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Objectives: In Chapter 1 the notion of stress in a bar

has been introduced. We will now generalize the concept of stress

to make it applicable to arbitrary structures. For this purpose

the stress tensor is introduced. Subsequently we will discuss in

detail the plane stress state that appears in thin sheets or plates

under in-plane loading. This state is fully determined by stress

components in two sections perpendicular to each other. We will

see that the normal stress and the shear stress take on extreme

values for specific directions of the section.

The students will learn how to analyse the plane stress state

and how to determine the stresses in different sections.
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2.12.1 Stress Vector and Stress Tensor
So far, stresses have been calculated only in bars. To be able

to determine stresses also in other structures we must generali-

ze the concept of stress. For this purpose let us consider a body

which is loaded arbitrarily, e.g. by single forces Fi and area forces

p (Fig. 2.1a). The external load generates internal forces. In an

imaginary section s – s through the body the internal area forces

(stresses) are distributed over the entire area A. In contrast to the

bar where these stresses are constant over the cross section (see

Section 1.1) they now generally vary throughout the section.
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Since the stress is no longer the same everywhere in the section,

it must be defined at an arbitrary point P of the cross section

(Fig. 2.1b). The area element ΔA containing P is subjected to the

resultant internal force ΔF (note: according to the law of action

and reaction the same force acts in the opposite cross section

with opposite direction). The average stress in the area element

is defined as the ratio ΔF /ΔA (force per area). We assume that

the ratio ΔF /ΔA in the limit ΔA → 0 tends to a finite value:

t = lim
ΔA→0

ΔF

ΔA
=

dF

dA
. (2.1)

This limit value is called stress vector t.

The stress vector can be decomposed into a component normal

to the cross section at point P and a component tangential to the

cross section. We call the normal component normal stress σ and

the tangential component shear stress τ .
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In general, the stress vector t depends on the location of point

P in the section area A. The stress distribution in the section

is known when the stress vector t is known for all points of A.

However, the stress state at a point P of the section is not yet

sufficiently determined by t for the following reason. If we choose

sections through P having different directions, different forces will

act in the sections because of the different orientation of the area

elements. Therefore, the stresses also depend on the orientation

of the section which is characterized by the normal vector n (cf.

stresses (1.3) in a bar for different directions of the section).

It can be shown that the stress state at point P is uniquely

determined by three stress vectors for three sections through P ,

perpendicular to each other. It is useful to choose the directions of

a Cartesian coordinate system for the respective orientations. The

three sections can most easily be visualized if we imagine them to

be the surfaces of a volume element with edge lengths dx, dy and

dz at point P (Fig. 2.2a). A stress vector acts on each of its six

surfaces. It can be decomposed into its components perpendicular

to the section (= normal stress) and tangential to the section (=

shear stress). The shear stress subsequently can be further decom-

posed into its components according to the coordinate directions.

To characterize the components double subscripts are used: the

first subscript indicates the orientation of the section by the di-

rection of its normal vector whereas the second subscript indicates

the direction of the stress component. For example, τyx is a shear

stress acting in a section whose normal points in y-direction; the

stress itself points in x-direction (Fig. 2.2a).

a b

y
dz

dx

x

z z

dy

y

dz/2

dz/2

dy/2dy/2

σzz

τyz
σyy

τzx

τyx

σz

τzy

σz

τzy

σy

τyz

σy

τyz

τzy

P

M
τxz

σxx

τxy

Fig. 2.2



2.1 Stress Vector and Stress Tensor 53

The notation can be simplified for the normal stresses. In this

case the directions of the normal to the section and of the stress

component coincide. Thus, both subscripts are always equal and

one of them can be omitted without losing information:

σxx = σx , σyy = σy , σzz = σz .

From now on we will adopt this shorter notation.

Using the introduced notation, the stress vector, for example

in the section with the normal vector pointing in y-direction, can

be written as

t = τyx ex + σy ey + τyz ez . (2.2)

The sign convention for the stresses is the same as for the stress

resultants (cf. Volume 1, Section 7.1):

Positive stresses at a positive (negative) face point in positive

(negative) directions of the coordinates.

Accordingly, positive (negative) normal stresses cause tension

(compression) in the volume element. Figure 2.2a shows positi-

ve stresses acting on the positive faces.

By means of the decomposition of the three stress vectors into

their components we have obtained three normal stresses

(σx, σy, σz) and six shear stresses (τxy , τxz, τyx, τyz , τzx, τzy).

However, not all shear stresses are independent of each other. This

can be shown by formulating the equilibrium condition for the mo-

ments about an axis parallel to the x-axis through the center of the

volume element (cf. Fig. 2.2b). Since equilibrium statements are

valid for forces, the stresses must be multiplied by the associated

area elements:

�

C : 2
dy

2
(τyz dx dz) − 2

dz

2
(τzy dx dy) = 0 → τyz = τzy .

Two further relations are obtained from the moment equilibrium

about the other axes:
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τxy = τyx , τxz = τzx , τyz = τzy . (2.3)

In words:

The shear stresses with the same subscripts in two ortho-

gonal sections (e.g. τxy and τyx) are equal.

