
18
Radial Potentials and the Hydrogen
Atom

18.1 Radial Potentials

If V is any radial function on R
3, let Ĥ = −(�2/(2m))Δ + V be the

corresponding Hamiltonian operator, acting on L2(R3). We will look for
solutions to the time-independent Schrödinger equation Ĥψ = Eψ of the
form ψ(x) = p(x)f(|x|), where f is a smooth function on (0,∞) and p is a
harmonic polynomial on R

3 that is homogeneous of degree l.

Proposition 18.1 Let p be a harmonic polynomial on R
3 that is homoge-

neous of degree l and let f be a smooth function on (0,∞). Let ψ be the
function on R

3\{0} given by

ψ(x) = p(x)f(|x|). (18.1)

Then on R
3\{0} we have

Δψ(x) = p(x)

[
d2f

dr2
+

2(l + 1)

r

df

dr

]
.

Proof. We begin with the case l = 0, so that p is a constant—which we
take to be 1—and ψ is just the radial function f(|x|). Then

∂

∂xj
f(|x|) = df

dr

d

dxj

√
x21 + x22 + x23

=
df

dr

xj
|x|
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394 18. Radial Potentials and the Hydrogen Atom

and so

3∑
j=1

∂2

∂x2j
f(|x|) =

3∑
j=1

[
d2f

dr2
x2j

|x|2 +
df

dr

(
1

|x| −
x2j

|x|3
)]

=
d2f

dr2
+

2

r

df

dr
.

For the general case, the product rule for the Laplacian gives

Δψ = (Δp)f(|x|) + 2∇p · ∇f(|x|) + pΔf(|x|).

Now, Δp = 0 by assumption. Furthermore, since f(|x|) is radial, its gra-
dient points in the radial direction. Thus, only the radial component of
∇p is relevant. Moreover, on each ray through the origin, p behaves like a
constant times rl. Thus, the r-derivative of p is (l/r)p, giving

Δψ =
2l

r
p
df

dr
+ p

d2f

dr2
+

2

r
p
df

dr
,

which simplifies to the desired expression.
Although the decomposition of functions in Definition 17.18 is for many

purposes the most convenient one, it is not quite the customary way of turn-
ing spherical harmonics into functions on R

3. Conventionally, one works in
polar coordinates and considers functions of the form

ψ(r, θ, φ) = p(θ, φ)g(r),

where p is the restriction to S2 of an element of Vl. We can express this
decomposition in rectangular coordinates as

ψ(x) = p

(
x

|x|
)
g(|x|) = p(x)

|x|l
g(|x|).

We can then obtain a more customary form of Proposition 18.1 as follows.

Proposition 18.2 Suppose p ∈ Vl and f is a smooth function on (0,∞),
and let ψ by the function on R

3\{0} given by

ψ(x) = p

(
x

|x|
)
g(|x|).

Then

(Δψ)(rx) = p(x)

[
d2g

dr2
+

2

r

dg

dr
− l(l + 1)

r2
g(r)

]
(18.2)

for all x ∈ S2 and r ∈ (0,∞).
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Proof. Since p is homogeneous of degree l,

p

(
x

|x|
)

=
p(x)

|x|l
.

Thus,

ψ(x) = p(x)

(
f(|x|)
|x|l

)
.

Applying Proposition 18.1 gives

Δψ(x) = p(x)

[
d2

dr2
+

2(l + 1)

r

d

dr

](
f(r)

rl

)
.

From here it is straightforward but unilluminating calculation to verify the
formula in the proposition.
Still another way to write functions on R

3 is in the form

ψ(x) =
1

|x|p
(

x

|x|
)
h(|x|), (18.3)

so that h(r) = rg(r). If we replace g(r) by h(r)/r in (18.2), we obtain, after
a short calculation,

(Δψ)(rx) =
1

|x|p(x)
[
d2h

dr2
− l(l + 1)

r2
h(r)

]
, x ∈ S2. (18.4)

Writing wave functions in the form (18.3) is convenient because we then
have, for any radial potential,

− �
2

2m
Δψ + V (|x|)ψ =

1

|x|p(x)
[
− �

2

2m

d2h

dr2
+ Veff(r)h(r)

]
, (18.5)

where Veff is the effective potential given by

Veff(r) = V (r) +
�
2l(l + 1)

2mr2
. (18.6)

Note that the quantity in square brackets in (18.5) is just an ordinary one-
dimensional Schrödinger operator, since the first derivative term in (18.2)
has been eliminated. Despite the naturalness of the form (18.3), it is the
form (18.1) that is ultimately most convenient for finding the bound states
of the hydrogen atom Hamiltonian.
Now, as the discussion following Proposition 9.34 illustrates, even if ψ

is square-integrable over R3\{0} and Δψ is square-integrable over R3\{0},
ψ may not be in the domain of the Laplacian, since the distributional
Laplacian of ψ may contain a term that is supported at the origin. In
the case of the hydrogen atom, however, we will consider functions ψ of
the form (18.1) where f and df/dr are bounded near the origin and have
exponential decay near infinity. Proposition 9.35 then tells us that ψ is in
the domain of Δ.
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18.2 The Hydrogen Atom: Preliminaries

A hydrogen atom is formed out of a single electron that is “bound” to a
proton by means of the electromagnetic attraction between the oppositely
charged particles. The study of the hydrogen atom is a very important test
case in quantum mechanics, and the ability of the Schrödinger equation to
explain the observed energy levels of hydrogen was a crucial early success
of the theory.
A proton is approximately 1,800 times as massive as an electron. Thus,

to first approximation, we may think of the location of the proton as being
fixed, with the electron “orbiting” around this location. A more careful
analysis considers both the proton and the electron as orbiting around
their center of mass. The Hamiltonian for the relative position of the two
particles is precisely that of a particle orbiting around a fixed center, except
that the mass of the electron is replaced by the reduced mass μ of the
electron–proton system. (See Exercise 1.) Here, as in Proposition 2.16 in
the classical case,

μ =
memp

me +mp
,

where me and mp are the masses of the proton and electron, respectively.
Since mp � me, the reduced mass is nearly the same as the mass of the
electron.
After separating out the motion of the center of mass, we are left with

the following Hamiltonian for the relative position of the electron:

Ĥ = − �
2

2μ
Δ− Q2

|x| , (18.7)

where Q is the charge of the electron. (We use a system of units, such
as “electrostatic” or “Gaussian” units, in which the Coulomb constant is
equal to 1.) It follows from Theorem 9.38 that Ĥ is self-adjoint on Dom(Δ)
and that Ĥ is bounded below.
Note that the classical Hamiltonian H(x,p) for a hydrogen atom is not

bounded below. After all, we can simply take p = 0 and take x very
close to the origin. This unboundedness would cause strange behavior for
a hypothetical classical hydrogen atom. After all, modeling a hydrogen
atom using the 1/r potential is only an approximation. We are using an
electrostatic formula for the force, the correct one when the positions of the
particles are held fixed, in a dynamical situation. A more realistic model
of hydrogen takes into account radiation, that is, the interaction of the
charged electron with the electromagnetic fields. Classically, a negatively
charge particle orbiting a positively charged nucleus would radiate, thus
giving up energy to the electromagnetic fields. The classical particle would
spiral rapidly toward the origin, with the particle’s energy going to −∞ and
the energy of the electromagnetic field going to +∞. Thus, if hydrogen were
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made up of classical charged particles, the electron would go into a “death
spiral” and emit a giant burst of electromagnetic radiation.
Fortunately for us, this is not how real particles behave! In actuality, the

electron is a quantum particle. A quantum electron “orbiting” a proton can
still give up energy to the electromagnetic field. The Hamiltonian for the
quantum hydrogen atom, however, is bounded below, as a consequence of
Theorem 9.38. Thus, the electron can only drop to its ground state (the
state of lowest energy), at which point it becomes stable.

