Chapter 27 ®
Formal Investigations of Value Qe

Sven Ove Hansson

Abstract We can express values in three major ways: in terms of classification
(“good”, “bad”, “best”, etc.), comparison (“better”, “at least as good”, “equal
in value”), and quantity (numbers are assigned). The interrelations among these
three types of value expressions are surveyed, with a particular emphasis on
relations of interdefinability. Furthermore, interrelations between value terms and
terms expressing norms or choices are explored. Several of these connections have
been surprisingly little studied, and further investigations may possibly lead to the
discovery of additional connections among the different formal representations of
value and value-related concepts.

27.1 Introduction

Example 1

CUSTOMER: Can you say something about the quality of these two wines, the
Argentinian and the South-African one?

WAITER: Well the Argentinian wine is quite good but the South-African one is
better.

CUSTOMER: So the South-African wine is the best of the two?

WAITER: No, that is not what I said. The Argentian wine is best of the two.
CUSTOMER: I am sorry but I cannot make sense of what you are saying.

Example 2

“I need to buy a new car. There are three options that I choose between,

a Volkswagen, a Volvo, and a Peugot. I compared the first two and found

the Volkswagen to be better than the Volvo. Then I compared the Volkswagen
to the Peugot and concluded that the Peugot was better than the Volkswagen.
But then I started to think about the Volvo again, and I couldn’t avoid the
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conclusion that the Volvo is better than the Peugot. So which car should I buy? I
just can’t make up my mind.”

Example 3

UNHAPPY WIFE: Now that I have told you about all the problems in my marriage,
do you recommend me to divorce?

MARRIAGE COUNSELLOR: No, my advice is to stay with your husband in spite
of his faults.

UNHAPPY WIFE: So you think that it would be better for me to stay with him
than to apply for a divorce.

MARRIAGE COUNSELLOR: No, it would be worse. But I nevertheless think that
it is what you ought to do.

As these examples show, we have expectations that our value statements should
cohere with each other. The second example also shows that we expect a rational
person’s choices to cohere with her values, and the third that we expect her norms
and her values to form a coherent whole. These coherence issues are also important
in moral philosophy. As one example of this, utilitarians and deontologists have
different views on the exact nature of the required coherence between norms and
values.

Formal representation has turned out to be indispensable if we wish to account
in a precise way for coherence in issues such as these. However, it must be
emphasized that the values held by a human being are inseparably connected with
other components of her mind, such as her beliefs and her emotions. The very
process of isolating her values from the rest of her mind involves a considerable
idealization, and when these isolated values are expressed in a formal language
we take the idealization one step further. Therefore, we should not expect to find
a single, correct formalization. Instead, we should expect different formalizations
to be suitable for capturing various features of what may be called the value-
component of her state of mind.

This being said, there are a number of well-established representations, in
particular preference relations, value functions, and choice functions, that have
turned out to be useful for a wide variety of purposes. These devices are used
not only in philosophy but even more in economics, psychology, and the decision
sciences. Their most common use is to express what rationality demands of a
person’s values (and similarly of her norms and her choices). This chapter will
provide an overview of these and some other representations, with a strong emphasis
on how they relate to each other and in particular on whether they can be defined in
terms of each other.

27.2 Values, Facts, and Norms

The separation of facts from values, and the principle that no “ought” can be derived
from an “is”, belong to the standard messages of elementary philosophy teaching.
This exemplifies a general type of logical issues that can be raised for any two

categories of statements. We can ask whether two such categories are logically
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separable, so that no element of one of them can be logically derived from elements
of the other. Contrariwise, we may ask whether the two categories are interdefinable,
so that for any element of one of them there is a logically equivalent element of the
other. Obviously, it is also possible for such definability to go only in one direction.

Two categories for which rather subtle issues of this nature arise are those of
norms and values. A normative expression such as “You ought to exercise two hours
every day” prompts or commends some course of action. An evaluative expression
such as “The best you can do is to exercise two hours every day” does not prompt
or commend. Doing the best may for instance be a too demanding recommendation.
An evaluative sentence may contextually imply advice or requirements, but that is
not part of what it inherently means [11], [13, p. 143].

Terminological ambiguity often makes it difficult to uphold these distinctions.
The terms “norm” and “normative” are sometimes used to cover both types of moral
expressions. There is nothing wrong with such a terminological practice, as long as
the distinction is made by some other linguistic means.!

Once this distinction has been made, it will be seen that the fact—value and
is—ought delimitations do not coincide. Although “fact” and “is” denote the same
category, “ought” refers to norms which is a separate category from that denoted
by “value”. Interesting issues of logical relationships arise among all three of these
categories.

27.3 Varieties of Definability

George Edward Moore [20, pp. 172-173] pointed out that in spite of being different
in meaning, a normative and an evaluative expression may be extensionally equiv-
alent. In particular, a moral theory may imply a specific connection between values
and moral requirements. However, it is important to distinguish between those
relationships among concepts that hold according to a particular moral theory and
those that hold conceptually. Moral standpoints may be supported by different kinds
of arguments, but we should not expect substantial normative conclusions to follow
from the structure of our concepts. In this chapter, the focus will be on conceptual
connections that do not depend on the types of standpoints that tend to differ among
moral theories. However, even on that general level it is important to distinguish
between what we can call definability and determinability. The difference is that
definability requires intensional equivalence whereas determinability only requires
extensional equivalence. The word “bachelor” is definable in terms of “married” and
“man” since there is an expression with these two words whose meaning coincides
with that of “bachelor”. The word “Stockholm” is determinable, but not definable
in terms of “capital of Sweden” since these two expressions only have the same
reference (for contingent reasons) but not the same meaning.