They are sometimes called complementary shear stresses. Since

they have the same algebraic sign they are directed either towards

or away from the common edge of the cubic volume element (cf.

Fig. 2.2). As a result of (2.3) there exist only six independent

stress components.

The components of the three stress vectors can be arranged in

a matrix:

σ =

⎡
⎢⎢⎣
σx τxy τxz

τyx σy τyz

τzx τzy σz

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
σx τxy τxz

τxy σy τyz

τxz τyz σz

⎤
⎥⎥⎦ . (2.4)

The main diagonal contains the normal stresses; the remaining

elements are the shear stresses. The matrix (2.4) is symmetric

because of (2.3).

The quantity σ is called stress tensor (the concept tensor will

be explained in Section 2.2.1). The elements of (2.4) are the com-

ponents of the stress tensor. The stress state at a material point

is uniquely defined by the stress vectors for three sections, ortho-

gonal to each other, and consequently by the stress tensor (2.4).

2.2 2.2 Plane Stress
We will now examine the state of stress in a disk. This plane

structural element has a thickness t much smaller than its in-

plane dimensions and it is loaded solely in its plane by in-plane

forces (Fig. 2.3). The upper and the lower face of the disk are

load-free. Since no external forces in the z-direction exist, we can

assume with sufficient accuracy that also no stresses will appear
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in this direction:

τxz = τyz = σz = 0 .

Fig. 2.3
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Because of the small thickness we furthermore can assume that the

stresses σx, σy and τxy = τyx are constant across the thickness of

the disk. Such a stress distribution is called a state of plane stress.

In this case, the third row and the third column of the matrix

(2.4) vanish and we get

σ =

[
σx τxy

τxy σy

]
.

In general, the stresses depend on the location, i.e. on the coor-

dinates x and y. In the special case when the stresses are inde-

pendent of the location, the stress state is called homogeneous.

2.2.1 Coordinate Transformation

Up to now only stresses in sections parallel to the coordinate axes

have been considered. Now we will show how from these stres-

ses, the stresses in an arbitrary section perpendicular to the disk

can be determined. For this purpose we consider an infinitesi-

mal wedge-shaped element of thickness t cut out from the disk

(Fig. 2.4). The directions of the sections are characterized by the

x, y-coordinate system and the angle ϕ. We introduce a ξ, η-system

which is rotated with respect to the x, y-system by the angle ϕ and

whose ξ-axis is normal to the inclined section. Here ϕ is counted

positive counterclockwise.
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According to the coordinate directions, the stresses in the in-

clined section are denoted as σξ and τξη. The corresponding cross

section is given by dA = dη t. The other two cross sections per-

pendicular to the y- and x-axis, respectively, are dA sinϕ and

dA cosϕ. The equilibrium conditions for the forces in ξ- and in

η-direction are

↗: σξ dA − (σx dA cosϕ) cosϕ− (τxy dA cosϕ) sinϕ

− (σy dA sinϕ) sinϕ− (τyx dA sinϕ) cosϕ = 0 ,

↖: τξη dA + (σx dA cosϕ) sinϕ− (τxy dA cosϕ) cosϕ

− (σy dA sinϕ) cosϕ+ (τyx dA sinϕ) sinϕ = 0 .

Taking into account τyx = τxy, we get

σξ = σx cos
2 ϕ+ σy sin

2 ϕ+ 2 τxy sinϕ cosϕ ,

τξη = − (σx − σy) sinϕ cosϕ+ τxy(cos
2 ϕ− sin2 ϕ) .

(2.5a)

Additionally, we will now determine the normal stress ση which

acts in a section with the normal pointing in η-direction. The

cutting angle of this section is given by ϕ+ π/2. Therefore, ση is

obtained by replacing in the first equation of (2.5a) the normal

stress σξ by ση and the angle ϕ by ϕ+π/2. Recalling that cos(ϕ+

π/2) = − sinϕ and sin(ϕ+ π/2) = cosϕ, we obtain

ση = σx sin
2 ϕ+ σy cos

2 ϕ− 2 τxy cosϕ sinϕ . (2.5b)
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Usually, the Equations (2.5a, b) are written in a different form.

Using the standard trigonometric relations

cos2 ϕ =
1

2
(1 + cos 2ϕ) , 2 sinϕ cosϕ = sin 2ϕ ,

sin2 ϕ =
1

2
(1 − cos 2ϕ) , cos2 ϕ− sin2 ϕ = cos 2ϕ

we get

σξ =
1

2
(σx + σy) +

1

2
(σx − σy) cos 2ϕ+ τxy sin 2ϕ ,

ση =
1

2
(σx + σy)− 1

2
(σx − σy) cos 2ϕ− τxy sin 2ϕ ,

τξη = − 1

2
(σx − σy) sin 2ϕ+ τxy cos 2ϕ .

(2.6)

The stresses σx, σy and τxy are the components of the stress ten-

sor in the x, y -system. From these stresses, using (2.6), the com-

ponents σξ, ση and τξη in the ξ, η -system can be determined.

