16

Lie Groups, Lie Algebras, and
Representations

An important concept in physics is that of symmetry, whether it be
rotational symmetry for many physical systems or Lorentz symmetry in
relativistic systems. In many cases, the group of symmetries of a system is
a continuous group, that is, a group that is parameterized by one or more
real parameters. More precisely, the symmetry group is often a Lie group,
that is, a smooth manifold endowed with a group structure in such a way
that operations of inversion and group multiplication are smooth. The tan-
gent space at the identity in a Lie group has a natural “bracket” operation
that makes the tangent space into a Lie algebra. The Lie algebra of a Lie
group encodes many of the properties of the Lie group, and yet the Lie
algebra is easier to work with because it is a linear space.

In quantum mechanics, the way symmetry is encoded is usually through
a unitary action of the group on the relevant Hilbert space. That is, we
assume we are given a unitary representation of the relevant symmetry
group G, that is, a continuous homomorphism of G into U(H), the group
of unitary operators on the quantum Hilbert space H. Actually, since two
unit vectors in H that differ only by a constant represent the same physi-
cal state, we should more properly consider projective unitary representa-
tions. A projective representation is a homomorphism of a group G into
U(H)/U(1), where U(1) is the group of complex numbers of magnitude 1,
thought of multiples of I in U(H). An ordinary or projective representa-
tion of a Lie group gives rise to an ordinary or projective representation
of its Lie algebra. The angular momentum operators, for example, form a
representation of the Lie algebra of the rotation group.
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Saying that, for example, the Hamiltonian operator of a quantum system
is invariant under rotations means that H commutes with the relevant
representation of the rotation group and thus also with the associated Lie
algebra operators. This commutativity, in turn, implies that the eigenspaces
for H are invariant under rotations. We will use this commutativity in
Chap. 18 to help us in determining the energy eigenvectors for the hydrogen
atom.

In this chapter, we will make a brief survey of Lie groups, Lie algebras,
and their representations. For our purposes, it suffices to consider matriz
Lie groups, those that can be realized as closed subgroups of the group of
n X n invertible matrices. Inevitably, I have had to present some of the
deeper results without proof. Proofs of all results stated here can be found
n [21]. The results of this chapter will be put to use in Chap. 17, in our
study of angular momentum, and in Chap. 18, in our study of the hydrogen
atom.

16.1 Summary

In this chapter, we will consider a matrix Lie group G, which is, by defini-
tion, a (topologically) closed subgroup of some GL(n;C), where GL(n; C) is
the group of n x n invertible matrices with complex entries. To each such
G, we will associate the Lie algebra g of G, where g is a real subspace of
M,,(C), the space of all n x n matrices. We will see that G is automatically
an embedded real submanifold of M, (C) and that g is the tangent space
of G at the identity matrix.

Now, g is not just a real vector space, but comes with a “bracket” opera-
tion mapping g x g into g. Specifically, we will show that for all X and Y in
g, the matrix XY —Y X belongs again to g. Thus, we define our bracket by
setting [X, Y] equal to XY — Y X. As it turns out, the Lie algebra g, as a
vector space with the bracket operation, encodes a lot of information about
the group G. On the other hand, computing at the level of the Lie algebra
is generally easier than computing at the group level, simply because g is
a linear space.

We will be interested in unitary representations of our group G, that is,
continuous homomorphisms of G into U(H), the group of unitary operators
on a Hilbert space. If we restrict attention, at first, to the case in which
H is finite dimensional, then each representation II of G gives rise to a
representation 7w of the Lie algebra g of G. That is to say, 7 is a linear
map of g into the space of linear maps of V to V| satisfying n([X,Y]) =
[7(X),m(Y)]. A deeper question is whether every representation = of g
comes from a representation II of G. As it turns out, the answer in general
is no, but the answer is yes if G is simply connected.



16.2 Matrix Lie Groups 335

We may consider, for example, the case G = SO(3). This group is not
simply connected. On the other hand, the Lie algebra so(3) of SO(3) is iso-
morphic to the Lie algebra su(2) of SU(2), and SU(2) is simply connected.
[That is, SU(2) is the “universal cover” of SO(3).] Thus, given a represen-
tation 7 of so(3), there may or may not be an associated representation II
of SO(3). Even if there is not, however, there is always a representation I’
of the group SU(2).

In quantum mechanics, the vector e?1) represents the same physical
state as 1. Thus, it is natural to consider “projective” unitary representa-
tions, that is, homomorphisms of G into the quotient group U(H)/{e?I}.
In the finite-dimensional case, each projective representation can be “de-
projectivized” at the level of the Lie algebra g of G. We can then pass
from the Lie algebra to the universal cover of GG, that is, the simply con-
nected group with Lie algebra g. In particular, in the finite-dimensional
case, the irreducible projective unitary representations of SO(3) are in one-
to-one correspondence with irreducible ordinary unitary representations of
the universal cover SU(2) of SO(3). Although the Hilbert spaces of phys-
ical systems are usually infinite dimensional, for compact groups such as
SO(3), general unitary representations can be decomposed as direct sums
of finite-dimensional ones. (See, e.g., Proposition 17.19 and the discussion
following it.)

16.2 Matrix Lie Groups

Let M,,(C) denote the space of n x n matrices with complex entries. We
identify M, (C) with €™, equipped with the usual topology. Thus, a se-
quence A,, in M, (C) converges to a matrix A € M,,(C) if (4,,),x converges
to Aji as m tends to infinity, for all 1 < j, k < n. Let GL(n;C) denote the
general linear group, consisting of all invertible n x n matrices with com-
plex entries. Then GL(n;C) forms a group under the operation of matrix
multiplication. Furthermore, GL(n; C)—that is, the set of A € M,,(C) with
det A # 0—is an open subset of M, (C). Since M, (C) is a complex vector
space of dimension n2, it may be identified with C** = R2""_ Since GL(n; C)
is an open subset of M,,(C), it looks locally like R2"" and is therefore a real
manifold of dimension 2n2.

Definition 16.1 A subgroup G of GL(n;C) is closed if for each sequence
Ay in G that converges to a matriz A, either A is again in G or A is not
invertible. A matriz Lie group is a closed subgroup of some GL(n;C).

A subgroup G of GL(n; C) is closed if it is topologically closed as a subset
of GL(n;C)—but not necessarily as a subset of M, (C). We will see that
each matrix Lie group is a real embedded submanifold of GL(n; C) and thus
is a Lie group.
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Definition 16.2 If G; and G5 are matriz Lie groups, then a Lie group
homomorphism of Gy to G is a continuous group homomorphism of Gy
into Go. A Lie group homomorphism is called a Lie group isomorphism
if it is one-to-one and onto with continuous inverse. Two matriz Lie groups
are called isomorphic if there exists a Lie group isomorphism between
them.

Example 16.3 The real general linear group, denoted GL(n,R), is the
group of invertible n X n matrices with real entries. The groups SL(n,C)
and SL(n,R) are, respectively, the groups of complex and real matrices with
determinant 1. They are called the special linear groups.

Example 16.4 An n x n matric U € M,(C) is said to be unitary if
U*U =UU* =1. A matriz U is unitary if and only if

(Uv,Uw) = (v, w)

for all v,w € C™. The group of unitary matrices is denoted U(n) and called
the (n X n) unitary group. The special unitary group, denoted SU(n),
is the subgroup of U(n) consisting of unitary matrices with determinant 1.

The condition (U*U);r = d;, is equivalent to the condition that the
columns of U form an orthonormal set in C", as can be seen by direct
computation. Geometrically, the condition U*U = I is equivalent to the
condition that (Uvy,Uvs) = (v1,vs9) for all v1,ve € C", i.e., that U pre-
serves the inner product on C". By taking the determinant of the condition
U*U = I, we see that |det U| =1 for all U € U(n).

In this, the finite-dimensional case, the condition U*U = [ implies that
U~ is the inverse of U and thus that UU* = I. This result does not hold
in the infinite-dimensional case.

Example 16.5 An n x n real matriz R € M, (R) is said to be orthogonal
if R" R = RR' = 1. A matriz R is orthogonal if and only if

(Rv, Rw) = (v, w)

for all vyw € R™. The group of orthogonal matrices is denoted O(n) and
is called the (n x n) orthogonal group. The special orthogonal group,
denoted SO(n), is the subgroup of O(n) consisting of orthogonal matrices
with determinant 1.

As in the unitary case, the condition R R = I implies that RR!" = I
and that the columns of R form an orthonormal set in R™. Geometrically,
a real matrix R is in O(n) if and only if (Rvy, Rve) = (v1,vs) for all
v1,v9 € R™, i.e., if and only if R preserves the inner product on R™. By
taking the determinant of the condition R"R = I we see that det R = +1
for all R € O(n).