I The notion of supererogation, i.e. doing more good than what is morally required, is a particularly
interesting case. It appears to be a composite concept that cannot be adequately explained without
reference to both values and norms [15].
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Bidirectional definability g Bidirectional determinability
N N
Unidirectional definability g Unidirectional determinability

Fig. 27.1 The different types of definability and determinability referred to in the text

Since we are concerned with sets of expressions, such as value expressions,
normative expressions etc., this distinction will have to be explicated for such sets.
Let A and B be two sets of expressions. Then A is definable in B if and only if
for every expression in A there is some expression in B that has the same meaning.
Furthermore, A is determinable in B if and only if for every expression in A there
is some expression in B that has the same reference. Obviously, definability implies
determinability, but not the other way around.

For a simple example, let A be the English insect names and B the (scientific)
Latin insect names. Then (if we disregard some minor ambiguities) A is definable
in terms of B since for every English insect name there is a Latin insect name
with the same meaning. However, the relationship does not go in the other direction
since quite a few Latin insect names lack an English equivalent. This is a case of
unidirectional definability. By bidirectional definability is meant that each of two
sets of expressions is definable in terms of the other. A similar distinction can be
drawn between unidirectional and bidirectional determinability.

Obviously, interdefinability is the ideal, and one might well ask whether defi-
nitions not complying with that standard should at all be considered. However, a
connection between two categories of expressions (such as norms and values) can
be philosophically interesting and/or practically useful although it is not derivable
from purely conceptual knowledge, or works only in one direction. Therefore, all
the four types of relations of definability and determinability specified in Fig.27.1
are useful in philosophical investigations.

This chapter has its focus on value statements. After some basic specifications
have been introduced in Sect.27.4, three major types of value statements will
be introduced in Sect.27.5 in the form of a “value triangle”. The three types
are discussed in somewhat more detail in Sects.27.6, 27.7, 27.8 and their logical
interrelations are investigated in Sects. 27.9, 27.10, 27.11, and 27.12. After that, the
logical interrelations between value expressions (of all three types) and statements
about choice are studied in Sect.27.13, and their interrelations with statements
about norms are treated in Sect. 27.14. The general picture that emerges from these
investigations will be briefly summarized in Sect. 27.15.
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27.4 Three Basic Specifications

Most of our value statements in everyday life are ambiguous or at least unspecified
in several ways. If I tell you that salmon is the best food fish, you may have to
ask several questions in order to find out what I mean: Best for whom? Best in
comparison to what? (Among the fish we can buy in our local store, or among those
that are available anywhere in the world?) Best from what point of view? (Taste,
nutritional value, etc.) Let us have a closer look at these three types of specifications.

The subject. Values can be related to persons in at least two ways. We may refer
either to what is good or better according to a person or to what is good or better
for that person. The distinction is not always made with sufficient clarity, but it is
crucial in many contexts. One example is medical ethics where increasing emphasis
on the patient’s autonomy has led to a shift from arguments based on what is good
for the patient to arguments based on what is good according to her. Both modes
of speaking can also be applied to collective agents. In addition, value terms can be
used in an impersonal way (that may at least sometimes be interpreted as “good for
everyone”).

Instead of saying “This is better according to him” we can say simply: “He
prefers this.” Logicians have often used the term “logic of betterness” when referring
to values that are impersonal or assumed to hold for a person. The more common
term “logic of preference” usually refers to values held by persons. However, no
logical or otherwise structural differences seem to have been detected between the
two types of connections between betterness and a person. A major reason for this
is that the logical discourse on preferences does not usually refer to the preferences
that actual people have but to the preferences of (idealized) rational agents. This is
also the type of preferences that is usually discussed for instance in economics and
decision theory.

This practice should be understood against the background that it would be
difficult to identify any structural properties of the preferences (or other values)
of agents who do not satisfy at least minimal requirements of rationality. We can
assume that a rational agent does not both claim that Wagner’s music is better
than Verdi’s and that the music of Verdi is better than that of Wagner. However,
irrational agents can be expected to violate this and presumably any other structural
requirement that we may wish to impose. This makes the values of (idealized)
rational agents much more interesting than those of actual agents. Of course, we
need not assume that agents are rational in all respects, only that they have reflected
enough on their value statements to avoid certain structural features that further
deliberation would show to be untenable.

The objects of evaluation. Most value statements have an (at least implicit)
comparison class. It is one thing to say that Emma is a very good sprinter when
you are discussing members of the local running club, but quite another thing to
say so when discussing who should represent her country in the upcoming Olympic
Games. Both in formal and informal accounts of values we need to keep track of the
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comparison class (also called alternative set). Quite a few pseudoparadoxes in value
theory have their background in unmentioned shifts in the comparison class [12].
But on the other hand, carefully performed and described such shifts can be used to
account for changes in values, and as we will see such shifts can also be used as a
mechanism for interdefinability between different types of value statements.

Comparison classes can have interesting structural properties. A particularly
important such property is mutual exclusivity. By this is meant that no two elements
can be combined. The comparison class:

{dog owner, cat owner}

does not satisfy mutual exclusivity since it is possible to have both a cat and a dog.
The more precisely described comparison class:

{dog owner but not cat owner, cat owner but not dog owner, both a dog owner
and a cat owner, neither a dog owner nor a cat owner}

satisfies mutual exclusivity. It also satisfies exhaustiveness, i.e. it covers all possi-
bilities. For most purposes, formal work is simplified by the use of exhaustive and
mutually exclusive comparison classes.

We also need to determine what types of entities the comparison class consists
of. Two approaches are common in the philosophical literature. One is to regard
the elements as primitive, which means that they have no structural connections
with each other. The other is to assume that they are sentences. This is often
convenient since sentences representing states of affairs provide a highly versatile
representation of both philosophical and mundane subject matter. In what follows,
the letters x, y, z will be used to represent elements of the comparison class if they
are taken as primitive. When these elements are assumed to be sentences they will
instead be denoted by the letters p, g, r.

The evaluative viewpoint. Value statements can be made from different points of
view, and they are therefore always ambiguous to the extent that the point of view
has not been specified. The best car on sale is not necessarily the best car for me to
buy. A good philosopher may be a bad mother, etc. There are at least three major
ways in which such standards can be specified.