Equations (2.6) are called transformation relations for the com-

ponents of the stress tensor. Fig. 2.5 shows the stresses in the

x, y -system and in the ξ, η -system at the corresponding elements.

Note that the stresses in either of the coordinate systems represent

one and the same state of stress at a given point of the disk.
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y η
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Fig. 2.5

A quantity whose components have two coordinate subscripts

and which are transformed by a certain rule from one coordinate

system to a rotated coordinate system is called a second rank ten-
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sor. For the stress tensor the rule for the transition from the x, y-

system to the ξ, η-system is given by the transformation relations

(2.6). We will become familiar with other 2nd rank tensors in Sec-

tions 3.1 and 4.2. It should be mentioned that the components of

vectors also fulfill specific transformation relations. Because vec-

tor components have only one subscript, vectors are sometimes

called 1st rank tensors.

When adding the first two equations in (2.6) we obtain

σξ + ση = σx + σy . (2.7)

Thus, the sum of the normal stresses has the same value in each

coordinate system. For this reason, the sum σx + σy is called an

invariant of the stress tensor. It can also be verified by simple

algebraic manipulation that the determinant σxσy − τ2xy of the

matrix of the stress tensor is a further invariant, that is σxσy −
τ2xy = σξση − τ2ξη.

We finally consider the special case of equal normal stresses

(σx = σy) and vanishing shear stresses (τxy = 0) in the x, y-

system. Equation (2.6) then yields

σξ = ση = σx = σy, τξη = 0 .

Accordingly, the normal stresses for all directions of the sections

are the same (i.e. they are independent of ϕ) whereas the shear

stresses always vanish. Such a state of stress is called hydrostatic

because it corresponds to the pressure in a fluid at rest where the

normal stress is the same in all directions.

It should be noted that a disk also can be sectioned in such a

way that the normal does not lie in the plane of the disk (slanted

section). This case is not discussed here; the reader is referred to

the literature.

2.2.2 Principal Stresses

According to (2.6) the stresses σξ, ση and τξη depend on the di-

rection of the section, i.e. on the angle ϕ. We now determine the
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angle for which these stresses have maximum and minimum values

and we calculate these extreme values.

The normal stresses reach extreme values when dσξ/dϕ = 0

and when dση/dϕ = 0, respectively. Both conditions lead to

− (σx − σy) sin 2ϕ+ 2 τxy cos 2ϕ = 0.

Hence, the angle ϕ = ϕ∗ that leads to a maximum or a minimum

is given by

tan 2ϕ∗ =
2 τxy

σx − σy
. (2.8)

The tangent function is π-periodic, that is, it satisfies

tan 2ϕ∗ = tan2(ϕ∗ + π/2). Therefore, there exist two directions

of the sections, ϕ∗ and ϕ∗ + π/2, perpendicular to each other, for

which (2.8) is fulfilled. These directions of the sections are called

principal directions.

The normal stresses which correspond to the principal direc-

tions are determined by introducing the condition (2.8) for ϕ∗

into Equation (2.6) for σξ or ση, respectively. Here, the following

trigonometric relations are used:

cos 2ϕ∗ =
1√

1 + tan2 2ϕ∗ =
σx − σy√

(σx − σy)2 + 4 τ2xy

,

sin 2ϕ∗ =
tan 2ϕ∗

√
1 + tan2 2ϕ∗ =

2 τxy√
(σx − σy)2 + 4 τ2xy

.

(2.9)

Using the notations σ1 and σ2 for the extreme values of the stresses

we obtain

σ1,2 =
1

2
(σx + σy)±

1
2 (σx − σy)

2

√
(σx − σy)2 + 4 τ2xy

± 2 τ2xy√
(σx − σy)2 + 4 τ2xy

or
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σ1,2 =
σx + σy

2
±

√(
σx − σy

2

)2

+ τ2xy , (2.10)

respectively. The two normal stresses σ1 and σ2 are called principal

stresses. Typically, they are numbered such that σ1 > σ2 (positive

sign of the square root for σ1).

Equation (2.8) provides two values for the angles ϕ∗ and ϕ∗ +
π/2. These two angles can be assigned to the stresses σ1 and σ2,

for example, by introducing one of them into the first equation of

(2.6). Doing so, the associated normal stress, either σ1 or σ2, is

obtained.

If the angles ϕ∗ or ϕ∗+π/2, respectively, are introduced into the

third equation of (2.6), we find τξη = 0. Thus, the shear stresses

vanish in sections where the normal stresses take on their extreme

(principal) values σ1 and σ2. Inversely, when the shear stress in

a section is zero, the normal stress in this section is a principal

stress.

A coordinate system with its axes pointing in the principal

directions is called principal coordinate system. We denote the axes

by 1 and 2: the 1-axis points in the direction of σ1 (first principal

direction), the 2-axis in σ2-direction (second principal direction).

