
3Algebras

In many physical applications, a vector space V has a natural “product”,
i.e., a binary operation V×V→ V, which we call multiplication. The prime
example of such a vector space is the vector space of matrices. It is therefore
useful to consider vector spaces for which such a product exists.

3.1 From Vector Space to Algebra

In this section, we define an algebra, give some familiar examples of alge-
bras, and discuss some of their basic properties.

Definition 3.1.1 An algebra A over C (or R) is a vector space over C
algebra defined

(or R), together with a binary operation A × A → A, called multiplica-
tion. The image of (a,b) ∈ A × A under this mapping1 is denoted by ab,
and it satisfies the following two relations

a(βb + γ c) = βab + γ ac

(βb + γ c)a = βba + γ ca

for all a,b, c ∈ A and β,γ ∈ C (or R). The dimension of the vector space
is called the dimension of the algebra. The algebra is called associative if

dimension of the
algebra; associativity;
commutativity; identity;
and right and left
inverses

the product satisfies a(bc) = (ab)c and commutative if it satisfies ab = ba.
An algebra with identity is an algebra that has an element 1 satisfying a1 =
1a = a. An element b of an algebra with identity is said to be a left inverse
of a if ba = 1. Right inverse is defined similarly. The identity is also called
unit, and an algebra with identity is also called a unital algebra.

It is sometimes necessary to use a different notation for the identity of an
algebra. This happens especially when we are discussing several algebras at
the same time. A common notation other than 1 is e.

1We shall, for the most part, abandon the Dirac bra-and-ket notation in this chapter due
to its clumsiness; instead we use boldface roman letters to denote vectors.
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64 3 Algebras

3.1.1 General Properties

Taking β = 1 = −γ and b = c in the definition above leads immediately to

a0 = 0a = 0 ∀a ∈A.

The identity of an algebra is unique. If there were two identities 1 and e,
then 1e = e, because 1 is the identity, and 1e = 1, because e is the identity.

If A is an associative algebra and a ∈ A has both a left inverse b and a
right inverse c, then the two are equal:

bac = (ba)c = 1c = c,

bac = b(ac) = b1 = b.

Therefore, in an associative algebra, we talk of an inverse without specifying
right or left. Furthermore, it is trivial to show that the (two-sided) inverse is
unique. Hence, we have

Theorem 3.1.2 Let A be an associative algebra with identity. If a ∈A has a
right and a left inverse, then they are equal and this single inverse is unique.
We denote it by a−1. If a and b are invertible, then ab is also invertible, and

(ab)−1 = b−1a−1.

The proof of the last statement is straightforward.

Definition 3.1.3 Let A be an algebra and A′ a linear subspace of A. If A′
subalgebra of an algebra

is closed under multiplication, i.e., if ab ∈ A′ whenever a ∈ A′ and b ∈ A′,
then A′ is called a subalgebra of A.

Clearly, a subalgebra of an associative (commutative) algebra is also as-
sociative (commutative).

Let A be an associative algebra and S a subset of A. The subalgebra
generated by S is the collection of all linear combinations of

subalgebra generated by
a subset s1s2 . . . sk, si ∈ S.

If S consists of a single element s, then the subalgebra generated by s is the
set of polynomials in s.

Example 3.1.4 Let A be a unital algebra, then the vector space
C is a subalgebra of any

unital algebra. Span{1} = {α1 | α ∈C}
is a subalgebra of A. Since Span{1} is indistinguishable from C, we some-
times say that C is a subalgebra of A.

Definition 3.1.5 Let A be an algebra. The set of elements of A which com-
mute with all elements of A is called the center of A and denoted by Z(A).center of an algebra
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Table 3.1 The multiplication table for S

e0 e1 e2 e3

e0 e0 e1 e2 e3

e1 e1 e0 e3 e2

e2 e2 −e3 −e0 e1

e3 e3 −e2 −e1 e0

Z(A) is easily shown to be a subspace of A, and if A is associative, then
Z(A) is a subalgebra of A.

Definition 3.1.6 A unital algebra A is called central if Z(A) = Span{1}. central algebra

Example 3.1.7 Consider the algebra S with basis {ei}3
i=0 and multiplica-

tion table given in Table 3.1, where for purely aesthetic reasons the identity
has been denoted by e0.

We want to see which elements belong to the center. Let a ∈ Z(S). Then
for any arbitrary element b ∈ S, we must have ab = ba. Let

a =
3∑

i=0

αiei and b =
3∑

i=0

βiei .

Then a straightforward calculation shows that

ab = (α0β0 + α1β1 − α2β2 + α3β3)e0

+ (α0β1 + α1β0 + α2β3 − α3β2)e1

+ (α0β2 + α1β3 + α2β0 − α3β1)e2

+ (α0β3 + α1β2 − α2β1 + α3β0)e3,

with a similar expression for ba, in which αs and βs are switched. It is easy
to show that the two expressions are equal if and only if

α2β3 = α3β2 and α1β3 = α3β1.

This can hold for arbitrary b only if α1 = α2 = α3 = 0, with α0 arbitrary.
Therefore, a ∈ Z(S) if and only if a is a multiple of e0, i.e., if and only if
a ∈ Span{e0}. Therefore, S is central.

