:0

ol (1-7)-

This method is recommended only if the resultant of the distrib-

1
— M:zAf2q0z2:

uted load acting at the cut beam and its line of action can easily
be given.

Example 7.4 The cantilever beam in Fig.7.13a is subjected to a
triangular line load.
Determine the stress resultants through integration.

Solution In the coordinate system given in Fig. 7.13a, the load is
described by the equation ¢(x) = go(I — z)/I. Integration leads to

q0

(1—z)?4+Cy, M(ac):—Gl

(l—x)3+01x+02,

E7.4
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(compare (7.9) and (7.10)). The boundary conditions V(I) = 0
and M(l) = 0 yield the constants of integration: C; = 0 and
Cy = 0. Hence,

2 3

v = ai(1-7) M@= wl(1-7),
see Fig.7.13b. The shear-force diagram has a vanishing slope at
x = [ since the distributed load is zero at the free end of the beam
(V'(l) = —q(I) = 0). Analogously, the bending-moment diagram
has a vanishing slope at x = [ since the shear force is zero at the
free end (M'(l) = V(1) = 0).

In this example, it would have been more convenient to introdu-
ce the coordinate system according to Fig. 7.13c. Here, the z-axis
points to the left. In this coordinate system, the triangular load is
described by the simpler equation g(x) = go /I, and the integra-
tion and boundary conditions V(0) = 0 and M (0) = 0 yield the
stress resultants (Fig. 7.13d)

V(x):—;qol(?)Q, M(x):,éqolz(ﬂlc)é

Note that with this choice of the coordinate system the algebraic
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sign of the shear force is reversed (see Section 7.1).
It should also be noted that the stress resultants can easily be
determined with the method of sections.

7.2.4 Matching Conditions

Frequently, the load ¢(z) is given through different functions of
in different portions of the beam (instead of one function for the
entire length of the beam). In this case, the beam must be divided
into several regions and the integration of (7.6) and (7.7) must be
performed separately in each of these regions.

Fig.7.14 !

To illustrate the method, the cantilever beam shown in Fig. 7.14
is considered. The load is given by

0 for0<z<a,
q(z) =
qo fora<azxz<lI.
Integration in region I (0 < = < a) and region II (a < = < 1)
yields

I q = 0, II: g — 40,
‘/I = Cla ‘/H = _QO-T+CS; (712)
M1201£E+02, MH:—§QQZE2+C3.Z'+C4.

The two boundary conditions
V() =0, My(l)=0 (7.13)

are not sufficient to determine the four constants C; — Cy of inte-
gration. Therefore, two additional equations must be used. They
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describe the behaviour of the stress resultants at the point z = a
(point of transition from region I to region IT). These equations
are called matching conditions.

The beam is not subjected to a concentrated force or to an
external couple at x = a. Therefore, there are no jumps in the
shear-force or bending-moment diagrams (since dV/dax = — ¢ and
q has a jump at x = a, the shear-force diagram has a jump in the
slope). Hence, the matching conditions are

Vi(a) = Vii(a), M(a) = My(a). (7.14)

Introducing (7.12) into the boundary conditions (7.13) and the
matching conditions (7.14) yields the constants of integration:

Ci=qo(l—a), Co=—]q(*—a?)),
Cs=qol, Cy=—4ql%.

As a second example, we consider the beam in Fig.7.15. It is
subjected to a concentrated force F' at x = a and an external
couple My at x = b. Then the shear-force diagram exhibits a
jump of magnitude F' at x = a, whereas the bending-moment
diagram is continuous at this point (it has a jump in the slope).
The matching conditions for the values of the stress resultants at
the transition from region I to region II are therefore

Vip(a) = Vi(a) = F,  My(a) = Mi(a). (7.15)

The external couple My at £ = b causes a jump in the bending-
moment diagram; the shear-force diagram is continuous. Hence,
the matching conditions at the transition from region II to region

IlF]I m
ya

e— b — Fig.7.15
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IIT are given by
Vin(0) = Viu(b),  Myyp(b) = Myy(b) — Mo . (7.16)

The following Table shows which loads cause jumps in the stress
resultants or in the slopes of the diagrams.

Load Vv M
B kink
F
l jump  kink
~  jump
My

If a beam has to be divided into n regions, the integration in
each region yields a total of 2n constants of integration. They can
be determined from 2n — 2 matching conditions and 2 boundary
conditions.