In Figs. 2.6a and b the stresses at an element in the x, y-system

and in the principal coordinate system are displayed.

b ca
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σMσ1
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2

ϕ∗∗=ϕ∗+ π
4ϕ∗

1

Fig. 2.6

We will now determine the extreme values of the shear stresses

and the associated directions of the sections. From the condition
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dτξη
dϕ

= 0 → − (σx − σy) cos 2ϕ− 2 τxy sin 2ϕ = 0

the angle ϕ = ϕ∗∗ for an extreme value is obtained:

tan 2ϕ∗∗ = − σx − σy

2 τxy
. (2.11)

Again this equation defines the two perpendicular angles ϕ∗∗ and

ϕ∗∗+π/2 where the shear stress reaches maximum or minimum va-

lues. By comparing (2.11) with (2.8) it can be seen that tan 2ϕ∗∗ =

−1/ tan2ϕ∗. Recalling of the trigonometric identity tan(α+π/2) =

−1/ tanα this implies that the directions 2ϕ∗∗ and 2ϕ∗ are per-

pendicular to each other. As a consequence, the direction ϕ∗∗ of

the extreme shear stress is rotated by 45◦ with respect to the

direction ϕ∗ of the extreme normal stress.

The extreme shear stresses are obtained by introducing (2.11)

into (2.6) and using (2.9) to give

τmax = ±
√(

σx − σy

2

)2

+ τ2xy . (2.12a)

Since they differ only in the sign (i.e. in the sense of direction)

both stresses are commonly called maximum shear stresses. Using

the principal stresses (2.10) the maximum shear stress τmax can

also be written as

τmax = ± 1

2
(σ1 − σ2) . (2.12b)

The sense of direction of the maximum shear stress can be

found by choosing the rotation angle of the ξ, η-system to be ϕ∗∗.
Introducing ϕ∗∗ into the third equation of (2.6) the shear stress

τξη = τmax is obtained including its correct sign.

Introducing ϕ∗∗ into the first or second equation of (2.6) leads

to a normal stress in the sections where the shear stress is maxi-

mum. We denote this stress as σM ; it is given by
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σM =
1

2
(σx + σy) =

1

2
(σ1 + σ2) . (2.13)

Therefore, the normal stresses generally do not vanish in the sec-

tions with extreme shear stresses. Fig. 2.6c shows the stresses in

the respective sections.

E2.1 Example 2.1 The homogeneous state of plane stress in a metal

sheet is given by σx = − 64 MPa, σy = 32 MPa and τxy =

−20 MPa. Fig. 2.7a shows the stresses and their directions as

they act in the sheet.

Determine

a) the stresses in a section which is inclined at an angle of 60◦ to

the x-axis,

b) the principal stresses and principal directions,

c) the maximum shear stress and the associated directions of the

sections.

Display the stresses at an element for each case.

a b

c d

τmax

τξη

τyx
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σ2
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σy

σξ

σM

y

x

ϕ∗

1

2

y η

ξ
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ϕ=− 30◦

ϕ∗∗

x

Fig. 2.7
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Solution a) We cut the sheet in the prescribed direction. To cha-

racterize the section, a ξ, η-system is introduced whose ξ-axis is

normal to the section (Fig. 2.7b, compare Fig. 2.5). Since it ema-

nates from the x, y -system by a clockwise rotation of 30◦, the

rotation angle is negative: ϕ = −30◦. Thus, from (2.6) we obtain

the stresses

σξ = 1
2(−64 + 32) + 1

2(−64− 32) cos(−60◦)− 20 sin(−60◦)

= −22.7 MPa ,

τξη = −1
2(−64− 32) sin(−60◦)− 20 cos(−60◦) = −51.6 MPa .

Both stresses are negative. They are directed as shown in Fig. 2.7b.

b) The principal stresses are calculated by applying (2.10):

σ1,2 =
−64 + 32

2
±

√(−64− 32

2

)2

+ (−20)2

→ σ1 = 36 MPa , σ2 = −68 MPa . (a)

One of the associated principal directions follows from (2.8):

tan 2ϕ∗ =
2(−20)

−64− 32
= 0.417 → ϕ∗ = 11.3◦ .

To decide which principal stress is associated with this principal

direction, we introduce the angle ϕ∗ into the first equation of (2.6)

and obtain

σξ(ϕ
∗) = 1

2 (−64 + 32) + 1
2 (−64− 32) cos(22.6◦)

− 20 sin(22.6◦) = −68 MPa = σ2 .

Accordingly, the principal stress σ2 is associated with the angle

ϕ∗. The principal stress σ1 acts in a section perpendicular to it

(Fig. 2.7c).

c) The maximum shear stresses are determined with (a) from

(2.12b):

τmax = ±1

2
(36 + 68) = ± 52 MPa .
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The associated directions of the sections are rotated by 45◦ with

respect to the principal directions. Hence, we get

ϕ∗∗ = 56.3◦ .

The direction of τmax follows after inserting ϕ∗∗ into (2.6) from

the positive sign of τξη(ϕ
∗∗). The associated normal stresses are

given according to (2.13) by

σM =
1

2
(−64 + 32) = −16 MPa .

In Fig. 2.7d the stresses are displayed with their true directions.

