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A First Approach to Classical
Mechanics

2.1 Motion in R!

2.1.1 Newton’s law

We begin by considering the motion of a single particle in R, which may
be thought of as a particle sliding along a wire, or a particle with motion
that just happens to lie in a line. We let z(¢) denote the particle’s position
as a function of time. The particle’s velocity is then

u(t) == z(t),

where we use a dot over a symbol to denote the derivative of that quantity
with respect to the time t¢.
The particle’s acceleration is then

where & denotes the second derivative of x with respect to ¢t. We assume
that there is a force acting on the particle and we assume at first that the
force F' is a function of the particle’s position only. (Later, we will look at
the case of forces that depend also on velocity.)

Under these assumptions, Newton’s second law (F' = ma) takes the form

F(z(t)) = ma = mi(t), (2.1)

where m is the mass of the particle, which is assumed to be positive. We will
henceforth abbreviate Newton’s second law as simply “Newton’s law,” since
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20 2. A First Approach to Classical Mechanics

we will use the second law much more frequently than the others. Since
(2.1) is of second order, the appropriate initial conditions (needed to get
a unique solution) are the position and velocity at some initial time ¢g. So
we look for solutions of (2.1) subject to

,T(to) = X0
i(fo) = 10.

Assuming that F' is a smooth function, standard results from the ele-
mentary theory of differential equations tell us that there exists a unique
local solution to (2.1) for each pair of initial conditions. (A local solution
is one defined for ¢ in a neighborhood of the initial time ¢y.) Since (2.1) is
in general a nonlinear equation, one cannot expect that, for a general force
function F, the solutions will exist for all ¢. If, for example, F(x) = 22, then
any solution with positive initial position and positive initial velocity will
escape to infinity in finite time. (Apply Exercise 4 with V(z) = —23/3.)
For a proof existence and uniqueness, see Example 8.2 and Theorem 8.13
in [28].

Definition 2.1 A solution x(t) to Newton’s law is called a trajectory.

Example 2.2 (Harmonic Oscillator) If the force is given by Hooke’s
law, F(x) = —kx, where k is a positive constant, then Newton’s law can be
written as mZ + kx = 0. The general solution of this equation is

x(t) = acos(wt) + bsin(wt),
where w := +/k/m is the frequency of oscillation.

The system in Example 2.2 is referred to as a (classical) harmonic os-
cillator. This system can describe a mass on a spring, where the force is
proportional to the distance = that the spring is stretched from its equi-
librium position. The minus sign in —kz indicates that the force pulls the
oscillator back toward equilibrium. Here and elsewhere in the book, we
use the “angular” notion of frequency, which is the rate of change of the
argument of a sine or cosine function. If w is the angular frequency, then
the “ordinary” frequency—i.e., the number of cycles per unit of time—is
w/2m. Saying that = has (angular) frequency w means that x is periodic
with period 27 /w.

2.1.2  Conservation of Energy

We return now to the case of a general force function F(x). We define
the kinetic energy of the system to be %mv? We also define the potential
energy of the system as the function

Viz)=— /F(:c) dzx, (2.2)
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so that F(x) = —dV/dx. (The potential energy is defined only up to adding
a constant.) The total energy E of the system is then

E(z,v) = %mv2 + V(z). (2.3)

The chief significance of the energy function is that it is conserved, meaning
that its value along any trajectory is constant.

Theorem 2.3 Suppose a particle satisfies Newton’s law in the form mi =
F(z). Let V and E be as in (2.2) and (2.83). Then the energy E is conserved,
meaning that for each solution x(t) of Newton’s law, E(x(t),z(t)) is inde-
pendent of t.

Proof. We verify this by differentiation, using the chain rule:

GEE0.50) = 4 (5m0)? + V)
dv .

= ma(0)i(t) + (1)
— &(t)[mi(t) - F(1))]

This last expression is zero by Newton’s law. Thus, the time-derivative of
the energy along any trajectory is zero, so E(z(t),4(t)) is independent of
t, as claimed. m

We may call the energy a conserved quantity (or constant of motion),
since the particle neither gains nor loses energy as the particle moves
according to Newton’s law.

Let us see how conservation of energy helps us understand the solution
to Newton’s law. We may reduce the second-order equation mi = F(z) to
a pair of first-order equations, simply by introducing the velocity v as a
new variable. That is, we look for pairs of functions (x(t),v(t)) that satisfy
the following system of equations

dx

a =W

dv 1

= = —F(a(t)). (24)

If (z(t),v(t)) is a solution to this system, then we can immediately see that
x(t) satisfies Newton’s law, just by substituting dz/dt for v in the second
equation. We refer to the set of possible pairs of the form (z,v) (i.e., R?)
as the phase space of the particle in R'. The appropriate initial conditions
for this first-order system are x(0) = z¢ and v(0) = vy.

Once we are working in phase space, we can use the conservation of
energy to help us. Conservation of energy means that each solution to
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the system (2.4) must lie entirely on a single “level curve” of the energy
function, that is, the set

{(z,v) € R*| E(z,v) = E(zo,v0)} - (2.5)

If F—and therefore also V—is smooth, then F is a smooth function of x
and v. Then as long as (2.5) contains no critical points of F, this set will
be a smooth curve in R2, by the implicit function theorem. If the level set
(2.5) is also a simple closed curve, then the solutions of (2.5) will simply
wind around and around this curve. Thus, the set that the solutions to (2.5)
trace out in phase space can be determined simply from the conservation
of energy. The only thing not apparent at the moment is how this curve is
parameterized as a function of time.

In mechanics, a conserved quantity—such as the energy in the one-
dimensional version of Newton’s law—is often referred to as an “integral
of motion.” The reason for this is that although Newton’s second law is a
second-order equation in x, the energy depends only on x and & and not
on Z. Thus, the equation

m

5(@'?(@)2 + V(x(t)) = Eo,

where Fj is the value of the energy at time to, is actually a first-order
differential equation. We can solve for @ to put this equation into a more

standard form:
i(t) = i\/w' (2.6)

m

What this means is that by using conservation of energy we have turned the
original second-order equation into a first-order equation. We have therefore
“integrated” the original equation once, that is, changed an equation of
the form #(t) = --- into an equation of the form #(t) = --- . The first-
order equation (2.6) is separable and can be solved more-or-less explicitly
(Exercise 1).

2.1.8  Systems with Damping

Up to now, we have considered forces that depend only on position. It is
common, however, to consider forces that depend on the velocity as well
as the position. In the case of a damped harmonic oscillator, for example,
one typically assumes that there is, in addition to the force of the spring,
a damping force (friction, say) that is proportional to the velocity. Thus,
F = —kx — v, where k is, as before, the spring constant and where v > 0
is the damping constant. The minus sign in front of vz reflects that the
damping force operates in the opposite direction to the velocity, causing
the particle to slow down. The equation of motion for such a system is then

mi + vyt + kx = 0.
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If v is small, the solutions to this equation display decaying oscillation,
meaning sines and cosines multiplied by a decaying exponential; if ~ is
large, the solutions are pure decaying exponentials (Exercise 5).