Many such specifications can be interpreted as positing a goal, such that the value
terms refer to the achievement of that goal. We can for instance say that something
is good from an ethical, economical, environmental, or aesthetic point of view.
Something is “morally good” if it is good for satisfying our moral commitments
and aspirations, “economically good” if it is good for achieving economic goals,
etc. Such goals can be specified to different degrees and in different directions. The
best car from the viewpoint of fuel economy may not be best from the viewpoint of
total cost per kilometre.

Another way to disambiguate an evaluation is to mention one of the categories to
which the evaluated object belongs. I have a friend who can be described as a good
pianist but a bad driver. The two expressions refer to the same person, but evaluated
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according to our criteria for different categories that she belongs to, namely those
of pianists respectively drivers. Such, category-specified value statements are quite
common, and they are precise to the extent that we have determinate criteria for the
categories in question [14].

As a limiting case, value statements may be intended to include all aspects, i.e.,
represent an evaluation that takes everything into account (“synoptic” values). It
is contentious whether moral values and synoptic values coincide or whether the
synoptic values are a broader or more over-arching category that includes non-moral
values as well.

If vacillation between value criteria is allowed, then counter-examples can be
constructed against any structural condition for value terms that we may think
of. (“Rocky is the best saddle horse in the village, but not the best workhorse.”
Therefore, something may be both best and not best at the same time.) For formal
analysis to be meaningful, we have to assume criterial constancy, i.e. the viewpoint
of evaluation should be the same for all evaluations under consideration.

27.5 The Triangle of Value Concepts

In his book about the logic of probability, Rudolf Carnap distinguished between
three major types of empirical descriptive terms. A classificatory concept such as
“warm” divides objects into mutually exclusive classes. A comparative concept such
as “warmer” compares two objects to each other. Finally, a quantitative concept such
as “temperature” characterizes objects by assigning numerical values to them [3],
[cf. 17]. The same three categories can be used to classify the value terms.

Among the classificatory value expressions we find those articulated with terms
such as “good”, “very bad”, “almost worst”, “fairly good”, and “worst”, all of which
have a single referent that they identify as element of a class. In the formal language
they are represented by monadic (one-place) predicates, such as G for “good” and
B for “bad”. The formula Gx means “x is good”, and Bx means “x is bad”.

Comparative value expressions such as “better”, “worse”, and “equal in value
to” describe the relation between two referents. In the formal language they are
expressed with dyadic (two-place) predicates. In what follows we will use > for
“better”, ~ for “equally good as”, and > for “at least as good as”. Thus x > y
means that x is better than y, and y ~ z that y and z are equally good. (A common
alternative notation uses P instead of >, I instead of ~, and R instead of >.)

Quantitative value expressions represent a referent’s amount of value in numer-
ical terms, i.e. in numbers saying “how good” something is. Quantitative value is
expressed by a numerical function v that takes us from objects of evaluation to real
numbers. Thus v(x) = 3 means that x has the value represented by the number 3.

In everyday life, moral statements are usually expressed with classificatory or
comparative expressions. In moral theory, quantitative valuations are important,
primarily since they are required in utilitarianism.
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Table 27.1 The three major types of value expressions and their formal representations

Type of value expression Formal representation Examples
Classificatory Monadic predicate Good, bad, best
Comparative Dyadic predicate Better than, equally god as,

at least as good as
Quantitative Numerical function Utility

Fig. 27.2 The value triangle,
representing the three major Pre-
types of value statements ference

Good, Numeric

Bad value

The three types of value terms are summarized in Table 27.1 and in the value
triangle depicted in Fig. 27.2. The next three sections are devoted to the structural
properties of each of these three types. For expository reasons we will begin with
the comparative terms.

27.6 Comparative Value Concepts

Preference logic, the logic of the dyadic value predicates, is the most well-developed
part of the logic of value concepts.” It has a long history. Aristotle discussed
structural properties of preferences in Book III of his Topics. Representations in
modern logical language were developed by Soren Halldén [9] and Georg Henrik
von Wright [28].

The two fundamental comparative value concepts are “better” (>, strict prefer-
ence) and “equal in value to” (~, value equality). The former of these represents
both betterness and converse worseness, hence x > y is taken to mean both “x is
better than y” and “y is worse than x”.

The relation >, “at least as good as” (weak preference) can be defined in terms
of the two fundamental concepts:

x >y if and only if either x > y or x ~ y.

9

The three expressions “x is better than y”, “y is better than x”, and “x is equal in
value to y” are usually taken to be mutually exclusive, i.e. no two of them can hold
at the same time. It is also assumed that everything is equal in value to itself and

2For a more detailed exposition, see Chap. 29.



27 Formal Investigations of Value 507

that equality in value always works in both directions. These assumptions add up to
the following four constitutive properties of the comparative notions:

x >y — —=(y > x) (asymmetry of preference)

x ~y — y~ x (symmetry of indifference)

x ~ x (reflexivity of indifference)

x >y — —=(x ~ y) (incompatibility of preference and indifference)

A much more controversial principle is completeness, according to which it holds
for any two objects of the comparison class that either one of them is better than the
other, or else they are equal in value. This property can be expressed in either of the
following two equivalent ways:

x>y V x~y V y>x (completeness)
X >y V y>x (completeness, alternative formulation)

By far the most discussed postulate for comparative value is transitivity, according
to which two steps of weak preference can be combined into one:

X>y>z — x >z (transitivity)

(To simplify the notation, we contract series of dyadic predicate expressions, thus
writingx >y>zforx >y & y>z.)