2.2.3 Mohr’s Circle

Using the transformation relations (2.6), the stresses σξ, ση and

τξη for a ξ, η -system can be calculated from the stresses σx, σy

and τxy. These relations also allow a simple and useful geometric

representation. For this purpose, in a first step, the relations (2.6)

for σξ and τξη are rewritten:

σξ − 1

2
(σx + σy) =

1

2
(σx − σy) cos 2ϕ+ τxy sin 2ϕ ,

τξη = − 1

2
(σx − σy) sin 2ϕ+ τxy cos 2ϕ .

(2.14)

By squaring and adding, the angle ϕ can be eliminated:

[
σξ − 1

2
(σx + σy)

]2
+ τ2ξη =

(
σx − σy

2

)2

+ τ2xy . (2.15)

If we use in (2.14) the corresponding equation for ση instead of

the equation for σξ, we find that in (2.15) σξ will be replaced by

ση. In what follows we therefore omit the subscripts ξ and η.

For given stresses σx, σy and τxy the right-hand side of (2.15)

is a fixed value which we abbreviate with r2:

r2 =

(
σx − σy

2

)2

+ τ2xy . (2.16)
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With σM = 1
2 (σx + σy) and (2.16) Equation (2.15) then takes the

form

(σ − σM )2 + τ2 = r2 . (2.17)

This is the equation of a circle in the σ, τ -plane: the points (σ, τ)

lie on the stress circle , also calledMohr’s circle (Otto Mohr, 1835–

1918). It is centered at (σM , 0) and has the radius r (Fig. 2.8a).

Equation (2.16) can be rewritten as

r2 =
1

4

[
(σx + σy)

2 − 4(σxσy − τ2xy)
]
.

Note that this equation for the radius coincides with the absolute

value of the maximum shear stress given by (2.12a). That is, the

radius of Mohr’s circle graphically indicates the maximum shear

stress at a point. Moreover, since the expressions in the round

brackets are invariant (cf. Section 2.2.1), r is also an invariant.

The stress circle in the σ, τ -plane can be constructed directly

if the stresses σx, σy and τxy are known, thereby avoiding the

need to calculate σM and r. For this purpose, the stresses σx

and σy , including their signs, are marked on the σ-axis. At these

points the shear stress τxy is plotted according to the following

rule: with the correct sign at σx and with the reversed sign at

σy. This determines two points of the circle, P and P ′ (Fig. 2.8a).
The intersection of their connecting line with the σ-axis yields the

center of the circle. The circle now can be drawn using this point

as its center and extending to pass through P and P ′.
The stress state at a point of a disk is fully described by Mohr’s

circle; each section is represented by a point on the circle. For

example, point P corresponds to the section where the stresses σx

and τxy act while point P ′ represents the section perpendicular to

the former one. The stresses in arbitrary sections as well as the

extreme stresses and associated directions can be determined from

the stress circle. In particular, the principal stresses σ1, σ2 and the

maximum shear stress τmax can be directly identified (Fig. 2.8b).
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We will now show that the stresses σξ, ση and τξη in a ξ, η-

system which is rotated with respect to the x, y-system by an

angle ϕ (positive counterclockwise) are identified on Mohr’s circle

as follows: point Q, corresponding to a section with the stresses

σξ and τξη is found by plotting the doubled angle – i.e. 2ϕ – in

the reversed sense of rotation (Fig. 2.8b); point Q′ corresponding
to a section perpendicular to the first one lies opposite to Q. The

principal directions and the directions of maximum shear stress

finally are given by the angles ϕ∗ and ϕ∗∗.
To proof these statements we first find from Fig. 2.8a,b:

tan 2ϕ∗ =
2 τxy

σx − σy
,

1

2
(σx − σy) = r cos 2ϕ∗ , τxy = r sin 2ϕ∗ .

Introducing these equations into the transformation relations (2.6)

for σξ and ση yields

σξ =
1

2
(σx + σy) + r cos 2ϕ∗ cos 2ϕ+ r sin 2ϕ∗ sin 2ϕ

=
1

2
(σx + σy) + r cos (2ϕ∗ − 2ϕ) ,

τξη = − r cos 2ϕ∗ sin 2ϕ+ r sin 2ϕ∗ cos 2ϕ = r sin (2ϕ∗ − 2ϕ) .
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The same result follows from geometric relations in Fig. 2.8b, i.e.

Mohr’s circle is nothing other than the geometric representation

of the transformation relations.

If Mohr’s circle is used for the solution of specific problems,

three quantities must be known (e.g. σx, τxy, σ1) in order to draw

the circle. In graphical solutions an appropriate scale for the stres-

ses must be chosen.

In the following we finally consider three special cases. Uniaxial

tension (Fig. 2.9a) is characterized by σx = σ0 > 0, σy = 0,

τxy = 0. Since the shear stress is zero in the respective sections,

the stresses σ1 = σx = σ0 and σ2 = σy = 0 are the principal

stresses. Mohr’s circle lies just to the right of the τ -axis so that this

vertical axis is its tangent. The maximum shear stress τmax = σ0/2

acts in sections rotated 45◦ with respect to the x-axis (see also

Section 1.1).

