Chapter 8

Work and Potential Energy
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Objectives: Students will become familiar with the con-

cepts of work, conservative forces and potential energy. In additi-
on, they will become acquainted with the principle of virtual work.
After studying this chapter, students should be able to correctly
apply this principle in order to determine equilibrium states in
nonrigid systems as well as support reactions and internal forces
and moments. Finally, it will be shown how to investigate the sta-
bility of equilibrium states of conservative systems with one degree
of freedom.
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8.1 Work and Potential Energy

The concept of work involves displacements and therefore belongs
to the field of kinetics (see Volume 3) since in the field of statics
no movement occurs. However, as will be shown in Section 8.2,
problems in the field of statics can also be solved with the aid of
work concepts. For this purpose, first the mechanical term “work”
is introduced.

Fig. 8.1 % Z

Fig. 8.1 shows a body which is displaced a distance s by a con-
stant force F' acting in the direction of the displacement s. Here
the work of the force F is defined as the product of F' and the
displacement s of the point of application P:

U=Fs.

This definition can be generalized with the aid of vector calculus.
In Fig. 8.2a the point of application P of a force F' moves along an
arbitrary path. Let us now consider an infinitesimal displacement
dr from the current position given by vector r to a neighboring
position. The infinitesimal work dU done by the force F' is then
defined as the scalar product

dU = F - dr. (8.1)

Fig. 8.2

8.1
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According to (A.19), this product of the vectors F' and dr is given
by the scalar value

dU = |F||dr|cosa = (F cosa)dr = F(drcosa). (8.2)

Thus, the work dU is the displacement dr multiplied by the force
component F'cos« in the direction of the displacement. Alterna-
tively, it may be interpreted as the product of the force F' and
the component of the displacement dr cos « in the direction of the
force (Fig.8.2b). If force and displacement are orthogonal (o =
7/2), then no work will be done: dU = 0.

The work done along an arbitrary path (Fig.8.2a) from point
(D to point (2) can be determined from the line-integral

©
U:/dU:/F-dr. (8.3)

@

Work has the dimension [F'[] and is given in the unit named after
the physicist James Prescott Joule (1818-1889):

1J =1Nm.

The magnitude and direction of the force F in (8.3) may de-
pend on the position vector r, i.e., F = F(r). Therefore, the
expression “work = force x distance” is only valid when both vec-
tors F' and dr permanently have the same direction (o = 0), and
the magnitude of F' is constant.

As an example, let us consider a system of two bodies with
weights W and @, respectively, connected by an unstretchable
cable (Fig. 8.3). If the body on the left side undergoes a downward
displacement of length ds, then the body on the right side will
be pulled the same length upward along the inclined plane. The
work done by weight W is then given by dUy = W ds, since the
directions of the force and the displacement coincide. Only the
component () sina in the direction of the displacement is taken
into account for the work done by @), since the component of a
force perpendicular to the direction of the displacement does no



8.1  Work and Potential Energy 225

T

Fig. 8.3 *W‘ ’

work. As the working component acts in the opposite direction of
the displacement, its work is negative: dUg = —@ sinads.

As a further example, consider a two-sided lever to which the
forces Fy and F; are applied (Fig.8.4a). During an infinitesimal
rotation dy about the supporting point A, force F; does the work
(Fig. 8.4b)

dU:F1d81 :Fladgo.

The product of force F; and length a of the lever arm is, according
to (3.5), the moment M; of the force Fy about A. Therefore, the
work can also be expressed by

dU = M dy.
Fl F2 Fl _-" FQ
Y Y A -7
2, LA '
bt —e— b —
Fig. 8.4 a b

In order to generalize the results obtained so far, we introduce
an infinitesimal rotation vector de, whose direction coincides with
the axis of rotation and whose magnitude is the angle dy. There-
fore, the work done by a moment vector M during an infinitesimal
rotation is given by

AU = M - de. (8.4)
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The work done by a moment vector M during a finite rotation of
the body on which it acts, follows from integration:

U:/dU:/M-dcp. (8.5)

This equation is analogous to the expression (8.3) for the work of
a force. If M and d¢ are parallel, then it follows from (8.4) that
dU = Mdep. If, in addition, M is constant during a finite rotation
©, then (8.5) yields U = M ¢.

Since an angle is dimensionless, moment and work (although
they are different physical quantities) have the same dimension
[F'1].

"
@ Fig.85

Now a special case of a constant force is considered, namely, the
weight W of a body (dead load) in the vicinity of the earth’s sur-
face (Fig. 8.5). Let the coordinate z point perpendicularly outward
from the earth’s surface, then the force vector is given by

W=-We,.
With the change of the position vector
dr =dre, +dye, +dze,
and
e.-e;=¢€e,-e,=0, e,-e;=1 (see (A.22))

we obtain from (8.1)
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dU=W .dr=-We, (dze, +dye, +dze,) = -Wdz.

Therefore, according to (8.3), the work done by the weight along
the path from @) to (2 is given by

U/dU]ZWde(zlzg). (8.6)

The work U depends only on the location of the endpoints. Hence,
the work done by the weight along arbitrary paths is unchanged
as long as the endpoints (1) and (2) are the same, i.e., the work is
path-independent.

Forces whose work is path-independent are called conservative
forces or potential forces. These forces, and these forces only, can
be derived from a potential V', which is defined as

V:7U:7/F~dr. (8.7)

The quantity V is also referred to as potential energy.
As a first example, we consider again the weight W in Fig. 8.6a.
With zo = z, Equation (8.6) yields

Viz)=—U=W(z—2z)=Wz—-Wz. (8.8a)

In Volume 3 it will be shown how a conservative force may be
derived from its potential. In our case, the weight W is obtained
by calculating the negative derivative of V' with respect to the
coordinate z:

av
_Y L w 8b
=W (8.8b)

The minus sign in front of W indicates that the weight acts in the
negative z-direction.