Let us now consider structures composed of several beams that
are connected by joints. Since an internal pin cannot exert a mo-
ment, the bending moment is zero at the pin: M = 0. The shear
force is in general not equal to zero at this point: V' 2 0. In con-
trast, at a parallel motion V' = 0 and M # 0 are valid. These
statements concerning the stress resultants at a connecting mem-
ber are displayed in the following Table.

connecting member V' M

G
—O0— 0 0
7 (7.17)
p— p— 0 #0

If an internal pin or a parallel motion exists in a structure, a
matching condition is replaced by one of the following conditions:
bending moment or shear force equal to zero.
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A division into regions at a connecting member is not necessary
if no concentrated force or external couple acts on the element.
Also, no division into regions is required in the case of a distributed
load that is described by the same function to the left and to the
right of the element.

If a beam must be divided into many regions, a system of equa-
tions with many unknowns has to be solved in order to obtain the
constants of integration. Therefore, this method is recommended
only for beams with very few regions.

Example 7.5 A simply supported beam is subjected to a concen-
trated force and a triangular line load (Fig. 7.16a).
Determine the stress resultants.

Vv

F do J quadratic
parabola
® |/

‘« a 44_7 b — | | e
| ! o
| | cubic
I | parabola
I FL/;ﬂ/ ! " ‘ ‘
K A ®
beedd
b ‘ 1 €2 ¢
Fig.7.16

Solution The beam is divided into the two regions I and IT accor-
ding to Fig.7.16b. We use the coordinate x; in the region I and
coordinate x5 in region IT (instead of the coordinate x for the en-
tire length of the beam). Integration according to (7.9) and (7.10)
in both regions yields

L ¢ =0, I: gy ZQOSC;,
22
Vi =C1, Vir :—QOQZ-FC%,
23
M; = Crz1 4+ Cy, My =—qo. % +Csm9+Cy.

6b
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The boundary conditions and the matching conditions are
Mi(x1 =0) =0, My(zea=05)=0,
Vil(@z = 0) = Vi(z1 = a) = F, My(z2 =0) = Mi(z1 =a).

They lead, after some calculation, to the constants of integration:

c) = (1qob+F)Il), Co =0,

6
1 a \b 1 ab
= b— F = b+ F .
Cs (qu b )l’ Cy (6(]0 + )l
Hence, we obtain the stress resultants (Fig. 7.16¢)
1 b
3 1 a \b
Vig=—qo .2 b— F
11 q02b+<6q0 b >l’

My = (éQOb+F)Zl)SC17

GqObfZF)l;z2+(éQOb+F)alb.

x3 1
My=—q >
11 QO6b+<

Example 7.6  Determine the stress resultants for the compound
beam in Fig.7.17a.

1 P .
% 5q0l ® @_]gqol
4,‘

: _A_
> : elo
l— 1 4}<_>% l
a - \qul

|
|
' -

KA KB CA °
adrati
- — usbola\

8(10l2

E7.6
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Solution The beam must be divided into two regions at the lo-
cation of support B (support reaction B and discontinuous load
q!). A division into regions at the internal pin G is not required
since ¢ = qo to the left and to the right of the pin. We use the
coordinates z1 and x5 in regions I and IT, respectively (Fig. 7.17b).
Integration leads to

L g =qo, I: g =0,
Vi=—qz1+C1, Vi =Cs,
MI:7§QO$%+61I1+CQ, MH:C’3£172+C4.

The four conditions
M(xz1 =0)=0, My(xze=1)=0 (boundary conditions),
Mi(zq = 51) = My (z2 = 0) (matching condition),
Mi(xzy =1) =0 (zero bending moment at internal pin G)
yield the four constants of integration:
Ci=5ql, Co=0, Cs3=3ql, Ci=-3ql*.

Thus, we obtain the stress resultants (Fig. 7.17¢)

1 3
VIZ—QOCE1+QQOZ» VH=8QOZ»
1 1 3
MI:—quxf—i—qulazl, MH:8q0l(x2—l).

As a check, the support reactions are taken from the shear-force
diagram:

A=Vi(z1=0)=;ql,
B =Vy(x2=0)—Vi(a1 = 31) = Ugol,

C:*Vh(wgil):fqul.