18.3 The Bound States of the Hydrogen Atom

Our goal in this section is to find the eigenvectors for the Hamiltonian Ĥ
in (18.7) with negative eigenvalues. Such eigenvectors constitute “bound
states,” that is, states in which the electron is bound to the proton. For
each negative number E, we look at the eigenspace VE for Ĥ with eigenvalue
E, that is, the space of all ψ ∈ Dom(Ĥ) satisfying Ĥψ = Eψ. Since Ĥ is
self-adjoint and, therefore, closed, this eigenspace will be a closed subspace
of L2(R3). Since, also, Ĥ commutes with rotations, VE will be invariant
under the usual action (Definition 17.1) of SO(3) on L2(R3). Thus, by
the discussion at the end of Sect. 17.7, VE decomposes as a direct sum of
finite-dimensional, irreducible SO(3)-invariant subspaces.
We now look for such subspaces of VE . In the following theorem, we

assume that the radial part of the wave function (the function f in the
notation Vl,f in Definition 17.18) has a certain very special form. After
analyzing this case, we argue that we have found in this way all of the
eigenvectors for Ĥ with negative eigenvalues.

Theorem 18.3 For each positive integer n, let

En = −μQ
4

2�2
1

n2
(18.8)

where Q is the charge of the electron and μ is the reduced mass of the
electron–proton system, and let

ρn(x) =

√
8μ |En|
�

|x| .

Then for each l = 0, 1, . . . , n − 1, there exists a polynomial Ln,l such that
for each homogeneous harmonic polynomial q of degree l, the function

ψ(x) = q(x)e−ρn(x)/2Ln,l(ρn(x)) (18.9)

satisfies
Ĥψ = Enψ.
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It follows from Proposition 9.35 that the functions ψ in (18.9) belong to
Dom(Δ) and thus, by Theorem 9.38, to Dom(Ĥ). The polynomials Ln,l are
the Laguerre polynomials. The coefficient of −1/n2 in the formula (18.8)
for En is the Rydberg constant (compare Sect. 1.2.1).
Let us see how to connect Theorem 18.3 to the usual expression for

the hydrogen atom eigenvectors in the physics literature. In the first place,
physicists choose a certain basis ql,m for the space of harmonic polynomials,
which is—up to normalization constants—the basis in Theorem 17.4. In the
second place, physicists write the solutions in spherical coordinates. When
changing to spherical coordinates, we should keep in mind that ql,m is
homogeneous of degree l and that ρn(x) is just a constant multiple of the
distance from the origin. We obtain, then, the following expression:

ψn,l,m(r, θ, φ) = Yl,m(θ, φ)ρlne
−ρn/2Ln,l(ρn), (18.10)

where Yl,m(θ, φ) is the restriction to the unit sphere of pl,m.

Proof. If E is a negative real number, we look for solutions to Ĥψ = Eψ
of the form q(x)f(|x|), where q ∈ Vl. Provided that f(r) and f ′(r) are
bounded near the origin, Proposition 9.35 allows us to compute Δψ on
R

3\{0} without worrying about whether ψ is differentiable at the origin.
Using Proposition 18.1, the equation for f is

− �
2

2μ

[
d2f

dr2
+

2(l + 1)

r

df

dr

]
− Q2

r
f(r) = Ef(r). (18.11)

For large r, where the two terms that involve a factor of 1/r become neg-
ligible, and so

− �
2

2μ

d2f

dr2
≈ Ef. (18.12)

Recalling that E is negative, (18.12) tells us that near infinity, f should
behave like a combination of a growing and a decaying exponential. Since
we want square-integrable solutions, we require that only the exponentially
decaying term be present.
We therefore postulate a solution of the form

f(r) = exp

{
−
√
2μ |E|
�

r

}
g(r), (18.13)

for some function g. If we plug (18.13) into (18.11) for f , there are canceling
terms equal to Eg(r) on each side, leaving

− �
2

2μ

[
d2g

dr2
− 2

√
2μ |E|
�

dg

dr
+

2(l + 1)

r

dg

dr
− 2(l+ 1)

r

√
2μ |E|
�

g(r)

]

=
Q2

r
g(r).
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We now introduce the new variable ρ = (
√
8μ |E|/�)r. After making this

change of variable, we find that each term in square brackets obtains a
factor of 8μ |E| /�2, so that our equation becomes

− �
2

2μ

8μ |E|
�2

[
d2g

dρ2
− dg

dρ
+

2(l+ 1)

ρ

dg

dρ
− (l + 1)

ρ
g(ρ)

]
=

2
√
2μ |E|
�

Q2

ρ
g(ρ).

Multiplying through by ρ and simplifying yields the equation.

ρ
d2g

dρ2
− ρ

dg

dρ
+ 2(l + 1)

dg

dρ
+

[
Q2√μ
�
√
2 |E| − (l + 1)

]
g(ρ) = 0. (18.14)

If we postulate for g a power series
∑∞

k=0 akρ
k, we obtain the following

recurrence relations for the coefficients:

ak+1 = ak
[k + l + 1− λ]

k[(k + 1) + 2(l + 1)]
(18.15)

where

λ =
Q2√μ
�
√
2 |E| .

The series for g will terminate, yielding a polynomial solution to (18.14),
provided that λ is an integer n with n ≥ l + 1. We can then solve for the
energy in terms of n as follows:

|E| = μQ4

2n2�2
.

Recalling that E is negative, we have obtained the desired form for the
energy levels. Furthermore, the condition n ≥ l+1 is the same as l ≤ n−1.
Finally, if we plug in the formula for ρ in terms of r and the formula for f
in terms of g, we obtain the form of the solution stated in the theorem.
It is important to emphasize that the functions in Theorem 18.3 do not

span the entire Hilbert space L2(R3). After all, these functions are all eigen-
vectors for Ĥ with negative eigenvalues. If these vectors spanned L2(R3),
then the expectation value of the energy would always be negative. But it
is easy to produce functions ψ in the domain of Ĥ for which 〈ψ, Ĥψ〉 > 0.
Simply take ψ to be a Gaussian wave packet with mean position far from
the origin and with very large mean momentum. Then 〈ψ, V ψ〉 will be
close to zero but 〈ψ, P 2ψ〉 will be large and positive. Nevertheless, it can
be shown that the functions in Theorem 18.3 span the negative energy
subspace of L2(R3). It is possible to analyze also the positive part of the
spectrum of Ĥ, but the spectrum above zero is purely continuous and rep-
resents a hydrogen atom that has ionized, that is, in which the electron has
escaped from the proton.
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Theorem 18.4 As n varies over all positive integers, l varies from 0 to
n − 1, and g varies over all homogeneous harmonic polynomials of degree
l, the eigenvectors in Theorem 18.3 span the negative-energy subspace of

L2(R3), that is, the range of the projection μĤ((−∞, 0)), where μĤ is the
projection-valued measure associated to Ĥ by the spectral theorem.