According to (8.8a), the potential depends on the choice of the
coordinate system (location of the origin). It is determined up to
an arbitrary additive constant (here Wz;). However, this constant
does not enter into the calculation of the force W, cf. (8.8b). It
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also has no influence on the work because the work depends only
on the height difference z — z;. Therefore, the location of the
coordinate system can be chosen arbitrarily. It is often useful to
choose the coordinate system in such a way that the potential is
zero at z = 0: V(0) = 0 (zero level).

; | |
F
@ %—Wmvw»o—» ﬂ—@\
zZ1
a b Fy F c ]\/[J
Fig. 8.6

As a further example, the potential of the force in a spring
is considered. The spring depicted in Fig. 8.6b is elongated by a
length x from its unstretched length through an external force F'.
It is known from experiments that the linear relation F' = kx
exists between the force F' and the spring elongation x, provided
the elongation of the spring remains sufficiently small. The spring
constant k is a measure of the stiffness of the spring. It has the
dimension force divided by length, and therefore the unit Ncm™!.
The spring force Fy (restoring force) is the reaction force associa-
ted with F' and points in the opposite direction of the elongation.
Thus, calculation of the work done by the spring force during

elongation yields
T . T o 1 ,
U=- [ Frdz = — k:xdx:—kaaz.
0 0
According to (8.7), the potential of the spring force is given by

Vi) = ; ka. (8.9)

The potential represents the energy stored in the spring due to
its elongation. The spring force F); also follows from the negative
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derivative of V' with respect to the coordinate x:

Consider now a linear torsion spring as depicted in Fig. 8.6c.
There is a linear relation M = k,¢ between the moment M and
the angle of rotation ¢. This relation is analogous to F' = kx
in the foregoing case. The torsion spring constant £k, has the
dimension [F] and therefore the unit Ncm or a multiple of it. If
in Equation (8.9), k is replaced by k, and z by ¢, the potential
of the moment of a torsion spring is obtained:

1
V=, k.o . (8.10)

8.2 Principle of Virtual Work

Up to this point in the chapter we have calculated the work done
by a force when the point of application actually moves along a
path. However, the concept of work can also be applied to statics,
where no displacements occur. In this framework, actual displace-
ments must be replaced by wvirtual displacements. Virtual displa-
cements are displacements (or rotations) that are

a) fictitious, i.e., do not exist in reality,

b) infinitesimally small,

¢) geometrically (kinematically) admissible, i.e. consistent with
the constraints of the system.

In order to distinguish virtual displacements from real displa-
cements dr, we denote virtual displacements as dr, i.e., with the
d-symbol, taken from the calculus of variations. Accordingly, the
virtual work done by forces or moments during a virtual displace-
ment is written as

oU=F-ir (compare (8.1)),
oU =M -d¢ (compare (8.4)).

We now reconsider the two-sided lever (Fig.8.7a) and calculate
the work done during a virtual displacement. A virtual displace-

8.2
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ment, i.e., a deflection that is consistent with the constraints of
the system, is a rotation with an angle ¢ about the support A
(Fig. 8.7b). The total virtual work U done by the two forces Fy
and Fy is

(5U=F1a(5<p—F2b(5<p=(Fla—ng)&p.

The minus sign in the second term takes into account that the
force Fy acts in opposite direction of the virtual deflection b dp. In
the equilibrium state, the expression in parentheses disappears due
to the equilibrium condition of moments F5 b = F; a (Archimedes’
law of the lever). Therefore, in this example, the virtual work
vanishes in the equilibrium position: 6U = 0. It should be noted
that only the external forces Fy and Fy (cf. Section 1.4) enter
into the virtual work, whereas the reaction force in A does not
contribute.

Fl FQ

Y \

.S

@ b —

a b c

Fig. 8.7

The aforementioned results can be generalized. We postulate
as an axiom that for an arbitrary system with an arbitrary num-
ber of external forces Fge) and external moments M Ee) the entire
virtual work must disappear in an equilibrium state:

SU=S"F - sr; +> M -5p; =0. (8.11)

Since this equilibrium axiom provides a statement on the work
done during virtual displacements, it is called the principle of vir-
tual work. It may be expressed as follows:

A mechanical system is in equilibrium if the virtual work of
the external loads (forces and moments) vanishes during an
arbitrary virtual displacement.
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The axiom of the principle of virtual work U = 0 is also often
referred to as the principle of virtual displacements . In the me-
chanics of deformable solids, an extended version of this principle
has a significant meaning (cf. Volume 2).

The equilibrium conditions can be derived from the principle
of virtual work; conversely, the principle of virtual work can be
derived from the equilibrium conditions, which also have an axio-
matic character. Therefore, the entire field of statics can be based
either on the equilibrium conditions or on the principle of virtual
work. From a practical point of view, the principle of virtual work
offers the great advantage that the number of unknowns in the
equations can often be reduced through an appropriate choice of
virtual displacements. The drawback is that complicated kinema-
tic conditions may have to be formulated.