Let A and B be subsets of an algebra A. We denote by AB the set of
elements in A which can be written as the sum of products of an element
in A by an element in B:

AB ≡
{

x ∈ A | x =
∑

k

akbk, ak ∈ A,bk ∈ B

}
. (3.1)

In particular,

A2 ≡
{

x ∈ A | x =
∑

k

akbk, ak,bk ∈A

}
(3.2)
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is called the derived algebra of A.
derived algebra

Definition 3.1.8 Given any algebra A, in which (a,b) �→ ab, we can obtain
Algebra opposite to A

a second algebra Aop in which (a,b) �→ ba. We write

(ab)op = ba

and call Aop the algebra opposite to A.

It is obvious that if A is associative, so is Aop, and if A is commutative,
then Aop = A.

Example 3.1.9 Here are some examples of algebra:

• Define the following product on R2:

(x1, x2)(y1, y2) = (x1y1 − x2y2, x1y2 + x2y1).

The reader is urged to verify that this product turns R2 into a commuta-
tive algebra.

• Similarly, the vector (cross) product on R
3 turns it into a nonassociative,

noncommutative algebra.
• The paradigm of all algebras is the matrix algebra whose binary oper-

ation is ordinary multiplication of n × n matrices. This algebra is asso-
ciative but not commutative.

• Let A be the set of n×n matrices. Define the binary operation, denoted
by •, as

A • B ≡ AB − BA, (3.3)

where the RHS is ordinary matrix multiplication. The reader may check
that A together with this operation becomes a nonassociative, noncom-
mutative algebra.

• Let A be the set of n × n upper triangular matrices, i.e., matrices all of
whose elements below the diagonal are zero. With ordinary matrix mul-
tiplication, this set turns into an associative, noncommutative algebra,
as the reader can verify.

• Let A be the set of n × n upper triangular matrices. Define the binary
operation as in Eq. (3.3). The reader may check that A together with
this operation becomes a nonassociative, noncommutative algebra. The
derived algebra A2 of A is the set of n × n strictly upper triangular
matrices, i.e., upper triangular matrices whose diagonal elements are
all zero.

• We have already established that the set of linear transformations
L(V,W) from V to W is a vector space. Let us attempt to define a
multiplication as well. The best candidate is the composition of linear
transformations. If T : V → U and S : U → W are linear operators, then
the composition S ◦ T : V →W is also a linear operator, as can easily be
verified. This product, however, is not defined on a single vector space,
but is such that it takes an element in L(V,U) and another element in
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a second vector space L(U,W) to give an element in yet another vec-
tor space L(V,W). An algebra requires a single vector space. We can
accomplish this by letting V = U = W. Then the three spaces of linear
transformations collapse to the single space L(V,V), the set of endo-
morphisms of V, which we have abbreviated as L(V) or End(V) and to
which T, S, ST ≡ S ◦ T, and TS ≡ T ◦ S belong.

• All the examples above are finite-dimensional algebras. An example
of an infinite-dimensional algebra is Cr (a, b), the vector space of real-
valued functions defined on a real interval (a, b), which have derivatives
up to order r . The multiplication is defined pointwise: If f ∈ Cr (a, b)

and g ∈ Cr (a, b), then

(fg)(t) ≡ f (t)g(t) ∀t ∈ (a, b).

This algebra is commutative and associative, and has the identity ele-
ment f (t) = 1.

• Another example of an infinite dimensional algebra is the algebra of
polynomials.2 This algebra is a commutative and associative algebra
with identity.

Definition 3.1.10 Let A and B be algebras. Then the vector direct sum
A⊕B becomes an algebra direct sum if we define the following product

(a1 ⊕ b1)(a2 ⊕ b2) = (a1a2 ⊕ b1b2)

on A⊕B.

algebra direct sum

Note that if an element a is in A, then it can be represented by a ⊕ 0
as an element of A ⊕ B. Similarly, an element b in B can be represented
by 0 ⊕ b. Thus the product of any element in A with any element in B is
zero, i.e., AB = BA = {0}. As we shall see later, this condition becomes
necessary if a given algebra is to be the direct sum of its subalgebras.

In order for a ⊕ b to be in the center of A⊕B, we must have

(a ⊕ b)(x ⊕ y) = (x ⊕ y)(a ⊕ b),

or

ax ⊕ by = xa ⊕ yb or (ax − xa) ⊕ (by − yb) = 0,

for all x ∈A and y ∈B. For this to hold, we must have

ax − xa = 0 and by − yb = 0,

i.e., that a ∈ Z(A) and b ∈ Z(B). Hence,

Z(A⊕B) = Z(A) ⊕Z(B). (3.4)

Definition 3.1.11 Let A and B be algebras. Then the vector space tensor algebra tensor product

2It should be clear that the algebra of polynomials cannot be finite dimensional.
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product A⊗B becomes an algebra tensor product if we define the product

(a1 ⊗ b1)(a2 ⊗ b2) = a1a2 ⊗ b1b2

on A⊗B. Because of the isomorphism, A ⊗B ∼= B⊗A, we demand that
a ⊗ b = b ⊗ a for all a ∈A and b ∈ B.

The last condition of the definition becomes an important requirement
when we write a given algebra A as the tensor product of two of its subal-
gebras B and C. In such a case, ⊗ coincides with the multiplication in A,
and the condition becomes the requirement that all elements of B commute
with all elements of C, i.e., BC = CB.

Definition 3.1.12 Given an algebra A and a basis B = {ei}Ni=1 for the un-
derlying vector space, one can write

structure constants of an
algebra

eiej =
N∑

k=1

ck
ij ek, ck

ij ∈C. (3.5)

The complex numbers ck
ij , the components of the vector eiej in the basis B ,

are called the structure constants of A.