It is easy to verify that all the groups in Examples 16.3, 16.4, and 16.5
are, indeed, subgroups of GL(n,C) and that they are closed.
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Definition 16.6 A matriz Lie group G is connected if for all A,B € G
there is a continuous path A : [0,1] — M,(C) such that A(0) = A and
A(1) = B and such that A(t) lies in G for all t. A matriz Lie group G is
simply connected if it is connected and every continuous loop in G can
be shrunk continuously to a point in G. A matriz Lie group G is compact
if it is compact as a subset of M, (C) = R27°

By the Heine-Borel theorem (e.g., Proposition 0.26 of [12]), a matrix
Lie group G is compact if and only if it is a closed and bounded subset
of M,,(C). The condition we are calling “connected” is, more properly, the
condition of being path connected. We will see, however, that each matrix
Lie group is an embedded real submanifold of M, (C) and is, therefore,
locally path connected. For matrix Lie groups, then, connectedness and
path connectedness are equivalent.

To prove that a matrix Lie group G is connected, it suffices to prove that
for all A € G, there is a continuous path in G connecting A to I. After all,
if both A and B can be connected to I, then they can be connected to each
other.

Example 16.7 The groups O(n), SO(n), U(n), and SU(n) are compact.

Proof. The conditions defining these groups are obtained by setting certain
continuous functions equal to a constant. The group SU(n), for example, is
defined by setting (U*U) jr = 0, for each j and k and by setting det U = 1.
These groups are thus closed not just as subsets of GL(n;C) but also as
subsets of M,,(C). Furthermore, each of these groups has the property that
each column of any matrix in the group is a unit vector. Thus, each group
is a bounded subset of M, (C). m

Example 16.8 The group U(n) is connected.

Proof. If U € M,(C) is unitary, then U has an orthonormal basis of
eigenvectors with eigenvalues of absolute value 1. Thus, there is another
unitary matrix V' (the change of basis matrix) such that

eiel
ei@g
U=V v
oifn
for some real numbers 61,6, ...,0,. Thus, we can define a family U(t) of
unitary matrices by setting
e’itel
e’it@z
Uuit)y=Vv ) VL
' iton
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Then U(-) is a continuous path lying in U(n) with U(0) = I and U(1) = U.
u

Example 16.9 The group SU(2) is simply connected.

Proof. We claim that

wo-{(5 )

It is easy to see that each matrix of the indicated form is indeed unitary and
has determinant 1. On the other hand, if U is any element of SU(2), then
the first column of U is a unit vector («, 8) € C2 The second column of
U must then be orthogonal to («, 8). Since (—3, @) is orthogonal to (a, 3)
and C? is 2-dimensional, the second column of U must be a multiple of
(—f,a). But the only multiple that produces a matrix with determinant
1is 1.

We see, then, that SU(2) is, topologically, the unit sphere S* inside C? =
R* and is, therefore, simply connected. m

a,BeC, |of+]|87= 1}.

16.3 Lie Algebras

We now introduce the general algebraic concept of a Lie algebra. Once this
is done, we will show how to associate a real Lie algebra with an arbitrary
matrix Lie group.

Definition 16.10 A Lie algebra over a field F is a vector space g over

F, together with a “bracket” map [-,-] : g X g — @ having the following
properties:

1. [-,-] is bilinear

2. [V, X]|=—-[X,Y] foradl X,Y € g

3. [X,X]=0forall X €g
4. For all XY, Z € g we have the Jacobi tdentity

(X, IV, 21 + [V, [Z, X)) + [ 2, [X, Y]] = 0.

If the characteristic of F is not equal to 2, then Property 3 is a conse-
quence of Property 2. If F = R, then we say that g is a real Lie algebra. An
example of a real Lie algebra is the vector space R? with the bracket equal
to the cross product. Properties 1, 2, and 3 are evident from the definition
of the cross product, while the Jacobi identity is a known property of the
cross product that can be verified by direct calculation.

A large class of Lie algebras may be obtained by the following procedure.
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Example 16.11 Let A be an associative algebra and let g be a subspace of
A with the property that for all z,y in g, vy — yx is again in g. Then the
bracket

[z,y] = 2y —yx

makes g into a Lie algebra.

In Example 16.11, we may take, for example, g = A. It is evident that
this bracket satisfies Properties 1, 2, and 3 of a Lie algebra, and the Ja-
cobi identity is easily verified by direct calculation. As it turns out, every
Lie algebra is isomorphic to a Lie algebra of this type. (This claim is a
consequence of the Poincaré-Birkhoff-Witt theorem, which is proved, for
example, in Sect. 5.2 of [25]. The algebra A in the Poincaré-Birkhoff-Witt
theorem is the so-called universal enveloping algebra of g.)

Definition 16.12 If g; and g2 are Lie algebras, a map ¢ : g1 — g2 i
called a Lie algebra homomorphism if ¢ is linear and ¢ satisfies

O([X,Y]) = [6(X), (Y]

for all X,Y € g1. A Lie algebra homomorphism is called a Lie algebra
isomorphism if it is one-to-one and onto.

Definition 16.13 If g is a Lie algebra, a subalgebra of g is a subspace b
of g with the property that [X,Y] € b for all X and Y in b. An ideal in g
is a subalgebra by of g with the stronger property that [X,Y] € b for all X
mgandy inb.

The notion of a subalgebra of a Lie algebra is analogous to the notion
of a subgroup of a group, while the notion of an ideal in a Lie algebra is
analogous to the notion of a normal subgroup of a group. In particular,
the kernel of any Lie algebra homomorphism is an ideal, just as the kernel
of a group homomorphism is a normal subgroup.

Definition 16.14 The direct sum of Lie algebras g1 and g2, denoted
g1 D g2, is the direct sum of g1 and g2 as a vector space, equipped with the
bracket given by

[(le Yl)v (X27 Y2)] = ([le X2]7 [Ylv YQ])

for all X1,X5 € g1 and Y1,Ys € go.

16.4 The Matrix Exponential

In the next section, we will associate a Lie algebra with each matrix Lie
group. To describe this association, we need the notion of the exponential
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of a matrix. Given a matrix X € M, (C), we define the matriz exponential
of X, denoted by eX or exp(X), by the usual power series,

oo

xm
€X: ZW,

m=0

where X = I (the identity matrix). This series converges absolutely for
all X € M,,(C), as can easily be seen using the inequality || X™| < || X||™,
where || X|| is the operator norm of X; see Definition A.35. (In this, the
finite-dimensional case, we could just as well use the Hilbert—Schmidt norm,
which amounts to using the usual Euclidean norm on M, (C) = C"’. See
Exercise 3.) The matrix exponential shares some but not all of the proper-
ties of the exponential of a number.

Theorem 16.15 The matriz exponential has the following properties for
all X,Y € M, (C).

1. =1
2. X" = (eX)t and X" = (eX)*
8. If A is an invertible n x n matriz, then

1 3
eAXAT = AeX AL

det(ex) _ etrace(X)

If XY =YX then eX1Y =XV

X

eX is invertible and (eX)~1

= e_X

X S &

Even if XY # Y X, we have

m
XY = lim (eX/meY/m) .
m—r 00

Here X' and X* denote the transpose and adjoint (conjugate transpose)
of X, respectively. Property 7 is known as the Lie Product Formula and is
a special case of the Trotter Product formula (Theorem 20.1). Properties
1, 2, and 3 are easily verified using term-by-term computation. Property 6
follows from Property 5 by taking Y = —X and applying Property 1. The
proofs of Properties 4, 5, and 7 are outlined in Exercises 5, 6, and 7.

Suppose a matrix X is diagonalizable, meaning that

A 0
X=A AL
0 An
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for some invertible matrix A and complex numbers Aj, Ao, ..., A,. Then
using Property 3 of Theorem 16.15, it is easy to see that

eM 0
eX=A AL

0 ern

If X is not diagonalizable, eX can be computed in terms of the SN decom-
position of X. See Sect. 2.2 of [21] for details.

x=(%5)

X cosa sina
~\ —sina cosa /)’
Proof. The eigenvalues of X are *+ia and the corresponding eigenvectors
are (1, +4). Thus, we may calculate that

= (527 e (S )

B 1 _,L'(eia +e*ia) _eia +67ia
- Z eia _ e*ia _Z'(eia 4 efia) )

Example 16.16 If

then

which simplifies to the desired result. m
The relation eX ™Y = eXeY certainly does not hold for general (noncom-
muting) matrices X and Y. Nevertheless, for any X € M,,(C) we have
e(s-l—t)X _ esXetX
for all s and ¢ in R, since sX commutes with tX. Thus, for each X, the set
of matrices of the form e'X, t € R, forms a subgroup of GL(n;C). It is not
hard to show (Exercise 4), using term-by-term differentiation, that

d
—el =X (16.1)
at |,

Here, the derivative of a matrix-valued function is defined as being entry-
wise. [That is, if f(¢) is a matrix-valued function, df /dt is the matrix-valued
function whose (7, k) entry is d(f(¢);x)/dt.]

Definition 16.17 A one-parameter subgroup of GL(n;C) is a continu-
ous homomorphism of R into GL(n;C), that is, a continuous map A : R —
GL(n; C) such that A(0) =1 and A(s+t) = A(s)A(t) for all s,t € R.
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Theorem 16.18 If A(-) is a one-parameter subgroup of GL(n;C), there
exists a unique X € My (C) such that

A(t) =¥
for allt € R.

This is Theorem 2.13 in [21].