The stress state characterized by σx = 0, σy = 0 and τxy = τ0
is called pure shear. On account of σM = 0, the center of Mohr’s

a

b

c

σ

τmax

τ

σ1=τ0

τ

σ0 σ

σ0

σ2=−τ0

τmax=σ0/2

σ1=τ0

σM=σ0/2

σ0

σ0
σ0

σ0

τ0

τmax

τ

σM

σ1=σ0σ2=0
σ

x

y

x

y

45◦

45◦

ϕx

y

σ2=−τ0

Fig. 2.9
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circle in this case coincides with the origin of the coordinate sys-

tem (Fig. 2.9b). The principal stresses are σ1 = τ0 and σ2 = −τ0;

they act in sections at 45◦ with respect to the x-axis.

In the case of a hydrostatic stress state the stresses are σx =

σy = σ0 and τxy = 0. Mohr’s circle then is reduced to a single

point on the σ-axis (Fig. 2.9c). The normal stresses for all section

directions have the same value σξ = ση = σ0 and no shear stresses

appear (cf. Section 2.2.1).

E2.2 Example 2.2 A plane stress state is given by σx = 50 MPa, σy =

−20 MPa and τxy = 30 MPa.

Using Mohr’s circle, determine

a) the principal stresses and principal directions,

b) the normal and shear stress acting in a section whose normal

forms the angle ϕ = 30◦ with the x-axis.

Display the results in sketches of the sections.

Solution a) After having chosen a scale, Mohr’s circle can be

constructed from the given stresses (in Fig. 2.10a the given stresses

are marked by green circles). From the circle, the principal stresses

and directions can be directly identified:

σ1 = 61 MPa , σ2 = −31 MPa , ϕ∗ = 20◦ .

a b

σσx

σx

σ2

20MPa
τ

σξ

σ1

σ2

ξ

ϕ

ϕ

ϕ∗

2ϕ∗

x

2ϕ

y
η

τξη

τxy

σy

σy

τξη

σ1σξ

τxy

Fig. 2.10
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b) To determine the stresses in the inclined section we introduce

a ξ, η-coordinate system whose ξ-axis coincides with the normal

of the section. The unknown stresses σξ and τξη are obtained by

plotting in Mohr’s circle the angle 2ϕ in the reversed direction to

ϕ. Doing so we obtain:

σξ = 58.5 MPa , τξη = −15.5 MPa .

The stresses with their true directions and the associated sections

are displayed in Fig. 2.10b.

E2.3Example 2.3 The two principal stresses σ1 = 40 MPa and σ2 =

−20 MPa of a plane stress state are known.

Determine the orientation of a x, y-coordinate system with re-

spect to the principal axes for which σx = 0 and τxy > 0. Calculate

the stresses σy and τxy.

Solution Using the given principal stresses σ1 and σ2, the properly

scaled Mohr’s circle can be drawn (Fig. 2.11a). From the circle

the orientation of the unknown x, y-system can be obtained: the

counterclockwise angle 2ϕ (from point σ1 to point P ) in Mohr’s

circle corresponds to the clockwise angle ϕ between the 1-axis and

the x-axis. The angle and the stresses are found as

2ϕ = 110◦ → ϕ = 55◦ , σy = 20 MPa , τxy = 28 MPa .

The stresses and the coordinate systems are shown in Fig. 2.11b.

b

a

σx

τ σ2

σ1

σσ2

P

20MPa

y
ϕ

12ϕ

2

1

x

τxy

σy

τxy

σy

σ1

Fig. 2.11
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2.2.4 The Thin-Walled Pressure Vessel

As an important application of plane stress we first consider a thin-

walled cylindrical vessel with radius r and wall thickness t � r

(Fig. 2.12a). The vessel is subjected to an internal gage pressure

p that causes stresses in its wall which need to be determined

(Fig. 2.12b).

d

c

a b

2r

p

σϕσϕ

σx

t

p

σx

σϕ

Δl

2r

t
p

Fig. 2.12

At a sufficient distance from the end caps of the vessel, the

stress state is independent of the location (homogeneous stress

state). Given that t � r, the stresses in radial directions can be

neglected. Thus, within a good approximation a plane stress state

acts locally in the wall of the vessel (note: although the element

in Fig. 2.12b is curved, it is replaced by a plane element in the

tangent plane). The stress state can be described by the stresses

in two sections perpendicular to each other.

First, the vessel is cut perpendicularly to its longitudinal axis

(Fig. 2.12c). Since the gas or fluid pressure is independent of the

location, the pressure on the section area πr2 (of the gas or fluid)

has the constant value p. Assuming that the longitudinal stress

σx is constant across the wall thickness because of t � r, the

equilibrium condition yields (Fig. 2.12c)
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σx2 π r t− p π r2 = 0 → σx =
1

2
p
r

t
. (2.18)

As illustrated in Fig. 2.12d we now separate a half-circular part

of lengthΔl from the vessel. The horizontal sections of the wall are

subjected to the circumferential stress σϕ, also called hoop stress,

which again is constant across the thickness. These stresses will

counteract the force p 2 rΔl, exerted from the gas onto the half-

circular part of the vessel. Equilibrium in the vertical direction

yields

2 σϕ tΔ l − p 2 rΔl = 0 → σϕ = p
r

t
. (2.19)

We notice that the hoop stress is twice the longitudinal stress.