In the case of the damped harmonic oscillator, there is no longer a
conserved energy. Specifically, there is no nonconstant continuous func-
tion E on R? such that E(xz(t),(t)) is independent of ¢ for all solutions of
Newton’s law. To see this, we simply observe that for v > 0, all solutions
x(t) have the property that (z(t),Z(t)) tends to the origin in the plane as ¢
tends to infinity. Thus, if FE is continuous and constant along each trajec-
tory, the value of E at the starting point has to be the same as the value
at the origin.

We now consider a general system with damping.

Proposition 2.4 Suppose a particle moves in the presence of a force law
given by F(x,2) = Fi(x) — v&, with v > 0. Define the energy E of the
system by

1
E(z,7) = §mj:2 + V(z),
where dV/dx = —Fy(x). Then along any trajectory xz(t), we have

d
T B(@(t),3(1)) = —vi(t)* <O0.

Thus, although the energy is not conserved, it is decreasing with time,
which gives us some information about the behavior of the system.
Proof. We differentiate as in the proof of Theorem 2.3, except that now
dV/dx = —Fy(z):

& B(a(r),a(0) = #(0)mi(t) — Fi (1)

Since F} is not the full force function, the quantity in square brackets equals
not zero but —vyi. Thus, dE/dt = —vi?. =

We can interpret Proposition 2.4 as saying that in the presence of friction,
the system we are studying gives up some of its energy to heat energy in
the environment, so that the energy of our system decreases with time.
We will see that in higher dimensions, it is possible to have conservation
of energy in the presence of velocity-dependent forces, provided that these
forces act perpendicularly to the velocity.

2.2 Motion in R"

We now consider a particle moving in R™. The position x = (z1,...,2y,)
of a particle is now a vector in R™, as is the velocity v and acceleration a.
We let

%= (i1, dn)
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denote the derivative of x with respect to ¢t and we let X denote the second
derivative of x with respect to t. Newton’s law now takes the form

mx(t) = F(x(t),%x(t)), (2.7)

where F : R” x R® — R” is some force law, which in general may depend
on both the position and velocity of the particle.

We begin by considering forces that are independent of velocity, and we
look for a conserved energy function in this setting.

Proposition 2.5 Consider Newton’s law (2.7) in the case of a velocity-
independent force: m%(t) = F(x(t)). Then an energy function of the form
. 1 .2
E(x,%x) = 3m |%|” + V(x)
1s conserved if and only if V' satisfies
—VV =F,
where VV is the gradient of V.

Saying that E is “conserved” means that F(x(t),%(t)) is independent of
t for each solution x(t) of Newton’s law. The function V' is the potential
energy of the system.
Proof. Differentiating gives

& (3mIsOF + V) = S0+ i)

= %(t) - [m&(t) + VV]
=%(t) - [F(x) + VV(x)]

Thus, dE/dt will always be equal to zero if and only if we have
—VV(x) = F(x)

for all x. m

We now encounter something that did not occur in the one-dimensional
case. In R!, any smooth function can be expressed as the derivative of some
other function. In R™, however, not every vector-valued function F(x) can
be expressed as the (negative of) the gradient of some scalar-valued function
V.

Definition 2.6 Suppose F is a smooth, R™-valued function on a domain
U C R™. Then F is called conservative if there exists a smooth, real-valued
function V on U such that F = —VV.

If the domain U is simply connected, then there is a simple local condition
that characterizes conservative functions.
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Proposition 2.7 Suppose U is a simply connected domain in R"™ and F
s a smooth, R™-valued function on U. Then F is conservative if and only
if F satisfies

8Fj 8Fk

. 2.
Oz, Oz, 0 (28)

at each point in U.

When n = 3, it is easy to check that the condition (2.8) is equivalent
to the curl V x F of F being zero on U. The hypothesis that U be simply
connected cannot be omitted; see Exercise 7.

Proof. If F is conservative, then
OF; 0%V 0%V OFy,

oxy COxpdr;  Ox;0xry (’“)_967

at every point in U. In the other direction, if F satisfies (2.8), V can be
obtained by integrating F along paths and using the Stokes theorem to
establish independence of choice of path. See, for example, Theorem 4.3 on
p. 549 of [44] for a proof in the n = 3 case. The proof in higher dimensions
is the same, provided one knows the general version of the Stokes theorem.
[ ]

We may also consider velocity-dependent forces. If, for example, F(x,v)
= —yv + Fi(x), where v is a positive constant, then we will again have
energy that is decreasing with time. There is another new phenomenon,
however, in dimension greater than 1, namely the possibility of having a
conserved energy even when the force depends on velocity.

Proposition 2.8 Suppose a particle in R™ mowves in the presence of a force
F of the form
F(x,v) = -VV(x) + Fa(x, V),

where V' is a smooth function and where Fo satisfies
v -Fy(x,v) =0 (2.9)

: . 2
for all x and v in R™. Then the energy function E(x,v) = 2m |v|" + V(x)
s constant along each trajectory.

If, for example, F5 is the force exerted on a charged particle in R? by a
magnetic field B(x), then

Fs(x,v) = qv x B(x),

where ¢ is the charge of the particle, which clearly satisfies (2.9).
Proof. See Exercise 8. m
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2.3 Systems of Particles

If we have a system if IV particles, each moving in R”, then we denote the
position of the jth particle by
x) = (zl,...,20).
Thus, in the expression a:f;, the superscript j indicates the jth particle, while
the subscript k£ indicates the kth component. Newton’s law then takes the
form ‘ ‘
mi¥xl =FI(xt, XNk %N, i=1,2,... N,

where m; is the mass of the jth particle. Here, F/ is the force on the jth

particle, which in general will depend on the position and velocity not only
of that particle, but also on the position and velocity of the other particles.

2.3.1 Conservation of Energy

In a system of particles, we cannot expect that the energy of each individ-
ual particle will be conserved, because as the particles interact, they can
exchange energy. Rather, we should expect that, under suitable assump-
tions on the forces F7, we can define a conserved energy function for the
whole system (the total energy of the system).

Let us consider forces depending only on the position of the particles,
and let us assume that the energy function will be of the form

N
1 _
Bt xN v v = Zimj |VJ|2+V(X1,...,XN). (2.10)
j=1

We will now try to see what form for V' (if any) will allow E to be constant
along each trajectory.

Proposition 2.9 An energy function of the form (2.10) is constant along
each trajectory if ‘ ‘

VIV = —F/ (2.11)
for each j, where V7 is the gradient with respect to the variable x7.

Proof. We compute that

dE
dt

I
WE

[mj)'cj Y 4 AVZAVES X]}
1

<.
Il

I
M=

% [mjij + VjV}

<.
Il
-

I
.MZ

<
Il
-

X [F)+VV].
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If VIV = —FJ, then E will be conserved. m
As in the one-particle case, there is a simple condition for the existence
of a potential function V satisfying (2.11).

Proposition 2.10 Suppose a force function F = (F! ..., FY) is defined
on a simply connected domain U in R™. Then there exists a smooth
function V' on U satisfying

VIV = -FI
for all j if and only if we have

OF]  OF!,

(2.12)

for all j, k, 1, and m.

Proof. Apply Proposition 2.7 with n replaced by nN and with j and k
replaced by the pairs (j, k) and (I,m). m

2.3.2  Conservation of Momentum

We now introduce the notion of the momentum of a particle.