They are in equilibrium with the resulting external load 3 ¢q /2.
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7.2.5 Pointwise Construction of the Diagrams

To apply the theory to practical problems, it is not always neces-
sary to give the stress resultants as functions of = over the length of
the beam. Frequently, it suffices to calculate the stress resultants
at several specific points only. The values of the stress resultants
at these points are then connected with the curves that are asso-
ciated with the respective load.

lF qo0 M, Vv
AL 1/\ B
i \'% o |F
Lo l.al.a|.a|.a|.a| A
I I I 1 = 1 |
a

<%

Fig.7.18

To illustrate the method, the simply supported beam in Fig.
7.18a is considered. As a first step, we compute the support reac-
tions with the conditions of equilibrium for the free-body diagram
of the entire beam (Fig.7.18b):

a
B: —6aA+5aF+3a2qa+ My=0
1 My
— A:6 5F+4+6qya-+ ,
a
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a
A: —aF—-3a2qa+My+6aB=0
1
— B= <F+6q0a MO) .
6 a

The stress resultants exhibit jumps, or jumps in the slopes, at
T = a, 2a, 4a and 5 a, respectively. At these specific points, the
stress resultants are computed using the method of sections. If
we cut the beam at z = ¢ immediately to the left of the force F
(Fig. 7.18c), we obtain

tA-V =0 — V(a):A:é(5F+6q0a+Az0)
to the left of I,
8: —aA+M=0 — M(a)=dadA
:é(5aF+6qoa2+M0).
A cut at = 2a (Fig. 7.18d) yields
t A-F-V=0 = V(za)=é<—F+6qoa+]\Z°>,
8: —2aA4+aF+M=0
— M(Qa):;(QaF—i—quaQ—i—Mo).
Similarly, we find
v<4a)=é(—F—6qoa+Aa4°),
M(4a):1

4
V(ba) =V(4a),

aF +6qa®+2M,),

1
M5a) = 6 (a F +6qa®> — My) to the right of M.

The distributed load is zero in regions I, IT, IV and V. Therefore,
the shear force is constant in each of these regions. In region III,
the shear force varies linearly since ¢ = qo = const. The shear-
force diagram has a jump of magnitude F' at x = a.
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Accordingly, the bending moment varies linearly in the regions
I, II, IV and V, and it is described by a quadratic parabola in
region ITI (compare the Table in Section 7.2.2). The diagram shows
a jump in the slope at x = a. Since the shear-force diagram is
continuous at = 2a and x = 4 a, the moment diagram has no
jumps in the slopes at these points (V' = dM/dz). The external
couple My causes a jump in the diagram at x = 5a.

Fig. 7.18e shows the diagrams of the stress resultants. The max-
imum bending moment is located at the position of the vanishing
shear force.

Example 7.7 Draw the diagrams of the stress resultants for the
structure in Fig.7.19a (¢ = 0.5m, ¢ = 60kN/m, F' = 80kN,

\4
[leN]
% F 50
g l Al e G
i’ N—,
Mo A G B /
7777 . w0l R o B
- quadratic -
l« 2a == 2a »FE—F—CH parabola D
a -1004 ! L
! IR
@ 12q0a @ | L |
goal [kNm]
1 Y F @
A ol
o0 )
Mo T G T 257 quadratic
A parabola parabola
= B 50 Mp—
b [

Fig.7.19

Solution First, we compute the support reactions and the force in
the internal pin G (the horizontal components are zero). The equi-
librium conditions for the free-body diagrams of the two portions
of the structure (Fig. 7.19b) yield

AN

2
@ A: agpa+ My—a2qa—2aG =0

3

E7.7
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2 M,
- G=-"ga+ _°=—10kN,
3 2a
N 8
G: SaqoaJrMOanAJra?qga:O

M,
- A:7q0a+ 0 — 80kN,
3 2a

A
@ B: —-2aG+aF+Mp=0

4
— MB:73q0a2+MofaF:f50kNm,
T G—-F+B=0

2 M
— B=_qoa— O 4+ F=90kN.
3 2a

The stress resultants at specific points of the beam are obtained
using the method of sections:

—qoa = —30kN to the left of A,
—qoa+ A =50kN to the right of A,

V(2a) =

V(4da) = —qgoa+ A —2gya=—10kN,

G =—-10kN to the left of F',
G — F=—-90kN to the right of F',

V(5a) =

V(6a) = — B = —90kN,
—_agoa=—10kNm to the left of A,
M(2a) =

agoa — My = —20kNm to the right of A,

W N W N

M(5a) = aG = —5kNm,
M(6a) = My = —50kNm.
In addition, V(0) =0, M(0) =0 and M(4a) = 0.
The values of the stress resultants are now connected with the

appropriate curves (straight lines or parabolas, Fig.7.19¢). Note
that
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— at = 0, the quadratic parabola for V' (because of ¢(0) = 0)
and the cubic parabola for M (because of V(0) = 0) have
horizontal slopes,

— at * = 4a, the slope of the moment diagram has no jump
(because of the continuous shear force).