The principle of virtual work cannot only be applied to mova-
ble systems, but also to systems that are rigidly supported, i.e.,
immobile. In the case of a rigid system, one or several supports
are removed and replaced by the support reactions. These reacti-
ons then will be considered to be external loads and consequently
taken into account in the principle of virtual work. For example,
if we remove in Fig.8.7b the pin joint at A, it is replaced by the
force A (Fig.8.7c). This force does the virtual work Adz during a
virtual displacement §z. Hence, the principle of virtual work reads

(SU:A(SZ—Fl(SZ—FQ(SZ:(A—Fl—FQ)(SZ:O.

Since the virtual displacement dz is nonzero, the term in paren-
theses must vanish, yielding the support force A = Fy + Fb.

8.3 Equilibrium States and Forces in Nonrigid
Systems

In the following we consider systems of rigid bodies that are in-
completely constrained and therefore able to move. If the applied
forces are prescribed, the corresponding equilibrium configuration
can be determined with the aid of the principle of virtual work.
On the other hand, if an equilibrium position is prescribed, the

8.3
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principle of virtual work yields the necessary forces. There are two
ways to formulate the principle of virtual work:

a) We can draw the system in an arbitrary configuration and in
an adjacent configuration. The magnitudes and directions of
the displacements associated with the applied forces can be
taken from the drawn figure. The corresponding terms for the
virtual work (including the algebraic signs) are inserted into
the principle of virtual work.

b) We can choose a coordinate system and describe the coordina-
tes of the point of application of each force in this coordina-
te system. The virtual displacements are equal to infinitesimal
changes of the coordinates. They are obtained formally through
differentiation (the d-symbol can be treated as a differential).
For example, if 7 is a function of a coordinate a, i.e., r = r(«),
then 0r = (dr/da)da. The differentiation automatically yields
the correct algebraic sign for each term.

Both methods will now be applied to the simple example of a
rod (weight negligible) of length [, supported by a pin joint at A
(Fig. 8.8a). The rod is loaded by a horizontal force P and a vertical
force @) at the free end B. Our aim is to determine the angle «
in the equilibrium position. Applying the first method, the rod is
considered to be infinitesimally rotated by da from an arbitrary,
yet unknown position « (Fig.8.8b). The point of application of
the forces then is displaced by an amount [ ja sin @ upward, and
by an amount [ da cos « to the left. The principle of virtual work

0U = Pléacosa — Qloasina = (Pcosa — @Qsina)lda =0

yields the equilibrium position (da # 0!):

Pcosa—Q@Qsina=0 — tana= 0"

In the second, more formal method, we describe the position
of point B (point of application of the forces) with the aid of the
position vector r that points from the fixed support A to B. In
the coordinate system shown in Fig. 8.8c, the coordinates of r are
x = [sin and y = [ cos a. The virtual displacements are obtained



8.3 Equilibrium States and Forces in Nonrigid Systems 233

A <z A
(6% (6%
B Y
a b c
Fig. 8.8
through differentiation:
d d
5z = F da = lcosada, Oy = Y sa = —lsinada.
da da

Inserting these relations into the principle of virtual work (both
forces point in the directions of the positive coordinate axes)

0U = Péx+ Qdy = Plcosada — Qlsinada
= (Pcosa—Q@Qsina)lda=0

leads to the same result as before.

The advantage of the formal method now becomes clear: in the
first method the algebraic signs of the virtual displacements have
to be determined from observation, whereas the second method
automatically gives the correct signs (da > 0 yields dy < 0). The
second method is preferable in the case of complicated kinematics
(geometry), since it is not always possible to rely on observation.
It should be noted that « can also be determined by formulating
the moment equilibrium condition 2: Plcosa—Qlsina = 0.

If a system has several independent possibilities of movement
(degrees of freedom), the position r(a, 3,...) of the point of ap-
plication of a force is given by several independent coordinates

a, 3,.... The virtual displacements can then be found analogous
to the total differential of a function of several variables:
or or
or = ) ) e 8.12
"= 900t 9g %t (8.12)
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Example 8.1 A drawbridge of weight W can be raised with the aid
of a cable (weight neglected) and a counter-weight @ (Fig.8.9a).

Determine the positions of equilibrium.

a b Fig. 8.9

Solution Since the angle ¢ uniquely describes the position of the
system, the system has one degree of freedom.

If the arbitrary position given by ¢ is changed by a virtual
displacement dy, the points of application of the forces W and @
are displaced. In order to determine the virtual work of W, we
have to consider only the change of its elevation, since the weight
does no work in a horizontal displacement. With the coordinate
system chosen in Fig.8.9b (origin at the fixed support A), we
obtain

l
2w =, 08— Ozy =

Determining the virtual displacement of the point of application
of @ is more difficult. For this purpose, we introduce the auxiliary
coordinate s, i.e., the distance between the fixed point D and point
E (Fig.8.9b):

. P
§=2lsin | .
2
A virtual displacement d¢p causes a virtual change ds of s, which is
equal to the virtual displacement 0z of the weight @ (inextensible
cable!):

d
0zg = ds = d;5¢:lcosgé¢.
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Since both forces point in the direction of the negative z-axis, the
principle of virtual work yields

U =—=Wizy —Qdzg = (W;sintp—Qlcos ('20) dp=0.
With sin ¢ = 2sin(p/2) cos(¢/2) and dp # 0, we obtain
cos('; <Wsin§ —Q) =0.

The first solution cos(¢/2) = 0 leads to ¢ = m. Therefore, the
only remaining solution is

v Q

sin o, = 1 -
For ¢ lying within the technically reasonable region 0 < ¢ < 7/2,
the inequality sin(p/2) < sin(w/4) = v/2/2 must be satisfied. This
requirement leads to the following condition for the load @:

Q T V2

W<sin4:2.

Example 8.2 A car-jack loaded with a weight W is schematically
depicted in Fig.8.10. The height of the screw-thread is h.

