Chapter 16
Canonical Correlation Analysis

Complex multivariate data structures are better understood by studying low-
dimensional projections. For a joint study of two data sets, we may ask what type
of low-dimensional projection helps in finding possible joint structures for the two
samples. The canonical correlation analysis (CCA) is a standard tool of multivariate
statistical analysis for discovery and quantification of associations between two sets
of variables.

The basic technique is based on projections. One defines an index (projected
multivariate variable) that maximally correlates with the index of the other variable
for each sample separately. The aim of CCA is to maximise the association
(measured by correlation) between the low-dimensional projections of the two data
sets. The canonical correlation vectors are found by a joint covariance analysis
of the two variables. The technique is applied to a marketing example where the
association of a price factor and other variables (like design, sportiness etc.) is
analysed. Tests are given on how to evaluate the significance of the discovered
association.

16.1 Most Interesting Linear Combination

The associations between two sets of variables may be identified and quantified by
CCA. The technique was originally developed by Hotelling (1935) who analysed
how arithmetic speed and arithmetic power are related to reading speed and reading
power. Other examples are the relation between governmental policy variables
and economic performance variables and the relation between job and company
characteristics.
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Suppose we are given two random variables X € R? and Y € R?. The idea is to
find an index describing a (possible) link between X and Y. CCA is based on linear
indices, i.e. linear combinations

a'X and b'Y

of the random variables. CCA searches for vectors @ and b such that the relation
of the two indices a'x and by is quantified in some interpretable way. More
precisely, one is looking for the “most interesting” projections a and b in the sense
that they maximise the correlation

pla.b) = p,TyxpTy (16.1)

between the two indices.
Let us consider the correlation p(a, b) between the two projections in more detail.

Suppose that
X N i Yxx Zxy
Y Vv ’ ZYX EYY

where the sub-matrices of this covariance structure are given by

Var(X) = XZxx (¢ X q)
Var(Y) = Zyy (p x p)
Cov(X,Y) =E(X —)(Y —v)" =Zxy = =)y (¢ X p).

Using (3.7) and (4.26),

aTZXyb
(a7 Zxxa)'/? (b7 Zyyb)!/?

pla,b) = (16.2)

Therefore, p(ca,b) = p(a,b) for any ¢ € RT. Given the invariance of scale we
may rescale projections a and b and thus we can equally solve

max aT Exyb
ab

under the constraints

aTZXXa =1

b Syyb = 1.
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For this problem, define
—1/2 —1/2
K=3Su"SxwEny (16.3)

Recall the singular value decomposition of (g x p) from Theorem 2.2. The matrix
K may be decomposed as

K =TAAT
with
' = (ylv""yk)
A=(8,....80) (16.4)

A= diag(ki/z, ces A}{/Z)
where by (16.3) and (2.15),
k = rank(K) = rank(Zyy) = rank(Zyy) ,

and A; > A, > --- A, are the nonzero eigenvalues of N7 = KK and NV, = KTK
and y; and §; are the standardised eigenvectors of AV; and N, respectively.

Define now fori = 1, ...,k the vectors
ai = S vi (16.5)
bi = S5,/%5:. (16.6)

which are called the canonical correlation vectors. Using these canonical correla-
tion vectors we define the canonical correlation variables

no=a X (16.7)
9 =bY. (16.8)
The quantities p; = /\} 2 fori = 1,...,k are called the canonical correlation

coefficients.
From the properties of the singular value decomposition given in (16.4) we have

1 i=j

0 it (16.9)

Cov(ni.n;) =a; Zxxa; =y, y; =

The same is true for Cov(g;, ¢;). The following theorem tells us that the canonical
correlation vectors are the solution to the maximisation problem of (16.1).
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Theorem 16.1 For any givenr, 1 < r <k, the maximum

C(r) = r%xaszyb (16.10)
subject to
aTEXXa =1, bTZyyb =1
and
al-TZXXa =0fori=1,...,r—1
is given by

C(r)=p, = A2

and is attained when a = a, and b = b,.
Proof The proof is given in three steps.