This is why a cylindrical vessel under internal pressure usually

fails by cracking in the longitudinal direction. A simple example

is an overcooked hot dog which splits in the longitudinal direction

first.

The two equations (2.18) and (2.19) for σx and σϕ sometimes

are called vessel formulas. Because of t � r it can be seen that σx,

σϕ � p. Therefore, the initially made assumption that the stresses

σr in radial direction may be neglected is justified (| σr |≤ p).

Generally, a vessel may be called thin-walled when it fulfills the

condition r > 5 t.

The vessel formulas are also applicable to a vessel subjected to

external pressure. In this case only the sign of p has to be changed,

i.e. the wall is then under a compressive stress state.

Since no shear stresses are present in both sections (symmetry),

the stresses σx and σϕ are principal stresses: σ1 = σϕ = p r/t,

σ2 = σx = p r/(2t). According to (2.12b) the maximum shear

stress is given by

τmax =
1

2
(σ1 − σ2) =

1

4
p
r

t
;

it acts in sections inclined under 45◦. It should be noted that in

the vicinity of the end caps more complex stress states are present
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which cannot be determined with an elementary theory.

Now we consider a thin-walled spherical vessel of radius r, sub-

jected to a gage pressure p (Fig. 2.13a). Here, the stresses σt and

σϕ act in the wall (Fig. 2.13b). When we cut the vessel into half

(Fig. 2.13c), we obtain σt from the equilibrium condition:

σt 2 π r t− p π r2 = 0 → σt =
1

2
p
r

t
.

A cut, perpendicular to the first one, similarly leads to

σϕ 2 π r t− p π r2 = 0 → σϕ =
1

2
p
r

t
.

Thus,

σt = σϕ =
1

2
p
r

t
. (2.20)

Therefore, the stress in the wall of a thin-walled spherical vessel

has the value p r/(2 t) in any arbitrary direction. As in the fore-

going case, this formula is also valid for an external pressure in

which case p is negative.

ca b

σt

t

p

r

p

σt

σϕ

Fig. 2.13

2.3 2.3 EquilibriumConditions
According to Section 2.1 the stress state at a material point of a

body is determined by the stress tensor; its components are shown

in Fig. 2.2a. In general, these components vary from point to point

and these variations are not independent of each other: they are

connected via the equilibrium conditions.
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To derive the equilibrium conditions we first consider in Fig. 2.14

the stresses acting on an infinitesimal element under plane stress

which is cut out from a disk of thickness t. Since the stresses in

general depend on x and y, they are not the same at the opposite

sections: they differ by infinitesimal increments. For example, the

left face is subjected to the normal stress σx whereas the stress

σx +
∂σx

∂x
dx (first terms of the Taylor-expansion, see e.g. Secti-

on 3.1) acts on the right face. The symbol ∂/∂x denotes the par-

tial derivative with respect to x. Furthermore, the element may

be loaded by the volume force f with the components fx and fy .

Fig. 2.14

x

y

σx+
∂σx
∂x

dx

τyx

τxy

σy

σx

σy+
∂σy

∂y
dy

τxy+
∂τxy

∂x
dx

τyx+
∂τyx
∂y

dy

dx

dy
fx

fy

The equilibrium condition in x-direction yields

− σx dy t− τyx dx t +

(
σx +

∂σx

∂x
dx

)
dy t

+

(
τyx +

∂τyx
∂y

dy

)
dx t+ fx dx dy t = 0

i.e., after division by dxdy

∂σx

∂x
+

∂τyx
∂y

+ fx = 0 . (2.21a)

Similarly, from the equilibrium condition in y-direction we obtain

∂τxy
∂x

+
∂σy

∂y
+ fy = 0 . (2.21b)
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Equations (2.21a, b) are called equilibrium conditions. In the

considered case of plane stress, they consist of two coupled par-

tial differential equations for the three components σx, σy and

τxy = τyx of the stress tensor. The stress state cannot be uni-

quely determined from these equations: the problem is statically

indeterminate.

For a spatial (three dimensional) stress state the corresponding

equilibrium conditions are obtained as

∂σx

∂x
+

∂τyx
∂y

+
∂τzx
∂z

+ fx = 0 ,

∂τxy
∂x

+
∂σy

∂y
+

∂τzy
∂z

+ fy = 0 ,

∂τxz
∂x

+
∂τyz
∂y

+
∂σz

∂z
+ fz = 0 .

(2.22)

These are three coupled partial differential equations for the six

components of the stress tensor.

The components of the stress tensor are constant in a homo-

geneous stress state . In this case all partial derivatives in (2.21a,

b) and (2.22), respectively, vanish. The equilibrium conditions are

then only fulfilled if fx = fy = fz = 0. Thus, a homogeneous stress

state under the action of volume forces is not possible.

It should be mentioned that from the equilibrium of moments,

applied to the element, the symmetry of the stress tensor follows

even when the stress increments are taken into account (cf. Secti-

on 2.1).
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2.42.4 Supplementary Examples
Detailed solutions to the following examples are given in (A)

D. Gross et al. Mechanics of Materials - Formulas and Problems,

Springer 2017 or (B) W. Hauger et al. Aufgaben zur Technischen

Mechanik 1-3, Springer 2017.