Proof. The proof requires results from spectral theory that go beyond the
machinery that we have developed in Chaps. 9 and 10, and which we cannot
reproduce in full here. Specifically, we make use of Theorem V.5.7 of [27],
which tells us that the negative-energy portion of the spectrum of Ĥ is
discrete, consisting of eigenvalues of finite multiplicity accumulating only
at zero.
We indicate briefly why the above result holds. If A and B are unbounded

self-adjoint operators, let us say that B is a relatively compact perturbation
of A if A(B − λI)−1 is a compact operator for every λ in the resolvent set
of B. According to Lemma V.5.8 of [27], the potential energy operator
for the hydrogen atom is a relatively compact perturbation of the kinetic
energy operator. This is a strengthening of what we showed in the proof
of Theorem 9.38, namely that the potential energy operator is relatively
bounded with respect to the kinetic energy operator, with relative bound
less than 1. The proof of relative compactness relies on the fact that the
potential for the hydrogen atom goes to zero at infinity.
Meanwhile, let us say that λ belongs to the essential spectrum of an un-

bounded self-adjoint operator A if either λ is a nonisolated point in σ(A)
or λ is an eigenvalue for A with infinite multiplicity. According to The-
orem IV.5.35 of [27], a relatively compact perturbation of a self-adjoint
operator does not change the essential spectrum. Thus, the essential spec-
trum of Ĥ is equal to the essential spectrum of the kinetic energy operator,
which is certainly contained in [0,∞), since the kinetic energy operator is
non-negative. It follows that any point in the negative-energy part of the
spectrum of Ĥ must be an isolated point in σ(Ĥ) and an eigenvalue of
finite multiplicity.
In light of the preceding result, there is no continuous spectrum for Ĥ

below zero, and we need only look for square-integrable eigenvectors. Since,
also, each eigenspace for Ĥ with eigenvalue E < 0 is finite dimensional, it
will decompose as a direct sum of irreducible, SO(3)-invariant subspaces.
Such subspaces, according to Proposition 17.19, are always of the form Vl,f
for some l and f, where Vl,f is as in Definition 17.18. Thus, we look for

functions ψ of the form ψ(x) = p(x)f(|x|) such that Ĥψ = Eψ for some
E < 0.
Now, if a function of the form p(x)f(|x|) is to be an eigenfunction of

the Hamiltonian, f must satisfy the differential equation (18.11). By ele-
mentary results from the theory of linear ordinary differential equations,
this equation has precisely two linearly independent solutions, for any value
of E. Both solutions can be constructed by postulating a solution of the
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form (18.13), introducing the new variable ρ, and then using a power series
expansion for g(ρ) (Exercise 9). One of the solutions for g(ρ) will have a
power series starting with ρ−(2l+1), in which case ψ(x) will blow up like

1/ |x|(l+1)
near the origin; such a function is not in the domain of the Hamil-

tonian (Exercise 14 in Chap. 9). The other solution for g(ρ) will start with
ρ0 and may be obtained by using the form (18.13), changing from the vari-
able r to the variable ρ, and then using the recurrence relation (18.15) to
define the coefficients of a power series. If the resulting series does not ter-
minate, it is not hard to see that the terms will behave for large k like the
series for eρ. Since the function f is equal to e−ρ/2g(ρ), this function will
grow like eρ/2 near infinity, which means that ψ will not be in L2(R3). Thus,
to get a square-integrable solution, the series for g(ρ) must terminate, in
which case ψ is one of the functions in Theorem 18.3.

Corollary 18.5 Each eigenvalue En, as given in Theorem 18.3, has mul-
tiplicity n2.

Proof. According to Theorem 18.4, the eigenvectors in Theorem 18.3 con-
stitute all of the eigenvectors for Ĥ with eigenvalue En. The number of
independent eigenvectors with eigenvalue En is thus the sum of the dimen-
sions of the spaces Vl of spherical harmonics, with l = 0, 1, . . . , n− 1. This
number is, by Theorem 17.12,

n−1∑
l=0

(2l+ 1) = n2,

as claimed.

18.4 The Runge–Lenz Vector in the Quantum
Kepler Problem

In Sect. 2.6, we showed that the classical Kepler problem can be solved
almost completely by making use of the Runge–Lenz vector, which is a con-
served quantity. The quantum version of the Runge–Lenz vector commutes
with the Hamiltonian and can elucidate a number of special properties of
the quantum Kepler problem, which we typically think of as describing a
hydrogen atom. In particular, the Runge–Lenz vector will help to explain
(1) the simple form −R/n2 of the negative energies of the hydrogen atom
and (2) the apparent coincidence by which energy of the states in (18.9)
is independent of l for a given n. Note that the rotational symmetry of
the problem explains why the energy of the states in (18.9) is indepen-
dent of the choice of the harmonic polynomial q. Nevertheless, rotational
symmetry cannot explain why states for different values of l—and thus dif-
ferent radial dependence in the wave function—have the same energy. This
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apparent coincidence will be explained by an additional symmetry of the
problem, that is expressible in terms of the Runge–Lenz vector. See also
Sect. 7 of [17] for a somewhat different (but related) explanation for the
structure of the eigenvalues of the hydrogen atom and their multiplicities.
There are several computations involving the Runge–Lenz vector that,

while elementary, are laborious. Those computations are deferred to
Sect. 18.6.

18.4.1 Some Notation

To keep the notation as simple as possible, we will adopt in this section
Einstein’s summation convention, which states that repeated indices are
always summed on, even if there is no summation sign written. In this
section, the sum will always range from 1 to 3. Using this convention, we
write, say, the dot product of two vectors u,v in R

3 as u · v = ujvj ,where
the summation convention frees us from having to write out explicitly the
sum over j.
We will make frequent use of the totally antisymmetric symbol εjkl, where

j, k, and l range from 1 to 3, defined as follows,

Definition 18.6 For j, k, l ∈ {1, 2, 3}, define εjkl by the formula

εjkl =

⎧⎨
⎩

1 if (j, k, l) is an even permutation of (1, 2, 3)
−1 if (j, k, l) is an odd permutation of (1, 2, 3)
0 if any two of j, k, l are equal

.

Thus, for example, ε321 = −1 and ε212 = 0. The commutation relations
for the basis {F1, F2, F3} for so(3) may be written (using the summation
convention!) as

[Fj , Fk] = εjklFl. (18.16)

For instance, if we take j = 1 and k = 2 in (18.16), then the sum on l gives
a nonzero value only when l = 3, and we recover the relation [F1, F2] = F3.

18.4.2 The Classical Runge–Lenz Vector, Revisited

We have already introduced, in Sect.2.6, the Runge–Lenz vector A in the
classical mechanics of a particle moving in a 1/r potential. We require a few
more properties of A before turning to the quantum version. We consider
a classical particle in R

3 with Hamiltonian given by

H(x,p) =
|p|2
2μ

− Q2

|x| . (18.17)

This is just the Hamiltonian for the classical Kepler problem, except that
we replace the mass m of the planet by the reduced mass μ of the electron–
proton system, and we replace the constant k := mMG by Q2.
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For the Hamiltonian in (18.17), the Runge–Lenz vector is given by the
formula

A(x,p) =
1

μQ2
p× J− x

|x| ,

where J := x × p is the angular momentum. By Proposition 2.34, the
Runge–Lenz vector is a conserved quantity for the classical Kepler prob-
lem, in addition to H and J, which are conserved quantities for any radial
potential. By results of Sect. 2.6, we have the following relations among
these conserved quantities:

A · J = 0

|A|2 = 1 +
2H

μQ4
|J|2 .