16.5 The Lie Algebra of a Matrix Lie Group

We now associate a Lie algebra g to each matrix Lie group G.

Definition 16.19 If G C GL(n;C) is a matriz Lie group, then the Lie
algebra g of G is defined as follows:

g:{XEMn((C)’etXerorallteR}.

That is to say, X belongs to g if and only if the one-parameter subgroup
generated by X lies entirely in GG. Note that to have X belong to g, we
need only have etX belong to G for all real numbers t.

Proposition 16.20 For any matriz Lie group G, the Lie algebra g of G
has the following properties.

1. The zero matriz 0 belongs to g.

2. For all X in g, tX belongs to g for all real numbers t.
3. For all X andY in g, X +Y belongs to g.

4. Forall A€ G and X € g we have AXA™! € g.

5

. For all X and Y in g, the commutator [X,Y] := XY — Y X belongs
to g.

The first three properties of g say that g is a real vector space. Since

M, (C) is an associative algebra under the operation of matrix multipli-
cation, the last property of g shows that g is a real Lie algebra (Exam-
ple 16.11).
Proof. Points 1 and 2 are elementary, and Point 3 follows from the Lie
product formula, using the assumption that G is closed. Point 4 follows
from Property 3 in Theorem 16.15. To verify Point 5, we observe that the
commutator [X,Y] may be computed as

d
[(X,Y] = —eXye ™| |
dt —o
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using (4) and an easily verified product rule for differentiation of matrix-
valued functions. For X,Y € g, e!XYe "X belongs to g for all t € R, by
Point 4. Furthermore, we have already shown that g is a real subspace of
M,,(C) and therefore a closed subset of M, (C). Thus,

hXY —hX Ve
[X,Y] = lim e re =1
h—0 h

belongs to g. m

Example 16.21 Let gl(n; C), gl(n;R), sl(n; C), and sl(n;R) denote the Lie
algebras of GL(n;C), GL(n;R), SL(n;C), and SL(n;R), respectively. Then
we have

Proof. Let us consider, for example, the case of sl(n; C). By Property 4 of
Theorem 16.15, if trace(X) = 0, then

det(etx) — ettrace(X) _ 60 =1,
so that e € SL(n;C). In the other direction, if X € sl(n;C), then by
the above calculation, we must have e'"2¢(X) = 0 for all ¢t € R, which is

possible only if trace(X) = 0. The proofs of the other cases are similar and
are omitted. m

Example 16.22 The Lie algebras u(n) and su(n) of U(n) and SU(n) are
given by

un) ={X e M,,(C)|X*=-X}
su(n) = {X € u(n) [trace(X) =0} .

The Lie algebra so(n) of SO(n) is given by
so(n) = {X € M,(R) | X" =-X}.
Finally, the Lie algebra of O(n) is equal to so(n).
Proof. If X* = —X, then by Property 2 of Theorem 16.15,
(e X)* = X" = e=tX = (X)L,
showing that e*¥ is unitary. In the other direction, if e*¥ is unitary for all

t € R, then (e!X)* = (e"X)~! = e~ X, Thus, e = e~*X. Differentiating
this relation at ¢t = 0, using (16.1), gives X* = —X. Thus, the Lie algebra of
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U(n) consists exactly of the matrices with the property that X* = —X. For
the Lie algebra of SU(n), we add the trace-zero condition, as in the proof
of Example 16.21. The calculations for SO(n) are similar and are omitted.
Note that if X € M, (R) satisfies X" = — X, then the diagonal entries of X
are zero and, thus, trace(X) is automatically 0. This observation explains
why the Lie algebras of O(n) and SO(n) are the same. m

Specializing Proposition 16.22 the case n = 3 gives

0 a b
so(3) = —a 0 ¢ ||a,b,ceR
-b —c O

We can use the following basis for so(3):

00 0 00 1 0 -1 0
Fe=|00 -1 |;FR:= 000 ]|;m=1 00
01 0 -1 0 0 0 00

(16.2)

Direct calculation establishes the following commutation relations for the
F j ’s:

[F1, Fy] = F3

[Fy, F3] = Fy

[F5, Fy] = Fb. (16.3)
More concisely, we have [Fy, F5] = F3, together with relations obtained

from this one by cyclic permutation of the indices. Note that all remaining
commutation relations follow from (16.3) by means of the skew-symmetry
of the bracket; we have, for example, [Fy, F1] = —F3 and [Fy, Fy] = 0.

16.6 Relationships Between Lie Groups and Lie
Algebras

In this section, we explore the relationships between matrix Lie groups and
their Lie algebras. In particular, we investigate the question of the extent
to which a matrix Lie group is determined (up to isomorphism) by its Lie
algebra. We begin by showing that every Lie group homomorphism gives
rise to a Lie algebra homomorphism in a natural way.

Theorem 16.23 Suppose Gy and Go are matriz Lie groups with Lie al-
gebras g1 and g, respectively, and suppose ® : G1 — G is a Lie group
homomorphism. Then there exists a unique linear map @ : g1 — go such

that
(I)(etX) _ etqb(X)
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for all t € R and X € g. This linear map has the following additional
properties:

1. ¢([X,Y]) = [(X),6(Y)] for all X,Y € g
2. p(AXA™Y) = d(A)p(X)P(A)! forall A€ G and X € g
3. ¢(X) may be computed as

g (X

OX) = 5

t=0

Point 1 shows that ¢ is a Lie algebra homomorphism. Part of the assertion
of Point 3 of the theorem is that ®(e!X) is a smooth function of t for each X.

To construct ¢, note that since ® is a continuous homomorphism, the
map t — ®(e!X) is a one-parameter subgroup. By Theorem 16.18, there
exists a unique Y such that ®(e!X) = ¥ for all t € R. We then set
¢(X) = Y. An argument similar to the proof of Proposition 16.20 then
establishes the desired properties of ¢. See the proof of Theorem 2.21 in
[21] for the details.

Corollary 16.24 Suppose that G1 and G2 are matrixz Lie groups with Lie
algebras g1 and gz, respectively. If Gy is isomorphic to Ga, then g1 is iso-
morphic to go.

Proof. See Exercise 11. m

Our next task is to show that for any matrix Lie group G, the Lie algebra
g of GG is large enough to capture what is happening in a neighborhood of
the identity in G. This will show, for example, that for connected matrix
Lie groups, a Lie group homomorphism is determined by the corresponding
Lie algebra homomorphism.

Theorem 16.25 Let G be a matriz Lie group with Lie algebra g. Then
there exists a neighborhood U of 0 in M, (C) and a neighborhood V of I in
M,,(C) such that the matriz exponential maps U diffeomorphically onto V
and such that for all X € U, we have that X belongs to g if and only if eX
belongs to G.

See Theorem 2.27 in [21]. This result has a number of important conse-
quences.

Corollary 16.26 Fuvery matriz Lie group G C GL(n;C) is a real embedded
submanifold of M,,(C) with the dimension of G equal to the dimension of
g as a real vector space.

The claim means, more precisely, that for each A € G, there exists a
neighborhood U of A and a diffeomorphism ® of U with a neighborhood
V of 0 in R2"” such that ®(U N G) = V NR?, where d = dim g. That is to
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say, after a change of coordinates, G “looks” locally like a little piece of R?
sitting inside M, (C) = R2""

Proof. We use exponential coordinates in the neighborhood V of I in
M,,(C), meaning that we write each element A of V as A = e¥, with
X € U. Theorem 16.25 says that near the identity, in these coordinates, G
“looks like” the real vector space g inside M,,(C). Given any other point
A € G, we can use left multiplication by A~! to move the action to the
identity (Exercise 17), with the result that G looks like g C M,,(C) near A.
Thus, G is a real embedded submanifold of dimension d = dimg. =

Corollary 16.27 The Lie algebra g of a matriz Lie group G is the tangent
space to G at I. That is to say, g coincides with the set of those X in M, (C)
for which there exists a smooth curve v : R — M, (C) lying entirely in G
and such that v(0) = I and v'(0) = X.