Definition 2.11 In an N-particle system, the momentum of the jth
particle, denoted p?, is the product of the mass and the velocity of that
particle:

pj = mjfcj .

The total momentum of the system, denoted p, is defined as

N .
p=> p.
j=1

Observe that

g = mjiij: Fj.
Thus, Newton’s law may be reformulated as saying, “The force is the rate
of change of the momentum.” This is how Newton originally formulated
his second law.

Newton’s third law says, “For every action, there is an equal and opposite
reaction.” This law will apply if all forces are of the “two-particle” variety
and satisfy a natural symmetry property. Having two-particle forces means
that the force F7 on the jth particle is a sum of terms F7**, j # k, where
F7F depends only x/ and x*. The relevant symmetry property is that
Fik(x7 xF) = —FkJ(x¥ x7); that is, the force exerted by the jth particle
on the kth particle is the negative (i.e., “equal and opposite”) of the force
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exerted by the kth particle on the jth particle. If the forces are assumed
also to be conservative, then the potential energy of the system will be of
the form
V(xl,x2,...,xN):ZVj’k(xj—xk). (2.13)
i<k
One important consequence of Newton’s third law is conservation of the
total momentum of the system.

Proposition 2.12 Suppose that for each j, the force on the jth particle is
of the form
Fi(x!, x%,...,xV) = ZFj’k(xj,xk),
k#j
for certain functions F3F. Suppose also that we have the “equal and
opposite” condition

Fj’k(xj,xk) — _FkiJ (xj,xk).
Then the total momentum of the system is conserved.

Note that since the rate of change of p’ is F7, the force on the jth
particle, the momentum of each individual particle is not constant in time,
except in the trivial case of a noninteracting system (one in which all forces
are zero).

Proof. Differentiating gives

dp al dp’ Ay k(i ok
T g = =D D G ),
j=1

Jj=1 J k#j

By the equal and opposite condition, F/** (x7, x¥) cancels with F¥J (x7, x*),
so dp/dt=0. m

Let us consider, now, a more general situation in which we have con-
servative forces, but not necessarily of the “two-particle” form. It is still
possible to have conservation of momentum, as the following result shows.

Proposition 2.13 If a multiparticle system has a force law coming from
a potential V, then the total momentum of the system is conserved if and

only if
V(x' +a,x*+a,...,xN +a)=V(x'x%... xV) (2.14)

for all a € R™.

Proof. Apply (2.14) with a = tex, where ey, is the vector with a 1 in the
kth spot and zeros elsewhere. Differentiating with respect to ¢t at t = 0

gives
N N i
Z 0 Z j dp; dpy,
O = —_— = — F‘] = - —k = -
o), ~ k = dt dt’
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where py is the kth component of the total momentum p. Thus, if (2.14)
holds, p is constant in time.

Conversely, if the momentum is conserved, then the sum of the forces is
zero at every point, and so

d
%V(xl +ta,x? +ta,...,x" +ta)
N
zzvjV(xl+ta,x2—|—ta,...,xN+ta)-a
j=1
N
ZFJ(xl+ta,x2+ta,...,xN+ta) -a
j=1
=0

for all t. Thus, the value of the quantity being differentiated is the same at
t =0 as at t = 1, which establishes (2.14). m

The moral of the story is that conservation of momentum is a consequence
of translation-invariance of the system, where “translation invariance ”
means invariance under simultaneous translations of every particle by the
same amount. (See Exercise 11 for a more general version of this result.)
If the potential is of the “two-particle” form (2.13), then it is evident that
the condition (2.14) is satisfied.

2.3.8  Center of Mass

We now consider an important application of momentum conservation.

Definition 2.14 For a system of N particles moving in R™, the center
of mass of the system at a fized time is the vector ¢ € R™ given by

Nm
°=2 3x

where M = Z _, my; is the total mass of the system.

The center of mass is a weighted average of the positions of the various
particles. Differentiating c(¢) with respect to ¢ gives

N
1 j_ P
= — g m;x! = —, (2.15)
M = M

where p is the total momentum.
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Proposition 2.15 Suppose the total momentum p of a system is conserved.
Then the center of mass moves in a straight line at constant speed.
Specifically,

el(t) = e(to) + (t = to) 17

where c(to) is the center of mass at some initial time to.

Proof. The result follows easily from (2.15). m

The notion of center of mass is particularly useful in a system of two
particles in which momentum is conserved. For a system of two particles, if
the potential energy V (x!,x?) is invariant under simultaneous translations
of x! and x2, then it is of the form

V(x!,x?) = V(x! —x?),
where V(a) = V(a,0).

Now, the positions x!, x2 of the particles can be recovered from knowledge
of the center of mass and the relative position

1

y =x! —x2
as follows:
1 C + may
X = —
mi + mo
2 CcC—miy
X = —
mi + mo
Meanwhile, we may compute that
. el 9 1 < 1 2 1 7 1 2
yit)=%X —xX*=——VV(x —x°)— —VV(x" —x°).
mq ma

This calculation gives the following result.

Proposition 2.16 For a two-particle system with potential energy of the
form V(x!,x%) = V(x! — x?), the relative position y := x* — x? satisfies
the differential equation

puy =—-VV(y),

where p is the reduced mass given by

mims

M:

1
1 1 .
T o mi + ma

Thus, when the total momentum of a two-particle system is conserved,
the relative position evolves as a one-particle system with “effective” mass p,
while the center of mass moves “trivially,” as described in Proposition 2.15.
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FIGURE 2.1. A(t) is the area of the shaded region.

2.4 Angular Momentum

We start by considering angular momentum in the simplest nontrivial case,
motion in R2.

Definition 2.17 Consider a particle moving in R?, having position X,
velocity v, and momentum p = mv. Then the angular momentum of
the particle, denoted J, is given by

J = T1P2 — T2P1- (216)
In more geometric terms, J = |x| |p| sin ¢, where ¢ is the angle (measured
counterclockwise) between x and p. We can look at J in yet another way

as follows. If @ is the usual angle in polar coordinates on R2, then an
elementary calculation (Exercise 9) shows that

,do

J = —. 2.17
e (2.17)
It then follows that
dA
J =2m— 2.18
mi, (2.18)

where A = (1/2) [r? d is the area being swept out by the curve x(t).
See Fig.2.1.

One significant property of the angular momentum is that it (like the
energy) is conserved in certain situations.

Proposition 2.18 Suppose a particle of mass m is moving in R? under
the influence of a conservative force with the potential function V (x). If
V is invariant under rotations in R?, then the angular momentum J =
T1p2 —x2p1 is independent of time along any solution of Newton’s equation.
Conversely, if J is independent of time along every solution of Newton’s
equation, then V is invariant under rotations.
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Proof. Differentiating (2.16) along a solution of Newton’s law gives

dJ  dx; N dps  dxo dp1
_— = — rT1——— — —— — roQ—
- @ Py T T Ty
1 v 1 1%
= —p1p2 — T17— — —pPap1 + Toa——
m Ors m 0x1
oV oV

25 — iy -
8$1 8$2

On the other hand, consider rotations Ry in R? given by

Ry — ( cosf) —sinf )

sin 6 cosf

If we differentiate V' along this family of rotations, we obtain

oVdx OV dy ov oV dJ
= +r1— = —E(x).

d
@ F| = arwt oy o om

do

Thus, the angular derivative of V is zero if and only if J is constant. m
Conservation of J [together with the relation (2.18)] gives the following
result.