Lemma 18.7 The Runge–Lenz vector A and the Hamiltonian H in (18.17)
satisfy the following Poisson bracket relations:

{Aj , H} = 0

{Aj, Am} = − 2

μQ4
εjmlJlH. (18.18)

We have already shown that the Runge–Lenz vector is a conserved quan-
tity (Proposition 2.34), which is equivalent (Proposition 2.25) to saying that
the Poisson bracket of Aj with H is zero, as claimed. The proof of (18.18)
is deferred to Sect. 18.6. We now introduce certain combinations of the
Runge–Lenz vector, the angular momentum, and the Hamiltonian that
form a Lie algebra under the Poisson bracket. In the construction of these
functions, we need to take a square root of the Hamiltonian, which necessi-
tates separating the positive-energy and negative-energy parts of the phase
space. Our interest is primarily in the negative-energy case.

Definition 18.8 Let U− denote the negative-energy part of the classical
phase space,

U− =
{
(x,p) ∈ R

6
∣∣H(x,p) < 0

}
.

Consider on U− the normalized Runge–Lenz vector B given by

B =

√
μQ4

2 |H | A.

Define also vector-valued functions I and K on U− by

I =
J+B

2
; K =

J−B

2
.
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Theorem 18.9 The functions I and K Poisson-commute with the Hamil-
tonian and satisfy the following Poisson-bracket relations on the negative-
energy set U−:

{Ij , Ik} = εjklIl

{Kj,Kk} = εjklKl

{Ij ,Kk} = 0.

The functions I and K also satisfy the following algebraic relations:

|I|2 = |K|2 =
μQ4

8 |H | .

In Theorem 18.9, we use the summation convention introduced in the
previous subsection. The proof of this theorem is elementary but rather
laborious, and is deferred to Sect. 18.6.
The span of the functions I1, I2, I3 and K1,K2,K3 on U−, which is

the same as the span of the functions B1, B2, B3 and J1, J2, J3, forms a
6-dimensional Lie algebra under the Poisson bracket. Comparing the Poisson-
bracket relations among the I’s and among the K’s to the relations among
the basis elements F1, F2, F3 for so(3), we see that the span of the I’s and
the span of the K’s are both isomorphic to so(3) [or, if you prefer, to su(2)].
Since also each Ij commutes with each Kk, the 6-dimensional Lie algebra
spanned by the I’s and the K’s is isomorphic to so(3)⊕ so(3). Meanwhile,
as demonstrated in Exercise 4, so(3)⊕so(3) is isomorphic to the Lie algebra
so(4). Since all the I’s and K’s Poisson-commute with the Hamiltonian, we
say that the Kepler problem has so(4) symmetry. This is in contrast to the
dynamics of a particle moving in R

3 in the force generated by a typical
radial potential, which has only so(3) symmetry.
To be more precise, “so(4) symmetry” prevails only on the negative-

energy subset U− of the classical phase space. On the positive-energy subset
U+, the span of the functions B1, B2, B3 and J1, J2, J3 again forms a 6-
dimensional Lie algebra. This Lie algebra, however, is not isomorphic to
so(4), but rather to so(3, 1), where so(3, 1) is the Lie algebra of the group of
4×4 matrices that preserve the quadratic form x21+x

2
2+x

2
3−x24. The reason

the formulas on U+ are different from those on U− is that calculations of
the relevant Poisson brackets involves the function H/ |H | , which has the
value 1 on U+ and the value −1 on U−. (The factor of H comes from
Lemma 18.7 and the factor of |H | from the factor of

√|H | in the definition
of B.)

18.4.3 The Quantum Runge–Lenz Vector

We now introduce the quantum counterpart Â of the classical Runge–Lenz
vector A. The quantum Runge–Lenz satisfies most of the same properties
as the classical version, with a few small but crucial “quantum corrections.”
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Definition 18.10 Define the quantum Runge–Lenz vector by

Â =
1

μQ2

1

2

(
P× Ĵ− Ĵ×P

)
− X

|X| .

Note that in the quantum case,−Ĵ×P is not the same asP×Ĵ, because of
the noncommutativity of the factors. The particular combination of P× Ĵ
and Ĵ × P in Definition 18.10 is used because it is yields a self-adjoint
operator. The Runge–Lenz vector can also be computed as

Â =
1

μQ2

(
P× Ĵ− i�P

)
− X

|X| , (18.19)

as will be verified in Sect. 18.6.
In the interests of keeping the exposition manageable, we will not concern

ourselves in what follows with determining the precise domains on which
various identities hold.

Proposition 18.11 The quantum Runge–Lenz vector Â satisfies the fol-
lowing relations:

Â · Ĵ = Ĵ · Â = 0

Â · Â = 1 +
2Ĥ

μQ4

(
Ĵ · Ĵ+ �

2
)
. (18.20)

Note that there is a “quantum correction” in (18.20); the factor of J · J
in the classical expression for A ·A is replaced by Ĵ · Ĵ+�

2. This correction
gives rise to a quantum correction in (18.22), which in turn is essential
to getting the correct value for the energy eigenvalues in Corollary 18.17.
The proof of this result and the other results of this section are deferred to
Sect. 18.6.

Lemma 18.12 The quantum Runge–Lenz vector Â and the Hamiltonian
Ĥ satisfy the following commutation relations:

1

i�
[Âj,Ĥ ] = 0

1

i�
[Âj , Âm] = − 2

μQ4
εjmlĴlĤ. (18.21)

Note that since Ĥ commutes with rotations, it commutes with the angu-
lar momentum operators Ĵl. Thus, in (18.21), we could just as well write
ĤĴl in place of ĴlĤ. As in the classical case, if we normalize the com-
ponents of the Runge–Lenz vector by dividing by the square root of the
Hamiltonian, then these operators together with the angular momentum
operators form a 6-dimensional Lie algebra.
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Definition 18.13 Let V − denote the negative-energy subspace of L2(R3),

that is, the range of the spectral projection μĤ((−∞, 0)). Let |Ĥ | denote
the restriction to V − of the operator −Ĥ. On V −, define operators B̂ by

B̂ =
μQ2√
2μ|Ĥ |

Â.

Define also operators Î and K̂, as in the classical case, by

Î =
Ĵ+ B̂

2
; K̂ =

Ĵ− B̂

2
.

It is possible to define the absolute value of any self-adjoint operator
by means of the functional calculus. However, since the restriction of Ĥ
to V − is, by definition, negative definite, the restriction of |Ĥ | to V − co-

incides with the restriction to V − of −Ĥ. The operator 1/

√
|Ĥ | is the

operator with a restriction to the energy eigenspace with eigenvalue En

that is 1/
√|En|I. The components of B̂ are unbounded operators, defined

on suitable dense subspaces of the Hilbert space V −.

Theorem 18.14 The operators Î and K̂ commute with the Hamiltonian
Ĥ and satisfy the following commutation relations:

1

i�
[Îj , Îk] = εjkl Îl

1

i�
[K̂j , K̂k] = εjklK̂l

1

i�
[Îj , K̂k] = 0.