Transitivity is often regarded as an essential rationality criterion.> The same
applies to various weakened versions of it, such as:

xX>y>z — x>z (quasi-transitivity)
X1 >Xx2>... > X, — —(x, >x1) (acyclicity)

27.7 Classificatory Value Concepts

There is a wide variety of classifying value predicates: “good”, “best”, “bad”, “very
good” etc. Here, the focus will be on “good” and “bad” that are denoted by G
respectively B. “Good” and “bad” are usually taken to be mutually exclusive, i.e.
they cannot consistently both be applied to one and the same object of evaluation.
If someone says that a particular novel is both good and bad, then this is perceived
as paradoxical. We expect a resolution that typically assigns different evaluation
criteria to the two statements, for instance: “The plot is good, but the language is
bad”. Due to our assumption of criterial constancy we can presume that goodness
and badness are mutually exclusive:

—(Gx & Bx) (mutual exclusiveness)

If the objects of evaluation (elements of the comparison class) are represented by
sentences, then additional logical principles can be introduced. In particular, we
can express the intuition that a state of affairs and its negation are not (from the

3See Chaps. 29 and 31.
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same point of view) both good or both bad. If you say “It is good to be married,
and it is also good to be unmarried”, then you typically mean that matrimony
and bachelorhood are good in different respects or according to different criteria.
Something similar can be said about the dismal pronouncement “It is bad to be
married, and it is also bad to be unmarried.” Such equivocations are excluded by the
following principles:

—(Gp & G—p) (non-duplicity of good)
—(Bp & B—p) (non-duplicity of bad)

Two other potential postulates are Gp — B—p and (symmetrically) Bp — G—p.
(For both of them to hold it is sufficient and necessary that B—p <> Gp holds.)
However, it is easy to show that neither of them is a plausible postulate.

My uncle is a great music lover. It would be good if I give him a recording of
Das Wohltemperierte Klavier for his birthday. However, it would not be bad if
I do not give him such a recording. This is because not doing so is compatible
with giving him some other nice present that he will appreciate.

Maria is an alcoholic who consumes different brands of whiskey every
evening. It is bad that she drank Hazelburn whiskey yesterday. However, it
would not have been much of a good thing if she had not done so, since then
she would in all probability have taken some other whiskey instead.

Without further devices it seems difficult to obtain any plausible postulates for
“good” and “bad” in addition to mutual exclusiveness and non-duplicity. There
are at least two devices that we can use to obtain further postulates: shifts in the
comparison class and the insertion of “good” and “bad” into a language that also
contains a preference relation.

It is easy to find examples in which our usage of “good” and “bad” depends on
the context. Jennifer and Robert are both members of the local chess club. Jennifer is
one of its best players, but Robert seldom wins a game. When discussing members
of the club it would be reasonable to say “Jennifer is a good player, but Robert
is not”. Suppose that they both join a large competition with several thousand
participants, most of whom neither Jennifer nor Robert has much of a chance to
defeat. In such a context it would be more natural to count neither Jennifer nor
Robert as a good player.

To express this in the formal language we will use capital letters such as A and D
to denote comparison classes. These letters can be attached as indices to the monadic
value predicates G and B. Thus G 4x means that x is good among the elements of
A and Byx that x is bad among the elements of A. Johan van Benthem [26] has
proposed the following postulates for such indexed monadic value predicates:

If Gax & —G,y, then there is no comparison class D such that
Gpy & =G px (non-reversal of good)

If BAx & = B4y, then there is no comparison class D such that Bpy & —=Bpx
(non-reversal of bad)
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G differentiates between x and y in A if and only if either G4x & =G4y or
Gay & —Gax. Furthermore, G differentiates within A if and only if there are
x,y € A such that G differentiates between x and y in A. The corresponding
definitions apply to the badness predicate B. With these definitions, the following
postulates, also proposed by van Benthem, can be introduced:

If G differentiates between x and y in D, and {x, y}CACD, then G
differentiates between x and y in A. (downward difference of good)

If B differentiates between x and y in D, and {x, y}CACD, then B
differentiates between x and y in A. (downward difference of bad)

If ACD and G differentiates within A, then it differentiates within D. (upward
difference of good)

If ACD and B differentiates within A, then it differentiates within D. (upward
difference of bad)

The other device for obtaining postulates for “good” and “bad” is to include the
dyadic and monadic value predicates in one and the same framework. This is
intuitively plausible, since our classificatory and comparative concepts appear to be
closely connected to each other. This was implicitly recognized already by Aristotle,
when he said that “if one thing exceeds while the other falls short of the same
standard of good, the one which exceeds is the more desirable” (Topics, I11:3), which
can be interpreted as a statement that:

Gx & =Gy — x >y (negation-sensitivity of good)

Other, at least seemingly plausible, connections between the monadic and dyadic
predicates include:

—Bx & By — x >y (negation-sensitivity of bad)
Gx & By — x >y (bivalent sensitivity)

x>y — Gx V By (closeness)

Gx & y>x — Gy (positivity of good)

Bx & x >y — By (negativity of bad)

Gx & Gz & x>y >z — Gy (continuity of good)
Bx & Bz & x>y >z — By (continuity of bad)

Gx & x~y — Gy (indifference-sensitivity of good)
Bx & x ~y — By (indifference-sensitivity of bad)

27.8 Quantitative Value Concepts

A numerical function is any function that takes us from some objects to real
numbers. In measurement theory, numerical functions are classified according to
how much information they carry. Football teams have shirts with numbers on them.



510 S. O. Hansson

A function that assigns to each football player the number on his or her shirt, for
instance v(Ronaldinho) = 10, carries no other information than any other label that
could be used for the same purpose. It is called a nominal function. Such functions
have no use in the representation of values.

Other numerical functions represent an order or rank, so that something can be
learnt from which of two objects is assigned the highest value. These are called
ordinal scales. The ranking of tennis players is an example. The player ranked
number 1 is presumably better than that ranked number 2, etc., but the differences
on the scale have no significance. Thus the difference between the 1st and the 2nd
player cannot be inferred, and it may be very different from that between the 200th
and the 201st.