The structure constants determine the product of any two vectors once
they are expressed in terms of the basis vectors of B . Conversely, given any
N -dimensional vector space V, one can turn it into an algebra by choosing a
basis and a set of N3 numbers {ck

ij } and defining the product of basis vectors
by Eq. (3.5).

Example 3.1.13 Let the structure constants in algebras A and B be
{ak

ij }Mi,j,k=1 and {bl
mn}Nl,m,n=1 in their bases {ei}Mi=1 and {fn}Nn=1, respectively.

So that

eiej =
M∑

i,j=1

ak
ij ek and fmfn =

N∑

m,n=1

bl
mnfl .

Construct the MN dimensional algebra C by defining its structure constants
as ckl

im,jn = ak
ij b

l
mn in a basis {vkl}M,N

k,l=1, so that

vimvjn =
M∑

i,j=1

N∑

m,n=1

ckl
im,jnvkl =

M∑

i,j=1

N∑

m,n=1

ak
ij b

l
mnvkl .

This algebra is isomorphic to the algebra A ⊗ B. In fact, if we identify vkl

on the right-hand side as ek ⊗ fl , then

vimvjn =
M∑

i,j=1

N∑

m,n=1

ckl
im,jnek ⊗ fl =

M∑

i,j=1

N∑

m,n=1

ak
ij b

l
mnek ⊗ fl

=
(

M∑

i,j=1

ak
ij ek

)
⊗

(
N∑

m,n=1

bl
mnfl

)
= (eiej ) ⊗ (fmfn),
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which is consistent with vim ≡ ei ⊗ fm and vjn ≡ ej ⊗ fn, and the rule of
multiplication of the tensor product of two algebras.

Definition 3.1.14 A unital algebra all of whose nonzero elements have in-
verses is called a division algebra. division algebra

Example 3.1.15 Let {e1, e2} be a basis of R2. Let the structure constants
be

c1
11 = −c1

22 = c2
12 = c2

21 = 1

c1
12 = −c1

21 = c2
11 = c2

22 = 0,

i.e., let

e2
1 = −e2

2 = e1, e1e2 = e2e1 = e2.

Then, it is easy to prove that the algebra so constructed is just C. All that
needs to be done is to identify e1 with 1 and e2 with

√−1. Clearly, C is a
division algebra.

Example 3.1.16 In the standard basis {ei}3
i=0 of R4, choose the structure

constants as follows:

e2
0 = −e2

1 = −e2
2 = −e2

3 = e0,

e0ei = eie0 = ei for i = 1,2,3,

eiej =
3∑

k=1

εijkek for i, j = 1,2,3, i 
= j,

where εijk is completely antisymmetric in all its indices (therefore vanishing
if any two of its indices are equal) and ε123 = 1. The reader may verify that
these relations turn R

4 into an associative, but noncommutative, algebra.
This algebra is called the algebra of quaternions and denoted by H. In
this context, e0 is usually denoted by 1, and e1, e2, and e3 by i, j , and k,
respectively, and one writes q = x + iy + jz + kw for an element of H. It
then becomes evident that H is a generalization of C. In analogy with C, x

is called the real part of q , and (y, z,w) the pure part of q . Similarly, the
conjugate of q is q∗ = x − iy − jz − kw.

algebra of quaternions
It is convenient to write q = x0 +x, where x is a three-dimensional vector.

Then q∗ = x0 − x. Furthermore, one can show that, with q = x0 + x and
p = y0 + y,

qp = x0y0 − x · y︸ ︷︷ ︸
real part of qp

+x0y + y0x + x × y︸ ︷︷ ︸
pure part of qp

. (3.6)

Changing x to −x and y to −y in the expression above, one gets

q∗p∗ = x0y0 − x · y − x0y − y0x + x × y,

which is not equal to (qp)∗. However, it is easy to show that (qp)∗ = p∗q∗.
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Substituting q∗ for p in (3.6), we get qq∗ = x2
0 + |x|2. The absolute

value of q , denoted by |q| is—similar to the absolute value of a complex
number—given by |q| = √

qq∗. If q 
= 0, then q∗/(x2
0 + |x|2) is the inverse

of q . Thus, the algebra of quaternions is a division algebra.
It is not hard to show that

qn =
[n]/2∑

k=0

(−1)k
(

n

2k

)
xn−2k

0 |x|2k +
[n]/2∑

k=0

(−1)k
(

n

2k + 1

)
xn−2k−1

0 |x|2kx,

(3.7)
where [n] = n if n is even and [n] = n − 1 if n is odd.

In order for a ⊗ b to be in the center of A⊗B, we must have

(a ⊗ b)(x ⊗ y) = (x ⊗ y)(a ⊗ b),

or

ax ⊗ by = xa ⊗ yb

for all x ∈ A and y ∈B. For this to hold, we must have

ax = xa and by = yb,

i.e., that a ∈ Z(A) and b ∈ Z(B). Hence,

Z(A⊗B) = Z(A) ⊗Z(B). (3.8)

Let A be an associative algebra. A subset S ⊂ A is called the genera-
tor of A if every element of A can be expressed as a linear combination

Generator of an algebra
of the products of elements in S. A basis of the vector space A is clearly a
generator of A. However, it is not the smallest generator, because it may be
possible to obtain the entire basis vectors by multiplying a subset of them.
For example, (R3,×), the algebra of vectors under cross product, has the
basis {êx, êy, êz}, but {êx, êy}—or any other pair of unit vectors—is a gen-
erator because êz = êx × êy .