Corollary 2.19 (Kepler’s Second Law) Suppose a particle is moving
in R? in the presence of a force associated with a rotationally invariant
potential. If x(t) is the trajectory of the particle, then the area swept out by
x(t) between timest = a andt = b is (b—a)J/(2m), where J is the constant
value of the angular momentum along the trajectory. Since the area swept
out depends only on b — a, we may say that “equal areas are swept out in
equal times.”

Kepler, of course, was interested in the motion of planets in R?, not in
R2. The motion of a planet moving in the “inverse square” force of a sun
will, however, always lie in a plane. (This claim follows from the three-
dimensional version of conservation of angular momentum, as explained in
Sect. 2.6.1.)

In R3, the angular momentum of the particle is a vector, given by

J=xxp, (2.19)
where x denotes the cross product (or vector product). Thus, for example,
J3 = x1p2 — w2p1. (2.20)

If, then, we have a particle in R? that just happens to be moving in R?
(i.e., xz3 = 0 and p3 = 0), then the angular momentum will be in the z-
direction with z-component given by the quantity J defined in
Definition 2.17.
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The representation of the angular momentum of a particle in R? as a
vector is a low-dimensional peculiarity. For a particle in R™, the angular
momentum is a skew-symmetric matrix given by

Jjk = Xjpr — TEpj. (2.21)

In the R? case, the entries of the 3 x 3 angular momentum matriz are made
up by the three components of the angular momentum vector together with
their negatives, with zeros along the diagonal. [Compare, e.g., (2.20) and
(2.21).]

Definition 2.20 For a system of N particles moving in R™, the total
angular momentum of the system is the skew-symmetric matriz J given

by

N
Too= Y (el — ohat) 2.22)
=1

Theorem 2.21 Suppose a system of N particles in R™ is moving under
the influence of conservative forces with potential function V. If V' satisfies

V(Rx', Rx? ..., Rx™) =V (x!,x%, ..., x") (2.23)

for every rotation matrix R, then the total angular momentum of the system
is conserved (constant along each trajectory). Conversely, if the total an-
gular momentum is constant along each trajectory, then V satisfies (2.23).

The proof of this result is similar to that of Proposition 2.18 and is left
as an exercise (Exercise 10). We will re-examine the concept of angular
momentum in the next section using the language of Poisson brackets and
Hamiltonian flows.

2.5 Poisson Brackets and Hamiltonian Mechanics

We consider now the Hamiltonian approach to classical mechanics. (There
is also the Lagrangian approach, but that approach is not as relevant for
our purposes.) The Hamiltonian approach, and in particular the Poisson
bracket, will help us to understand the general phenomenon of conserved
quantities. The Poisson bracket is also an important source of motivation
for the use of commutators in quantum mechanics.

In the Hamiltonian approach to mechanics, we think of the energy func-
tion as a function of position and momentum, rather than position and
velocity, and we refer to it as the “Hamiltonian.” If a particle in R™ has
the usual sort of energy function (kinetic energy plus potential energy), we
have

H(x,p) = ﬁ pr— +V(x). (2.24)
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Here, as usual, p; = m;&;. We now observe that Newton’s law can be
expressed in the following form:

de o 8H

dt N 3pj

dpj 8H

VA 2.2
dt 6,Tj ( 5)

After all, with H of the indicated form, these equations read dz;/dt =
pj/m, which is just the definition of p;, and dp; /dt = —0V/dz; = F}, which
is just Newton’s law, in the form originally given by Newton. We refer to
Newton’s law, in the form (2.25) as Hamilton’s equations.

Although it is not obvious at the moment that we have gained anything
by writing Newton’s law in the form (2.25), let us proceed on a bit further
and see. Our next step is to introduce the Poisson bracket.

Definition 2.22 Let f and g be two smooth functions on R*", where an
element of R?™ is thought of as a pair (x,p), with x € R™ representing the
position of a particle and p € R™ representing the momentum of a particle.
Then the Poisson bracket of f and g, denoted {f, g}, is the function on
R2™ given by

" of 0 of 0
o) em) =Y (%%— %%)

Jj=1
The Poisson bracket has the following properties.

Proposition 2.23 For all smooth functions f, g, and h on R2™ we have
the following:

1. {f,g+ch}y={f,g} +c{f,h} forallc€R
2. {9,/ =—{f.9}

3. {f.gh} ={f.gth+g{f I}

4- AfAg.hyt={{f. 9} 1} +{g.{f, h}}

Properties 1 and 2 of Proposition 2.23 say that the Poisson bracket is
bilinear and skew-symmetric. Property 3 says that the operation of “bracket
with f” satisfies the derivation property (similar to the product rule for
derivatives) with respect to pointwise multiplication of functions, while
Property 4 says that “bracket with f” satisfies the derivation property
with respect to the Poisson bracket itself. Property 4 is equivalent to the
Jacobi identity:

{f: g, hiy+1{h.{f, 91 +{9.{h, [}} =0, (2.26)
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as may easily be seen using the skew-symmetry of the Poisson bracket.
The Jacobi identity, along with bilinearity and skew-symmetry, means that
the space of C* functions on R?" forms a Lie algebra under the operation
of a Poisson bracket. (See Chap. 16.)

Proof. The first two properties of the Poisson bracket are obvious and the
third is an easy consequence of the product rule. Let us think about what
goes into proving Property 4 by direct computation. (An alternative proof
is given in Exercise 15.) We compute that

" of 0 <6g oh g 5h>
A9 =) 2o o 5 o
{f:{g:h}} j;axj dpj \Ox; dp;  Op; Ox;

_i af o (89 Oh 9y 8h)
= 3pj 8Ij 8Ij 3pj 3pj 8Ij '
Just the first term in the expression for {f,{g, h}} generates the following
four terms (all summed over j) after we use the product rule:

af 0%g Oh of dg 0*h  Of 0%g Oh af dg 0%h

dxj Ox;j0p; Op; ~ Oxj Ox; Op;  Ox; Op3 dx;  Ox; Opj Ox;0p;

We see, then, that the left-hand side of (2.26) will have a total of 24 terms,
each summed over j. Each term will have a single derivative on two of the
three functions, and two derivatives on the third function. There are three
possibilities for which function gets two derivatives. Once that function is
chosen, there are four possibilities for which derivatives go on the other
two functions, with the function that gets two derivatives getting whatever
derivatives remain (for a total of two z-derivatives and two p-derivatives).
That makes 12 possible terms. It is a tedious but straightforward exercise
to check that each of these 12 possible terms occurs twice in the left-hand
side of (2.26), with opposite signs. To check just one case explicitly, in
computing {h,{f,g}}, we will get a term like the second term in (2.27),
but with (f, g, h) replaced by (h, f,g):

oh Of d%g

dx;j Oz Ops-
This term (in the computation of {h,{f,g}}) cancels with the third term
in (2.27) (in the computation of {f,{g,h}}). m

The following elementary result will provide a helpful analogy to the
“canonical commutation relations” in quantum mechanics.

