Chapter 17
Spherical Harmonics

17.1 Angular Momentum in Quantum Mechanics

The angular momentum operator J is defined [18] in such a way that U =
exp (—i.7 . 6(p) is the operator of an infinitesimal rotation with the angle §¢: if |y>
is a state, then U |y> is the same state rotated by 5¢. Therefore, the average value
V' of a vector operator V over U |yw> is related to its average value V over |y> by
the formula V/ =V + 8¢ x V and hence UTVU =V +i[J-69,V] =V + 5 x V.
Therefore, for any vector operator V the commutation relation [V,,f ] ig; jka
holds. The average value of a scalar operator $ does not change at rotations; hence
[S Ji ] 0. In particular, the angular momentum J is a vector operator, and its square

7 :J:f—l—fyz—i-ff is a scalar one:
[‘ilafj} :lgljkfka |:'727‘,Al:| =0.

Therefore, a system of common eigenstates of .72 and J; exists. Let’s introduce
the operators fi = fx :l:ify, fj: = J;F; we have [J;,fi} = :l:fi. This means that
if |[y> is an eigenstate of J, (J;|w> = m|y>), then J; |y> are also eigenstates
of J;: JoJy |w> = (m+1)J5 |y> (if they don’t vanish). Therefore, eigenvalues m
of J, form a progression with unit step, and the ladder operators J.. increase and
decrease m. ”

Let’s consider states with a given eigenvalue of J . For these states, eigenvalues

of J; are bounded from above and from below because the operator J - J? =72 —l—fy2
is positive definite. Let |m1> be the eigenstates with the maximum and the mini-
mum eigenvalues of J, equal to m.. Then these eigenvalues cannot be further in-
creased and decreased by the operators J; correspondingly: /.. [m+ > = 0. We have
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Therefore, f;fi |me>=0= [.?2 —my (my £ 1)} |my>, i.e., the eigenvalue of the

operator 7 for these states (as well as for all the other states being considered)
is my (my+1)=m_(m_—1). Hence (my +m_)(my —m_+ 1) = 0; taking into
accountmy > m_ we obtain m_ = —m or my = £ j. The number j must be integer
or half-integer because m4 and m_ differ by an integer.

Finally, we have a system of common eigenstates |j,m> of the operators .72
and J.:
A2 L ; . ;
J|jm>=jj+1)|j,m>, Jo|jm>=m|j,m>,

where j is integer or half-integer, and m varies from —j to j by 1. The operators J..
increase and decrease m correspondingly: /1. |j,m> = a.(j,m)|j,m= 1>. Tuning
the phases of |j,m> we can make a(j,m) real and positive. They can be found
from the normalization: |a(j,m)> = <j,m|J=Jr|jm> = j(j+1) —m(m+1).
Finally we arrive at

Jeljm>=/j(j+1)—mmE1)|jm+1>=/(jtm+1)(jFm)|jm+1>.

The orbital angular momentum of a particle I=rx p (where p = —iV in the
coordinate representation) is an example of angular momentum. In spherical coor-
dinates

. A . d d
= ]— = il(p —_— 1 —_—
L i—, Iy =e (j:ae—klcoteaq)) .

The eigenfunctions of l; are e”?; they must not change at ¢ — ¢ + 27; hence

m must be integer. The common eigenfunctions of I” and l; are called spherical
harmonics:

~2 ~
l Ylm(ev(p):l(1+1)Ylm(97(p)v lelm(Q,(p):mY;m(Q,(p),

where [ is integer, and m varies from —/ to I by 1; ¥;,,(8, ) = P;,,(0)el"?. They are
orthonormalized:

/Y,i‘m,(e,<p)Y,m(e,<p)dQ = 5,8,

Here are the operators I in Mathematica:
In[1] := 1p[f ] := Together[Exp[I * @] * (D[f, 6] + I+ Cot[6] + D[f, ¢])]
In[2] := Im[f ] := Together[Exp[—I x @] * (—D[f, 8] + I« Cot[6] x D[f, @])]

17.2 Y,(6, 9)

The angular momentum projection of this state cannot be raised by I

In[3] := Eq = Ip[Exp[I x /  §] * P[6]] ==
Out[3] = —'?"1'¢ (1, Cot[0]P[0] — P'[0]) ==0
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In[4] := s = DSolve[Eq, P[6], 6]

Out[d] = {{p[e] — C[l]sm[e]l}}

Ins] := P= P{6]/.s[[1]

Out[5] = C[1]Sin[6]!