3.1.2 Homomorphisms

The linear transformations connecting vector spaces can be modified
slightly to accommodate the binary operation of multiplication of the corre-
sponding algebras:

Definition 3.1.17 Let A and B be algebras. A linear map3 φ : A → B

is called an algebra homomorphism if φ(ab) = φ(a)φ(b). An injec-
tive, surjective, or bijective algebra homomorphism is called, respectively,
a monomorphism, an epimorphism, or an isomorphism. An isomorphism
of an algebra onto itself is called an automorphism.

Homomorphism,
monomorphism,

epimorphism, and
isomorphism of algebras

3It is more common to use φ,ψ etc. instead of T, U, etc. for linear maps of algebras.
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Example 3.1.18 Let A be R
3, and B the set of 3 × 3 matrices of the form

A =
⎛

⎝
0 a1 −a2

−a1 0 a3

a2 −a3 0

⎞

⎠ .

Then the map φ : A→ B defined by

φ(a) = φ(a1, a2, a3) =
⎛

⎝
0 a1 −a2

−a1 0 a3

a2 −a3 0

⎞

⎠

can be shown to be a linear isomorphism. Let the cross product be the binary
operation on A, turning it into an algebra. For B, define the binary operation
of Eq. (3.3). The reader may check that, with these operations, φ is extended
to an algebra isomorphism.

Proposition 3.1.19 Let A and B be algebras. Let {ei} be a basis of A and
φ :A →B a linear transformation. Then φ is an algebra homomorphism if
and only if

φ(eiej ) = φ(ei )φ(ej ).

Proof If a = ∑
i αiei and b = ∑

j βj ej , then

φ(ab) = φ

((∑

i

αiei

)(∑

j

βj ej

))
= φ

(∑

i

αi

∑

j

βj eiej

)

=
∑

i

αi

∑

j

βjφ(eiej ) =
∑

i

αi

∑

j

βjφ(ei )φ(ej )

=
∑

i

αiφ(ei )
∑

j

βjφ(ej ) = φ

(∑

i

αiei

)
φ

(∑

j

βj ej

)

= φ(a)φ(b).

The converse is trivial. �

Example 3.1.20 Let A and B be algebras and φ : A → B a homomor-
phism. Theorem 2.3.10 ensures that φ(A) is a subspace of B. Now let
b1,b2 ∈ φ(A). Then there exist a1,a2 ∈ A such that b1 = φ(a1) and
b2 = φ(a2). Furthermore,

b1b2 = φ(a1)φ(a2) = φ(a1a2), ⇒ b1b2 ∈ φ(A).

Hence, φ(A) is a subalgebra of B.

Example 3.1.21 Let A be a real algebra with identity 1. Let φ : R → A be R (or C) is a subalgebra
of any unital algebra.the linear mapping given by φ(α) = α1. Considering R as an algebra over

itself, we have

φ(αβ) = αβ1 = (α1)(β1) = φ(α)φ(β).
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This shows that φ is an algebra homomorphism. Furthermore,

φ(α1) = φ(α2) ⇒ α11 = α21 ⇒ (α1 − α2)1 = 0 ⇒ α1 = α2.

Hence, φ is a monomorphism. Therefore, we can identify R with φ(R), and
consider R as a subalgebra of A. This is the same conclusion we arrived at
in Example 3.1.4.

Definition 3.1.22 Let A and B be unital algebras. A homomorphism φ :
A → B is called unital if φ(1A) = 1B .

One can show the following:

Proposition 3.1.23 Let A and B be unital algebras. If φ : A → B is an
epimorphism, then φ is unital.

Example 3.1.9 introduced the algebra L(V) of endomorphisms (opera-
tors) on V. This algebra has an identity 1 which maps every vector to itself.

Definition 3.1.24 An endomorphism ω of V whose square is 1 is called an
involution

involution.

In particular, 1 ∈ End(V) is an involution. If ω1 and ω2 are involutions
such that ω1 ◦ ω2 = ω2 ◦ ω1, then ω1 ◦ ω2 is also an involution.

For an algebra, we require that an involution be a homomorphism, not
just a linear map. Let A be an algebra and let H(A) denote the set of homo-

Involutions do not affect
the identity of the

algebra.

morphisms of A. An involution ω ∈ H(A) satisfies ω ◦ ω = ι ∈ H(A), of
course.4 Now, if A has an identity e, then ω(e) must be equal to e. Indeed,
let ω(e) = a, then, since ω ◦ ω = ι, we must have ω(a) = e and

ω(ea) = ω(e)ω(a) = ω(e)e = ω(e)

applying ω to both sides, we get ea = e. This can happen only if a = e.

Theorem 3.1.25 Let U and V be two isomorphic vector spaces. Then the
algebras L(U) and L(V) are isomorphic as algebras.

Proof Let φ : U → V be a vector-space isomorphism. Define Φ : L(U) →
L(V) by

Φ(T) = φ ◦ T ◦ φ−1.

It is easy to show that Φ is an algebra isomorphism. �

A consequence of this theorem and Theorem 2.3.20 is that L(V), the al-
gebra of the linear transformations of any real vector space V, is isomorphic
to L(RN), where N is the dimension of V. Similarly, L(V) is isomorphic to
L(CN) if V is an N -dimensional complex vector space.