Proof. If X € g, then X is the derivative of !X at ¢ = 0, so g is contained
in the tangent space at I. In the other direction, if v is any smooth curve
in M, (C) that lies entirely in G and passes through I at ¢ = 0, then by
Theorem 16.25, we can express vy as y(t) = () (at least for small t), where
0 is a smooth curve in g with §(0) = 0. It is then easy to see (Exercise 8)
that 4/(0) = ¢’(0). But if 6 lies in g, then §’(0), which equals 4/(0), also lies
in g, as in the proof of Proposition 16.20. Thus, the tangent space at [ is
contained in g. m

Corollary 16.28 If a matriz Lie group G is connected, then for all A € G
there exists a finite sequence X1, Xo, ..., XN of elements of g such that

A=eXeXe. . eXN,

Proof. If G is connected in the sense of Definition 16.6 (which really means
that G is path connected), then G is certainly connected in the usual topo-
logical sense of having no nontrivial sets that are both open and closed.
Let U denote the set of points in G that can be expressed as a product
of exponentials of elements of g. This set is open in G because if A € U
and B € G is close to A, then A™'B is close to I in G, and therefore
A7'B = X for some X € g. Thus, B = AeX, which means that B is also
a product of exponentials. In the other direction, if B € G is in the closure
of U, then there is some element A of U that is close to B. We then have,
again, that B = AeX for some X € g, which, again, means that B € U.
Now, G is connected and U is both open and closed. Since U is nonempty
(I€U),wehave U =G. m

Corollary 16.29 Suppose that G1 and G2 are matriz Lie groups with
Lie algebras g1 and gs, respectively. Suppose that &1 : G1 — G2 and
d, 1 Gy — Go are Lie group homomorphisms, with associated Lie algebra
homomorphisms ¢1 and ¢, respectively. If G is connected and ¢1 = ¢,
then (1)1 = (1)2.
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Proof. The result follows from Corollary 16.28 and the condition ®;(eX) =
e X)) j=1,2. m

We have seen that a homomorphism of matrix Lie groups gives rise to a
homomorphism of the associated Lie algebra, and (Corollary 16.29) that if
the domain group is connected, the Lie algebra homomorphism determines
the Lie group homomorphism. A more difficult question is whether we can
go in the opposite direction, from a Lie algebra homomorphism to a Lie
group homomorphism. That is to say, given a Lie algebra homomorphism
between the Lie algebras of two matrix Lie groups, does there exist a Lie
group homomorphism related in the usual way to the Lie algebra homomor-
phism? The answer turns out to be yes, provided that the domain group
G is connected and simply connected (i.e., that every continuous loop in
G1 can be shrunk continuously in G; to a point).

Theorem 16.30 Suppose that G1 and G4 are matriz Lie groups with Lie
algebras g1 and g2, respectively, and suppose that ¢ : g1 — g2 is a Lie
algebra homomorphism. If Gy is connected and simply connected, then
there exists a unique Lie group homomorphism ® : G1 — G5 such that ®
and ¢ are related as in Theorem 16.23.

One way to prove this deep result is to make use of the Baker—Campbell-
Hausdorff formula. (See, e.g., Chap. 3 of [21].) This formula states that for
all sufficiently small X and Y in M,,(C) we have

eXeY — oXAY+H3[X Y415 X [X Y] - 5[V [X Y]]+

Here - -- denotes terms that are expressible in terms of repeated commu-
tators involving X and Y, with coefficients that are “universal,” that is,
independent of n (the size of the matrices) and of the choice of X and YV in
M, (C). Given a Lie algebra homomorphism ¢ : g3 — go2, one can use the
Baker—Campbell-Hausdorff formula to construct a “local homomorphism,”
mapping a neighborhood of the identity in G; into Ga. If G is connected
and simply connected, it is possible to extend this local representation to a

global representation. See Sect. 3.6 of [21] for the details of this construc-
tion.

Corollary 16.31 Suppose that G1 and G2 are matrixz Lie groups with Lie
algebras g1 and go, respectively. If G1 and Gz are connected and simply
connected and g1 is isomorphic to go, then Gy is isomorphic to Gs.

Proof. Suppose ¢ : g1 — g2 is a Lie algebra isomorphism. Since G is
connected and simply connected, there exists a Lie group homomorphism
d : G1 — Gs related in the usual way to ¢. Since G2 is connected and
simply connected, there exists a Lie group homomorphism ¥ : Go — G;
related in the usual way to ¢~!. Consider now the homomorphism ¥ o ® :
Gl — Gl.
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By the composition property of Lie algebra homomorphisms (Exercise 10),
the Lie algebra homomorphism associated with Wo® is ¢! o¢ = I. It then
follows from Corollary 16.29 that ¥ o® = I. A similar argument shows that
® o ¥ =], which means that ® is a Lie group isomorphism. m

Corollary 16.31 does not hold without the assumption that both groups
are simply connected, as the following important example shows.

Example 16.32 The Lie algebras su(2) and so(3) are isomorphic, but the
groups SU(2) and SO(3) are not isomorphic.

Since SU(2) is simply connected (Example 16.9), SO(3) must fail to be
simply connected. Indeed, m1(SO(3)) = Z/2, as can be seen from Exam-
ple 16.34.

Proof. The Lie algebra su(2) of SU(2) is the space of 2 x 2 skew-self-adjoint
matrices with trace zero. Explicitly,

B ia b+ ic
5”(2)_{< ~b+ic —ia )

We may consider the following basis for su(2):

1/4 0 1/ 01 1/0 i
El_E(o —i)’ EQ‘é(—1 0)’ E3_§<z' 0)'(16'4)

Direct calculation shows that [Eq, Es] = E3 and relations obtained from
this by cyclic permutation of the indices. These are the same relations as
those satisfied by the basis elements F;, j = 1,2,3, for so(3) in (16.2)
and (16.3). Thus, there is a Lie algebra isomorphism ¢ : su(2) — so(3) such
that ¢(E;) = Fj, j =1,2,3.

On the other hand, there can be no isomorphism between SU(2) and
SO(3), since SU(2) has a nontrivial center (containing at least I and —1I),
whereas the center of SO(3) is trivial (Exercise 14). m

a,b,ceR}.

Definition 16.33 Suppose G is a connected matrix Lie group with Lie
algebra g. A universal cover of G is an ordered pair (é, D) consisting
of a simply connected matriz Lie group G and a Lie group homomorphism
® : G — G such that the associated Lie algebra homomorphism ¢ : § — g
is an isomorphism of the Lie algebra § of G with g. The map ® is called
the covering map for G.

Although each Lie group has a universal cover that is again a Lie group,
the universal cover of a matriz Lie group may not be isomorphic to any
matrix Lie group. [The universal cover of SL(2;R), e.g., is not a matrix Lie
group.] It can be shown, however, that if a matrix Lie group G is compact,
then the universal cover of G is again a matrix Lie group (not necessarily
compact).

Suppose G is any simply connected Lie group with a Lie algebra § that
is isomorphic to g. The choice of a particular isomorphism ¢ : g — g gives
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rise, by Theorem 16.30, to a Lie group homomorphism & : G — G, so that
(G, ®) is a universal cover of G.

If (G,®) is a universal cover of G, it is often convenient to use the
isomorphism ¢ to identify g with g. If we follow this convention, we may
say that a universal cover of G is a simply connected group G having “the
same” Lie algebra as G.

If (G1,®,) and (Go, ®3) are two universal covers of a given matrix Lie
group G, then there is a unique Lie group isomorphism ¥ : G1 — G5 such
that ®o(W(A)) = ®1(A) for all A € Gy. (This result follows easily from
Corollary 16.31.) In light of this uniqueness result, we will often speak of
“the” universal cover of G.

Example 16.34 Let ® : SU(2) — SO(3) be the unique Lie group homo-
morphism for which the associated Lie algebra homomorphism ¢ satisfies
¢(E;) =Fj,j=1,2,3. Thenker® = {I,—I} and (SU(2),®) is a universal
cover of SO(3).

Proof. Since F; is diagonal, it is easy to see that e?™F1 = —J in SU(2).
On the other hand, by a trivial extension of Example 16.16, we have

1 0 0
et = 0 cosa —sina
0 sina cosa

for all a € R. In particular, et = I. Thus,
O(—1) = B(*™Fr) = 2™ = .

This shows that —I belongs to the kernel of ®.

Now, since ¢ is injective, ® is injective in a neighborhood of I. After all,
given distinct elements A and B of SU(2) near I, Theorem 16.25 tells us
that we can express A as eX and B as ¢¥, with X and Y being distinct
small elements of su(2). Then ¢(X) and ¢(Y) are distinct small elements
of so(3). Applying Theorem 16.25 again tells us that ®(A4) = ¢?X) and
®(B) = e?Y) are distinct.

We see, then, that ker @ is a discrete normal subgroup of SU(2). But a
standard exercise (Exercise 1) shows that a discrete normal subgroup of a
connected group is automatically central. On the other hand, it is easily
verified (Exercise 2) that the center of SU(2) is {I, —I}, so ker ® cannot be
larger than {I,—T}.

To show that ® maps onto SO(3), we first verify (Exercise 13) that each
element R of SO(3) can be expressed as R = e, with X € so(3). Since ¢
is surjective and ®(eX) = e?(X) & maps onto SO(3). m
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16.7 Finite-Dimensional Representations of Lie
Groups and Lie Algebras

A representation of a group G is a homomorphism II of G into GL(V),
the group of invertible linear transformations on some vector space. If II
is injective then G is isomorphic to its image under II; thus, II serves to
“represent” G concretely as a group of invertible linear transformations.
(We continue to use the term “representation” even if II is not injective.)
Similarly, a representation of a Lie algebra g is a Lie algebra homomorphism
of g into gl(V), the space of all linear transformations of V, where we equip
gl(V) with the bracket [X,Y] := XY — YV X.

Recall that an action of a group G on a set X is a map from G x X to X,
denoted (g, z) — g-x satisfying e-x = x forallx € X and g-(h-x) = (gh)-x
for all g,h € G and z € X. A representation II of G on some vector space
V gives rise to a linear action of G on V, given by g-v = II(g)v. (A linear
action is an action for which the map v — g - v is linear for each g.) Thus,
we may use ¢ - v as an alternative notation to II(g)v, when convenient.