(2.27)

Proposition 2.24 The position and momentum functions satisfy the fol-
lowing Poisson bracket relations:

{‘ijxk} =0
{pjvpk} =0
{xjvpk} = 0jk-
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Proof. Direct calculation. m
One of the main reasons for considering the Poisson bracket is the
following simple result.

Proposition 2.25 If (x(t),p(t)) is a solution to Hamilton’s equation
(2.25), then for any smooth function f on R®*" we have

%(ﬂﬂm@»z{ﬁHHﬂmp@)

We generally write Proposition 2.25 in a more concise form as

4 ym,

where the time derivative is understood as being along some trajectory.
Proof. Using the chain rule and Hamilton’s equations, we have

i Bf dx] Bf dpj
817] dt apj dt

orom of (_om
dx; dp; ' Op; Ox;

f ),

Il
f—H < b
HM:

as claimed. m

Observe that Proposition 2.25 includes Hamilton’s equations themselves
as special cases, by taking f(z,p) = x; and by taking f(z,p) = p;. Thus,
this proposition gives a more coordinate-independent way of expressing the
time-evolution.

Corollary 2.26 Call a smooth function f on R2™ a conserved quantity if
f(x(t),p(t)) is independent of t for each solution (x(t), p(t)) of Hamilton’s
equations. Then f is a conserved quantity if and only if

{f, H}=0.
In particular, the Hamiltonian H is a conserved quantity.

Conserved quantities are also called constants of motion. See Conclusion
2.31 for another perspective on this result. Conserved quantities (when one
can find them) are useful in that we know that trajectories must lie in
the level surfaces of any conserved quantity. Suppose, for example, that
we have a particle moving in R? and that the Hamiltonian H and one
other independent function f (such as, say, the angular momentum) are
conserved quantities. Then, rather than looking for trajectories in the four-
dimensional phase space, we look for them inside the joint level sets of H
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and f (sets of the form H(xz,p) = a, f(x,p) = b, for some constants a
and b). These joint level sets are (generically) two-dimensional instead of
four-dimensional, so using the constants of motion greatly simplifies the
problem—from an equation in four variables to one in only two variables.
Solving Hamilton’s equations on R?” gives rise to a flow on R2", that is, a
family ®; of diffeomorphisms of R?", where ®;(x, p) is equal to the solution
at time ¢ of Hamilton’s equations with initial condition (x,p). Since it is
possible (depending on the choice of potential function V') that a particle
can escape to infinity in finite time, the maps ®; are not necessarily defined
on all of R?", but only on some open subset thereof. If ®, does happen to
be defined on all of R?" (for all t), then we say that the flow is complete.

Theorem 2.27 (Liouville’s Theorem) The flow associated with Hamil-
ton’s equations, for an arbitrary Hamiltonian function H, preserves the
(2n)-dimensional volume measure

dxidxsy - - - drpdpirdps - - - dp,.

What this means, more precisely, is that if a measurable set E is con-
tained in the domain of ®, for some ¢t € R, then the volume of ®,(E) is
equal to the volume of F.

Proof. Hamilton’s equations may be written as

- 1 [ 24 7
T Op1
d | x, g—H
— = 22 2.28
dt | m —giﬁ ( )
Lo b [ =5

This means that Hamilton’s Equations describe the flow along the vector
field on R?" appearing on the right-hand side of (2.28). By a standard result
from vector calculus (see, e.g., Proposition 16.33 in [29]), this flow will be
volume-preserving if and only if the divergence of the vector field is zero.
We compute this divergence as

0 0OH 0 OH 0 0OH 0 OH

o =R e ewil = ol = et

Since
0*°H 0°H

8:17j8pj - 3pj3xj’

the divergence is zero. m

The existence of an invariant volume has important consequences for
the dynamics of a system. For example, for “confined” systems, an invari-
ant volume implies that the system exhibits “recurrence,” which means
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(roughly) that for most initial conditions, the particle will eventually come
back arbitrarily close to its initial state in phase space. We will not, how-
ever, delve into this aspect of the theory.

Note that the divergence of Xy, computed in (2.29), vanishes in a very
particular way, namely the sum of the jth and (n + j)th terms vanishes
for all 1 < j < n. This stronger condition turns out to be equivalent to
the condition that the Hamiltonian flow ®; associated with an arbitrary
smooth function on R?" preserves the symplectic form w, defined by

w((x,p), (x,p)) =x-p'—p-x.

What this means, more precisely, is that for any ¢t € R and any (x, p) € R?",
the matrix of partial derivatives of ®; at the point (x, p)—thought of as a
linear map of R?” to R?"—preserves w. This property of ®, as it turns out,
is equivalent to the property that ®; preserves Poisson brackets, meaning
that

{fo®igo®} ={f.g}od:

for all f,g € C°(R"). A map ¥ : R*® — R?" that preserves w is called
a symplectomorphism (in mathematics notation) or a canonical transfor-
mation (in physics notation). We defer the proofs of these claims until
Chap. 21, where we can consider them in a more general setting.

Definition 2.28 For any smooth function f on R?", the Hamiltonian
flow generated by f is the flow obtained by solving Hamilton’s equation (2.25)
with the Hamiltonian H replaced by f. The function f is called the Hamil-
tonian generator of the associated flow.

Although any smooth function on R?" can be inserted into Hamilton’s
equations to produce a flow, physically one should think that there is a
distinguished function, the Hamiltonian H of the system, such that the
flow generated by H is the time-evolution of the system. For any other
function f, the Hamiltonian flow generated by f should not be thought
of as time-evolution, but as some other flow, which might, for example,
represent some family of symmetries of our system.

Proposition 2.29 The Hamiltonian flow generated by the function
fa(x,p):=a-p (2.30)
s gwen by

x(t) =xo +ta
p(t) = po, (2.31)

and the Hamiltonian flow generated by the function

gb(x,p) :=b-x (2.32)
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is given by

x(t) = xo
p(t) = po — tb.

Proof. Direct calculation. m

What this means is that the Hamiltonian flow generated by a linear
combination of the momentum functions consists of translations in position
of the particle. That is to say, in the flow (2.31) generated by the function
fa in (2.30), the particle’s initial position xq is translated by ta while the
particle’s momentum is independent of ¢. Similarly, the Hamiltonian flow
generated by a linear combination of the position functions [the function
gb in (2.32)] consists of translations in the particle’s momentum.

Proposition 2.30 For a particle moving in R?, the Hamiltonian flow gen-
erated by the angular momentum function

J(X7 P) = X1p2 — T2P1

consists of simultaneous rotations of x and p. That is to say,

B R
(

,Tl(t _
IQ(

[ pi( _
pa(

t

t

)
)
)
t)

)
)
cost —sint p1(0)
] [ sint  cost } { p2(0) |- (2.33)
Proof. If we plug the angular momentum function J into Hamilton’s equa-
tions in place of H, we obtain

dacl_aJ__x_ dpl__aJ__
dt B 8])1 B > dt o 8$1 -
dey _0J _ . dp2_ 9T _
dt _8p2_ b dt - (91:2 —h

The solution to this system is given by the expression in the proposition,
as is easily verified by differentiation of (2.33). m

Note that since the Hamiltonian flow generated by J does not have the
interpretation of the time-evolution of the particle, the parameter ¢ in (2.33)
should not be interpreted as the physical time; it is just the parameter in a
one-parameter group of diffeomorphisms. In this case, ¢ is the angle of rota-
tion. Thus, one answer to the question, “What is the angular momentum?”
is that J is the Hamiltonian generator of rotations.