These operators also satisfy the following algebraic relations:

Î · Î = K̂ · K̂ =
μQ4

8|Ĥ | −
�
2

4
. (18.22)

18.4.4 Representations of so(4)

In light of the commutation relations in Theorem 18.14, we can define a
representation π of the Lie algebra so(4) ∼= so(3) ⊕ so(3) on the negative-
energy subspace V − as follows:

π(Fj , 0) =
1

i�
Îj ; π(0, Fj) =

1

i�
K̂j. (18.23)

It is therefore desirable to classify the irreducible finite-dimensional repre-
sentations of so(3)⊕ so(3), which we do in the following proposition.
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Proposition 18.15 Suppose Vk and Vl are irreducible representations of
so(3) of dimensions 2k+1 and 2l+1, respectively. Then Vk⊗Vl is irreducible
when viewed as a representation of so(3)⊕ so(3) as in Remark 16.49. Fur-
thermore, every irreducible finite-dimensional representation of so(3)⊕so(3)
is isomorphic to Vk ⊗ Vl for a unique ordered pair (k, l).
For any representation Vk ⊗Vl of so(3)⊕ so(3), define Casimir operators

C1 and C2 by the formula

C1 =
3∑

j=1

πk(Fj)
2 ⊗ I; C2 =

3∑
j=1

I ⊗ πl(Fj)
2.

Then we have
C1 = −k(k + 1)I; C2 = −l(l+ 1)I.

Proof. To classify the irreducible representations of so(3)⊕ so(3), we could
appeal to the general theory of representations of direct sums of Lie alge-
bras. It is not hard, however, to give a direct proof using the same sort
of reasoning we used in the classifications of irreducible representations
of so(3). We will omit the details of this computation. The result on the
Casimir operators follows easily from Proposition 17.8.
In any finite-dimensional subspace of V − that is invariant and irreducible

under the action of so(3)⊕so(3) in (18.23), the Casimir operators are given
by C1 = −Î·̂I/�2 and C2 = −K̂·K̂/�2. Since, by Theorem 18.14, Î·̂I = K̂·K̂
on V −, all of the irreducible representations of so(3)⊕so(3) that arise inside
V − will be of the form Vk ⊗ Vk.

Theorem 18.16 Let W (n) denote the eigenspace for the Hamiltonian with
eigenvalue En. Then W

(n) is invariant and irreducible under the action of
so(3)⊕ so(3) in (18.23). More specifically, we have the isomorphism

W (n) ∼= Vk ⊗ Vk,

as representations of so(3) ⊕ so(3), where k = (n − 1)/2 and where Vk is
the irreducible representation of so(3) of dimension 2k + 1 = n.

Corollary 18.17 If n, k, and W (n) are as in Theorem 18.16, then for all
ψ ∈W (n), we have

Î · Îψ = Ĵ · Ĵψ = �
2k(k + 1).

Using (18.22), the eigenvalue En of Ĥ on W (n) can be solved for as

En = − μQ4

8�2
(
k + 1

2

)2 = − μQ2

2�2n2
.

The expression for En in Corollary 18.17 is the same as in Theorem 18.3.
The remarkable thing about the proof of Theorem 18.17 is that it is purely
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algebraic, relying only on the commutation relations among the operators
Îk and K̂l, along with the relationship (18.22) between the Hamiltonian
operator Ĥ and the Îk’s and K̂l’s.
Proof of Corollary 18.17. It is easily seen that the operators Î · Î and
K̂ · K̂, when restricted to an irreducible subspace for the action of so(3)⊕
so(3), are equal to −�

2C1 and −�
2C2, where C1 and C2 are the Casimir

operators appearing in Proposition 18.15. Thus, if W (n) is isomorphic to
Vk⊗Vk, with k = (n−1)/2, then Î · Î and K̂ ·K̂ will be equal to �

2k(k+1)I,
as claimed. On the other hand, Î·Î and K̂·K̂ are related to the Hamiltonian
Ĥ by (18.22), from which we can solve for En.
Proof of Theorem 18.16. Since each component of A and Ĵ commutes
with Ĥ, each component of Î and K̂ will also commute with Ĥ. Each
eigenspace of Ĥ is therefore invariant under the action of Î and K̂. Since
the Î’s and K̂’s are self-adjoint and W (n) is finite dimensional, W (n) will
decompose as a direct sum of irreducible invariant subspaces. By Proposi-
tion 18.15, these irreducible subspaces will be of the form Vk ⊗ Vl, where
Vk and Vl are irreducible representations of so(3) of dimension 2k + 1 and
2l+1, respectively. But now, the operators Î · Î and K̂ · K̂, when restricted
to one of the irreducible subspaces ofW (n), are equal to −�

2C1 and −�
2C2,

where C1 and C2 are the Casimir operators appearing in Proposition 18.15.
Since Î · Î = K̂ ·K̂ on all of V −, the eigenvalues of C1 and C2 must be equal
on each irreducible subspace of W (n). Thus, we must have k = l, meaning
that only irreducible subspaces of the form Vk ⊗ Vk arise.
Now, under the isomorphism of some irreducible subspace of W (n) with

Vk⊗Vk, the operators Îk and K̂k act as i�Fk⊗I and i�I⊗Fk, respectively,
where the Fk’s are the usual basis for so(3). Since Ĵ = Î+ K̂, each Ĵk acts
as i�(Fk ⊗ I + I ⊗ Fk). This means that Vk ⊗ Vk, under the action of the
Ĵk’s, can be thought of as a tensor product of two representations of so(3),
viewed as another representation of so(3) as in Definition 16.48. Viewed
this way, Vk ⊗ Vk decomposes as in Proposition 17.23 as

Vk ⊗ Vk ∼= V0 ⊕ V1 ⊕ · · · ⊕ V2k. (18.24)

On the other hand, we know from Theorem 18.3 that W (n) decomposes
under the action of so(3) as

V0 ⊕ V1 ⊕ · · · ⊕ Vn−1. (18.25)

Thus, the space of the form Vk ⊗ Vk must be all of W (n); if there were
another term then the trivial representation V0 would occur more than
once in W (n). This being the case, matching the decompositions (18.24)
and (18.25) requires that 2k = n− 1, as claimed in the theorem.
The proof of Theorem 18.16 relies to some extent on the results of

Sect. 18.3. Using only algebraic manipulations involving the Runge–Lenz
vector, however, we could still argue that the eigenvalues of Ĥ must be of
the form given in Corollary 18.17. We would not, however, know that for
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every positive integer n, the number En is actually an eigenvalue for Ĥ.
We would also not know that each eigenspaceW (n) is irreducible under the
action of so(4); conceivably, based only on the algebra, W (n) could have,
say, dimension 2n2 instead of n2.