16.7.1  Finite-Dimensional Representations

If G is a matrix Lie group, then G is already represented as a group of
matrices. Nevertheless, it is of interest [as we will see in Chap. 17 in the
case G = SO(3)] to explore other representations of G. Since a matrix Lie
group has a topological structure (inherited from M,,(C)), it is natural to
require representations to be continuous. It is also simpler to deal at first
with finite-dimensional representations, that is, those where the vector
space in question is finite dimensional, although eventually we will need to
consider infinite-dimensional representations as well. This discussion leads
to the following definition.

Definition 16.35 Let G C GL(n;C) be a matriz Lie group. A finite-
dimensional representation of G is a continuous homomorphism of G
into GL(V), the group of invertible linear transformations of a finite-
dimensional vector space V.

We will assume that all of our vector spaces are over the field C, even
though it is occasionally of interest to consider also representations over R.
The topology on GL(V) is defined by picking a basis, and thereby identifying
the space of linear maps of V' to V' with M, (C). We then use the subset
topology on GL(V) 2 GL(n;C) C M, (C). This topology is easily seen to
be independent of the choice of basis.

An important example of representations in quantum theory arises from
the time-independent Schrodinger equation in R™, namely the equation
H ¢ = Ev, for a fixed constant £ € R. If H is invariant under rotations,
then the space of solutions to this equation is invariant under rotations.
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Note that an individual solution % to this equation may or may not be a
rotationally invariant (i.e., radial) function. But if H is rotationally invari-
ant, then rotating a solution to H 1 = E1 will give another solution of this
equation. Even if the quantum Hilbert space is infinite dimensional, the
solution spaces to H 1 = E1 are typically finite dimensional and consti-
tute finite dimensional representations of the group SO(n) of rotations. If
we can understand what all possible finite-dimensional representations of
SO(n) look like, we will have made a lot of progress in understanding solu-
tions to H 1) = F1 in the rotationally invariant case. This line of reasoning
will be explored in detail in Chap. 18.

We may consider as well finite-dimensional representations of Lie alge-
bras. Assuming our Lie algebra g is finite dimensional (which is the only
case we will consider in this chapter), there is no need to impose a re-
quirement of continuity, since a linear map of one finite-dimensional real
or complex vector space to another is automatically continuous.

Definition 16.36 A finite-dimensional representation of a Lie algebra
g is a Lie algebra homomorphism of g into gl(V'), the space of all linear
transformations of V. Here gl(V') is considered as a Lie algebra with bracket
given by [X,Y] = XY -YX.

We typically consider Lie algebras defined over the field R, since the Lie
algebra of a matrix Lie group is in general only a real subspace of M,,(C).
Nevertheless, it is convenient to consider vector spaces over C. If g is a
real Lie algebra and V', and therefore also gl(V), is a complex vector space,
then we require only that 7 : g — gl(V) be real linear, which is the only
requirement that makes sense.

In the interest of simplifying the terminology, we will sometimes speak
of “a representation V,” without making explicit mention of the homomor-
phism IT or 7.

Definition 16.37 IfII : G — GL(V) is a representation of a matriz Lie
group G, then a subspace W of V is called an invariant subspace if
I(g)w € W for all g € G and w € W. Similarly, if 7 : g — gl(V) is
a representation of a Lie algebra g, then a subspace W of V' is called an
invariant subspace if 7(X)w € W for all X € g and w € W. A represen-
tation of a group or Lie algebra is called irreducible if the only invariant

subspaces are W =V and W = {0}.

Definition 16.38 If (II, V1) and (X,V2) are representations of a matrix
Lie group G, a map ® : Vi — Va is called an intertwining map (or
morphism) if ®(Il(g)v) = X(g)®(v) for all v € Vi, with an analogous
definition for intertwining maps of Lie algebra representations. If an in-
tertwining map s an invertible linear map, it is called an tsomorphism.
Two representations are said to be isomorphic (or equivalent) if there
ezists an isomorphism between them.
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In the “action” notation, the requirement on an intertwining map ® is
that ®(g - v) = g - ®(v), meaning that ® commutes with the action of G.
A typical goal of representation theory is to classify all finite-dimensional
irreducible representations of G up to isomorphism.

Given a representation IT : G — GL(V) of a matrix Lie group G, we
can identify GL(V) with GL(N;C) and gl(V) with gl(n;C) by picking a
basis for V. We may then apply Theorem 16.23 to obtain a representation
7 : g — gl(V) such that

(eX) = ™)
for all X € g.

Proposition 16.39 Suppose G is a connected matriz Lie group with Lie
algebra g. Suppose that 11 : G — GL(V) is a finite-dimensional representa-
tion of G and 7 : g — gl(V) is the associated Lie algebra representation.
Then a subspace W of V' is invariant under the action of G if and only if it
1s tnvariant under the action of g. In particular, 11 is irreducible if and only
if m is irreducible. Furthermore, two representations of G are isomorphic if
and only if the associated Lie algebra representations are isomorphic.

In general, given an representation 7 of g, there may be no representation

IT such that 7 and IT are related in the usual way. If, however, G is simply
connected, Theorem 16.30 tells us that there is, in fact, a IT associated with
every T.
Proof. Suppose W C V is invariant under m(X) for all X € g. Then
W is invariant under 7(X)™ for all m. Since V is finite dimensional, any
subspace of it is automatically a closed subset and thus W is invariant
under

I(eX) = e™X) = Z W(X') )
m!
m=0

Since G is connected, every element of G is (Corollary 16.28) a product
of exponentials of elements of g, and so W is invariant under II(A) for all
Aed.

In the other direction, if W is invariant under II(A) for all A € G, then
since W is closed, it is invariant under

hX—I

() = i

)

for all X € g.

Now suppose II; and II; are two representations of GG, acting on vector
spaces V7 and Va, respectively. If ® : V3 — V5 is an invertible linear map,
then an argument similar to the above shows ®II;(A) = 3(A4)® for all
A € G if and only if &m(X) = me(X)® for all X € g. Thus, @ is an
isomorphism of group representations if and only if it is an isomorphism of
Lie algebra representations. m
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Theorem 16.40 (Schur’s Lemma) IfV; and Vs are two irreducible rep-
resentations of a group or Lie algebra, then the following hold.

1. If ® : Vi — Va is an intertwining map, then either ® =0 or ® is an
isomorphism.

2. If®: V3 — Vo and ¥ : Vi — Vo are nonzero intertwining maps, then
there exists a nonzero constant ¢ € C such that ® = cVU. In particular,
if ® is an intertwining map of Vi to itself then ® = cl.

Although the first part of Schur’s lemma holds for representations over

an arbitrary field, the second part holds only for representations over alge-
braically closed fields.
Proof. It is easy to see that ker ® is an invariant subspace of V. Since
V1 is irreducible, this means that either ker ® = V7, in which case & = 0,
or ker® = {0}, in which case ® is injective. Similarly, the range of ® is
invariant, and thus equal to either {0} or V. If ® is not zero, then the
range of ® is not zero, hence all of V5. Thus, if ® is not zero, it is both
injective and surjective, establishing Point 1.

For Point 2, since ® and ¥ are nonzero, they are isomorphisms, by
Point 1. It suffices to prove that I' := ®~'W¥ is a multiple of the iden-
tity, where I' is an intertwining map of V;j to itself. Since we are work-
ing over C, I' must have at least one eigenvalue A. If W denotes the \-
eigenspace of I', then W is invariant under the action of the group or Lie
algebra. After all, if Tw = A\w, then (in the notation of the group case)
NII(A)w) = I(A)Tw = AI(A)w. Since A is an eigenvector of T, the in-
variant subspace W is nonzero and thus W = Vj, which means precisely
that T =\Al. m

16.7.2 Unitary Representations

In quantum mechanics, we are interested not only in vector spaces, but,
more specifically, in Hilbert spaces, since expectation values are defined in
terms of an inner product. We wish to consider, then, actions of a group
that preserve the inner product as well as the linear structure. Although
the Hilbert spaces in quantum mechanics are generally infinite dimensional,
we restrict our attention in this section to the finite-dimensional case.

Definition 16.41 Suppose V is a finite-dimensional Hilbert space over C.
Denote by U(V) the group of invertible linear transformations of V' that pre-
serve the inner product. A (finite-dimensional) unitary representation
of a matriz Lie group G is a continuous homomorphism of 11 : G — U(V),
for some finite-dimensional Hilbert space V.

Proposition 16.42 Let II : G — GL(V) be a finite-dimensional repre-
sentation of a connected matrixz Lie group G, and let m be the associated
representation of the Lie algebra g of G. Let {-,-) be an inner product on V.
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Then 11 is unitary with respect to (-,-) if and only if 7(X) is skew-self-
adjoint with respect to {-,-) for all X € g, that is, if and only if

m(X)" = —n(X)
forall X € g.

In a slight abuse of notation, we will refer to a representation 7 of a
Lie algebra g on a finite-dimensional inner product space as unitary if
m(X)* = —7(X) for all X € g.