(i) Fix a and maximise over b, i.e. solve:
mbaX (aszyb)z = ml?x (bTEYXa) (aszyb)

subject to b ' Zyyh = 1. By Theorem 2.5 the maximum is given by the largest
eigenvalue of the matrix

E;)} nyaaT Exy.
By Corollary 2.2, the only nonzero eigenvalue equals
a' ZxySyy Syxa. (16.11)

(i) Maximise (16.11) over a subject to the constraints of the theorem. Put y =
E;&za and observe that (16.11) equals

v S S S S Sy =y TKTKy.
Thus, solve the equivalent problem

max y "Ny (16.12)
Y

subjecttoy Ty = l,yi—'—y =0fori=1,...,r—1.
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Note that the y;’s are the eigenvectors of N corresponding to its first r — 1
largest eigenvalues. Thus, as in Theorem 11.3, the maximum in (16.12) is
obtained by setting y equal to the eigenvector corresponding to the rth largest
eigenvalue, i.e. y = y, or equivalently a = a,. This yields

Cz(r) = y;rMyr = Arery = A

(iii) Show that the maximum is attained for a = a, and b = b,. From the SVD of
KC we conclude that IC§, = p,y, and hence

a;rZXYbr = VrT’CSV = pl‘VITVr = Pr.

Let

()~(()-(250)
Y v )\ 2w 2w ) )
The canonical correlation vectors

ap = E;;/Zyly

b = 5,78,
maximise the correlation between the canonical variables

m=a, X,
Q1 = bIrY

The covariance of the canonical variables n and ¢ is given in the next theorem.

Theorem 16.2 Let n; and ¢; be the ith canonical correlation variables (i =
1,....k). Definen = (n1,...,n) and ¢ = (@1, ..., ¢k). Then

n Tk A
V =
»(0)-(3z)
1/2

This theorem shows that the canonical correlation coefficients, p; = A;’”, are
the covariances between the canonical variables 7; and ¢; and that the indices n; =
aI'—X and ¢ = b;'—Y have the maximum covariance v/A; = py.

The following theorem shows that canonical correlations are invariant w.r.t. linear
transformations of the original variables.

with A given in (16.4).
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Theorem 16.3 Let X* = UTX +uand Y* = V'Y + v where U and V are
nonsingular matrices. Then the canonical correlations between X™* and Y * are the
same as those between X and Y. The canonical correlation vectors of X* and Y*
are given by

—1
ar =U"a;,

b =V~ 'b;. (16.13)

! ! Summary

< CCA aims to identify possible links between two (sub-)sets of
variables X € R? and Y € R”. The idea is to find indices a T X
and b Y such that the correlation p(a, b) = p,Ty,Ty is maximal.

< The maximum correlation (under constraints) is attained by setting
a; = E;)i/zy,- and b; = Z;;/ZS,-, where y; and §; denote the eigen-
vectors of KKT and KTKC, K = E;}y ) XYZ;;/ 2 respectively.

< The vectors a; and b; are called canonical correlation vectors.

< The indices n; = aiTX and ¢; = biT Y are called canonical
correlation variables.

<> The values p; = ~/Ai,....pr = ~/Ar, which are the square
roots of the nonzero eigenvalues of KKT and KTK, are called
the canonical correlation coefficients. The covariance between
the canonical correlation variables is Cov(n;,¢;) = Ai, i =
1,...,k.

<> The first canonical variables, n; = aIrX and ¢ = b;rY, have the
maximum covariance +/A;.

< Canonical correlations are invariant w.r.t. linear transformations of
the original variables X and Y.

16.2 Canonical Correlation in Practice

In practice we have to estimate the covariance matrices Xxy, Xxy and Zyy. Let us
apply the CCA to the car marks data (see Table 22.7). In the context of this data
set one is interested in relating price variables with variables such as sportiness
and safety. In particular, we would like to investigate the relation between the two
variables non-depreciation of value and price of the car and all other variables.
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Example 16.1 We perform the CCA on the data matrices X and ) that correspond
to the set of values {Price, Value Stability} and {Economy, Service, Design, Sporty
car, Safety, Easy handling}, respectively. The estimated covariance matrix S is
given by

Price  Value Econ. Serv. Design Sport. Safety Easy h.