What torque M must be applied to the car-jack in order to
keep the jack in equilibrium? The jack-screw, when turned, moves
without friction.

Fig. 8.10 T

E8.2
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Solution According to the principle of virtual work, the system is
in equilibrium when the total work done by force W and torque
M vanishes:

§U = Mép—Woz=0.

Here, the directions of M and ¢ coincide, whereas W and z have
opposite directions (Fig.8.10). The virtual displacements d¢ and
0z are not independent. A rotation of Ay = 27 will raise the
jack-screw by the height Az = h of the screw-thread. Therefore,
a rotation of dp results in 6z = (h/27)dp. Thus, the principle of
virtual work yields

5U<M h W>6<p0.
27

With §¢ # 0 we obtain the torque necessary for equilibrium:

h
M = w.
27
It can be recognized that a large weight W can be raised with a
small force K by an externally applied torque M =1 K if [ > h.

Example 8.3 Two pin-jointed rods of weights W7 and W5 are dis-
placed from the vertical position by a horizontal force F' (Fig.8.11a).
Determine the equilibrium configuration.

F
a b

Fig. 8.11

Solution The configuration of the system is uniquely determined
by the two angles ¢; and 3. We use a coordinate system that
has its origin at the fixed support A (Fig.8.11b). Then we obtain



8.4  Reaction Forces and Stress Resultants 237

the following coordinates of the points of application of the forces:
b
2

Tp = lisingy + lasings .

la
Y1 = _ COSp1, y2:l1COS¢1+2COSSﬁ2,

According to (8.12), the virtual displacements are given by

I . . la .
oy = — 21 sin g dp1, Oys = —l1sinp; dp1 — 22 sin g2 62 ,
0xp =1y cos 1 0py + la cos o dpg .
Therefore, the principle of virtual work leads to
oU = W1 5y1 +W25y2 +F6£L‘F
=W <fllsin 0 )+W<fl sin 1 § leSin ) )
= Wi 9 ©10P1 2 1 P10P1 9 P2 02
+ F(ll COS Y1 5901 + l2 COS Y2 (SQOQ)
l
= <Fl1 cosp1 — Wy 21 singp; — Waly sin<p1>5<p1

l
+(Flgcos<p2 — Wy 22 Sintp2>5<,02 =0.

Since the system has two degrees of freedom, there are two
virtual displacements, dp1 and dps. They are independent of each
other and not equal to zero at the same time. Therefore, the virtual
work vanishes only if the expressions in both parentheses are zero:

l
Flicosp; — Wy ;singol —Walising; =0

— 2k
anp; = ,
T 42w,
l 2F
F'lycospy — Wy 25ing02:0 —  tanpy = .
2 Wo

8.4 Reaction Forces and Stress Resultants 8.4

Structures such as beams, frames or trusses are rigidly supported.
In order to calculate a reaction force (moment) with the aid of
the principle of virtual work, the corresponding support must be
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removed and replaced by the support reaction. The point of ap-
plication of the support reaction is then able to move. Therefore,
the reaction force (moment) is considered to be an external force
(moment) in the principle of virtual work. Similarly, the force in
an internal pin or the stress resultants in beams can be determined
by cutting the system appropriately. Due to this imaginary cut,
the system becomes movable and the corresponding internal for-
ce does virtual work during a virtual displacement. The following
examples will explain the procedure.

Example 8.4 Determine the force in the pin G of the structure
shown in Fig. 8.12a.

d
F ~—=] R=qoa/2 G )
” rrin ! MO( l l l

K 2
-

Fig. 8.12

Solution The horizontal component of the force in the pin is ze-
ro. In order to determine the vertical component, we divide the
structure into two parts by a cut through the pin. The left-hand
part is then able to rotate about the point A, whereas the right-
hand portion cannot move in the vertical direction (Fig.8.12b).
Furthermore, the triangular load is replaced by its resultant

R=gqgpa/2

which is located at a distance 2a/3 from A. With the virtual
displacements

dwgr = gaégo, dwg = ady

the principle of virtual work yields

qdoa

SU = Rowp + Mo bp — Gowg = )

§a6<p+M06<pra6<p

a2
<q0 5 +M0Ga>5g00.
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Since dp # 0, the force in pin G becomes

M,

G — doa + 0
3

The force F' acting on the right-hand section has no influence on

the force in pin G.

Example 8.5 The structure in Fig. 8.13a consists of three beams
that are pin-connected at G; and Gs. It is subjected to a concen-
trated force F' and a constant line load gy = F/(3 a).

Determine the support reactions at A with the aid of the prin-
ciple of virtual work.

1 m”

A o' e ol
G B G L

|

|

‘a\a\a\a\ 2a

F ”"’3_, R ;)Z:J «\111‘(’.‘ lR
s3 Y 1. K ! Se SA
Ta: y L] LQA MA( N _
';NY\- | % oWy, = 7;;7 owy / | -

( b

A dwy dw,

Fig. 8.13

Solution In order to determine the vertical support reaction A,
the clamped end of the structure has to be replaced by a parallel
motion according to Fig.8.13b. Then point A can move in the
vertical direction and the support reaction A has to be treated as
an external load in the principle of virtual work. Since no rotation
is possible at A, the moment M 4 is a reaction moment and does no
work. From Fig.8.13b we obtain the following relations between
the virtual displacements:

dwy = dwp = dwg, =adB, Odwr=aldo.

The angles da and 05 are mutually dependent. Considering the
displacement of pin G2, we find

E8.5
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dwg, =2ada=adéf — da= %66.