The normalization integral.

In[6] := NI = 2 * Pi x Integrate[P"2 x Sin[6], { 0,0, Pi}, Assumptions—>{I > 0}] /.

Gamma[—I]—> — Pi/(Sin[Pi * /] * Gamma[l + 1])

273/2C[1)*Gammal[1 + []

Outlé] = Gamma [% —|—l}

In[7] := s = Solve[NI == 1,C[1]]

1/ Gamma [% + l} }

V2m3/4, /Gammal[l + ]

Gamma [% + l}
= V2m3/4,/Gammal[l + ]

In[8] :=P="P/.s[[2]]
\/Gamma [3 + 7] Sin[6]/

V2m3/4,/Gamma[l + ]
The phase can be chosen arbitrarily. According to Landau—Lifshitz [18]:
In[9] :=Y[l_,1] = (1) * PxExp[l ¥ % @]
(—i)'el’?/Gamma [3 + 1] Sin[0]!
V2r3/4\/Gammal[l + ]
In[10] := Clear[Eq, s, P)

out[7] =4{ { 1] = -

Out[8] =

Out[9] =

17.3 Y;,,(6, 9)

These states can be obtained from Y;;(6, @) by the lowering operator I
In[11] := § = Cos[x ]*n_.—>(1 — Sin[x]"2)"Quotient[n, 2] * Cos[x]"Mod|n, 2];
In[12] :=Y[l.,m]/sm<1:=Y[l,m| =

Factor[Expand[lm[Y [I,m + 1]] /Sqrt[(I — m) * (I4+m+1)]/.S]]
In[13] := Table[Table[Y [l,m], {m,l,—1,—1}], {l 0,4}]

Out[l3]:{{#},{—liew\/;sm \/7Cos -1e‘¢\/7sln[e]},
1 Zup\/» sinfo]2, 1 "P\/> Cos|[6]Sin[6 \/? (~2+3Sin[6]?),
—Ee“"\/j cOs[e]sm[e],_j-leZi‘P\/gSin[e]z},
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{816 \/ nSln[B] gl 1/ o Cos[0]Sin[0]",

— éiei% / z—nlsm[e] (—4+58Sin[6]?) ,%i ZCOS[@] (—2+58in[6]%),

1. ., [21 1.
gie 7/ —sin6] (—4+5$in[9]2),—zie’2"” ——Cos[6]Sin[6]?,

. 3 (8 —40Sin[0]? + 35Sin[0]*
Eel‘p\/ECOS[G]Sin[G] (—4+7Sin[6]?), ( in[O]* +35Sin[0]%)
8 V7 16y7
- ge*ifp %COS[@]Sin[@] (—4+7Sin[6]?),

3 72i(p 5 . 2 . 2 3 73i(p 35 . 3

LAY anm[@] (—6-+7Sin[6] ),8e \/ nCos[G]Sm[G] :

3 74i(p 35 . 4
T anm[G]

In[14) := Manipulate[Manipulate[Y [/, m],
{m,—1,1,1, Appearance— >"Labeled}|, {I,0,4, 1, Appearance—>"Labeled’}]

[ n 2
L&}

ad

Out[14] =

_Lle-io[15 :
e
5 > Cos[6]Sin[6]

Orthogonality of ¥;,,,,, and Y}, ,,, with my # mj is evident; let’s check all the rest.
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In[15] := Table[Table[Table[
Integrate[Y [11,m] « Conjugate[Y [12, m]] * Sin[6], { ¢,0,2 + Pi},{0,0,Pi}],
{m,12,-12,—1}],{12,0,11}],{11,0,4}]

Out[15] = {{{1}},{{0}, {1, 1,1}},{{0},{0,0,0}, {1, 1, 1,1,1}},
{{0},{0,0,0},{0,0,0,0,0},{1,1,1,1,1,1,1}},
{{0},{0,0,0},{0,0,0,0,0},{0,0,0,0,0,0,0},{1,1,1,1,1,1,1,1,1}}}
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