An interval scale has uniform differences. A common temperature scale
(°C or °F) exemplifies this. The difference between 4 and 5°C is the same as
that between 40 and 41 °C. However, 10 °C is not ten times hotter than 1 °C. Ratios
on an interval scale do not carry any meaningful information.*

Finally, on a ratio scale ratios are also meaningful. Length is measured on a ratio
scale. Thus, 10 mm is ten times longer than 1 mm. These lengths stand in the same
proportion to each other as 10 to 1 km (which is useful to know when reading a map
with the scale 1:1,000,000). The scientific temperature scale is also a ratio scale,
thus 300 °K (27 °C) is twice as hot as 150 °K (—123 °C).

The requirements on a numerical function that represents values depends on
its intended use. For the purposes of a utilitarian moral theory a ratio scale will
be necessary. This makes it possible to add values and to compare the values
of aggregated wholes to each other. Other types of moral theories may be less
demanding on the value function.

With these definitions in place we can now investigate interdefinabilities among
the three categories of value statements. We will begin with the left side of the
triangle of Fig. 27.2.

27.9 From Comparative to Classificatory Value

Several proposals have been put forward that define “good” and “bad” in terms
of the dyadic predicates. The first such proposal was made by Albert P. Brogan
[2], according to whom “good” means “better than its negation” and “bad” means
“worse than its negation”.

Gp < p>—p (negation-related good)
Bp < —p> p (negation-related bad)

“More precisely: The information that we can extract from knowing the exact values of ratios
coincides with the information we can extract from just knowing for each ratio whether it is higher
than, equal to, or less than 1.
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This definition has a strong intuitive appeal, but of course it only works for relata
that have a sentential structure so that they can be negated. Another disadvantage is
that if G and B are defined in this way, then they do not always satisfy positivity,
respectively negativity. For an example, let =g ~g¢~ p>—p. Then Gp,q > p and
—Ggq, contrary to positivity.

Another major tradition is based on the identification of some neutral object or
group of objects. Then “good” can be defined as “better than something neutral”
and “bad” as “worse than something neutral”. As a general recipe this works for
non-sentential as well as sentential objects of comparison:

Gx < x> n (neutrality-related good)
Bx < n> x (neutrality-related bad)

Several proposals have been made on how to specify the neutral object(s). Most of
these proposals require the objects to be represented by sentences. Some authors
have recommended that the neutral propositions should be tautologies [6, p. 37]
or contradictions [29, p. 164]. Writing T for an arbitrary tautology and L for an
arbitrary contradiction we then have:

Gp < p> T (tautology-related good)
Bp < T > p (tautology-related bad)

Gp < p> 1 (contradiction-related good)
Bp < 1 > p (contradiction-related bad)

However, it is difficult to make sense of a statement saying that something is better
or worse than a tautology or a contradiction. If we wish to base our identification of
the neutral elements on evaluative comparisons that we can actually make, then the
solution must be sought elsewhere.

The most influential identification of neutral elements was proposed by Roderick
Chisholm and Ernest Sosa [4]. They defined “good” as “better than something that
is equal in value to its negation” and “bad” as “worse than something that is equal
in value to its negation”. For instance, let us assume that it is (morally) neither good
nor bad for a person to read crime fiction. According to this definition, any action
that is (morally) better than reading crime novels is a good action. Since Chisholm
and Sosa used the term “indifferent” for “equal in value to its own negation”, these
can be called the “indifference-related” versions of “good” and “bad”:

Gp < (q)(p > q ~—q) (indifference-related good)
Bp < (3q)(—q ~ g > p) (indifference-related bad)

Although this pair of definitions is conceptually related to Brogan’s negation-related
good and bad, the two pairs of definitions do not coincide unless rather strict
demands are put on the structure of the preference relation [10]. The two pairs of
definitions share the disadvantage of sometimes giving rise to predicates for “good”
and “bad” that do not satisfy positivity respectively negativity. The indifference-
related definitions also have the additional disadvantage of sometimes giving rise
to predicates for “good” and “bad” that do not satisfy the even more elementary
postulates mutual exclusiveness and non-duplicity [13, pp. 123-124].
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The following definitions were introduced in order to obtain predicates for
“good” and “bad” that satisfy these postulates for a wider category of preference
relations [10]:

Gp < (Vq)(q =*p — g >—q) (canonical good)
Bp < (Vq)(p>q — —q > q) (canonical bad)

Here, >* stands for the ancestral of >. This means that p >*¢ holds if and only if
either p > ¢ or there is a series rq, ..., r, of sentences such that p > r; > ... >
m>q.

Whenever > satisfies reflexivity, canonical good and bad satisfy the required
postulates for a plausible interpretation of “good” and “bad” (including mutual
exclusivity, closeness, non-duplicity of both predicates, positivity of “good”, and
negativity of “bad”).> Furthermore, this pair of predicates is a generalization of
negation-related good and bad in the following sense: If the preference relation is
such that negation-related good satisfies positivity and negation-related bad satisfies
negativity, then these negation-related predicates coincide with the canonical ones
[13, p. 123].

In summary, we have well-functioning methods for defining the classificatory
value terms “good” and “bad” from the comparative ones. We will now turn to the
much less discussed issue of defining the comparative terms from the classificatory
ones.

27.10 From Classificatory to Comparative Value

The philosophical significance of the above-mentioned definitions of classificatory
values in terms of comparative ones has sometimes been put to question. To the
extent that natural language can tell us anything about the structure of concepts,
it points in the direction of treating classificatory rather than comparative notions
as the primitive concepts from which others should be defined. There does not
seem to be any natural language in which the classificatory terms are derived from
the comparative ones. Instead, derivation in the opposite direction seems to be a
universal pattern. As examples of this, the English “better” is believed to originate
from a comparative form of a Proto-Indo-European adjective meaning “good”, and
the French “meilleur” from a comparative form of a Proto-Indo-European word
meaning “strong” [25].