From the principle of virtual work

U =—-Abdwy + Fowp — Réwgr = —Aadf+Fadfs — §Fa6a
=(—A+F—-3:F})aéf=0

and 65 # 0, we obtain the support reaction

A= 2 F.
3

In order to calculate the moment M, we replace the clamped
support by a smooth pin (Fig.8.13c). Then the left part of the
structure can rotate about A and the moment M , enters into the
principle of virtual work as an external moment. Now the point
A cannot be vertically displaced. Therefore, force A is a reaction
force and does no work. The three angles in Fig. 8.13c are mutually
dependent:

dwg, =2adp=ade, Odwg,=ade=2ady
— de=26p and oy =4p.

Considering the algebraic signs (F' acts in the opposite direction
to dwp and M, acts in the opposite direction to du) the principle
of virtual works yields

U =—Myép— Fowp + Roéwg

F
:fMA5ufFa5u+3 2aady
a

= (—MA—Fa—i— gFa>(5,u:O — MA:—;Fa.
Both calculations show the advantage of the principle of virtu-
al work: the forces (G; and G5 in the pins and the remaining
support reactions, which appear in the classical calculation (cf.
Section 5.3.3), do no work and therefore need not be taken into
account when applying the principle of virtual work.
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Example 8.6 Determine the force in member 5 of the truss shown

in Fig. 8.14a.
S5/ K
A
x
| s A
5 S; S5 1
p !

h ) [

asin 3

‘1
f— i —
3
~.
[
3
=

Fig.8.14

Solution 'We remove member 5 from the truss. Then the internal
forces S5 at pins I and II act as external forces (Fig.8.14b). In
order to determine the positions of the points of application of
the various forces, an x,y-coordinate system is introduced with
its origin at the fixed point A. The point of application of force
K has the y-coordinate

« =H —acosf = \/b2 —a?sin® 8 —acosf.
Pin I (point of application of Sy) has the z-coordinate
r1 =asinf.
A virtual displacement (i.e., a small change of angle 3) yields
dy —a?2sin Bcos B _
oy, = XoB= +asinfB)683,
K dg (2\/172 a?sin’ B )

d
Say = d””ﬁl 58 = acos BB
Due to the symmetry of the system and the loading, the displa-
cement of pin IT (to the right) is equal to the displacement of pin
I (to the left). Therefore, the total virtual work performed by the
forces is

oU = Koy, — 255 dx;
= {Kasinﬂ(l

acosf

_ i 7Q2Sin2ﬂ) —285acosB|65.

E8.6
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Since §U = 0 and 8 # 0, we obtain

1 acosf
Ss;= _Ktanpg | 1— .
°T 2 ( \/b2a2sin26>

Fig. 8.14¢ qualitatively depicts the ratio S5/ K versus . Becau-
se of b > a, force Sj is positive for 0 £ 8 < m/2 and negative for
m/2 < 8 < 7. This result may be verified by inspection.

8.5 Stability of Equilibrium States

In Section 8.3 the equilibrium states were determined by applying
the principle of virtual work U = 0. However, experience teaches
that there are “different types” of equilibrium states. To charac-
terize these states the concept of stability must be introduced. In
the following, the discussion is limited to conservative forces and
systems with only one degree of freedom. In this case the potential
V' depends only on one coordinate. Fig. 8.15 shows two examples
where the only applied force is the weight. The first example in
Fig.8.15a shows a sphere (weight W) that lies at the lowest point
of a concave surface (equilibrium position). If a small disturbance
is imposed, e.g., a small lateral deflection x, the sphere is lifted
by an amount Az and the potential is increased by

AV =W Az>0.

In the second example, a rod supported by a frictionless pin at its
upper end is shown in the equilibrium position (vertical position).
A small disturbance (small angle ¢) raises the center of gravity
of the rod (point of application of W) and therefore increases
the potential. In both cases, the respective body returns to its
equilibrium position when left to itself. Such equilibrium positions
are referred to as stable.

Now we consider a sphere lying on a horizontal plane and a
rod supported at its center of gravity (Fig.8.15b). The elevation
of the points of application of the weights remains unchanged in
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z, ¢
equilibrium position

v

Fig. 8.15

the case of a displacement = or a rotation ¢. Therefore, there is
no change in the potential:

AV =WAz=0.

The displaced positions are also equilibrium positions. The bodies
remain at rest when left to themselves. Such equilibrium states are
called neutral.

If the sphere is in equilibrium at the highest point of a convex
surface or if the rod is supported at its lower end (Fig. 8.15¢), then
the potential decreases due to a displacement:

AV =W Az <0.

When the sphere or the rod are left to themselves in the displaced
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position, they will move further away from the equilibrium state.
Such equilibrium states are referred to as unstable.

On the right-hand side of Fig. 8.15 the graph of the potential is
qualitatively depicted as a function of  (sphere) or as a function of
¢ (rod) for the three cases. It can be recognized from the diagrams
that the potential in each equilibrium state has an extreme value.
This extreme value is equivalent to the principle of virtual work
that, according to (8.11), requires for equilibrium

0V =-6U=0.

If the potential depends on one coordinate only, e.g., V = V(x),
then

(5V:dV6x:0.
dx

Since dz # 0, this equation leads to the following condition for an
equilibrium state:

Qe = Vi=0. (8.13)

The graph of the potential function has a horizontal tangent at
the point corresponding to an equilibrium position.