1.41 —1.11| 0.78 —0.71 —0.90 —1.04 —0.95 0.18
-1.11 1.19| —042 0.82 0.77 090 1.12 0.11

0.78 —0.42| 0.75 —0.23 —0.45 —0.42 —0.28 0.28
S=|-071 0.82]-0.23 0.66 0.52 0.57 0.85 0.14
—-0.90 0.77| —0.45 0.52 0.72 0.77 0.68 —0.10
—1.04 090| —0.42 0.57 0.77 1.05 0.76 —0.15
—-0.95 1.12| —0.28 0.85 0.68 0.76 1.26 0.22

0.18 0.11] 0.28 0.14 —0.10 —0.15 0.22 0.32

Hence,

s 141-L11 5o ( 078071 -0.90 —1.04 —0.95 0.18
X7\ or o 119) YT\ 042 082 077 090 1.120.11)°

0.75 -0.23 —0.45 -0.42 —0.28 0.28
—-0.23 0.66 052 0.57 0.85 0.14
—-0.45 0.52 0.72 0.77 0.68 —0.10
—-0.42 0.57 0.77 1.05 0.76 —0.15
—0.28 0.85 0.68 0.76 1.26 0.22

0.28 0.14 —0.10 —0.15 0.22 0.32

Syy =

It is interesting to see that value stability and price have a negative covariance. This
makes sense since highly priced vehicles tend to loose their market value at a faster
pace than medium priced vehicles.
. —1/2 —1/2
Now we estimate K = X,,'” Xxy X,,’ by

K =85! Sxy Sy

and perform a singular value decomposition of K:

K =6LDT = (g1.82) diag(t,””. 0,%) (dy.do)"
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Car Marks Data
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Golf Toyot
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Fiat
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VW Passat
4 L L L L L
8 9 10 1 12 13 14
r]1
Fig. 16.1 The second canonical variables for the car marks data @ textttM VAcancarm

where the ¢;’s are the eigenvalues of I@AI@TA and KT K with rank(l@) = 2,and g; and
d; are the eigenvectors of KX T and KT K, respectively. The canonical correlation
coefficients are

r=10"=098 r=6*=089

The high correlation of the second two canonical variables can be seen in Fig. 16.1.
The second canonical variables are

1

=>

alx =1.602 x; + 1.686 x,
bly =0.568 y; + 0.544 y, —0.012 y3 —0.096 ys — 0.014 ys + 0.915 ys.

hSH

1

Note that the variables y; (economy), y, (service) and y¢ (easy handling) have
positive coefficients on ¢;. The variables y3 (design), y4 (sporty car) and ys (safety)
have a negative influence on ¢@;.

The canonical variable 7; may be interpreted as a price and value index. The
canonical variable ¢; is mainly formed from the qualitative variables economy,
service and handling with negative weights on design, safety and sportiness. These
variables may therefore be interpreted as an appreciation of the value of the car. The
sportiness has a negative effect on the price and value index, as do the design and
the safety features.
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Testing the Canonical Correlation Coefficients

The hypothesis that the two sets of variables X and ) are uncorrelated may be tested
(under normality assumptions) with Wilks likelihood ratio statistic (Gibbins, 1985):

k
T = | — S5t Sy S Sxr| = [ (1 =€)

i=1

This statistic unfortunately has a rather complicated distribution. Bartlett (1939)
provides an approximation for large n:

k
—{n—(p+q+3)/2log[ (1 =) ~ 1}, (16.14)

i=1

A test of the hypothesis that only s of the canonical correlation coefficients are
nonzero may be based (asymptotically) on the statistic

k
—{n—(p+q+3)/2og [ (=)~ x{psygs)- (16.15)
i=s+1

Example 16.2 Consider Example 16.1 again. There are n = 40 persons that have
rated the cars according to different categories with p = 2 and ¢ = 6. The canonical
correlation coefficients were found to be r1 = 0.98 and r, = 0.89. Bartlett’s
statistic (16.14) is therefore

—{40 — (2 + 6 + 3)/2} log{(1 — 0.98%)(1 — 0.89%)} = 165.59 ~ x3,
which is highly significant (the 99 % quantile of the x?, is 26.23). The hypothesis
of no correlation between the variables X and ) is therefore rejected.
Let us now test whether the second canonical correlation coefficient is different
from zero. We use Bartlett’s statistic (16.15) with s = 1 and obtain

—{40 — (2 + 6 + 3)/2} log{(1 —0.89%)} = 54.19 ~ x?

which is again highly significant with the X% distribution.