4In keeping with our notation, we use ι for the identity homomorphism of the algebra A.
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3.2 Ideals

Subalgebras are subspaces which are stable under multiplication of their
elements; i.e., the product of elements of a subalgebra do not leave the sub-
algebra. Of more importance in algebra theory are those subspaces which
are stable under multiplication of its elements by the entire algebra.

Definition 3.2.1 Let A be an algebra. A subspace B of A is called a left
ideal of A if it contains ab for all a ∈ A and b ∈ B. Using Eq. (3.1), we
write this as AB ⊂ B. A right ideal is defined similarly with BA ⊂ B. A
two-sided ideal, or simply an ideal, is a subspace that is both a left ideal
and a right ideal.

left, right, and two-sided
ideals

It is clear from the definition that an ideal is automatically a subalge-
bra, and that the only ideal of a unital algebra containing the identity, or an

an ideal is a subalgebra
invertible element, is the algebra itself.

Example 3.2.2 Let A be an associative algebra and a ∈A. Let L(a) be the
left and right
annihilators

set of elements x ∈ A such that xa = 0. For any x ∈L(a) and any y ∈ A, we
have

(yx)a = y(xa) = 0,

i.e., yx ∈ L(a). So, L(a) is a left ideal in A. It is called the left annihilator
of a. Similarly, one can construct R(a), the right annihilator of a.

Example 3.2.3 Let Cr (a, b) be the algebra of all r times differentiable real-
valued functions on an interval (a, b) (see Example 3.1.9). The set of func-
tions that vanish at a given fixed point c ∈ (a, b) constitutes an ideal in
Cr (a, b). Since the algebra is commutative, the ideal is two-sided.

More generally, let Mn be the (noncommutative) algebra of matrices with
entries fij ∈ Cr (a, b). Then the set of matrices whose entries vanish at a
given fixed point c ∈ (a, b) constitutes a two-sided ideal in Mn.

Let A and B be algebras and φ : A → B a homomorphism. By Theo-
rem 2.3.9, kerφ is a subspace of A. Now let x ∈ kerφ and a ∈A. Then

φ(xa) = φ(x)φ(a) = 0φ(a) = 0,

i.e., xa ∈ kerφ. This shows that kerφ is a right ideal in A. Similarly, one can
show that kerφ is a left ideal in A.

Theorem 3.2.4 Let φ : A → B be a homomorphism of algebras.
Then kerφ is a (two-sided) ideal of A.

One can easily construct left ideals for an associative algebra A: Take ideals generated by an
element of an
associative algebra

any element x ∈A and consider the set

Ax ≡ {ax | a ∈A}.
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The reader may check that Ax is a left ideal. Similarly, xA is a right ideal,
and the set

AxA ≡ {axb | a,b ∈A}
is a two-sided ideal. These are all called left, right, and two-sided ideals
generated by x.

Definition 3.2.5 A left (right, two-sided) ideal M of an algebra A is calledminimal left, right, and
two-sided ideals minimal if every left (right, two-sided) ideal of A contained in M coincides

with M.

Theorem 3.2.6 Let L be a left ideal of A. Then the following statements
are equivalent:

(a) L is a minimal left ideal.
(b) Ax = L for all x ∈L.
(c) Lx = L for all x ∈ L.

Similar conditions hold for a minimal right ideal.

Proof The proof follows directly from the definition of ideals and minimal
ideals. �

Theorem 3.2.7 Let A and B be algebras, φ : A →B an epimorphism, and
L a (minimal) left ideal of A. Then φ(L) is a (minimal) left ideal of B. In
particular, any automorphism of an algebra is an isomorphism among its
minimal ideals.

Proof Let b be any element of B and y any element of φ(L). Then there
exist elements a and x of A and L, respectively, such that b = φ(a) and
y = φ(x). Furthermore,

by = φ(a)φ(x) = φ(ax) ∈ φ(L)

because ax ∈L. Hence, φ(L) is an ideal in B.
Now suppose L is minimal. To show that φ(L) is minimal, we use (b) of

Theorem 3.2.6. Since φ is an epimorphism, we have B = φ(A). Therefore,
let u ∈ φ(L). Then there exists t ∈L such that u = φ(t) and

Bu = φ(A)φ(t) = φ(At) = φ(L).

The last statement of the theorem follows from the fact that kerφ is an
ideal of A. �

Definition 3.2.8 A is the direct sum of its subalgebras B and C if A= B⊕algebra direct sums
C as a vector space and BC = CB = {0}. B and C are called components
of A. Obviously, an algebra can have several components. An algebra is
called reducible if it is the direct sum of subalgebras.
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Table 3.2 The multiplication table for S

f1 f2 f3 f4

f1 f1 f2 0 0
f2 0 0 f2 f1

f3 0 0 f3 f4

f4 f4 f3 0 0

As we saw in Definition 3.1.10, the condition BC = CB = {0} is nec-
essary if B and C are to be naturally identified as B ⊕ {0} and C ⊕ {0},
respectively.

Proposition 3.2.9 A central algebra is not reducible.

Proof Suppose that the (necessarily unital) central algebra A is reducible.
Then the identity has components in each of the subalgebras of which A

is composed. Clearly, these components are linearly independent and all
belong to the center. This is a contradiction. �

Example 3.2.10 Consider S, the algebra introduced in Example 3.1.7. Con-
struct a new basis {fi}4

i=1 as follows:5

f1 = 1

2
(e0 + e3), f2 = 1

2
(e1 − e2),

f3 = 1

2
(e0 − e3), f4 = 1

2
(e1 + e2).