The criterion of stability follows from the behavior of the po-
tential curve in the vicinity of the considered equilibrium state.
In case a), the potential increases due to a displacement x or a
rotation ¢; in case c) the potential decreases. Therefore, taking
into account the above-mentioned concepts, it can be stated:

> (0 stable
AV { =0 neutral equilibrium . (8.14)
< 0 unstable

Accordingly, the potential has a minimum in a stable equilibrium
state and a maximum in an unstable equilibrium state. Conse-
quently, the stability criterion (8.14) can also be formulated in
terms of the second derivative of the potential function V'(x),
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characterizing a minimum and a maximum:

V"(zg) >0 — minimum —  stable,
(8.15)

V"(zg) <0 — maximum — unstable.

Here, the position xy denotes the equilibrium state.

In the case V" (x¢) = 0, further investigations are necessary.
Let V(zo9) = Vy be the value of the potential in the equilibrium
state xg. The potential in a neighboring position xy + dx can be
expressed by the Taylor-Series

V(zo +6z) = Vo + V'(20) 6z + L V" (20) (6z)?
+ éV”’(:ro) (dz) +....
Thus, the change in the potential is

AV = V(ZL‘O + 5:]9) — Vo
(8.16)
= V'(w0) 6z + V" (20) (63)2 + V" (w0) (62)° + ...

According to (8.13), the first derivative of the potential vanishes
in the equilibrium state, i.e. V'(xzg) = 0. Therefore, the algebraic
sign of the second derivative V" (zg) of the potential determines
whether AV is greater or less than zero and hence, whether the
equilibrium state is stable or unstable. If V" (z¢) and all higher
derivatives disappear, then AV = 0 according to (8.16). This cor-
responds to a neutral equilibrium state. On the other hand, if
V"(x9) = 0 holds and higher derivatives are nonzero, the alge-
braic sign of the lowest non-vanishing derivative of the potential
determines the type of equilibrium.

Example 8.7 Three cogged wheels are supported without friction
at their centers. Three mass points (weights Wi, Wa and W3) are
mounted eccentrically on the wheels as shown in Fig. 8.16a.

Determine the equilibrium states and investigate their type of
stability (i.e., stable or unstable) for Wy = W3 =2W, Wy = W
and z = /3.

E8.7
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Fig.8.16

Solution To formulate the potential we introduce the coordinate
z as shown in Fig.8.16b. Let the large wheel be rotated by an
arbitrary angle « from the initial position (Fig.8.16b). This rota-
tion causes the other wheels also to rotate. The arc lengths at the
contact points of the wheels must be the same for every wheel.
With the given radii, we obtain

s af=a"=2a.

2ra=ra*=ra
The coordinates of Wy, Wy and W3 are given by
21 = —xsina, 29 =rcosa” =rcos2a,
23 =—rcosa™ = —rcos2a.
Thus, the total potential can be expressed as
V =Wz +Wszo+ Wszs
=2W(—zsina) + Wrcos2a+ 2W(—rcos2a)
= —Wr(2V3sina +cos2a).

According to (8.13), the equilibrium states are determined from
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V' = c(ilz = —Wr(2V3cosa —2sin2a)
= —2Wrcosa(V3 —2sina) =0.
A first solution is obtained by setting the first factor to zero:
cosa=0.
The corresponding equilibrium positions are

ap =7/2, ay=37/2.

A second solution follows from the disappearance of the bracketed
term:

V3—2sina=0 — sina=+3/2.
The corresponding equilibrium positions are
ag=7/3, a4=27/3.

According to (8.15), the type of equilibrium of the four different
positions can be determined with the aid of the second derivative
of the potential:

v
" da?

= 2Wr(V3sina +2cos2a).

v = —Wr(—2V3sina —4cos2a)

Inserting the solutions «; yields:

V') =V"(Ar)=2Wr(vV3-2)<0 —  unstable,
V' (ag) =V"(3m)=2Wr(—vV3-2)<0 — unstable,

V'ag) = V"(3m) =2Wr [V3LV3+2(=1)| =Wr >0

—  stable,
V" (aq) = V" (2m) =2Wr [¢3§¢3+ 2 (fé)} =Wr>0
—  stable.

Fig. 8.16¢ shows the four equilibrium configurations.
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Example 8.8 A weightless rod is subjected to a vertical force F
and held on each side by a spring (Fig. 8.17a). The spring constant
of each spring is k. An appropriate support keeps the springs in a
horizontal position during a rotation of the rod.

Determine the type of stability of the equilibrium positions.

F ‘ F r
T I unstable
k k '

a b c ¥

Fig.8.17

Solution We introduce a coordinate system with its origin at
the fixed support (Fig.8.17b). To determine the potentials of the
force F' and the spring forces we consider an arbitrary position of
the rod. The zero-level of the potential of force F' (dead load, cf.
Section 8.1) is chosen to be at z = 0. Thus, its potential is

V.=Fz,.

According to (8.9) the potential of a spring (spring constant k)
due to an elongation z is given by

Vi=1ka®.

The system has one degree of freedom. Therefore, the total poten-
tial depends only on a single coordinate; it is useful to choose the
angle ¢ (Fig.8.17b). With the geometrical relations z, =1 cosp
and x = a tan g, the total potential becomes

V(p) =Flcosp+2 3% k(atanp)”.

We determine the equilibrium positions using condition (8.13):

d t
V=W L pisingtoka? ™ g
de cos? p
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1
— singp(Fl+2ka2 3 )0.
cos?
A first equilibrium position is obtained from
simp=0 — ¢ =0.