18.5 The Role of Spin

The spin of the electron is 1/2. As discussed in Sect. 17.8, this means
that the Hilbert space for an electron is L2(R3)⊗̂V1/2, where V1/2 is a
2-dimensional vector space that carries an irreducible projective unitary
representation of SO(3). Up to now, we have neglected the spin in our
calculations. The reason for this omission is simple: to first approximation,
the spin plays no role in the calculation. Specifically, in the simplest model
of a hydrogen atom with spin, the Hamiltonian is simply Ĥ ⊗ I, where Ĥ
is the operator in (18.7), acting on L2(R3). For any n > 0, we can obtain a
basis of eigenvectors for Ĥ ⊗ I with eigenvalue En by taking vectors of the
form ψn,l,m ⊗ ej , where the ψn,l,m’s are as in (18.10) and where {e1, e2}
forms a basis for V1/2.
Now, from the point of view of rotational symmetry, the basis ψn,l,m⊗ej

is not the most natural one. Rather, we should decompose the eigenspaces
into irreducible invariant subspaces for the (projective) action of SO(3),
where SO(3) acts on both L2(R3) and V1/2. We have already decomposed
the eigenspaces inside L2(R3) into irreducible invariant subspaces, namely
the span of ψn,l,m where n and l are fixed and m varies. Thus, to obtain
the irreducible invariant subspaces inside L2(R3)⊗̂V1/2, we use the method
of “addition of angular momentum” from Sect. 17.9. According to Proposi-
tion 17.22, Vl⊗V1/2 is irreducible if l = 0 and isomorphic to Vl+1/2⊕Vl−1/2

if l > 0. Consider, for example, the case n = 3, l = 1, the so-called “3p
states” in traditional chemistry terminology. Since V1 ⊗ V1/2 decomposes
as V3/2 ⊕ V1/2, when we take spin into account, we obtain a 4-dimensional
space and a 2-dimensional space. We can obtain bases for these spaces by
tracing through the proof of Proposition 17.22.
The decomposition described in the previous paragraph is essential when

considering the “fine structure” of hydrogen. Our model of hydrogen using
the Hamiltonian (18.7) is only a first approximation. More realistic mod-
els take into account various corrections, including radiative corrections, a
finite size for the nucleus, and “spin–orbit coupling,” among other things.
The notion of spin–orbit coupling adds a term into the Hamiltonian involv-
ing the operator Ĵ · σ, where σ1, σ2, and σ3 are the operators describing
the action of so(3) on V1/2. When this term is included, the Hamiltonian
is no longer of the form A ⊗ I for some operator A on L2(R3). Thus, we
can no longer simply append the spin to the end of the computation, but
must take it into account from the beginning.
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The various corrections to the Hamiltonian for the hydrogen atom have
the effect of reducing the multiplicities of the eigenvalues. Almost any cor-
rection we make, for example, will destroy the independence of the eigen-
value on l for a given n, simply because the correction terms in the Hamilto-
nian will not commute with the quantum Runge–Lenz vector. Nevertheless,
all of the corrections that make up the fine structure of hydrogen preserve
the rotational symmetry of the problem. Thus, the same irreducible repre-
sentations of SO(3) that we had in the simple model will appear after the
corrections are made. For n = 2, l = 1, for example, we will still have a
4-dimensional space and 2-dimensional space, but these two spaces will no
longer have the same energy.

18.6 Runge–Lenz Calculations

In this section, we fill in many of the computations that we passed over
without proof in Sect. 18.4. Although all the calculations are, in principle,
elementary, there are a number of nonobvious tricks that help simplify
the algebra. We will make frequent use of the concepts of functions that
transform like vectors (on the classical side) and of vector operators (on
the quantum side), including Propositions 17.25 and 17.27 (Sect. 17.10).
In particular, we note that the position x, the momentum p, the angular
momentum j, and the Runge–Lenz vector A all transform like vectors,
and that the corresponding quantum quantities are all vector operators.
(Compare Exercise 7.) In the “ε” notation of Sect. 18.4.1, Proposition 17.27
takes the form

1

i�
[Cj , Ĵk] =

1

i�
[Ĵj , Ck] = εjklCl. (18.26)

In the quantum mechanical calculations, there are a number of “quantum
corrections,” in which dot products and cross products of vector operators
do not behave as they do in the classical case.

Lemma 18.18 The ε-function in Definition 18.6 satisfies the relations

εjklεjmn = δkmδln − δknδlm

εjklεjkm = 2δlm.

The proof of these results is not difficult and is left to the reader (Ex-
ercise 6). The following identities involving the cross product of vector
operators will be useful to us.

Lemma 18.19 If C, D, and E are arbitrary vector operators, we have

C · (D×E) = (C×D) · E (18.27)

C×D+D×C = εjkl[Ck, Dl] (18.28)

C×C =
1

2
εjkl[Ck, Cl]. (18.29)
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In particular, if the different components of C commute, then C×C = 0.
Finally,

(C× (D×E))j = CkDjEk − CkDkEj . (18.30)

As special cases of these results, we have

Ĵ×P+P× Ĵ = 2i�P (18.31)

Ĵ× Ĵ = i�Ĵ (18.32)

Note that if the entries of D and E commute, then the right-hand side
of (18.30) reduces to the classical expression, (C · E)D − (C · D)E. Us-
ing (18.31), we can easily verify the alternative expression (18.19) for the
Runge–Lenz vector.
Proof. The right-hand side of (18.27) is computed as εjklCkDlEj . If we
note that εjkl = εklj and then relabel the indices, we obtain εjklCjDkEl,
which is equal to the left-hand side of (18.27). For (18.28), we compute
that

(C×D+D×C)j = εjklCkDl + εjklDkCl

= εjklCkDl + εjklClDk − εjkl[Cl, Dk]. (18.33)

If we note that εjkl = −εjlk and then relabel the indices k and l, we see
that εjklClDk = −εjklCkDl, so that the first two terms in the second line
of (18.33) cancel. The remaining term can be put into the claimed form by
relabeling the indices k and l. The identity (18.29) is just the D = C case
of (18.28). Finally, (18.30) follows easily from Lemma 18.18.
To obtain (18.31) and (18.32), we apply (18.28) and (18.29), respectively.

Since both Ĵ and P are vector operators, the desired result follows easily
from Lemma 18.18.
We now turn to the proofs of the results of Sect. 18.4. We prove only the

quantum versions of the results, since the classical results are extremely
similar, except that certain quantum corrections can be ignored.
Proof of Lemma 18.12, First Part. We begin by showing that Âj

commutes with Ĥ for each j. Since Ĥ commutes with Ĵ, we have

[Âj , Ĥ] =
1

μQ2

1

2

(
εjkl[Pk, Ĥ]Ĵl − Ĵk[Pl, Ĥ ]

)
−
[
Xj

|X| , Ĥ
]
.

Meanwhile, since the P ’s commute among themselves, we have

[Pk, Ĥ ] = −Q2

[
Pk,

1

|X|
]
= −i�Q2 Xk

|X|3 .
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Thus,

εjkl[Pk, Ĥ ]Ĵl = −i�Q2εjklεlmn
Xk

|X|3XmPn

= −i�Q2(δjmδkn − δjnδkm)
Xk

|X|3XmPn

= −i�Q2 1

|X|3 (XnXjPn −XmXmPj)

= −i�Q2 1

|X|3 (Xj(X ·P)− (X ·X)Pj) . (18.34)

We compute εjklĴk[Pl, Ĥ] in a similar way. Note that Ĵk = εkmnXmPn =
εkmnPnXm, since Xm and Pn commute except when m = n, in which case
εkmn = 0. The result is

εjklĴk[Pl, Ĥ ] = −i�(Pj(X ·X)− (P ·X)Xj)
1

|X|3 .