CCA with Qualitative Data

The canonical correlation technique may also be applied to qualitative data.
Consider for example the contingency table A of the French baccalauréat data. The
dataset is given in Table 22.8 in Chap. 22. The CCA cannot be applied directly to
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this contingency table since the table does not correspond to the usual data matrix
structure. We may wish, however, to explain the relationship between the row r and
column ¢ categories. It is possible to represent the data in a (n x (r 4 ¢)) data matrix
Z = (X,)) where n is the total number of frequencies in the contingency table N
and X and ) are matrices of zero-one dummy variables. More precisely, let

o= 1  if the kth individual belongs to the ith row category
“7 10 otherwise

and
~_ |1 ifthe kth individual belongs to the jth column category
=10 otherwise
where the indices range fromk = 1,...,n,i =1,...,rand j = 1,...,c. Denote

the cell frequencies by n;; so that N’ = (n;;) and note that
T
XiyY() = Nijs

where x(;) (y(;)) denotes the ith (jth) column of X (})).

10 10 1010
10 10 1010
10 10 1010
10 01 1001
10 01 1001
= 01’y_ 10’2_%Kyy_ 0110
01 01 0101
01 01 0101
01 01 0101
01 01 0101

Example 16.3 Consider the following example where

32
N‘(m)'
The matrices X', ) and Z are therefore

The element 721, of V' may be obtained by multiplying the first column of X with
the second column of ) to yield

T
x(l)y(g) =2.
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The purpose is to find the canonical variables n = a'x and ¢ = by that are

maximally correlated. Note, however, that x has only one nonzero component and
therefore an “individual” may be directly associated with its canonical variables
or score (a;,b;). There will be n; points at each (a;,b;) and the correlation
represented by these points may serve as a measure of dependence between the
rows and columns of V.

Let Z = (X,)) denote a data matrix constructed from a contingency table N.
Similar to Chap. 14 define

c
C = Xje = Zl’l,jy
j=1
.
d=xej =) ny

i=1

and define C = diag(c) and D = diag(d). Suppose that x;¢ > 0 and x,; > 0 for all
i and j. Itis not hard to see that

nS=2"HZ=2"2-nz' = (”Sxx nSxy)

nSYX nSyy
_( n ) C—n"lec™ N-N
S \n—1 NTNT D—n"'dd"
where N = cd"/n is the estimated value of AN under the assumption of
independence of the row and column categories.

Note that
(n—1)Sxx1, =C1, — n“lee™, =c— c(n_lchr) =c—c(n'n)=0

and therefore Sy does not exist. The same is true for S;YI. One way out of this
difficulty is to drop one column from both A’ and ), say the first column. Let ¢ and
d denote the vectors obtained by deleting the first component of ¢ and d.

Define C_, D and SXX, S_W, S_XY accordingly and obtain

(l’lgxx)_l = C__l + I’li_.llrl;r

(nS_yy)_l = @_1 + n,_jllcl;r

so that (16.3) exists. The score associated with an individual contained in the first
row (column) category of N is 0.

The technique described here for purely qualitative data may also be used when
the data is a mixture of qualitative and quantitative characteristics. One has to “blow
up” the data matrix by dummy zero-one values for the qualitative data variables.



454 16 Canonical Correlation Analysis

! E Summary

— In practice we estimate Xy, Xxy, 2yy by the empirical covari-
ances and use them to compute estimates ¢;, g;, d; for A;, y;, §;
from the SVD of K = S;;/ZSXYS;/Z.

< The signs of the coefficients of the canonical variables tell us the
direction of the influence of these variables.

16.3 Exercises

Exercise 16.1 Show that the eigenvalues of KK and K"K are identical. (Hint:
Use Theorem 2.6.)

Exercise 16.2 Perform the CCA for the following subsets of variables: X corre-

sponding to {price} and ) corresponding to {economy, easy handling} from the car
marks data (Table 22.7).

Exercise 16.3 Calculate the first canonical variables for Example 16.1. Interpret
the coefficients.

Exercise 16.4 Use the SVD of matrix IC to show that the canonical variables 1,
and 1, are not correlated.

Exercise 16.5 Verify that the number of nonzero eigenvalues of matrix IC is equal
to rank(Zxy).

Exercise 16.6 Express the singular value decomposition of matrices K and KT
using eigenvalues and eigenvectors of matrices K1 IC and KKT.

Exercise 16.7 What will be the result of CCA for Y = X?
Exercise 16.8 What will be the results of CCA for Y = 2X andforY = —X?

Exercise 16.9 What results do you expect if you perform CCA for X and Y such
that Xxy = 0? Whal‘iszY = Ip?
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