Further solutions follow from the term in parentheses:

1 2ka?
—Fl+2kad? =0 — 3y =
+aka cos3 ¢ oS vz Fl
. \S/QkaQ (a)
= arccos . a
P2 Fi

These positions exist only for FI > 2k a?.
In order to investigate the type of stability, the second deriva-
tive of the total potential is calculated:

1
P2V cos?p 5 ttany 2cosp sing
V=", = —Flcosgp+2ka® cosTy 4
de cost p
1 + 2sin?
=—Flcosy +2ka® * im v
cost p
3 —2cos?
=—Flcosp+2ka? (;OS 7 (b)
cost p
Inserting the first solution ¢ = 0 yields
Fl
7 _ 2\ 2
V1) =(—Fl+2ka”)=2ka <12ka2)' (c)

The algebraic sign of V" (and thus the stability of this equilibrium
position) depends on the parameters that appear in parentheses.
From (c), we obtain

Fl o
V"(p1) >0 for oka? < 1 — stable position,

Fl
V"(p1) <0 for 9k g2 >1 — unstable position.
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The special case

Fl ka2
-1 - F=2"%_F

2k a2 l crit (d)
characterizes the “critical load”, since at this point of the load-
displacement curve in Fig.8.17¢c, the stable position ¢ = 0 (for
F < F_,;;) changes to an unstable position (for F > F_,).

The second derivative V" (1) is equal to zero for F = F_;,. To
investigate the type of stability at this particular point, it would
be necessary to consider higher derivatives of V.

If the angle @2 of the second equilibrium position is inserted
into (b) and the relation 2 ka? = Fl cos® @5 is used, we obtain for

the second derivative of V

3—20082302)

V" (g2) = — Flcos s <1 — cos? py .
cos? g

3
— F'lcos ps <1— 9 —|—2)
cos? pa

1
3Flcos<p2( ) —1).
cos? g

For 0 < 9 < 7/2, we have cos p2 < 1. Hence, V" (p2) > 0, i.e., the
equilibrium position ¢ = 5 is stable. Note, since cos ¢ is an even

function, a second solution @} = —py exists. As a consequence,
according to (a), 2ka?/F1 < 1 holds and thus, according to (d),

F > F_;.. In the special case of p2 = 0 we obtain V" (¢2) = 0 and
F= Fcrit'

The result is depicted in Fig.8.17c: for F' < F;, there exists
only one equilibrium position, i.e., ¢ = 0; this position is stable.
For F > F_;

equilibrium positions +yo appear. Hence, three different equili-

. this position becomes unstable, and two new stable

brium positions exist in this region.

Since a bifurcation of the solution appears for the critical load
F = F_,, this particular value in load-displacement diagrams
is called the “bifurcation point”. The critical load and the bi-
furcation of a solution play an important role in the analysis of

the stability behavior of elastic structures (cf. Volume 2).
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Example 8.9 The homogeneous body shown in Fig. 8.18a (density E8.9
0) consists of a half circular cylinder (radius r) and a rectangular
block (height h).
Determine the value of h for which the body is in neutral equi-
librium at an arbitrary position.

A
l

=

Fig.8.18

Solution The rectangular block has the weight
Wg =2rhlog,

and the distance of its center of gravity measured from the sepa-
rating surfaces of the two parts of the body is

sQ Zh/2

(Fig. 8.18b). The corresponding values for the half cylinder are

1
Wy = 27T7°2lgg
and
4
Sg =g mT

(see Table 4.1).

If we choose the surface of the base as the reference level for
the potential, we obtain the following expression for an arbitrary
position a:

2 4
V =o0gl mr r— rcosoz +2rh r+hcosa .
2 3m 2

The equilibrium positions are determined from
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d 2
V' = d‘o/; =oglsina [3 TB—Th2:| =0.

A first equilibrium position follows from
sina=0 — a1 =0.

Therefore, the reference configuration (characterized by a = 0) in
which the centers of gravity Co and Cg lie over each other on
a vertical line is an equilibrium position. The derivative V' also
vanishes if the term in the brackets becomes zero:

2 . ) \/ 2
r’—rh*=0 — h= r.
3 3
Equilibrium positions with arbitrary « exist for this specific value
of h only.
To apply the stability criterion, we consider the second deriva-
tive

2
V" =opglcosa {3 rs th} )

For an arbitrary value of a and h = 1/2/3 r, the second derivative
V" and all higher derivatives are equal to zero. The equilibrium
positions are therefore neutral. The body is then in equilibrium
in every arbitrary position, as shown in Fig. 8.18c.

This problem may also be solved without using the potential
and its derivatives. An equilibrium position is neutral, if the center
of gravity remains at the same elevation during a rotation (AV =
0). Therefore, the center of gravity C' of the whole body must have
the constant elevation r above the base for arbitrary a. Using
(4.13), the center of gravity is given by

w2 4T+2h +h
o2 s T T

71'7“2

2

After some algebraic manipulations, h follows from the condition
Yo = r. This value is identical to that calculated above.

+27rh
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Example 8.10 Determine the type of stability of the equilibrium
position in Problem 8.1.

Solution We choose the zero level of the potential of force W at the
level of the support A (Fig.8.9a). The zero level of the potential
of force @) is chosen at the height at which the counterweight is
located when the drawbridge is in the vertical position (¢ = 0).
With s = 2[sin(¢/2), the total potential as a function of the
coordinate ¢ becomes

Wi Wi
Vig)= ", cosp+Qs=", cosgo+2stin‘§.

2

Using the relation sin¢ = 2sin(p/2) cos(p/2), the derivatives are
obtained as

Wi . Y P ¥
r_ _
V= 9 s1n<p+Qlc052 ( 4% sm2 +Q) lcos2,

Wi QL . v
n__ _
V7= g COSP— , sin,.