According to Henry Kyburg [17, p. 382] “[t]o apply a classificatory term is often
to invoke an implicit comparison.” But this only holds subject to two important

5 An even weaker property than reflexivity, namely ancestral reflexivity (p >*p), is sufficient for
this result.
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provisos. First, classifying statements have to be available about more than one
object. This is why only the second of the following two statements has comparative
implications:

The fish is good in this restaurant.
The fish is good in this restaurant but the meat is not.

Secondly, the comparative implications may depend on the context. Consider again
the example in Sect.27.7 about the two chessplayers, Jennifer and Robert. In the
context of the large tournament it is reasonable to say that neither of them is a
good player. In the context of the local club we tend to describe Jennifer but not
Robert as a good player. If we want to derive a comparison between two objects
from classificatory statements about them, then we have to determine the context
of these classificatory statements. As the chess-player example illustrates, a smaller
context tends to yield more nuances than some of the larger contexts. This gives us
a reason to choose the smallest possible context in which classificatory statements
about both objects can be made, i.e. the context containing only these two objects.

Using this insight, Johan van Benthem [26] defined comparative concepts in
terms of the corresponding classificatory ones as follows:

x is a-er than y if and only if: In the context {x, y}, x is « while y is not o
[26, p. 195].

This is a general recipe that can be applied to concept pairs such as tall/taller,
rich/richer etc. In preference logic we take it for granted that worseness is nothing
else than converse betterness. Therefore, this recipe can be interpreted in two ways
depending on whether we read x > y as “x is better than y” or as “y is worse than x”:

x>y ifand only if Gy yjx & =G« y}y (goodness-based preference)
x>y if and only if By y;y & — By y}x (badness-based preference)

It is easy to see that these two definitions are not equivalent and also that neither of
them is plausible in all cases. Let x be good and not bad in the context {x, y}, and let
y be neither good nor bad in the same context. Then x > y holds according to first
definition but —(x > y) according to the second. This seems to be speak in favour
of the first definition since we would expect x > y to hold in this case. But next,
let x be neither good nor bad in the context {x, y}, and let y be bad but not good in
the same context. Then —(x > y) holds according to the first definition but x > y
according to the second, which seems to speak in favour of the second definition.
To solve this problem we can replace the goodness- and badness-based defini-
tions by the following one that takes both goodness and badness into account [16]:

x>y if and only if either Gy yjx & =Gy, y}y or B(y,y1y & =By y}x
(bivalently based preference)

Indifference and weak preference can be defined in the same vein:

x~yifand only if Gy y}x < Gix,y}y and Bix y1x < B{y )Y
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x > yif and only if either: (i) Gy y)x, (ii) B{x,y}y, or
(i) =Gx,y}x & =Gr,y}y & —Bix y)x & =B )y

With these definitions we obtain the standard relationship between weak preference,
strict preference, and indifference, i.e. x >y < x >y VvV x ~ y. Furthermore,
> satisfies completeness. If G and B satisfy five of the conditions mentioned in
Sect. 27.7, namely mutual exclusiveness, non-reversal of both good and bad, upward
difference, and downward difference, then > satisfies transitivity [16].

In summary, with this focus on the minimal comparison class it is possible to
define comparative values in terms of classificatory ones. Since we have already
seen that definitions in the opposite direction are available, this means that the
two classes of value terms are definable in terms of each other. However, the two
directions of these definitions form a rather disharmonious pair. When we go from
the classificatory to the comparative terms we need to have context indices on the
classificatory predicates that we start with, but the comparative predicates that we
obtain do not come with such indices. When we go in the other direction, from
comparative to classificatory predicates, no context indices are obtained for the
latter. It remains an open question whether a framework can be constructed in which
comparative and classificatory value terms are fully interdefinable.

27.11 Between Quantitative and Comparative Values

We will now turn to the right-hand side of the value triangle, namely that which
connects comparative and quantitative value expressions. One direction, namely
that from quantitative to comparative values, is easily obtained. For any value
function v we can equate preference or betterness (>) with having higher value
and indifference (~) with having the same value:

Exact numerical representation:
x>y if and only if v(x) > v(y)
x~y if and only if v(x) = v(y)

It follows directly that the preference relation defined in this way will be complete
and transitive.

The derivation of quantitative from comparative value is a somewhat more
intricate matter. Suppose that we have an (admittedly strange) preference relation
> such that x > y, y > z, and z > x. A value function corresponding to this
relation would have to be such that v(x) > v(y), v(y) > v(z), and v(z) > v(x),
which is clearly impossible. It has in fact been shown that if the comparison class
is countable, then a preference relation > is reconstructible in terms of a numerical
function if and only if it satisfies both completeness and transitivity [21].

One of the most discussed mechanisms for intransitivity is indiscernibility.
Consider John who prefers coffee with as little sugar as possible. However, his
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ability to taste the difference between cups of coffee with different amounts of
sugar is limited. He can only taste the difference if it is more than 0.15 grams. If
we present him with the three cups x, with 2 grams of sugar, y with 2.1 grams and
z with 2.2 grams, then he is able to taste the difference between x and z, but neither
that between x and y nor that between y and z. This will yield a preference relation
such that x ~ y, y ~ z, and x > z. Such a preference relation is not representable
with a numerical function if we use the exact value representation introduced above.
However, it can be represented if we include the limit of discrimination, in this case
0.15 grams, into the representation as follows:

Constant-threshold numerical representation:
x>y if and only if v(x) — v(y) > &, where § is a positive real number.

In other contexts, § in this formula can be interpreted as a limit distinguishing those
differences in value that are worthy of consideration from those that are negligible
(even though they may be discernible). When interpreted as a discrimination limit,
8 is often called a “just noticable difference” (JND). It has been shown that a
preference relation over a finite comparison class can be numerically represented
with a constant threshold if and only if it satisfies completeness and the following
two properties [23]:

x>y>z— (x>w) V (w>z) (semi-transitivity)
(x>y) & (z>w) = (x>w) V (z>y) (interval order property)

This construction can be generalized. The most general numerical structure that
is still intuitively reasonable is arguably that in which the threshold is allowed to
depend on both objects under comparison:

Doubly-variable-threshold numerical representation:
x > yif and only if v(x) — v(y) > o(x, y), where o is a function such that
o(x,y) > Oforall x and y.