Proof. Suppose first that II(A) is unitary for all A € G. Then for all X € g
and t € R we have

H(etX)* _ H(etX)fl _ H(eftX) _ eftw(X)'
On the other hand,

H(etX)* _ (etﬂ’(X))* _ etw(X)*'

Thus,

etﬁ(X)* —tm(X)

=e

for all ¢. Differentiating at ¢t = 0 yields 7(X)* = —7(X).
In the other direction, if 7(X)* = —7w(X) for all X € g, then

H(eX)* _ eﬂ'(X)* _ e—ﬂ'(X) _ H(e_X) — H@X)—lj

meaning that II(e™) is unitary. Since G is connected, Corollary 16.28 tells
us that each element A of G is expressible as a product of exponentials,
from which it follows that II(A) is unitary. m

16.7.3  Projective Unitary Representations

In quantum mechanics, two unit vectors in the quantum Hilbert space that
differ by multiplication by a constant are considered to represent the same
physical state. Thus, an operator of the form eI, with 6 € R, will act as the
identity at the level of the physical states. Suppose that V' is a Hilbert space
over C, assumed for the moment to be finite dimensional. Then it is natural
to consider homomorphisms not into U(V') but rather into the quotient
group U(V)/{eI}. Of course, given a homomorphism II of G into U(V),
we can always turn II into a homomorphism of G into the quotient group,
just by composing II with the quotient map. Not every homomorphism into
the quotient group, however, arises from a homomorphism into U(V).

Definition 16.43 Suppose V is a finite-dimensional Hilbert space over C.
Then the projective unitary group over V, denoted PU(V'), is the quo-
tient group

PU(V) = U(V)/{e"I},

where {eI} denotes the group of matrices of the form eI, 6 € R.
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Note that {e?I} is a closed normal subgroup of U(V). Now, U(V) is
(isomorphic to) a matrix Lie group, since we can identify it with U(n) by
picking an orthonormal basis for V. In general, the quotient of a matrix
Lie group by a closed normal subgroup may not be a matrix Lie group. In
this case, however, it is not hard to realize the quotient U(n)/{e”I} as a
matrix Lie group.

Proposition 16.44 IfV is a finite-dimensional Hilbert space over C, then
PU(V) is isomorphic to a matriz Lie group.

Let @ : U(V) — PU(V) be the quotient homomorphism and let q :
u(V)) — pu(V) be the associated Lie algebra homomorphism. Then q maps
u(V') onto pu(V) and the kernel of q is the space of matrices of the form
ial with a € R. Thus, pu(V') is isomorphic to u(V')/{ial}.

The Lie algebra u(V') of U(V) is the space of skew-self-adjoint operators
on V. In Proposition 16.44, the space {ial} is an ideal in u(V) and the
quotient is in the sense of Lie algebras over R; see Exercise 9. If dim V' = N,
then it is not hard to see that the Lie algebra pu(V) = u(V)/{ial} is
isomorphic to the Lie algebra su(N). The group PU(V) is not, however,
isomorphic to the group SU(N). See Exercise 16.

Proof. If dim V = N, then gl(V), the space of all linear maps of V to V,
has dimension N2. Given U € U(V'), we can define

Cu :gl(V) = gl(V)

by

Cy(X)=UXU"

(That is to say, Cy is conjugation by U.) Note that (Cyr)~! = Cy-1 and
Cyv = CyCy. Thus, C (ie., the map U — Cy) is a homomorphism of
U(V) into GL(gl(V')), and this homomorphism is clearly continuous. If U
is a multiple of the identity, then Cp is the identity operator on gl(V).
Conversely, if Cy is the identity, then UX = XU for all X € gl(V'), which
implies (Exercise 18) that U is a multiple of the identity. Thus, the kernel
of C' consists precisely of those scalar multiples of the identity that are in
U(V); that is, ker C = {eI}.

We have constructed, then, a homomorphism of U(V') into GL(gl(V')) =
GL(N?;C) with a kernel that is precisely {e?I}. The image of U(V) un-
der this homomorphism is, therefore, isomorphic to the quotient group
U(V)/{e*I}. Furthermore, since U(V) is compact, the image of U(V) un-
der C' is compact and thus closed. This image is, then, a matrix Lie group
isomorphic to PU(V).
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Let ¢ be the associated Lie algebra homomorphism associated with the
homomorphism C. Using Point 3 of Theorem 16.23, we may calculate that

d
ex(Y) = EetXYe_tX
=XY-YX
=[X,Y].

t=0

Using Exercise 18 again, we see that cx = 0 if and only if X is a multiple
of the identity. Thus, the kernel of ¢ consists of all the scalar multiples of
I in u(V), namely {ial}.

Now, the image of U(V') under C' is (isomorphic to) PU(V); in particular,
C maps U(V) onto PU(V). Tt follows that ¢ must map u(V') onto pu(V).
(This claim follows from Theorem 3.15 in [21].) Thus, pu(V) = u(V)/{ial}.
[ ]

Definition 16.45 A finite-dimensional projective unitary representa-
tion of a matrixz Lie group G is a continuous homomorphism Il of G into
PU(V), where V is a finite-dimensional Hilbert space over C. A subspace
W of V is said to be invariant under 11 if for each A € G, W is invariant
under U for every U € U(V) such that [U] = II(A). A projective unitary
representation (I, V') is irreducible if the only invariant subspaces are {0}
and V.

Given an ordinary unitary representation, ¥ : G — U(V), we can always
form a projective representation, II : G — PU(V), simply by setting II =
Q@ o X. Not every projective representation, however, arises in this fashion.
Thus, considering projective representations gives us more flexibility than
considering ordinary unitary representations.

Proposition 16.46 LetI1: G — PU(V) be a finite-dimensional projective
unitary representation of a matriz Lie group G, and let w: g — pu(V') be
the associated Lie algebra homomorphism. Then there exists a Lie algebra
homomorphism o : g — u(V) such that m7(X) = q(o(X)) for all X € g.
It is possible to choose o so that trace(o(X)) = 0 for all X € g, and o is
unique if we require this condition.

That is to say, every finite-dimensional projective representation can be
“de-projectivized” at the Lie algebra level. In general, o is not unique,
because there may be o’s for which trace(o(X)) is nonzero for some X.
On the other hand, if g has the property that every X € g is a linear
combination of commutators—which is true if g = so(3)—then ¢ is unique.
See Exercise 15.

Proof. Recall that pu(V) = u(V)/{ial}. That is, for each X € g, m(X)
denotes a whole family of operator that differ by adding ial. If Y € u(n)
is any representative of 7(X), then since Y* = —Y, the trace of Y will
be pure imaginary. Thus, there is a unique pure-imaginary constant ¢ =
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—trace(Y)/dimV such that the trace of Y + ¢I is zero. Let us then set
o(X) =Y + ¢l. Since 7 is a Lie algebra homomorphism, o([X,Y]) will
equal [0(X),o(Y)] + ial, for some a € R. Since trace(o([X,Y])) = 0 by
construction and since the commutator of any two matrices has trace zero,
we see that actually a = 0. Thus, a ¢ as in the proposition exists, and it is
unique if we require that ¢(X) have trace zero. m

Theorem 16.47 Suppose G is a matriz Lie group and G is a universal
cover of G, with covering map ®. Then the following hold.

1. Let II : G — PU(V) be a finite-dimensional projective unitary rep-
resentation of G. Then there is an ordinary unitary representation
G — u(v) of G such that o ® = Q o ¥. Any such ¥ is irre-
ducible if and only if I1 is irreducible. It is possible to choose ¥ so
that det(X(A)) =1 for all A € G, and X is unique if we require this
condition.

2. Let X be a finite-dimensional irreducible unitary representation of G.
Then the kernel of the associated projective unitary representation
Qo X contains the kernel of the covering map ®. Thus, Q oX factors
through G and gives rise to a projective unitary representation of G.

In the finite-dimensional case, then, there is a one-to-one correspondence
between irreducible projective unitary representations of G and irreducible,
determinant-one ordinary unitary representations of G. Point 1 of the the-
orem means that any finite-dimensional projective unitary representation
of the group G can be “de-projectivized” at the expense of passing to the
universal cover G of G.

Note that Theorem 16.47 applies only to finite-dimensional projective
unitary representations. Example 16.56 will provide an infinite-dimensional
example in which Point 1 of the theorem fails.

Proof. If g is the Lie algebra of GG, Proposition 16.46 tells us that we can
find an ordinary representation o : g — u(V') such that go o = 7. We then
define a representation & : g — u(V') of the Lie algebra g of G by setting
5(X) = o(¢(X)), X € §. Since G is simply connected, we can then find
a unique representation ¥ : G — U(V) such that X(e¥) = ™) for all
X € g. Since

go3=qoogop=mod,

it follows that QoY% = Ilo®. Furthermore, if ¥ maps into SU(V), 0 = Gogp~*
maps into su(n). This condition uniquely determines ¢ and thus also & and
3], establishing Point 1 of the theorem.