If f is any smooth function, then by the proof of Proposition 2.25, the
time derivative of any other function g along the Hamiltonian flow gener-
ated by f is given by dg/dt = {g, f}. In particular, the derivative of the
Hamiltonian H along the flow generated by f is {H, f}. Thus, f is constant
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along the flow generated by H if and only if {f, H} = 0, which holds if and
only if {f, H} = 0, which holds if and only if H is constant along the flow
generated by f. This line of reasoning leads to the following result.

Conclusion 2.31 A function f is a conserved quantity for solutions of
Hamilton’s equation (2.25) if and only if H is invariant under the Hamil-
tonian flow generated by f. In particular, the angular momentum J is con-
served if and only if H is invariant under simultaneous rotations of x and p.

We will return to this way of thinking about conserved quantities in
Chap. 21. Compare Exercise 12.

The Hamiltonian framework can be extended in a straightforward way
to systems of particles.

Proposition 2.32 Consider the phase space for a system of N particles
moving in R™, namely R*"N  thought of as the set of (2N)-tuples of the
form

(xl,...,xN,pl,...,pN)

with x7 and p’ belonging to R™. Define the Poisson bracket of two smooth
functions f and g on the phase space by

N n
pa-s (2 ot o)

j=1k=1 axi api Ip;, (%ci

and consider a Hamiltonian function of the form

N
1 12
H(x! N op! Ny = I+ v(xt, .. xN).
(X; X Py ap) ;2m]‘p‘+ (X; ;X)
Then Newton’s law in the form m;%) = —NVJV is equivalent to Hamilton’s
equations in the form
dwi _OH
dt op;,
dp] oH
@y _ 92 (2.34)
dt oz,

For any smooth function f, the derivative of [ along a solution of Hamil-
ton’s equations is given by

af
E _{faH}'

The proof of these results is entirely similar to the one-particle case and
is omitted.
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2.6 The Kepler Problem and the Runge-Lenz
Vector

2.6.1 The Kepler Problem

We consider now the classical Kepler problem, that of finding the
trajectories of a planet orbiting the sun. Since the sun is very much more
massive than any of the planets, we may consider the position of the sun
to be fixed at the origin of our coordinate system. The sun exerts a force
on a planet given by

F=—k—. (2.35)

Here k = GmM, where m is the mass of the planet, M is the mass of the
sun, and G is the universal gravitational constant. Note that the magnitude
of F is proportional to the reciprocal of the square of the distance from the
origin; thus, the force follows an inverse square law. Since k contains a
factor of the mass m of the planet, this quantity drops out of the equation
of motion, m¥X = F. The potential associated with the force (2.35) is easily
seen to be

(2.36)

Since our potential V' is invariant under rotations, the angular momentum
vector J = x X p is a conserved quantity (Theorem 2.21 with N = 1 and
n = 3). If J = 0, the particle is moving along a ray through the origin.
In that case, either the particle will pass through the origin at some point
in the future (if the initial momentum points toward the origin), or else
the particle must have passed through the origin at some point in the past
(if the initial momentum points away from the origin). Trajectories of this
sort are called collision trajectories, and we will regard such trajectories as
pathological.

We will, from now on, consider only trajectories along which the angular
momentum vector is nonzero. Fixing the energy and angular momentum of
the particle guarantees that the particle stays a certain minimum distance
from the origin (Exercise 20). Meanwhile, since J = x X p, the position
x(t) of the particle will always be perpendicular to the constant value of J.
We will therefore refer to the plane (through the origin) perpendicular to
J as the “plane of motion.”

2.6.2 Conservation of the Runge—Lenz Vector

We are going to obtain a description of the classical trajectories in an
indirect way, using something called the Runge-Lenz vector.



42 2. A First Approach to Classical Mechanics

Definition 2.33 The Runge—Lenz vector is the vector-valued function
on R3\{0} x R?® given by

1
A(x,p) = o

Here x represents the position of a classical particle and p its momentum.

The significance of this vector is that it is a conserved quantity for the
Kepler problem. Of course, whenever the potential energy is radial (a func-
tion of the distance from the origin), the angular momentum vector is a
conserved quantity. What is special about the 1/r potential of the Kepler
problem is that there is another conserved vector-valued quantity.

Proposition 2.34 The Runge—Lenz vector is conserved quantity for New-
ton’s law with force given by (2.35).

Proof. Since J is conserved, we compute that

; 1 0 x| dz;
A“)—W?”—;a 22 oe, di

11 Tj Pj
=———xX(XxXXPp)— L2
m [x|’ le [x? Z x| m
-2 —>1X@ p)+ 1p& ﬂ—l)+X&'m
m o\ x|” <
=0.

Here we have used the identity b x (c xd) = ¢(b-d) —d(b-c), which holds
for all vectors b,c,d € R?. m

2.6.3 Ellipses, Hyperbolas, and Parabolas

We now use the Runge—Lenz vector to determine the trajectories for the
Kepler problem.

Proposition 2.35 The magnitude of the Runge—Lenz vector A satisfies

213
E
mk2 "’

AP =1+

where E = |p|* /(2m) — k/ |x| is the energy of the particle. Furthermore,
if X :=x/ |x]| is the unit vector in the x-direction, we have

I
mk |x|

A %= —1 (2.37)
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for all nonzero x. It follows from (2.37) that

|X|*L
T mk(1+A-%)

Note that from (2.37), A - % > —1 for all points (x,p) with x # 0.
Proof. Using the identity b - (¢ x d) =d - (b X c), we see that

- (pxJ)=J-(%xp)= I /Ix|.

Since J and p are orthogonal, we get

1 2
|A|2=W|P|2|J|2+1—%X'(PXJ)

2
mk? \ 2m  |x]

2|J°
2

=1+ E.

mk

Using again the identity for b - (¢ x d), we next compute that

We may now divide by |x| to obtain the desired expression for A - X. It is
then straightforward to solve for |x|. m

Corollary 2.36 Choose orthonormal coordinates in the plane of motion
so that A lies along the positive x1-azis. If r and 0 are the polar coor-
dinates associated with this coordinate system, then along each trajectory
(r(¢),6(t)), we have

9° 1
)= ————— 2.38
r(t) mk 1+ Acos6(t)’ (2:38)
where A = |A].

If A =0, any orthonormal coordinates can be used.

Proposition 2.37 If A := |A| < 1, (2.38) is the equation of an ellipse with
eccentricity A and with the origin being one focus of the ellipse. If A > 1,
(2.88) is the equation of a hyperbola, and if A =1, (2.38) is the equation
of a parabola.

The orbit of the particle in the plane of motion is an ellipse if the energy
of the particle is negative, a hyperbola if the energy is positive, and a
parabola if the energy is zero.
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FIGURE 2.2. Elliptical orbit for the Kepler problem, with two equal areas shaded.

Kepler’s first law is the assertion that planets move in elliptical trajec-
tories with the sun at one focus, as shown in Fig.2.2. The shaded regions
indicate two equal areas that are swept out in equal times, in accordance
with Kepler’s second law (Corollary 2.19).