Meanwhile, since the X ’s commute among themselves, we have[
Xj

|X| , Ĥ
]

=

[
Xj

|X| ,
P 2

2μ

]

=
1

2μ

[
Xj

|X| , Pk

]
Pk +

1

2μ
Pk

[
Xj

|X| , Pk

]

=
i�

2μ

(
1

|X|δjk − XjXk

|X|3
)
Pk +

i�

2μ
Pk

(
1

|X|δjk − XjXk

|X|3
)

=
i�

2μ

(
1

|X|Pj − Xj

|X|3 (X ·P)

)
+
i�

2μ

(
Pj

1

|X| − (P ·X)
Xj

|X|3
)
. (18.35)

It is now a simple matter to compute [Âj , Ĥ ] by combining (18.34) and
(18.35) and verify that everything cancels. We have, for example, a term

involving (Xj/ |X|3)(X ·P) in (18.34) and a canceling term in (18.35).
Before proceeding with the remaining results concerning the Runge–Lenz

vector, we verify some results that will be needed later. There are some
quantum corrections compared to the corresponding classical results.

Lemma 18.20 As in the classical case, the following “orthogonality” re-
lations among vector operators hold:

Ĵ ·P = P · Ĵ = 0 (18.36)

Ĵ ·X = X · Ĵ = 0 (18.37)

(P× Ĵ) · Ĵ = Ĵ · (P× Ĵ) = 0. (18.38)
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Meanwhile, there is a quantum correction in the dot product between P and
P× Ĵ, as follows:

P · (P× Ĵ) = 0 (18.39)

(P× Ĵ) ·P = 2i�(P ·P). (18.40)

Finally, we have

(P× Ĵ) · (P× Ĵ) = (P ·P)(Ĵ · Ĵ) (18.41)

X · (P× Ĵ) = Ĵ · Ĵ (18.42)

(P× Ĵ) ·X = Ĵ · Ĵ+ 2i�P ·X. (18.43)

Proof. By (18.27) and (18.29), we have

Ĵ ·P = (X×P) ·P = X · (P×P) = 0,

since the different components of P commute. The same reasoning shows
that P · Ĵ, Ĵ · X, and X · Ĵ are all zero. To compute (P × Ĵ) · Ĵ, we first
use (18.27), then use (18.32), and then use that P · Ĵ = 0. For Ĵ · (P× Ĵ),
we rewrite P × Ĵ in terms of Ĵ × P, using (18.31). The correction term
involves P, which has a dot product of zero with Ĵ, and so the answer is
again zero.
We use (18.27) and (18.29) again to establish (18.39). To get (18.40), we

first rewrite P× Ĵ in terms of Ĵ×P using (18.31) and then apply (18.39).
To establish (18.41), we apply (18.27) and then (18.30), giving

(P× Ĵ) · (P× Ĵ) = Pj ĴkPj Ĵk − PjJkPkĴj . (18.44)

The second term on the right-hand side of (18.44) is zero because Ĵ ·P = 0.
For the first term, we move Ĵk to the right past Pj . This generates the term

we want plus a correction term equal to i�εkjlPjPlĴk. The correction term is
zero because Pj and Pl commute and εkjl is changes sign under interchange
of j and l. The identity (18.42) follows immediately from (18.27) and the
definition of Ĵ. The identity (18.43) follows from (18.27) and (18.28).

Lemma 18.21 For all j and m, we have

[(P× Ĵ)j , (P× Ĵ)m] = −i�(P ·P)εjmlĴl.

Proof. In computing [PkĴl, PnĴo], we use repeatedly the product rule for
commutators (Point 3 of Proposition 3.15). We obtain four terms, one of
which is zero (the term involving [Pk, Pn]). We use Proposition 17.27 (in
the form (18.26)) to evaluate all remaining terms, giving

1

i�
[εjklPkĴl, εmnoPnĴo]

= εjklεmno

(
Pk[Ĵl, Pn]Ĵo + PnPk[Ĵl, Ĵo] + Pn[Pk, Ĵo]Ĵl

)
. (18.45)
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Let us compute the first of the three terms on the right-hand side of (18.45).
Using Lemma 18.18 and the fact that P is a vector operator, we get

εjklεmnoPk[Ĵl, Pn]Ĵo = εjkl(δopδml − δolδmp)PkPpĴo

= εjkmPkPpĴp − εjkoPkPmĴo

= εjkmPk(P · Ĵ)− Pm(P× Ĵ)j .

If we compute the second and third terms similarly, we obtain

1

i�
[εjklPkĴl, εmnoPnĴo] = εjkmPk(P · Ĵ)− Pm(P× Ĵ)j

+ (P×P)j Ĵm − εjkmPk(P · Ĵ) + Pm(P× Ĵ)j − (P ·P)εjmlĴl.

Three of the above terms are zero (those involving P · Ĵ or P×P) and two
other terms cancel, leaving us with

1

i�
[εjklPkĴl, εmnoPnĴo] = −(P ·P)εjmlĴl,

as claimed.
We now continue with the proof of the properties of the Runge–Lenz

vector.
Proof Proposition 18.11. From the first set of orthogonality relations in
Lemma 18.20, we can see easily that Ĵ · Â = Â · Ĵ = 0. Meanwhile, using
the expression (18.19) for Â and expanding out Â · Â yields, after a little
simplification,

Â · Â = 1 +
1

μ2Q4
(P ·P)

(
Ĵ · Ĵ+ �

2
)

− 1

μQ2

(
2Ĵ · Ĵ 1

|X| + i�

(
P · X

|X| −
X

|X| ·P
))

.

Now,

X

|X| ·P−P · X

|X| = i�

(
δkk
|X| −

Xk

|X|2
Xk

|X|

)
= 2i�

1

|X| .

Thus,

Â · Â = 1 +
(
(Ĵ · Ĵ) + �

2
) 2

μQ4

(
(P ·P)

2μ
−Q2 1

|X|
)
,

as claimed.
Proof of Lemma 18.12, Second Part. We write Â in the form given
in (18.19). In computing the commutator of Âj with Âm, we get several
different types of terms, which we compute one at a time. Of course, the
commutator of Xj/ |X| with Xm/ |X| is zero. The commutator of the P× Ĵ
terms has been computed in Lemma 18.21.
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Meanwhile, to compute the commutator of PkĴl with Xm(1/ |X|), we
again get four terms and, again, one of these is zero, namely the one in-
volving {Ĵl, 1/ |X|}, since 1/ |X| is invariant under rotations. We have, then,

1

i�

[
εjklPkĴl, Xm

1

|X|
]

= εjkl[Pk, Xm]Ĵl
1

|X| + εjklPk[Ĵl, Xm]
1

|X| + εjklXm

[
Pk,

1

|X|
]
Ĵl

= −εjklδkmĴl 1

|X| + εjklεlmnPkXn
1

|X| + εjklXm
Xk

|X|3 εlnoXnPo.

If we apply Lemma 18.18 and carry out some computations similar to ones
we have already performed, we obtain

1

i�

[
εjklPkĴl, Xm

1

|X|
]
= −εjmlĴl

1

|X| + δjm(P ·X)
1

|X|
+XmXj

1

|X|3 (X ·P)−
(
Pm

Xj

|X| +
Xm

|X| Pj

)
. (18.46)

In a commutator of the form [αj +βj , αm+βm], the terms involving the
commutator of an α with a β will be [αj , βm] + [βj , αm], which is equal
to [αj , βm]− [αm, βj ]. This quantity is skew-symmetric j with m, meaning
that it changes sign when we interchange j with m. Thus, terms in (18.46)
that are symmetric in j and m will disappear when we compute the full
commutator of Âj with Âm. Thus, the second and third terms in (18.46)
can be ignored. In the last term, we can commute Pm past Xj to obtain

Pm
Xj

|X| +
Xm

|X| Pj =
Xj

|X|Pm +
Xm

|X| Pj − i�

(
δjm
|X| −

XjXm

|X|3
)
, (18.47)

which is also symmetric. Thus, only the first term in (18.46) contributes to
the computation of [Âj , Âm]. This term is skew-symmetric in j and m and

will be doubled when we compute [Âj , Âm].