It has been shown that a preference relation over a finite comparison class can be
numerically represented with a doubly variable threshold if and only if it satisfies
acyclicity [1].

In summary, we can easily go from numerical to comparative values, and we
can also go in the opposite direction, provided that the preference relation is acyclic
and that we use the extra device of a threshold that can be interpreted as a limit of
discrimination or of negligibility.

27.12 Between Quantitative and Classificatory Values

Let us now look at the bottom side of the value triangle, and begin with the right-
to-left direction, i.e. the issue whether classificatory values can be defined in terms
of quantitative ones. Such definitions can be modelled on the definitions in terms
of comparative values that were discussed in Sect.27.8. Thus, the negation-related



516 S. O. Hansson

definition of “good” and “bad” can be transferred to a quantitative framework as
follows [18]:

Gp < v(p) > v(—p)
Bp < v(=p) > v(p)

These definitions have the advantage that G and B will always satisfy non-duplicity
and mutual exclusivity. However, without restrictions on v they will not in general
satisfy positivity respectively negativity.® A further problem with this pair of
definitions, if unaided by restrictions on v, is that it allows violations of the postulate
bivalent sensitivity (Gp & Bq — p>q).’

The indifference-related definitions of “good” and “bad” can also be transferred
to a quantitative framework. We can gain in lucidity (without losing in generality)
by assuming that value assignments have been calibrated so that indifferent things
have the value zero. Then “good” and “bad” can be defined as follows:

Gx < v(x) >0
Bx < 0 > v(x)

This definition is in even greater need than the negation-related one of support from
requirements on the structure of v. In particular, unless we disallow v from assigning
positive values to both a statement and its negation, or negative values to them both,
non-duplicity of G and B will not be satisfied.®

In the opposite direction, from classificatory to quantitative values, a simple
construction is available provided that G and B satisfy mutual exclusiveness
(—=(Gx & Bx)). We can then define the numerical function v as follows:

If Gx thenv(x) =1
If -Gx & —=Bx then v(x) =0
If Bx then v(x) = —1

The results of these deliberations are summarized in Fig.27.3. We have found that
definitions are obtainable in both directions along all three sides in the value triangle,
although in some cases we needed “tricks” in the form of extensions of the formal
apparatus such as context indices. In the rest of this chapter we will consider the
connections between these value terms and two other categories of statements that
they have often been associated with.

6To see that positivity of G does not follow, let v(p) = v(g) = v(—~g) = 0 and v(—p) = —1.
Then Gp and g > p but =Ggq.

"This can be seen from an example such that v(—g) = 1, v(p) = v(g) = 0, and v(—p) = —1.
8This can be seen from an example such that v(p) = v(—p) = 1 and v(g) = v(—q) = —1.
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Fig. 27.3 Definability

relations in the value triangle Pre-

ference

Legend

" Bidirectional definability

27.13 Choices and Values

Statements about choices refer to actions, whereas statements about values (such as
preferences) refer to states of mind. The difference comes out clearly if we consider
states of affairs that we cannot choose. I prefer winning € 10,000 in a fair lottery
to winning € 5,000 in the same fair lottery, but it is impossible for me to choose
winning € 10,000 in this lottery, since if I could make such a choice then the lottery
would not be fair.

Admittedly, if we adopt a behaviourist stance according to which states of mind
do not exist other than as propensities to act, then preferences can be equated
with hypothetical choices, and choices with actualized preferences. But this is a
problematic metaphysical standpoint that should not be taken for granted in a formal
analysis. Therefore it is advisable to treat choices as belonging to another category
than values, from which follows that they are not interdefinable.

But lack of interdefinability does not mean lack of interconnections. We expect
rational choices to be guided by preferences. There is something strange in choosing
—p while preferring p to —p. Of course there may be reasons to do so, for instance
that the preferences in question do not include all the choice-relevant aspects of the
alternatives. But some kind of justification is needed in cases like these, and it is
certainly worth investigating what it means for choices to be guided by preferences.
We should expect preference-guided choices to be restricted by the preferences,
perhaps even derivable from them. We may ask what consequences it may have
for the structure of choices that they have such connections with preferences, and
conversely we may ask what structure preferences should have in order to ensure
that their guidance gives rise to choices with desirable structural properties. All
these are questions that we can (and should) ask without blurring the distinction
between the different categories that choices and preferences belong to.
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In order to perform such studies we need a formal representation of (hypotheti-
cal) choices.” The standard approach is to use choice functions for that purpose:

C is a choice function for a set A if and only if it is a function such that for all
B:

(1) If¢ £ B C A, then @ = C(B) C B.
(2) Otherwise, C(B) is undefined.

Various rationality principles for choice functions have been proposed, such as the
following:

If By € B then B1 N C(By) € C(By) (Property «, the Chernoff property)

The most obvious way to construct a choice function out of a preference relation
> is to have the function always choose those elements that are at least as good as
anything else that could have been chosen:

CB)={xeB|(¥yeB)x=y)

Conversely, from a given choice function C we can construct a preference relation,
based on choices from two-member sets:

x>y ifand only if x € C({x, y})

The interrelations between choices and preferences that can be obtained with these
two definitions have been studied in considerable detail. It turns out that if a
preference relation satisfies standard rationality criteria, then the choice function
that it gives rise to will satisfy the major rationality criteria for choices (such
as the above-mentioned Property « and others in the same style). Conversely,
if a choice function satisfies these principles, then the preference relation that it
gives rise to will in its turn satisfy the standard rationality criteria for preferences.
Furthermore, retrievability holds in both directions: If we use these definitions to
go from preferences to choices and then from choices back to preferences, then
we regain the preference relations that we started with. Similarly, if we go from
choices to preferences and then back to choices, then the original choice function
will be regained. We therefore have pathways yielding full interdeterminability
between preferences satisfying reasonable (but contestable) rationality criteria and
choices guided by these preferences. But as already indicated, it is important to
recognize that these are relations of interdeterminability, not interdefinability, since
choices and preferences belong to different conceptual categories between which
extensional but not intensional equivalence is possible.