For Point 2, observe that ker ® is a discrete normal subgroup of G, which
is therefore central (Exercises 1 and 12). Thus, for all A € ker ®, we have

S(A)S(B) = $(AB) = £(BA) = %(B)S(A)
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for all B € G. That is to say, £(A) is an intertwining map of V' to itself.
Since V is also irreducible as a representation of G, Schur’s lemma tells us
that X(A) = cI, where |¢| = 1 because £(A) € U(V). Thus, A is in the
kernel of the associated projective representation Q o X. m

16.8 New Representations from Old

In this section, we consider three basic mechanisms for combining repre-
sentations to produce new representations: direct sums, tensor products,
and duals. This section assumes familiarity with these notions at the level
of vector spaces; a brief review is provided in Appendix A.1.

Definition 16.48 Suppose (111, V1) and (11, V) are representations of a
matriz Lie group G. The direct sum of these two representations is the
representation 111 & Iy : G — GL(V; & Va) given by

(I} ® II2)(A) = 11 (A) © T2 (A).

The tensor product of 111 and Il is the representation 11; @ Ils : G —
GL(Vi ® Va) given by

(IT; ® 1) (A) = 11, (A) ® T (A).

Finally, the dual of 11, is the representation 11" : G — GL(V*) given by

I (A) = I (A™Y)" = (I (A)7) 7.

Similarly, the direct sum, tensor product, and dual of Lie algebra repre-
sentations can be defined by

(m1 & m2)(X) = m(X) & m2(X)
(71'1 ®7T2)(X) = 7T1(X) ®I+I®7T2(X)
(X)) = —m (X))

It is important to note the differences in formulas between the group and
the Lie algebra in the case of tensor products and dual representations. It
is easy to motivate the definitions for the Lie algebra: If G acts on V; ® V3
by II; (A) ® TI5(A), then the associated Lie algebra action will be given by

d
aHl(etX) @I (e™)| =m(X)@I+1em(X).
t=0

Of course, we continue to use this last formula for tensor products of Lie
algebra representations, even if there is no associated group representations.
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Remark 16.49 If (II1, V1) and (I, Va) are representations of a group G,
it is possible to view Vi ® Vo as a representation of the direct product group
G x G, by setting

(I ® )(A, B) = 111 (A4) @ [I2(B).

Similarly, if (71, V1) and (w2, V2) are representations of a Lie algebra g, it
1s possible to view Vi, ® Vo as a representation of g B g by setting

(M @m)(X,)Y)=m((X) @1+ 1T@m(Y).

Nevertheless, it is, in most cases, more natural to view V; ® V5 as a
representation of G itself, rather than of G x G. Even if V; and V; are
irreducible representations of G, the space V3 ® V5 will in most cases fail
to be irreducible as a representation of G. If, for example, we take V; =
Vo = V, then the space of symmetric tensors inside V ® V will form a
nontrivial invariant subspace, unless dim V' = 1. An important problem in
representation theory is to decompose Vi ® V5 as a direct sum of irreducible
representations, where V7 and V5 are irreducible representations of a fixed
group or Lie algebra. In the case of the Lie algebra su(2), this decomposition
is discussed in Sect. 17.9.

Definition 16.50 A finite-dimensional representation of a group or Lie
algebra is said to be completely reducible if it is isomorphic to a direct
sum of irreducible representations.

Proposition 16.51 Every finite-dimensional unitary representation of a
group or Lie algebra is completely reducible.

Proof. Suppose (I, V) is a unitary representation of a matrix Lie group G.
If W is a subspace of V invariant under each II(A), then W+ is invariant
under each TI(A)*, as the reader may easily verify. But since II is unitary,

H(A)* =TI(A) "t =T1(A ).

Thus, W+ is invariant under II(A~!) for all A € G, hence under II(A) for all
A € . We conclude that, in the unitary case, the orthogonal complement
of an invariant subspace is always invariant.

If V is irreducible, there is nothing to prove. If not, we pick a nontrivial
invariant subspace W and decompose V as W @ W=, The restriction of II
to W or to W+ is again a unitary representation, so we can repeat this
procedure for each of these subspaces. Since V' is finite dimensional, the
process must eventually terminate, yielding an orthogonal decomposition
of V as a direct sum of irreducible invariant subspaces.

If we consider a unitary representation 7 of a Lie algebra g, we have
the same argument, but with the identity II(A)* = II(A~!) replaced by
(X)) =—-7(X). =
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Proposition 16.52 Suppose K is a compact matriz Lie group. For any
finite-dimensional representation (II, V') of K, there exists an inner product
on V such that II(A) is unitary for all A € G. In particular, every finite-
dimensional representation of K is completely reducible.

See Proposition 4.36 in [21].

16.9 Infinite-Dimensional Unitary Representations

For the applications we have in mind, we need to consider representa-
tions that are infinite dimensional. The theory of such representations is
inevitably more complicated than that of finite-dimensional representa-
tions. For our purposes, it suffices to consider the nicest sort of infinite-
dimensional representations—unitary representations in a Hilbert space.

16.9.1  Ordinary Unitary Representations

We begin by considering ordinary representations and then turn to projec-
tive representations.

Definition 16.53 Suppose G is a matriz Lie group. Then a unitary rep-
resentation of G is a strongly continuous homomorphism II : G — U(H),
where H is a separable Hilbert space and U(H) is the group of unitary op-
erators on H. Here, strong continuity of I1 means that if a sequence A, in
G converges to A € G, then

i [[T(A ) — ()] = 0
for all € H.

We can attempt to associate to a unitary representation IT of G some
sort of representation 7 of the Lie algebra g of GG, by imitating the con-
struction in Theorem 16.23. For any X € g, the map ¢ — II(e!¥) is a
strongly continuous one-parameter unitary group. Thus, Stone’s theorem
(Theorem 10.15) tells us that there exists a unique self-adjoint operator A
such that I(e!X) = ¢4 for all t € R. If we let 7(X) denote the skew-self-
adjoint operator 74, we will have

(X)) = (X, (16.5)

The operators m(X), X € g, are in general unbounded and defined only
on a dense subspace of H. Nevertheless, it can be shown (see, e.g., [43])
that there exists a dense subspace V of H contained in the domain of
each 7(X) and that is invariant under each 7(X), and on which we have
7([X,Y]) = [7(X),n(Y)]. In the case of the particular representation that
we will consider in the next chapter, we can avoid these difficulties by
looking at finite-dimensional invariant subspaces.
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Proposition 16.54 Suppose G is a matriz Lie group and 11 : G — U(H) is
a unitary representation of G. For each X € g, let 7(X) denote the operator
in (16.5). Suppose V.C H is a finite-dimensional subspace of H such that
II(A) maps V into V, for all A € G. Then for all X € g, V C Dom(w(X)),
7(X) maps V into V, and we have

([ X, Y])v = [7(X),7n(Y)]v (16.6)

for allv e V.

In the other direction, suppose G is connected and suppose V is any
finite-dimensional subspace of H such that for all X € g, V C Dom(w(X))
and m(X) maps V into V. Then II(A) also maps V into V, for all A € G.

Proof. Since V is invariant under both II(A) and II(A)* = II[(A~1), the
restriction to V' of each II(A) is unitary. The operators II(A)[,, form a
finite-dimensional unitary representation of G that is strongly continuous
and thus continuous. (In the finite-dimensional case, all reasonable notions
of continuity for representations coincide.) For each X € g, Theorem 16.18
tells us that there is an operator X on V such that

H(etX)’V _ etX'

Thus, for any v € V, we have

. (e —w o etXy—w ~
lim
t—0 t t—0 t

This calculation shows that v is in the domain of the infinitesimal gener-
ator 7(X) of the unitary group II(e'¥), and that 7(X)v = Xv. Since the
operators X, Xe g, form a representation of g, we have the relation (16.6).

In the other direction, if V is invariant under 7(X), the restriction of
7m(X) to V is automatically bounded. Thus, there is a constant C' such that

[ (X) ™ ]| < C™ o] (16.7)

for all v € V. If we use the direct-integral form of the spectral theorem
for the self-adjoint operator A := —iw(X), it is easy to see that (16.7) can
only hold if v, viewed as an element of the direct integral, is supported on
a bounded interval inside the spectrum of A. Since the power series of the
function \ — et converges to ¢* uniformly on any finite interval, we will

have
. >t X)™
H(etx)v =My = Z —Wn(zl ) .
m=0

Each term in the above power series belongs to V, which is finite dimen-
sional and thus closed. We conclude that II(e!*)v belongs to V for all
X € g. Since G is connected, each element of G is a product of exponen-
tials of Lie algebra elements, and we have the claim. ®
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16.9.2  Projective Unitary Representations

Given a Hilbert space H, let S® denote the unit sphere in H, that is, the
set of vectors with norm 1. Let PH be the quotient space (S™)/ ~, where
“~” denotes the equivalence relation in which u ~ v if and only if u = v
for some § € R. The quotient map ¢ : SH — PH induces a topology on
PH in which a set U C PH is open if and only if ¢~*(U) is open as a
subset of the metric space S? c H.

As in the finite-dimensional case, we can form the quotient group

PUH) := U(H)/{e"I}.

The action of U(H) on SH descends to a well-defined action of PU(H)
on PH.