7.3 Stress Resultants in Frames and Arches

The methods for determining the stress resultants will now be ge-
neralized to frames and arches. Note that the differential relations
derived in Section 7.2.2 can be applied to straight portions of a
frame only; they are not valid for arches.

In this section, the discussion is limited to plane (i.e., coplanar)
problems and focused on the pointwise construction of the stress-
resultants diagrams. According to this method (see Section 7.2.5),
the stress resultants are computed at specific points of the struc-
ture with the aid of the method of sections. The algebraic signs of
the stress resultants are defined using dashed lines (Section 7.1).
A frame, in general, experiences also a normal force, even if the
external loads act perpendicularly to its members. Therefore, we
will always calculate all three stress resultants: bending moment,
shear force and normal force.

At the corners of frames where two straight beams are rigidly
joined, the equilibrium conditions reveal how the stress resultants

o Q2| ME ME \Q2
e eEy (=
N NG ®

@ (24—(2 “: N¢

A\ L
E\ Mg + @
Ne

|

@
o 4

I Mg

’ 1N

- >
T

Fig. 7.20

7.3



E7.8

206 7 Beams, Frames, Arches

are transferred. As an example, consider the externally unloaded
rectangular corner C' of the frame shown in Fig.7.20a. If we free
the corner by appropriate cuts, the equilibrium conditions yield
(Fig. 7.20b)

NO= v yvP-N2, MO=MD. (7.18)

Whereas the bending moment is transferred unaltered from part
@ to part @, the normal force becomes the shear force and the
shear force becomes the normal force. If the beams are joined at a
corner under an arbitrary angle, the transferred stress resultants
depend on this angle.

Example 7.8  Determine the stress resultants for the frame in
Fig7.21a.

F F
Y w=F/a l ®c ® D
T Chay i ==
kA ol 1=
! 777 1 @1
i A ‘: <]
Bu A
‘*a’F— 2a ——‘ b BV
a ~
2aF
. @ EF ® 2aF
F 3
@l SY aF @
- ®
5" N - line V - line /o M - line
; F ¢ 2F quadratic parabola
Fig.7.21

Solution The support reactions are obtained from the equilibrium
conditions for the frame as a whole (Fig. 7.21b):

5 3
A="F, By =—
27 TV 2

In order to define the algebraic signs of the stress resultants, we
introduce the dashed lines according to Fig. 7.21b. The following

F, By=2F.
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stress resultants are calculated using the method of sections:

NY =0, VP=-F, MI=_ur,
5
2

3
NY =0, V9= _F+A= S M= _3aF+2aA=2aF.

The equilibrium conditions at the freed corner D, where parts 3)
and @ are rigidly connected, yield in analogy to (7.18)

NZ=——a=-2F, VZ=0, MZ-o0,

3
N5 =Vy = F, Vi=-N§=0, My=M5=2aF.
With the following values at the ends of the members

NP =0, VP=-F, MP-o0,
5

2

N%‘D:—BV:‘;’F, V¥=-By=-2F, MP=0

NP=—a=-"F, vP=0, MP=o0,

we obtain the stress resultants displayed in Fig. 7.21c.

The equilibrium conditions for the freed bifurcation point C'
(cuts adjacent to C) may serve as a check. As an example, we
consider the stress resultants in the vertical direction showing that
the equilibrium condition is fulfilled:

VI_VvE_NZ=0 - 7F72F+ZF:O.

Example 7.9 Determine the stress resultants for the members of
the structure in Fig. 7.22a.

Solution First we compute the support reactions. With the com-
ponents Ay = Apg of the reaction at A, the equilibrium conditions
for the entire structure (Fig.7.22b) yield

m
B: 2aAy +2adAg+2aF=0 — AV:AHile,

2

—: Ag+Bg=0 — BH:;F,

E7.9



208 7 Beams, Frames, Arches
F
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Fig. 7.22
J\. _ _ _ 3
A: 2aBy+2aByg—4aF =0 — Bv—ZF.