(3.9)

The multiplication table for S in terms of the new basis vectors is given in
Table 3.2, as the reader may verify.

Multiplying both sides of the identity e0 = f1 + f3 by an arbitrary element
of S, we see that any such element can be written as a vector in the left ideal
L1 ≡ Sf1 plus a vector in the left ideal L3 ≡ Sf3. Any vector in L1 can be
written as a product of some vector in S and f1. Let a = ∑4

i=1 αifi be an
arbitrary element of S. Then any vector in L1 is of the form

af1 = (α1f1 + α2f2 + α3f3 + α4f4)f1 = α1f1 + α4f4,

i.e., that f1 and f4 span L1. Similarly, f2 and f3 span L3. It follows that
L1 ∩L3 = {0}. Therefore, we have

S= L1 ⊕V L3, L1 = Span{f1, f4}, L3 = Span{f2, f3},

where ⊕V indicates a vector space direct sum. Note that there is no contra-
diction between this direct sum decomposition and the fact that S is central
because the direct sum above is not an algebra direct sum since L1L3 
= {0}.

5The reader is advised to show that {fi}4
i=1 is a linearly independent set of vectors.
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Let x = γ1f1 + γ4f4 be an arbitrary nonzero element of L1. Then clearly,
Sx ⊆ L1. To show that L1 ⊆ Sx, let y = β1f1 + β4f4 be in L1. Can we find
z ∈ S such that y = zx? Let z = ∑4

i=1 ηifi and note that

zx = (η1f1 + η2f2 + η3f3 + η4f4)(γ1f1 + γ4f4)

= (η1γ1 + η2γ4)f1 + (η3γ4 + η4γ1)f4.

We are looking for a set of η’s satisfying

η1γ1 + η2γ4 = β1 and η3γ4 + η4γ1 = β4.

If γ1 
= 0, then η1 = β1/γ1, η2 = 0 = η3, η4 = β4/γ1 yields a solution for z.
If γ4 
= 0, then η2 = β1/γ4, η1 = 0 = η4, η3 = β4/γ4 yields a solution for z.
Therefore, L1 = Sx, and by Theorem 3.2.6, L1 is minimal. Similarly, L3 is
also minimal.

If A = B⊕ C, then multiplying both sides on the right by B, we get

AB = BB⊕ CB = BB⊕ {0} = BB ⊂ B,

showing that B is a left ideal of A. Likewise, multiplying on the left leads
to the fact that B is a right ideal of A. Thus it is an ideal of A. Similarly, C
is an ideal of A. Moreover, since the subalgebras do not share any nonzero
elements, any other ideal of A must be contained in the subalgebras. We
thus have

Proposition 3.2.11 If A is the direct sum of algebras, then each component
(or the direct sum of several components) is an ideal of A. Furthermore, any
other ideal of A is contained entirely in one of the components.

Algebras which have no proper ideals are important in the classificationsimple algebra
of all algebras.

Definition 3.2.12 An algebra A is called simple if its only ideals are
A and {0}.

Recall that by ideal we mean two-sided ideal. Therefore, a simple algebra
can have proper left ideals and proper right ideals. In fact, the following
example illustrates this point.

Example 3.2.13 Let’s go back to algebra S of Example 3.2.10, where we
saw that S= L1 ⊕V L3 in which L1 and L3 are minimal left ideals and ⊕V

indicates direct sum of vector spaces. Can S have a proper two-sided ideal?
Let I be such an ideal and let a ∈ I be nonzero. By the decomposition of
S, a = a1 + a3 with a1 ∈ L1 and a3 ∈ L3, at least one of which must be
nonzero. Suppose a1 
= 0. Then Sa1 is a nonzero left ideal which is con-
tained in L1. Since L1 is minimal, Sa1 = L1. Since f1 ∈L1 there must exist
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b ∈ S such that ba1 = f1, and hence,

ba = ba1 + ba3 = f1 + ba3.

Multiplying both sides on the right by f1 and noting that f2
1 = f1 and L3f1 =

{0} by the multiplication table of Example 3.2.10, we obtain baf1 = f1.
Since I is a two-sided ideal and a ∈ I, baf1 ∈ I, and therefore, f1 ∈ I.

The equality Sa1 = L1, also implies that there exists c ∈ S such that
ca1 = f4, and hence,

ca = ca1 + ca3 = f4 + ca3.

Multiplying both sides on the right by f1 and noting that f4f1 = f4 and
L3f1 = {0}, we obtain caf1 = f4. Since I is a two-sided ideal, we must have
f4 ∈ I. Since f1f2 = f2 and f4f2 = f3, all the basis vectors are in I. Hence,
I = S. The case where a3 
= 0 leads to the same conclusion. Therefore, S
has no proper ideal, i.e., S is simple.

An immediate consequence of Definition 3.2.12 and Theorem 3.2.4 is

Proposition 3.2.14 A nontrivial homomorphism of a simple algebra A with
any other algebra B is necessarily injective.