From V’ = 0, we again obtain the equilibrium position

sin(/2) = Q/W.

Without further calculations, it can be seen that V" is negative
for ¢ < m/2. Therefore, the equilibrium position determined in
Problem 8.1 is unstable.

8.6 Supplementary Problems

The detailed solutions to most of the following examples are given
in (A) D. Gross et al. Formeln und Aufgaben zur Technischen Me-
chanik 1, Springer, Berlin 2011 or (B) W. Hauger et al. Aufgaben
zur Technischen Mechanik 1-3, Springer, Berlin 2011.

E8.10

8.6
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Example 8.11 The mechanism
shown in Fig. 8.19 is subjected
to a force F' and a moment
My. The weights of the three
links may be neglected.

Apply the principle of vir-
tual work to find the equilibri-
um position ¢ = p*.

M,
Result: see (B) ¢* = arcsin F(IJ'

Example 8.12 A hinged beam

is subjected to a line load qo 7

and a concentrated force F l o o

Fig. 8.20). ! ) 1

(Fig. 8.20). s i &5 Ac
Determine the support reac- 7777 7777

tion B with the aid of the prin- e Jea,l a | a ]

ciple of virtual work. Fig. 8.20

Result: see (B) B =2qya+ 5 Fsina.

Example 8.13 The system in Fig.8.21 is held by a spring
(stiffness k) and a torsion

spring (stiffness k). The for- 7
ce in the spring and the mo- ‘
ment in the torsion spring are

zero in the equilibrium posi- T
tion shown in the figure. This !

equilibrium position is unsta- J 3
T
ble if the applied force F ex- Zos =
ceeds a critical value Fiit. ‘ . ‘ ! i
Find Ferit. Fig.8.21

Results: see (A)  Fepig = kl + 4k, /1.
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Example 8.14 A hydraulic ramp is schematically depicted in E8.14
Fig.8.22. The two beams

(each length ) are pin- m
connected at their centers O O

M. A car (weight W)
stands on the ramp.

Determine the force F
which has to be genera-
ted in the hydraulic piston
and applied to the lever of
length a in order to keep the
system in equilibrium.

Result: see (B) F = w.

Example 8.15 A wheel (weight W, radius r) rolls on a circular E8.15
cylinder (radius R) without sli-
ding. It is connected to a wall by
a spring (stiffness k). The spring
is kept in a horizontal position by
the support; the force in the spring
is zero in the position shown in
Fig. 8.23.

Determine the equilibrium posi-
tions and investigate their stability.

Fig. 8.23 /

Results: see (B) 1 =0 (W < k(R + r): stable),
(W > k(R + r): unstable),

(2,3 = Farccos (unstable).

w
E(R+71)
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Example 8.16 The slider crank mecha-
nism shown in Fig. 8.24 consists of the
crank AC and the connecting rod BC.
Their weights can be neglected in com-
parison with the force F' acting at B.
Determine the moment M («) which
is necessary to keep the system in equi-
librium at an arbitrary angle c.

Fig. 8.24

Result: see (A) M = Fr sina(l +

T COSt )

\/Z2 —r2sina

Example 8.17 Calculate the force S; in member 1 of the structure
in Fig. 8.25.
l qo

ﬂ
o

no
Qo
o
| |
| |
| —|
)t—]
| ]
| |
| ]
| |
|

\ Fig. 8.25
Result: see (A) S1 = 3 qpa.

Example 8.18 A concentrated mass
m is attached to a circular disk ©
(radius R, mass M) as shown in l
Fig.8.26. The disk can roll on an
inclined plane (no sliding!).
Determine the positions of equi-
librium and investigate their stabi-
lity. Fig. 8.26

Results: see (B) ¢1 =0 (k= 1, unstable),
g = tarccosk (K < 1, stable),
Kk =cosp = (M +m)Rsina/(mr).
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Example 8.19  Figure 8.27 shows E8.19
schematically the door C'D (weight ]
W, height 2r) of a garage. It is sup-
ported by a lever BC and a spring
AB (stiffness k). The spring is un-
stretched for a« = m. The distance
between the points B and M is de- -
noted by a.

Investigate the stability of the
equilibrium configurations for the
case a < r and Wr/ka® = 3.

Fig. 8.27

Results: see (A) a3 =0 (unstable), «y = 7/3 (stable),

ag = 7 (unstable).
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8.7 Summary

The work done by a force F' during an infinitesimal displace-
ment dr of the force application point is dU = F - dr. The
work done during a finite displacement is given by

U:/F'dr.

Remark: The expression “work = force x displacement” is valid
if and only if the directions of the force and of the displacement
coincide and the force is constant.

The work U of a conservative force is path-independent. A
conservative force can be derived from a potential (potential
energy) V = —U.

The potentials of a weight W, a spring force and a torsion-
spring moment, respectively, are given by

1 1
V=Wz, V:2k:x2, V:21<:T<p2.

Virtual displacements dr or rotations d¢ are infinitesimal, ima-
ginary (they do not really exist) and kinematically possible.
The virtual work of a force F' is given by 6U = F - r, and the
virtual work of a moment M by dU = M - §e.

A mechanical system is in equilibrium if the work done by the
external forces disappears during a virtual displacement from
this position:

oU =0.

In a conservative system, the total potential has an extreme
value in an equilibrium position. The equilibrium position xg
of a system with one degree of freedom is characterized by

V/(I'(]) =0.

An equilibrium state is stable (unstable), if its total potential
has a minimum (maximum):

V(o) >0 — stable, V"(z9) <0 — unstable.
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