Recall that the eccentricity of an ellipse is /1 — (b/a)?, where a is half
the length of the major axis and b is half the length of the minor axis.
Thus, when A = 0, we have b = a, meaning that the ellipse is a circle.
Proof. We continue to work in a coordinate system in which A is along
the positive x;-axis. Then (2.38) becomes

\/9024‘3/220114_14;17
Vatty?

where a = |J|* /(mk). From this we obtain

1=~ (Vi h gt 4 ).

Now we can solve for \/z2 + 32, square both sides of the equation, and
simplify. Assuming A? # 1, we obtain

a? (1_1A2) —(1- A% (;v+ 1?22>2+y2. (2.39)

This is the equation of an ellipse (if A% < 1) or a hyperbola (if A% > 1),
where the center of the ellipse or hyperbola is the point (—a/(1 — A2),0).
In light of the formula for A := |A| in Proposition 2.35, we obtain an ellipse
if the energy of the particle is negative and a hyperbola if the energy is
positive.

In the case A? < 1, we may readily compute the half-lengths a and b of
the major and minor axes as

T 1-A427 71— A2

From this, we readily calculate that the eccentricity is A. Now, the distance
between the foci of an ellipse is the length of the major axis times the
eccentricity, in our case, 2Aa/(1 — A?). Since the center of the ellipse in
(2.39) is at the point (Aa/(1— A?),0), the origin is one focus of the ellipse.

a
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If A2 =1, then when we perform the same analysis, 22 drops out of the
equation and we obtain

1

xr = % (—y2 + az)
which is the equation of a parabola opening along the x-axis. This case
corresponds to energy zero. W

Note that Proposition 2.37 does not tell us how the particle moves along
the ellipse, hyperbola, or parabola as a function of time. We can, however,
determine this, at least in principle, by making use of the angular momen-
tum. After all, applying (2.17) in the plane of motion gives

o1

(2.40)

- =—1J,

dt  mr? 7]
where 6 is the polar angle variable in the plane of motion. Since we have
computed 7 as a function of 8 in Corollary 2.36, (2.40) gives us a (first-
order, separable) differential equation, from which we can attempt to solve
to obtain #—and thus also r—as a function of ¢.

2.6.4 Special Properties of the Kepler Problem

As we have said, the existence of another conserved vector-valued function—
in addition to the conserved energy and angular momentum—is special to
a potential of the form —k/ |x|. For a general radial potential, the energy
and the angular momentum will be the only conserved quantities. Assuming
J # 0, the motion of a particle in any radial potential will always lie in the
plane perpendicular to J. Taking this into account, we think of our particle

FIGURE 2.3. Trajectory in the plane of motion for a typical radial potential.
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as moving in R? rather than R?, and accordingly think of our phase space
as being four-dimensional rather than six-dimensional. From this point of
view, there are two remaining conserved quantities, the energy E and the
scalar angular momentum J in the plane, as given by Definition 2.17. Thus,
each trajectory will lie in a set of the form

{(x,p) e R* x R*| E(x,p) =a, J(x,p) =b}.

We refer to such a set as a joint level set of E and J. These sets are two-
dimensional surfaces inside our four-dimensional phase space.

For a general radial potential, a trajectory (x(t),p(t)) in phase space
may not be a closed curve, but may fill up a dense subset of the joint
level surface on which it lives. In particular, the trajectory x(¢) in position
space will typically not be a closed curve. For example, x(¢) may trace out
a roughly elliptical region in the plane, but where the axes of the ellipse
“precess,” that is, vary with time. Such a trajectory is shown in Fig. 2.3,
which should be contrasted with Fig. 2.2.

In the Kepler problem, even after restricting attention to the plane of
motion, we still have one conserved quantity in addition to £ and J, namely
the direction of A, which can be expressed in terms of the angle ¢ between
A and the z;-axis in the plane of motion. (Note that both terms in the
definition of A lie in the plane of motion. Note also that the magnitude of A
is, by Proposition 2.35, computable in terms of F and J.) The trajectories
of the Kepler problem, then, lie in the joint level sets of E and J and ¢,
which are one-dimensional. When E < 0, the joint level sets of E and J are
compact, in which case the joint level sets of £ and J and ¢ are compact
and one-dimensional, that is, simple closed curves.

Another special property of the Kepler problem is that the period of the
closed trajectories (the trajectories with negative energy) is the same for all
trajectories with the same energy (Exercise 21). This apparent coincidence
can be explained by showing that the Hamiltonian flows (Definition 2.28)
generated by J and A act transitively on the energy surfaces. These flows
commute with the time evolution of the system, because they are all con-
served quantities (Conclusion 2.31). Thus, any two points with the same
energy are “equivalent” with respect to time evolution. Although we will
not go into the details of this analysis, we will gain a better understanding
of the flows generated by the components of A in Sect. 18.4.

2.7 Hxercises

1. Consider a particle moving in the real line in the presence of a force
coming from a potential function V. Given some value Fy for the
energy of the particle, suppose that V(z) < Ey for all z in some
closed interval [xg,x1]. Then a particle with initial position zo and
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positive initial velocity will continue to move to the right until it
reaches z1. Using (2.6), show that the time needed to travel from x

to x1 is given by
T m
t= ——— dy.
/xg V 2(Eo — V(y))

Note: This shows that we can solve Newton’s equation in R! more
or less explicitly for time as a function of position, which in principle
determines the position as a function of time.

. In the notation of the previous problem, suppose now that V(z) < Ey
for g < x < x1, but that V(z1) = Ep.

(a) Show that if V’(x1) # 0, then the particle reaches 1 in a finite
time.

(b) Show that if V'(z1) = 0, then the time it takes the particle to
reach x; is infinite; that is, the particle approaches but never
actual reaches x;.

Note: In Part (b), the point x; is an unstable equilibrium for the
system, that is, a critical point for V' that is not a local minimum.

. Consider the equation of motion of a pendulum of length L,

d%6 g .

W + Z Sin 9 = 0,
where g is the acceleration of gravity. Here 6 is the angle between the
pendulum and the negative y-axis in the plane. This system has a
stable equilibrium at 6§ = 0 and an unstable equilibrium at 6 = .

Consider initial conditions of the form 6(0) = = — 6, #(0) = 0, for
0 < 6 < m/4. Fix some angle 0y and let T'(d) denote the time it takes
for the pendulum with the given initial conditions to reach the angle
0o. (Here 0y represents an arbitrarily chosen cutoff point at which the
pendulum is no longer “close” to § = 7.) Show that T'(§) grows only
logarithmically as 0 tends to zero.

Note: Logarithmic growth of T as a function of ¢ corresponds to
exponential decay of § as a function of 7. Thus, if we want T to be
large, we must choose d to be very small.

. Consider a particle moving in the real line in the presence of a
“repelling potential,” such that there is an A with V'(z) < 0 for
all x > A. Then a particle with initial position zy > A and positive
initial velocity will have positive velocity for all positive times. Sup-
pose now that V(z) = —x® for all z > 1, for some positive constant
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a. Suppose also that the particle is given initial position zy > 1 and
positive initial velocity. Show that for a > 2, the particle escapes to
infinity in finite time, but that for a < 2, the position of the particle
remains finite for all finite times.

Hint: Use Problem 1.