9See Chap. 29 for additional information on choice functions and their connections with preference
relations.
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27.14 Norms and Values

In deontic logic, the logic of norms, it is generally recognized that there are three
major groups of normative expressions in ordinary language, namely prescriptive,
prohibitive, and permissive expressions.'” In the formal language, they are repre-
sented by the corresponding three types of predicates. Here, prescriptive predicates
such as “ought”, “obligatory”, and “morally required” will be denoted by O.
Permissive predicates such as “permitted” and “allowed” will be denoted by P, and
prohibitive ones such as “forbidden”, “prohibited”, and “morally wrong” by F. The
three types of predicates are standardly and sensibly assumed to be interdefinable in
the following way:

Pp < —O—-pand Pp < —Fp
Fp < O—-pand Fp < —Pp
Op < —P—-pand Op < F—p

The three categories of normative statements form a “norm triangle” with much
more simple and direct definitions than those that we needed in our investigations
of the value triangle. (See Fig.27.4.)

As we saw in Sect. 27.2, normative and evaluative expressions belong to different
categories in terms of their meanings, and therefore they cannot be interdefinable.
But they are nevertheless strongly connected, and we expect them to cohere in
some way or other. Therefore it is meaningful to search for possible relations of
determinability between the two categories.

The most common proposal for a connection between predicates for norms and
values is to identify what ought to be done with the best. This may be called the
best-ought connection. It has strong support in the utilitarian camp. G.E. Moore,
in a locus classicus, identified the assertion “I am morally bound to perform this

Fig. 27.4 The norm triangle
with its interdefinabilities

Pro-
hibition

Legend

" Bidirectional definability

10See Chap. 32 for more information.
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action” with the assertion “This action will produce the greatest possible amount
of good in the Universe” [19, p. 147]. Another proposal, put forward by Gupta [8]
and von Kutschera [27], equates “ought” with “good”. This may be called the good-
ought connection. Both these proposals equate a prescriptive predicate with a value
predicate that satisfies positivity (i.e. a predicate H such that Hg & p>q — Hp).
However, all proposals of this kind are highly problematic since they are threatened
by counter-examples with the following structure [12]:

(1) p and g are mutually exclusive.

(2) O(pVvq)

(3) =Op

(4) =0q

(5) Either p > (pVvg)org = (pVq).

It follows straight-forwardly that if an example of this type can be found for a
prescriptive predicate O, then that predicate cannot be equivalent with any positive
value predicate. Such examples can indeed readily be found. One way to construct
them is to let p and ¢ represent two jointly exhaustive ways to satisfy the same moral
requirement, and such that the difference between p and ¢ is morally irrelevant. For
instance, p may signify that I pay my debt to Adam by letting Simone bring my
money to him, and ¢ that I pay the debt in any other way.

Examples such as this, and others that can be constructed with the same structure,
make a negative conclusion inevitable: No prescriptive predicate is extensionally
equivalent with any value predicate that satisfies positivity. However, there are other
ways to connect norm and value predicates to each other. Two other interesting
options are to connect a permissive predicate P to a positive value predicate and to
connect a prohibitive predicate F to a negative predicate (i.e. a predicate H such that
Hp & p>q — Hgq). Interestingly enough, these two options are equivalent. Let
O, P, and F be three norm predicates that are interdefinable as explained above.
It is easy to show that the following three properties of their connections with a
preference relation > are equivalent:

(1) P satisfies positivity (Pg & p>q — Pp),
(2) F satisfies negativity (Fp & p>q — Fgq), and
(3) O satisfies contranegativity (Op & (—p>—q) — Oq).

One way to make this concrete is to connect a prohibitive term such as “forbidden”
or “wrong” with the negative value term “bad” (the bad-wrong connection). Then an
action is wrong if and only if it is bad. It ought to be performed if and only if it is bad
not to perform it, and it is allowed if and only if it is not bad not to perform it. This
definition assigns what seem to be suitable logical properties to the normative terms,
but the norm—value interface that it provides is not flawless. A major reason for this
is that the words “bad” and “wrong” do not necessarily have exactly the strengths
necessary for exact interdeterminability. As was pointed out in another context by
Chisholm and Sosa [5, p. 326], there are actions of “permissive ill-doing”, i.e.
“minor acts of discourtesy which most of us feel we have a right to perform (e.g.
taking too long in the restaurant when others are known to be waiting).” Such
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acts are arguably morally bad but not morally forbidden. Therefore the bad-wrong
connection should only be seen as a very rough approximation. It is, however, an
interesting approximation since it provides us with full interdeterminability (though
not interdefinability).

27.15 Conclusion

The major conclusions from these considerations are summarized in Fig.27.5.
Interdefinability holds internally among the three different kinds of normative
predicates, and also — with some tailoring of the formal structure — among the
three types of value terms. There are also connections of interdeterminability
both between norms and values and between values and actions. Several of the
connections indicated in the diagram, in particular those involving monadic value
predicates, have been surprisingly little studied. Further investigations may possibly
lead to the discovery of improved definability relations among the different formal
representations of values and norms.

The Realm of Norms The Realm of Values The Realm of
Actions

Obli-
gation

Pre-
ference

mission

Legend

——— Bidirectional definability

-T2 Bidirectional determinability

Fig. 27.5 Interdefinabilities and interdeterminabilities among statements belonging to the three
realms of norms, values, and actions
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