Proof For any φ : A → B, the kernel of φ is an ideal of A. Since A has no
proper ideal, kerφ = A or kerφ = {0}. If φ is nontrivial, then kerφ = {0},
i.e., φ is injective. �

3.2.1 Factor Algebras

Let A be an algebra and B a subspace of A. Section 2.1.2 showed how to
construct the factor space A/B. Can this space be turned into an algebra?
Let �a� and �a′� be in A/B. Then the natural product rule for making A/B

an algebra is

�a� �a′� = �aa′�. (3.10)

Under what conditions does this multiplication make sense? Since �a� =
�a + b� and �a′� = �a′ + b′� for all b,b′ ∈ B, for (3.10) to make sense, we
must have

(a + b)
(
a′ + b′) = aa′ + b′′

for some b′′ in B. Taking a = 0 = a′ yields bb′ = b′′. This means that B
must be a subalgebra of A. Taking a′ = 0 yields ab′ + bb′ = b′′ for all
a ∈ A, b,b′ ∈ B and some b′′ ∈ B. This means that B must be a left ideal
of A. Similarly, by setting a = 0 we conclude that B must be a right ideal of
A. We thus have

Proposition 3.2.15 Let A be an algebra and B a subspace of A. Then
the factor space A/B can be turned into an algebra with multiplication
�a� �a′� = �aa′�, if and only if B is an ideal in A. The algebra so constructed
is called the factor algebra of A with respect to the ideal B. factor algebra
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Example 3.2.16 Let A and B be algebras and φ : A → B an algebra ho-
momorphism. Example 3.1.20 and Theorem 3.2.4 showed that φ(A) is a
subalgebra of B and kerφ is an ideal in A. Now consider the linear map
φ̄ : A/kerφ → φ(A) defined in Example 2.3.22 by φ̄(�a�) = φ(a). It is
straightforward to show that φ̄ is an algebra homomorphism. Using this and
Example 2.3.22 where it was shown that φ̄ is a linear isomorphism, we
conclude that φ̄ is an algebra isomorphism.

3.3 Total Matrix Algebra

Consider the vector space of n×n matrices with its standard basis {eij }ni,j=1,
where eij has a 1 at the ij th position and zero everywhere else. This means
that (eij )lk = δilδjk , and

(eij ekl)mn =
n∑

r=1

(eij )mr(ekl)rn

=
n∑

r=1

δimδjrδkrδln = δimδjkδln = δjk(eil)mn,

or

eij ekl = δjkeil .

The structure constants are cmn
ij,kl = δimδjkδln. Note that one needs a double

index to label these constants.
The abstract algebra whose basis is {eij }ni,j=1 with multiplication rules

and structure constants given above is called the total matrix algebra. Lettotal matrix algebra
F⊗Mn or Mn(F) F denote either R or C. Then the total matrix algebra over F is denoted by

F ⊗ Mn or Mn(F). It is an associative algebra isomorphic with the real or
complex matrix algebra, but its elements are not necessarily n × n matrices.
When the dimension of the matrices is not specified, one writes simply F⊗
M or M(F).

We now construct a left ideal of this algebra. Take epq and multiply it on
the left by

∑n
i,j=1 αij eij , a general element of Mn(F). This yields

(
n∑

i,j=1

αij eij

)
epq =

n∑

i,j=1

αij eij epq =
n∑

i,j=1

αij δjpeiq =
n∑

i=1

αipeiq ,

which corresponds to a matrix all of whose columns are zero except the qth
column. Let L be the set of all such matrices. Multiplying an element of L
by a general matrix

∑n
l,m=1 βlmelm, we obtain6

(
n∑

l,m=1

βlmelm

)(
n∑

i=1

γieiq

)
=

n∑

i,l,m=1

βlmγielmeiq =
n∑

i,l,m=1

βlmγiδmielq

6The index p has no significance in the final answer because all the epq with varying p

but a fixed q generate the same matrices.
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=
n∑

l,m=1

βlmγmelq =
n∑

l=1

(
n∑

m=1

βlmγm

)

︸ ︷︷ ︸
≡ηl

elq

=
n∑

l=1

ηlelq .

It follows that L is a left ideal. Furthermore, the very construction of L

implies that it satisfies condition (b) of Theorem 3.2.6. Had we multiplied
epq on the right, we would have obtained a right ideal consisting of matrices
all of whose rows equaled zero except the pth row; and this right ideal would
satisfy condition (b) of Theorem 3.2.6 for right minimal ideals. We thus have

Theorem 3.3.1 The minimal left (right) ideals of R ⊗ M or C ⊗ M

consist of matrices with all their columns (rows) zero except one.

Multiplying epq on the left and the right by a pair of arbitrary matrices,
the reader can easily show that one recovers the entire total matrix algebra.
This indicates that the algebra has no proper two-sided ideal. Example 3.3.3
below finds the center of Mn(F) to be Span{1n}, where 1n is the identity of
Mn(F). We thus have

Theorem 3.3.2 The total matrix algebra Mn(F) is central simple.

Example 3.3.3 Let a = ∑n
i,j=1 αij eij be in the center of F⊗Mn. Then finding the center of

F⊗Mn

aekl =
n∑

i,j=1

αij eij ekl =
n∑

i,j=1

αij δjkeil =
n∑

i=1

αikeil

ekla =
n∑

i,j=1

eklαij eij =
n∑

i,j=1

αij δilekj =
n∑

j=1

αlj ekj .

For these two expressions to be equal, we must have

n∑

i=1

(αikeil − αlieki) = 0.

By letting l = k in the sum above and invoking the linear independence
of eij , we conclude that αik = 0 if i 
= k. Therefore, a must be a diagonal
matrix. Write a = ∑n

k=1 λkekk and let b = ∑n
i,j=1 βij eij be an arbitrary

element of F⊗Mn. Then

ab =
n∑

i,j,k=1

λkβij ekkeij =
n∑

i,j,k=1

λkβij δikekj =
n∑

i,j=1

λiβij eij



80 3 Algebras

ba =
n∑

i,j,k=1

λkβij eij ekk =
n∑

i,j,k=1

λkβij δjkeik =
n∑

i,j=1

λjβij eij .