Then the force in bar S (= normal force S) and the force in pin
G (components Gy and Gy ) are calculated using the equilibrium
conditions for the vertical beam (Fig. 7.22c):

I F
C: aGg—aByg=0 — GH:Q’
2
el 2aBH—a\g S=0 — S=v2F,
2
T BVJr\éS*GV:O — GV:;F.

In order to define the algebraic signs of the stress resultants,
we introduce the dashed lines according to Fig. 7.22b. The normal-
force diagram and the shear-force diagram can be drawn without



7.3 Stress Resultants in Frames and Arches 209

further computation (note the jumps in the diagrams due to the
concentrated forces S, Gy and Gy). The bending-moment dia-
gram can be constructed with the aid of the values at specific
points (Fig. 7.22d).

Example 7.10  The circular arch in Fig.7.23a is subjected to a
concentrated force F'.
Draw the diagrams of the stress resultants.

M AN

N
rsj?ap (’\’\V\T ;90
IR An
Ay

el

1—
r(1 — cosp) d

Fig.7.23

E7.10
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Solution The reactions at the supports follow from the equilibrium
conditions for the the entire arch (Fig. 7.23b):

1 1
B:4F, 14‘/:_32_4F‘7 AH:F.

We introduce the dashed line and cut the arch at an arbitrary
position ¢ in region I (0 < ¢ < 30°). The free-body diagram
of the corresponding part of the arch is shown in Fig. 7.23c. The
equilibrium conditions lead to the stress resultants:

St N+ Aycosp—Agsing =0
- N = (sin<p+ icosgp) F,
N: V—-Aysing—Agcosp=0
- V= (COS(,O* }Lsincp) F,
8: M —rsinpg Ay —r(1 —cosp)Ay, =0
- M= (sinngr icosgof i)rF.
Since the arch is sectioned at an arbitrary position ¢, these equa-
tions describe the variations of the stress resultants in region I.
Similarly, introducing the angle ¥ = m — ¢, the stress resultants

in region IT (30° < ¢ < 180°) are obtained from the equilibrium
conditions for the free-body diagram in Fig. 7.23d:

N: N+ Bcosy=0

— N:f}chosd): tioscp,
S V4 Bsingy =0

— V:—iFsinw:—iFSin@,

A
C: —M+r(l-cosyp)B=0

— M= Q1-cos¢)rF=}(1+cosp)rF.

The stress resultants are drawn perpendicularly to the axis of
the arch in Fig.7.23e. The jumps AN = F/2 in the normal
force and AV = /3 F/2 in the shear force at ¢ = 30° are equal
to the components of F' tangential and orthogonal to the arch,
respectively.
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7.4 Stress Resultants in Spatial Structures

The discussion to this point has been limited to plane problems,
i.e., plane structures that are subjected to loads acting in the same
plane. Now we extend the investigation of the stress resultants to
spatial structures and to three-dimensional load vectors.

As a simple example, consider the cantilever beam in Fig. 7.24a,
which is subjected to the concentrated forces F; and the exter-
nal couples M acting in arbitrary directions. As in the case of
plane problems, we cut the beam at an arbitrary position z (com-
pare Section 7.1). The internal forces acting in the cross-section
are replaced by the resultant R (acting at the centroid C of the
cross-section) and the corresponding couple M (©). Again, the
superscript C' is omitted: instead of M(®) we simply write M
(Fig. 7.24b). Vectors R and M have, in general, components in
all three directions of the coordinate system:

N M,
R = Vy , M = My (7.19)

Fig.7.24

7.4
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the cross-section) is the normal force N (compare Section 7.1).
The components in the y- and z-directions (perpendicular to the
axis of the beam) are the shear forces V, and V,, respectively.

The component M7 of the moment M in the z-direction is cal-
led torque. In an elastic beam, the torque causes a twist about the
longitudinal axis (see Volume 2). The components in the y- and
z-directions are the bending moments M, and M., respectively.

The sign convention for the stress resultants coincides with the
sign convention for plane problems (see Section 7.1): positive stress
resultants at a positive (negative) face point in the positive (neg-
ative) directions of the coordinates. Fig.7.24b shows the stress
resultants with their positive directions. In structures composed
of several members having different directions, it is helpful to use
a different coordinate system for each member.