Now, it is straightforward to compute [εjklPkĴl, Pm] and [Pj , Xm/ |X|]
and to verify that these commutators are symmetric in j andm (Exercise 8)
and therefore do not contribute to the computation of [Âj , Âm].We are left,
then, with the following

1

i�
[Âj , Âm] = − 1

μ2Q4
εjml(P ·P)Ĵl +

1

μQ2
2εjmlĴl

1

|X|
= − 2

μQ4
εjmlĴl

(
P ·P
2μ

− Q2

|X|
)
,

which is what is claimed in the lemma.
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Proof of Theorem 18.14. Since the Hamiltonian Ĥ is invariant under
rotations, Ĥ commutes with each component of the angular momentum.
We have also established that Ĥ commutes with each component of the
Runge–Lenz vector. From this it follows easily that Î and K̂ commute with
the Hamiltonian.
Since Ak commutes with Ĥ, it also commutes with any function of Ĥ .

It then follows from Lemma 18.12 that

1

i�
[B̂k, B̂l] =

μQ4

2|Ĥ| [Âk, Âl] = − μQ4

2|Ĥ|
2

μQ4
εjmlĴlĤ.

Since Ĥ/|Ĥ | = −I on the negative-energy subspace V −, the above expres-
sion reduces to εjmlĴl. (The result on the positive-energy subspace will
differ by a crucial minus sign from what we have on V −.)
Meanwhile, since both B̂ and Ĵ are vector operators, we have, by Propo-

sition 17.27, (1/(i�))[B̂j , Ĵk] = εjklB̂l and (1/(i�))[Ĵj , Ĵk] = εjklĴl. From

the commutation relations among the B̂j ’s and Ĵj ’s, it is an easy calcula-
tion to verify the claimed commutation relations among the components of
Î and K̂.

18.7 Exercises

1. Consider the quantum Hamiltonian for two particles in R
3 interacting

by means of a 1/r potential:

Ĥ = − �
2

2m1
Δ1 − �

2

2m2
Δ2 − Q2

|x1 − x2| .

Here, as in Sect. 3.11, Δ1 is the Laplacian with respect to the variable
x1 and Δ2 is the Laplacian with respect to the variable x2. As in
Sect. 2.3.3, introduce new variables consisting of the center of mass,
c = (m1x

1+m2x
2)/(m1+m2), and the relative position, y = x1−x2.

Show that Ĥ2 can be expressed in these variables as

− �
2

2(m1 +m2)
Δc − �

2

2μ
Δy − Q2

|y| ,

where μ is the reduced mass, given by μ = m1m2/(m1 +m2).

Note: In the new variables, Ĥ is the sum of two terms, one of which in-
volves only the variable c and one of which involves only the
variable y. The term involving only c is the Hamiltonian for a free
particle with mass m1+m2, whereas the term involving only y is the
Hamiltonian for a particle of mass μ moving in a 1/r potential.
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2. Let H(x,p) = |p|2 /(2μ) − Q2/ |x| denote the Hamiltonian for the
classical Kepler problem in R

3. Show that for every ε > 0, the region
in R

6 given by {(x,p) |H(x,p) < −ε} has finite volume.

3. Let H denote the real span of the following four elements of M2(C):

1 :=

(
1 0
0 1

)
; i :=

(
i 0
0 −i

)
;

j :=

(
0 1

−1 0

)
; j :=

(
0 i
i 0

)
.

(a) Show that H forms an associative algebra over R, under the op-
eration of matrix multiplication, and that the following relations
are satisfied:

i2 = j2 = k2 = −1

ij = −ji = k

jk = −kj = i

ki = −ik = j.

The algebra H is (one particular realization of) the quaternion
algebra.

(b) Show that each nonzero element of H has a multiplicative in-
verse.

Hint : Imitate the argument that each nonzero complex number has
a multiplicative inverse.

4. Let H denote the quaternion algebra defined in Exercise 3. This ex-
ercise establishes explicitly an isomorphism between the Lie algebras
so(4) and so(3)⊕ so(3) (compare Definition 16.14).

(a) Let V be the subspace of H spanned by i, j, and k. Show that
V forms a Lie algebra under the bracket [α, β] = αβ − βα and
that V is isomorphic as a Lie algebra to so(3).

(b) Let End(H) denote the algebra of real-linear maps of H to it-
self. Given α ∈ V, let Lα ∈ End(H) be the “left multiplication
by α” map, Lα(β) = αβ, and let Rα ∈ End(H) be the “right
multiplication by α” map, Rα(β) = βα. Show that the maps
α �→ Lα and α �→ −Rα are Lie algebra homomorphisms of V
into End(H).

(c) Consider the inner product on H in which {1, i, j,k} forms an
orthonormal basis. Given α ∈ V, show that

〈Lαβ, γ〉 = −〈β, Lαγ〉
〈Rαβ, γ〉 = −〈β,Rαγ〉 .
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That is to say, Lα and Rα belong to so(4), which we identify
with the space of elements of End(H) that are skew-symmetric
with respect to the inner product in Part (c).

(d) Show that the map (α, β) �→ Lα − Rβ is a Lie algebra isomor-
phism of so(3)⊕ so(3) to so(4).

(e) Let D denote the diagonal subalgebra of so(3) ⊕ so(3), that is,
the set of elements of the form (X,X). Show that the image of
D under the isomorphism in Part (d) is the set of elements Y of
so(4) ⊂ End(H) having the following form with respect to the
basis in Part (c):

Y =

(
0 0
0 Z

)
,

where Z ∈ so(3).

5. Describe explicitly the two subalgebras of so(4) corresponding to the
two copies of so(3) in the isomorphism

so(4) ∼= so(3)⊕ so(3)

in Exercise 4.

6. Verify Lemma 18.18.

Hint : First show that εjklεjmn = 0 unless (k, l) = (m,n) or (k, l) =
(n,m).

7. In this exercise, we use the summation convention of Sect. 18.4.1.

(a) Show that for any 3 × 3 matrix M and any indices j, k, l ∈
{1, 2, 3}, we have

εmnoMjmMknMlo = εjkl(detM).

(b) Show that if C is a vector operator, then for all R ∈ SO(3), we
have

Π(R)CkΠ(R)
−1 = RlkCl.

(c) Show that the cross product of two vector operators is a vector
operator.

Hint : Write the definition of a vector operator in the equivalent
form

v ·C = Π(R)((R−1v) ·C)Π(R)−1.

8. Compute [εjklPkĴl, Pm] and [Pj , Xm/ |X|] and show that both of
these quantities are symmetric in j and m, meaning that the value is
unchanged if we interchange j and m.

9. Show that the Eq. (18.14) has two power series solutions for g(ρ), one
starting with ρ−(2l+1) and one starting with ρ0.
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