E2.4Example 2.4 The stresses σx = 20

MPa, σy = 30 MPa and τxy = 10

MPa in a metal sheet are known

(Fig. 2.15).

Determine the principal stres-

ses and their directions.
σx

τxy

σy

τyx

y

x

Fig. 2.15

Results: see (A) σ1 = 36.2 MPa, σ2 = 13.8 MPa,

ϕ∗
1 = 58.3◦, ϕ∗

2 = 148.3◦.

E2.5Example 2.5 A plane stress state is given by the principal stresses

σ1 = 30 MPa and σ2 = −10 MPa (Fig. 2.16).

a) Determine the stress com-

ponents in a ξ, η-coordinate sys-

tem which is inclined by 45◦ with

respect to the principal axes.

b) Using Mohr’s circle, deter-

mine the rotation angle α of

an x, y-coordinate system where

σy = 0 and τxy < 0. Calculate σx

and τxy.

σ2

σ1

1

2
ξ

η

Fig. 2.16

Results: see (B)

a) σξ = 10 MPa, ση = 10 MPa, τξη = −20 MPa.

b) α = 30◦, σx = 20 MPa, τxy = −17.3 MPa.
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E2.6 Example 2.6 A thin-walled

tube is subjected to ben-

ding and torsion such that

the following stresses act

at points A and B:

σA,B
x = ±25MPa, σA,B

s = 50MPa, τA,B
xs = 50MPa .

Determine the principal stresses and their directions at A and B.

s

xA

B

Fig. 2.17

Results: see (A) Point A

σ1 = 89.0 MPa, σ2 = −14.0 MPa, ϕ∗
1 = 52.0◦, ϕ∗

2 = −38.0◦.

Point B

σ1 = 75.0 MPa, σ2 = −50.0 MPa, ϕ∗
1 = 63.4◦, ϕ∗

2 = −26.6◦.

E2.7 Example 2.7 A slender bar

(weight W , cross sectional

area A) is suspended from

the ceiling (Fig. 2.18).

Given: ρ = 104 kg/m3, g =

10 m/s2, l = 1 m.

Using Mohr’s circle, de-

termine the normal stress

and the shear stress acting

in the section characterized

by the angle ϕ = 20◦ as

shown in the figure.

������

W
l/2

ϕ

l/2

Fig. 2.18

Results: σξ = 4.4 · 102 MPa, τξη = −1.6 · 102 MPa.

(ξ upwards normal to the section, η downwards tangential to the

section)
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E2.8Example 2.8 A thin-walled bathy-

sphere (radius r = 500 mm, wall-

thickness t = 12.5 mm) is lowered

to a depth of 500 m under the wa-

ter surface (pressure p = 5 MPa).

Determine the stresses in the

wall.

waterp

r

t

Fig. 2.19

Result: see (A) σt = −100 MPa (in any section).

E2.9Example 2.9 A thin-walled cylin-

drical vessel has the radius r = 1

m and wall-thickness t = 10 mm.

Determine the maximum in-

ternal pressure pmax so that the

maximum stress in the wall does

not exceed the allowable stress σallow = 150 MPa.

r

t

p

Fig. 2.20

Result: see (A) pmax = 1.5 MPa.
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2.5 2.5 Summary
• The stress state at a point of a body is determined by the stress

tensor σ. In the spatial case it has 3× 3 components (note the

symmetry). In the plane stress state it reduces to

σ =

[
σx τxy

τyx σy

]
where τxy = τyx .

• Sign convention: positive stresses at a positive (negative) face

point in positive (negative) directions of the coordinates.

• Transformation relations (plane stress):

σξ = 1
2 (σx + σy) +

1
2 (σx − σy) cos 2ϕ+ τxy sin 2ϕ ,

ση = 1
2 (σx + σy)− 1

2 (σx − σy) cos 2ϕ− τxy sin 2ϕ ,

τξη = − 1
2 (σx − σy) sin 2ϕ+ τxy cos 2ϕ .

The axes ξ, η are rotated with respect to x, y by the angle ϕ.

• Principal stresses and directions (plane stress):

σ1,2 = 1
2 (σx + σy)±

√
1
4 (σx − σy)2 + τ2xy ,

tan 2ϕ∗ =
2τxy

σx − σy
→ ϕ∗

1, ϕ
∗
2 = ϕ∗

1 ± π/2 .

Principal stresses are extreme stresses; the shear stresses vanish

in the corresponding sections.

• Maximum shear stresses and their directions (plane stress):

τmax =
√

1
4 (σx − σy)2 + τ2xy , ϕ∗∗ = ϕ∗ ± π/4 .

• Mohr’s circle allows the geometric representation of the coor-

dinate transformation.

• Equilibrium conditions for the stresses (plane stress):

∂σx

∂x
+

∂τyx
∂y

+ fx = 0 ,
∂τxy
∂x

+
∂σy

∂y
+ fy = 0 .

In the spatial case there are three equilibrium conditions.
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