The stress resultants are determined using the method of sec-
tions, i.e., from the equilibrium conditions for a portion of the
structure.

Example 7.11  The spatial structure in Fig. 7.25a is subjected to
a concentrated force F'.
Determine the stress resultants.

Solution We cut the structure at arbitrary positions in the regi-
ons () — @. If we apply the equilibrium conditions to the cut-off
portions of the structure, the stress resultants can be determined
without having calculated the support reactions.

To define the algebraic signs of the stress resultants in the three
regions, we use three coordinate systems (Fig. 7.25a). First, a cut
is passed at an arbitrary position x in region (1). The stress resul-
tants are drawn in the free-body diagram (Fig.7.25b) with their
positive directions (negative face!). The equilibrium conditions
(3.34) yield

> Fiy =0 F-V,=0 — V,=F,
ML =0 (- 0F M0 5 M. (- o).

The other stress resultants are zero in region (1).
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Fig.7.25

The stress resultants in regions (2 and (3 are also obtained
using the method of sections. The free-body diagram for region (2)
(Fig. 7.25¢) leads to

Y F, =0: F-V,=0 — V,=F,
> My =0: cF-Mr=0 — Mp=ckF,

YN My =0: (b—2)F M, =0 — M. =@b-z)F,
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and for region 3 (Fig. 7.25d) we obtain
S Fy =0 F-N=0 — N=F,
> My=0: —cF—-M,=0 — M,=—cF,
SMi,=0: bF-M,=0 — M,=bF.

The stress resultants that are equal to zero are omitted in these
free-body diagrams for the sake of clarity of the figures.

The stress resultants are presented in Fig.7.25e. The support
reactions are equal to the values of the stress resultants at the
fixed end.

Example 7.12 The clamped circular arch in Fig. 7.26a is subjected
to a concentrated force F' that acts perpendicularly to the plane
of the arch.

Determine the stress resultants.

top view

b Fig.7.26

Solution 'We section the arch at an arbitrary position ¢ and con-
sider the cut-off portion of the arch (Fig.7.26b). To define the
algebraic signs of the stress resultants, a local x,y, z-coordinate
system is used. At the position S given by ¢, the shear force V,
the torque M7 and the bending moment M, are introduced with
their positive directions (positive face). The other stress resultants
are zero; they are omitted in the free-body diagram.
The equilibrium conditions yield
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Y Fi.=0: V.+4F=0 — V.=-F,
ZM-(S):(): Mrpr+ Fr(l —cosg) =0

— Mp=—Fr(l—-cosyp),
ZM-(S):(): My + Frsing =0

—+ My =—Frsingp.

7.5 Supplementary Problems w5

Detailed solutions to most of the following examples are given in
(A) D. Gross et al. Formeln und Aufgaben zur Technischen Mecha-
nik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben zur
Technischen Mechanik 1-3, Springer, Berlin 2011.

Example 7.13 A crab on two ) E7.13

wheels can move on a beam “i’(&o

(weight negligible). Its weight .

W is linearly distributed as 7é7 Fﬂ»‘

indicated in Fig.7.27. l
Determine the value Fig. 7.27

& = &* for which the bending

moment attains its maximum value My,... Calculate My a -

l

_AI_ B
\

Results: see (B) ¢* = (31— a)/6, M, ! (3 a>2wz
esults: = —a max = — .
! 36\° 7

Example 7.14 Determine the z E7.14
bending moment for a canti- ﬂm
lever subjected to a sinusoi- 4 3
dal line load (Fig.7.28). ﬂ‘ |
Fig. 7.28

ol?
Result: see (A) M(x) = _4a (z . Wz).

7'[' l*Sln I
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E7.15 Example 7.15  The struc-
ture in Fig.7.29 consists

of a hinged beam and five * F * 2F

bars. It is subjected to two I o) |

concentrated forces. 9 4 o :
Determine the forces in 1 3 5 n

the bars and the bending e q v g e g = a

moment in the beam. Fig. 7.20

Results: see (A) S1 =55 = g\/QF, Sy =854, =—-53 = ng,
Myax = aF /4.