. Counsider the equation ma + v& + kx = 0, where v and k are positive

constants (the damping constant and spring constant, respectively).
Find the critical value 7. of v (for a fixed m and k) such that for
v < 7., we get solutions that are sines and cosines times a decaying
exponential and for v > ~., we get pure decaying exponentials.

. Continue with the notation of Exercise 5. Given particular choices

for m, «, and k, let r be the rate of exponential decay of a “generic”
solution to the equation of motion. Here, if the solution is of the form
ae” " cos(wt) + be "t sin(wt), the rate of exponential decay is r. If the
solution is of the form ae™"'* 4 be~"2!, then r = min(ry,rs), since
the slower-decaying term will dominate as long as a and b are both
nonzero.

For a fixed value of m and k, show that the maximum value for r
is achieved by taking v = ~.. (This accounts for the terminology
“critical damping” for the case in which v = ~..)

. Consider the R%-valued function F on R? \ {0} given by

F(xl,x2)=< 2 o )

_a:%—i-:z:%’ x%—i—:z:%
Show that OF) /0xe — OF/0x1 = 0 but that there does not exist any
smooth function V on R?\ {0} with F = —VV.
Hint: If F were of the form —VV, we would have

b
V) - Vixta)) = - [ Fexte) - G de

for every smooth path x() : [a,b] — R?*\{0}, by the fundamental
theorem of calculus and the chain rule.

. Counsider a particle moving in R™ with a velocity-dependent force law

given by
F(x,v) = -VV(x) + Fa(x,V),

where the velocity-dependent term Fo acts perpendicularly to the
velocity of the particle. (That is, we assume that v - Fo(x,v) = 0
for all x and v.) Let E denote the usual energy function E(x,v) =
im |v]>+V (x), unmodified by the presence of the velocity-dependent
term in the force. Show that E is conserved.
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9. (a) Ifr and 6 are the usual polar coordinates on R?, compute 90/
and 00/0xs.

(b) If x(-) denotes the trajectory of a particle of mass m moving in
R?, show that

d 1
O(x(1)) =

J(x(t), p(t))-

mr?

10. Prove Theorem 2.21, by imitating the proof of Proposition 2.18. You
may assume that every rotation can be built up as a product of
repeated rotations in the various coordinate planes (i.e., rotations in
the (z;, k) plane, for various pairs (j, k), where the same plane may
be used more than once).

11. Consider Hamilton’s equations for N particles moving in R", as in
Proposition 2.32. Show that the total momentum p = Zivzl p’ of the
system is a conserved quantity if and only if the quantity

Hx'4+a,....,x"4+ap'+a,...,pY +a), acR",

is independent of a for all x!,...,x" and p!,...,p" in R".

Hint: Use (the N-particle version of) Conclusion 2.31.

12. Let J denote the angular momentum of a particle moving in R2.
Let Rg denote a counterclockwise rotation by angle 6 in R2.

(a) If f is any smooth function on R*, show that

d
,JH(x,p) = —f (Rox, R
(.7} (o) = g (R Rop)

(b) Let H be any smooth function on R* and consider Hamilton’s
equations with this function playing the role of the Hamilto-
nian. Show that J is conserved (i.e., constant in time along any
solution of Hamilton’s equations) if and only if

H(Rgx, Rop) = H(x,p)

for all 6 in R and all x and p in R2. (This argument is a more
explicit way to obtain Conclusion 2.31.)

13. Suppose that f and g are smooth functions on R?" and that at least
one of the two functions has compact support. Show that

/n Rn{fvg}(x,p) d"x dnp —0.

Hint: Use integration by parts or Liouville’s theorem.
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14.

15.

16.
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Let X and Y be “vector fields” on R™, viewed as first-order differential
operators. This means that X and Y are of the form

X =
J

- 0 - 0
aj(x)%; Y:ij(x)%-
— J J

1 j=1

[If X(x) = (a1(x),...,an (x)), then the operator X is the directional
derivative in the direction of X. It is common to identify the vector-

valued function X with the associated first-order differential operator
X

Show that the commutator [X,Y] of X and Y, defined by
X,Y]= XY - VX
is again a vector field (i.e., a first-order differential operator).

Given a smooth function f on R?", define an operator Xy, acting on
C°°(R?"), by the formula

Xplg) =1{f. 9}
That is to say,
" of 0 of 0 >
X =Y (- L2,
! ; dz; dp;  Opj O,

The operator X; is called the Hamiltonian vector field associated
with the function f. (Here, as in Exercise 14, we identify vector fields
with first-order differential operators.)

(a) Show that for all f,g € C°°(R?*"), we have
Xirgy = X5, X,

where [Xf, Xg] = XfXg — Xng.

Hint: By Exercise 14, all terms in the computation of [ X, X 4] (h)
involving second derivatives of h can be neglected, since they will
always cancel out to zero.

(b) Use Part (a) to compute {{f, g}, h} = X(¢ 41 (h) and thereby ob-
tain another proof of the Jacobi identity for the Poisson bracket.

Recall the definition of a Hamiltonian vector field X ¢ in Exercise 15.

(a) Consider a smooth vector field X on R? (viewed as a first-order
differential operator as in Exercise 14) of the form

0 0
X(x) = gl(I,p)% +gz(x,p)a—p-



17.

18.

19.

20.

21.
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Show that X can be expressed as X = Xy, for some f €
C®°(R?), if and only X is divergence free, that is, if and only
if

991 , 99>
or dp

Hint: As in Proposition 2.7, given a pair of functions h; and ho
on R?, there exists a function f with df/0z = hy and 0f/0p =
he if and only if we have Ohq/0p = Oha/0x.

(b) Show that there exists a smooth vector field X on R* of the form

= Zi: (gg oz, " gj+2(x )aij)

V- X == =0.

such that

9yg; 89 j+2
VX ( iy Q02
Z oz: " op,
but such that there does not exist f € C*°(R*) with X = X;.

Hint: You should be able to find a counterexample in which the
coefficient functions g; are linear.

Show that the space of homogeneous polynomials of degree 2 on R?"
is closed under the Poisson bracket.

Determine the Hamiltonian flow on R? generated by the function
f(z,p) = zp.
Let J denote the angular momentum vector for a particle moving in

R3, namely J = x x p. Show that the components J;, Jo, and Js of
J satisty the following Poisson bracket relations:

{J1, 02} = T3y {J2,J3} = J1; {J3, i} = Jo.

In the Kepler problem, show that for each real number E and positive
number J, there exists e > 0 such that for all (x, p) with E(x,p) = E
and |J(x,p)| = J, we have |x| > .

Hint: Suppose that (x,,pn) is a sequence with |J(x,,p,)| = J and
|x,| tending to zero. Show that E(x,,py) tends to +oo.
(a) Determine the area of the ellipse in the plane of motion in Propo-
sition 2.37, in the case A < 1.

(b) Show that the time T it takes the particle to travel once around
the ellipse is given by

GM(_E)*3/2,

Sk
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where E is the “massless energy” of the particle, given by

E 1. GM

E=—=_|%--—".
m 2|X| |x|

Note in the case where the trajectory in the plane of motion is
elliptical, the energy of the particle is negative.

Note: The result of Part (b) is closely related to Kepler’s third law.
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