Definition 16.55 A projective unitary representation of a matrix Lie
group G is a homomorphism 11 : G — PU(H), for some Hilbert space H,
with the property that if a sequence A,, in G converges to A in G, then

II(A,,)x — T(A)x
for all x € PH.

Recall that in the finite-dimensional case, every projective unitary rep-
resentation of G can be “de-projectivized” at the expense of possibly having
to pass to the universal cover G of G (Theorem 16.47). The
de-projectivization proceeds by passing to the Lie algebra, choosing the
trace-zero representative of each equivalence class, and then exponentiat-
ing back to the universal cover of the original group. This approach does
not work in the infinite-dimensional case. After all, even assuming we can
construct a Lie algebra homomorphism 7(X) for each X € g, the repre-
sentatives of m(X) are typically unbounded operators on H, for which the
notion of trace does not make sense. This difficulty is not just a technical-
ity; the corresponding result in the infinite-dimensional case is false, as we
will now see.

Example 16.56 For all (a,b) € R?, define an operator Tia,p) On L%(R) by

(Tap¥)(x) = ““(z —b).
Then T(ap) is unitary for all (a,b) € R? and we have

(Tay Ttar ) (z) = €7 =z — (b + 1))
=" (Tlasar o) (@). (16.8)
The map (a,b) — [T(4p)] is a homomorphism of R? into PU(L?(R)), and
this homomorphism is continuous in the sense of Definition 16.55. There

does not, however, exist any homomorphism S : R? — U(L?(R)) such that
[S(a.p)] = [T(ap)] for all (a,b) € R2.
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Thus, even though R? is simply connected (and thus its own universal

cover), there is no way to de-projectivize the projective unitary represen-
tation (a,b) — [T(,4p] of R2.
Proof. The map (a,b) — T, is easily seen to be strongly continuous,
and thus the map (a,b) = [T(4)] is continuous in the sense of Defini-
tion 16.55. If a homomorphism S with the indicated properties existed,
then there would be constants 6, such that S, ) = ei(’avbT(mb). But then
since S is a homomorphism from the commutative group R? into U(L?(R)),
the operator S(,) would have to commute with S(4 ;) for all (a,b) and
(a’,0"). But then the operators T, 3y and T{4 1), being constant multiples
of commuting operators, would need to commute as well. But this is not the
case; for example, T, ) does not commute with T(q y), as is easily verified
using (16.8). m

Despite the negative result in Example 16.56, there is a positive result in
this direction: If G is connected and “semi-simple,” every projective unitary
representation of G can be de-projectivized after passing to the universal
cover. Here, a Lie algebra g is said to be simple if g has no nontrivial ideals
and dim g > 2. A Lie algebra is said to be semi-simple if it is a direct sum
of simple algebras. Finally, a Lie group G is said to be semi-simple if the
Lie algebra g of G is semi-simple.

For any connected Lie group G, a projective unitary representation IT of
G can be de-projectivized by passing to a one-dimensional central exten-
sion. A one-dimensional central extension of G is a Lie group G’ together
with a surjective homomorphism ® : G’ — G such that the kernel of ® is
one-dimensional and contained in the center of G’. See the article [1] of V.
Bargmann for more information about these issues.

16.10 Exercises

1. Suppose that G is a connected matrix Lie group and that N is a
discrete normal subgroup of G, meaning that there is some neighbor-
hood U of I in G such that U N N = {I}. Show that N is contained
in the center of G.

Hint: Consider the quantity gng=! for g € G and n € N.

2. (a) Suppose two elements U and V of SU(2) commute. Show that
each eigenspace for U is invariant under V' and vice versa.

(b) Show that if U is in the center of SU(2), then U =T or U = —1I.

3. Define the Hilbert-Schmidt norm of a matrix X € M, (C) by the

formula
n
2 2
IXNfs = D X5l
jik=1
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Using the Cauchy—Schwarz inequality, show that
XY ks < 1 X lgs 1Y [lrs (16.9)
for all X,Y € M, (C).

Using term-by-term differentiation of power series, show that for all
X € M, (C) and all 1 < j, k < n, we have

1@,

= ik
t=0 J

. Verify Property 4 of Theorem 16.15. This should be easy in the case

that X is diagonalizable. In the general case, either use the Jordan
canonical form or appeal to the fact that diagonalizable matrices are
dense in M, (C).

Suppose X and Y are commuting n X n matrices. Show that

€X€Y = €X+Y.

This is Property 5 of Theorem 16.15.

Hint: Multiply together the power series for eX and e¥ and then
group terms where the total power of X and Y is n.

For A € M,,(C), define the logarithm of A by the power series

72 _ 73
logAzA—I—(A2I) +(A3I) —

whenever this series converges. Assume the following result: If A is
sufficiently close to I, then log A is defined and exp(log A) = A.
[This can be seen easily when A is diagonalizable, and the set of
diagonalizable matrices is dense in M, (C).]

(a) Show that there exists a constant C' such that for all A with
I|A—1I|| < 1/2 we have

log A= (A=D)f <CllA-T|*.
(b) Show that for all X, Y € M,,(C) we have
X Y 1
log (ex/mey/m) =—+4+—+40 (—2> : (16.10)
m m m
Note that eX/™eY/™ tends to I as m tends to infinity, so that

the left-hand side of (16.10) is defined for all sufficiently large m.
(¢) Prove the Lie Product Formula.
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8. (a) Show that for all X,Y € M, (C),

H— (X +ty)™ <m| X" Y]l

t=0

(b) Show that the map X ~ ¥ is a continuously differentiable
map of M, (C) = R2"" 10 itself.

(c) Using Exercise 4, show that the differential of the map X + X
at X = 0 is the identity map of M, (C) to itself. (Recall that the
differential of smooth map of R7 to R¥, evaluated at a point in
R/, is a linear map of R’ to R*.)

9. Suppose g is a Lie algebra and b is an ideal in g. Let g/b denote the
vector space quotient of g by . Show that the bracket on g descends
unambiguously to a bilinear map on g/h, and that g/h forms a Lie
algebra under this map.

10. Suppose that G1, G2, and G3 are matrix Lie groups with Lie algebras
g1, 02, and g3, respectively. Suppose that ® : G; — G2 and V¥ :
G2 — G3 are Lie group homomorphisms with associated Lie algebra
homomorphisms ¢ and v, respectively. Show that the Lie algebra
homomorphism associated to ¥ o ® : G; — G3 is 1 o ¢.

11. Show that isomorphic matrix Lie groups have isomorphic Lie alge-
bras.

12. Suppose G; and G2 are matrix Lie groups with Lie algebras g; and
g2, respectively. Suppose ® : G; — G5 is a Lie group homomorphism
with the property that the associated Lie algebra homomorphism
¢ : g1 — g2 is injective. Show that there exists a neighborhood U of
the identity in G such that U Nker ® = {I}.

Hint: Use Theorem 16.25.

13. (a) Show that every R € SO(3) has an eigenvalue of 1.

(b) Show that every R € SO(3) is conjugate in SO(3) to matrix of

the form
1 0 0

0 cosf —sinf
0 sinf cos6

for some 6 € R.
(¢) Show that the exponential map from so(3) to SO(3) is surjective.
(d) Show that SO(3) is connected.

14. Show that the center of SO(3) is trivial.
Hint: Use Part (a) of Exercise 13.
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15.

16.

17.

18.

19.
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Given a Lie algebra g, let [g, g] denote the space of linear combinations
of commutators, that is, the space spanned by elements of the form
[X,Y] with X, Y €g.

(a) Show that [g,g] is an ideal in g and that the quotient g/[g, g]
is commutative. (The ideal [g, g] is called the commutator ideal

of g.)
(b) If g = so(3), show that [g,g] = g.

(¢) f m: g — gl(V) is any finite-dimensional representation of g,
show that 7([g, g]) is contained in sl(V'), the space of endomor-
phisms of V' with trace zero.

(a) Show that the Lie algebra pu(n) 2 u(n)/{iaR} is isomorphic to
the Lie algebra su(n).

(b) Let {€2™*/" T} denote the group of matrices that are of the form
of an nth root of unity times the identity. Show that the group
PU(n) is isomorphic to SU(n)/{e>™*/"T}.

Suppose that GG is a matrix Lie group with Lie algebra g and that
A is an element of G. Show that the operation of left multiplication
by A7! is a diffeomorphism of M, (C). Now show that there exist
neighborhoods U of 0 in M,,(C) and V of A in M, (C) such that the
map X — AeX maps U diffeomorphically onto V' and such that for
X € U, we have X € g if and only if Ae® € V. (Use Theorem 16.25.)

Suppose that Z € M, (C) has the property that ZX = XZ for all
X € M, (C). Show that Z = ¢I for some c € C.

Suppose (II,H) is a unitary representation of a matrix Lie group
G, and suppose Vi and V5 are finite-dimensional irreducible invari-
ant subspaces of H. Show that if V3 and V5 are not isomorphic as
representations of GG, then Vj is orthogonal to V5 inside H.

Hint: Show that the orthogonal projection of H onto Vi or V3 is an
intertwining map, and use Schur’s lemma.
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