E7.16 Example 7.16 A simply supported beam carries a linearly varying

line load as shown in "

Fig. 7.30. -

Calculate the location ¢
and the magnitude of the Qo
maximum bending mo- A R
ment for ¢ = 2qq. ‘ ; 77

I 1
Fig. 7.30
Results: see (A) z* =0.531, My = 0.19 ¢o12.
E7.17 Example 7.17 Draw the shear- ”
force and bending-moment .l ) -
diagrams for the hinged beam A G A g, ¢
- A 777 777
shown in Fig. 7.31. o
2a a | a |_a_|

Result: see (B) Selected values:
V(0) =goa, V(a)=0, V(ba)=3¢.a/2,
M(a) = qoa®/2, M(3a) = —3¢.a*/2, M(5a) = 3q.a*/2.
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Example 7.18 The beam

shown in Fig.7.32 carries /‘_{0 L(Io
a uniformly distributed line A ﬁ

X

Q

load g, and a couple My =
4q.a2. x

Draw the shear-force and | 2a | 2a | da
bending-moment diagrams.

Fig. 7.32

Result: see (B) Selected values: V(a) = —goa, M(4a) = — 8¢.a®.

Example 7.19 Determine the distance a of hinge G from the sup-
port B (Fig.7.33) so that the 0o
magnitude of the maximum HHHHHHHHHHH

bending moment becomes ., 5 KX CA
minimal. e 77

1 l 1 l 1
Fig. 7.33

Result: see (A) a= (3 —+/8)l =0.1721.

Example 7.20 Determine the
stress resultants for the
clamped angled member
shown in Fig.7.34.

Y2
Fig.7.34 z

Results: see (A)

CB: V.= —qoz1, My = _qo$%/23
BA: V. = —qoa, Mg =q.a®/2, My = —qgoazs .

E7.18

E7.19

E7.20
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Example 7.21 Determine the |
distance a of the hinge G T |a g =
(Fig. 7.35) so that the magni- ] o
tude of the maximum ben- i

ding moment becomes mini- i
mal. e !

Result: see (A) a = (2v/3 —3)l = 0.464 1.

Example 7.22 Draw the shear-
force and bending-moment

diagrams for the frame shown
in Fig. 7.36.

7777
e @ =t 2a—}=a

Fig.7.36
Result: see (A) Selected values:
V(A) = _V(B) = qoa/\/57 V(C) = _V(D) = (qoa,
M(C) = M(D) = qo.a®>, M(E) = 3q.a*/2.

Example 7.23 The arch shown in
Fig.7.37 carries a constant line o WLIE
load ¢o.

Calculate the maximum va- r
lues of the normal force and the
bending moment.

Fig. 7.37

Results: see (A)  Npax = 17qor/16,  Mpax = —qor?/8.
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Example 7.24 A clamped arch E7.24
in the form of a quarter-circle
(weight negligible) supports a
line load g, (Fig.7.38).
Determine the stress resul-
tants as functions of the coor-

dinate . Fig.7.38
2

Results: see (B) V. = —qorp, M, = —qor*(1 —cos ),
Mr = —qor*(¢ —singp) .

Example 7.25 Draw the . E7.25

shear-force and bending- @
moment diagrams for the {

hinged beam shown in Af (G: 5
Fig. 7.39. 77

Fig. 7.39

Results: see (B) Selected values:

V(0) = Zqoa, V(6a) = —gqoa, V(12a) = iqoa,
M(9a/4) = §5q0a%, M(4a) = qoa*, M (8a) = —3qoa®.
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7.6 Summary

In plane problems, the stress resultants in a beam, frame or

arch are the normal force N, the shear force V' and the bending

moment M.

Sign convention for stress resultants: positive stress resultants

at a positive (negative) face point in the positive (negative)

directions of the coordinates.

The stress resultants can be determined using the method of

sections:

o Pass an imaginary cut through the beam (frame, arch).

¢ Choose a coordinate system.

¢ Draw a free-body diagram of a portion of the structure
(stress resultants acting in their positive directions).

o Formulate the equilibrium conditions (3 equations in a
plane problem, 6 equations in a spatial problem).

¢ Solve the equations.

¢ The system of equations has a unique solution if the struc-
ture is (externally and internally) statically determinate.

The differential relationships
Vi=—gq, M=V

are valid for beams and for the straight parts of a frame (not for
arches). If the applied load ¢ is known, the stress resultants can
be obtained through integration. The constants of integration
are determined from boundary conditions or from boundary
conditions and matching conditions.

Frequently, it suffices to compute the stress resultants at sev-
eral specific points only. The curves between these points are
determined by the corresponding loads. Note the relationships
between ¢, V and M.
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