Again, because of the linear independence of eij , for these two expressions
to be equal, we must have λjβij = λiβij for all i and j and all βij . The only
way this can happen is for λi to be equal to λj for all i and j . It follows that
a = λ1n, where 1n = ∑n

k=1 ekk is the identity element of Mn(F). Therefore,
Mn(F) is central.

3.4 Derivation of an Algebra

The last two items in Example 3.1.9 have a feature that turns out to be of
great significance in all algebras, the product rule for differentiation.

Definition 3.4.1 A vector space endomorphism D : A → A is called a
derivation on A if it has the additional propertyderivation

D(ab) = [
D(a)

]
b + a

[
D(b)

]
.

Example 3.4.2 Let Cr (a, b) be as in Example 3.1.9, and let D be ordinary
differentiation: D : f �→ f ′ where f ′ is the derivative of f . Then ordinary
differentiation rules show that D is a derivation of the algebra Cr (a, b).

Example 3.4.3 Consider the algebra of n × n matrices with multiplication
as defined in Eq. (3.3). Let A be a fixed matrix, and define the linear trans-
formation

DA(B) = A • B.

Then we note that

DA(B • C) = A • (B • C) = A(B • C) − (B • C)A

= A(BC − CB) − (BC − CB)A

= ABC − ACB − BCA + CBA.

On the other hand,

(DAB) • C + B • (DAC) = (A • B) • C + B • (A • C)

= (AB − BA) • C + B • (AC − CA)

= (AB − BA)C − C(AB − BA) + B(AC − CA)

− (AC − CA)B

= ABC + CBA − BCA − ACB.

So, DA is a derivation on A.
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Theorem 3.4.4 Let {ei}Ni=1 be a basis of the algebra A. Then a vector space
endomorphism D :A →A is a derivation on A iff

D(eiej ) = D(ei ) · ej + ei · D(ej ) for i, j = 1,2, . . . ,N.

Proof The simple proof is left as an exercise for the reader. �

If A has an identity e, then D(e) = 0, because

D(e) = D(ee) = D(e)e + eD(e) = 2D(e).

This shows that e ∈ ker D. In general, one can show that ker D is a subalgebra
of A.

Proposition 3.4.5 Every derivation D satisfies the Leibniz formula Leibniz formula

Dn(ab) =
n∑

k=0

(
n

k

)
Dk(a) · Dn−k(b). (3.11)

Proof The proof by mathematical induction is very similar to the proof of
the binomial theorem of Example 1.5.2. The details are left as an exercise
for the reader. �

Derivations of A, being endomorphisms of the vector space A, are sub-
sets of End(A). If D1 and D2 are derivations, then it is straightforward to
show that any linear combination αD1 + βD2 is also a derivation. Thus, the
set of derivations D(A) on an algebra A forms a vector space [a subspace
of End(A)]. Do they form a subalgebra of End(A)? Is D1D2 a derivation?
Let’s find out!

D1D2(ab) = D1
([

D2(a)
]
b + a

[
D2(b)

])

= [
D1D2(a)

]
b + D2(a)D1(b) + D1(a)D2(b) + a

[
D1D2(b)

]
.

So, the product of two derivations is not a derivation, because of the two
terms in the middle. However, since these terms are symmetric in their sub-
scripts, we can subtract them away by taking the difference D1D2 − D2D1.
The question is whether the result will be a derivation. Switching the order
of the subscripts, we obtain

D2D1(ab) = [
D2D1(a)

]
b + D1(a)D2(b) + D2(a)D1(b) + a

[
D2D1(b)

]
.

Subtracting this from the previous expression yields

(D1D2 − D2D1)(ab)

= [
D1D2(a)

]
b + a

[
D1D2(b)

] − [
D2D1(a)

]
b − a

[
D2D1(b)

]

= [
(D1D2 − D2D1)(a)

]
b + a

[
(D1D2 − D2D1)(b)

]
.

Thus, if we define a new product

D1 • D2 ≡ D1D2 − D2D1, (3.12)

then D(A) becomes an algebra.
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Theorem 3.4.6 The set D(A) of derivations of A forms an algebra, the
derivation algebra of A under the product (3.12).derivation algebra

Definition 3.4.7 Let A and B be algebras, and φ : A → B a homomor-
phism. Then D : A →B is called a φ-derivation ifφ-derivation

D(a1a2) = D(a1)φ(a2) + φ(a1)D(a2), a1,a2 ∈ A.

Example 3.4.8 As an example, let DA be a derivation in A. Then D = φ ◦
DA is a φ-derivation, because

φ ◦ DA(a1a2) = φ
[
DA(a1)a2 + a1DA(a2)

]

= φ
[
DA(a1)

]
φ(a2) + φ(a1)φ

[
DA(a2)

]

= φ ◦ DA(a1)φ(a2) + φ(a1)φ ◦ DA(a2).

Similarly, if DB is a derivation in B, then DB ◦ φ is a φ-derivation.
More specifically, let A be the algebra Cr (a, b) of r-time differentiable

functions, and B be the algebra R of real numbers. Let φc : Cr (a, b) → R

be the evaluation at a fixed point c ∈ (a, b), so that φc(f ) = f (c). If Dc :
Cr (a, b) → R is defined as Dc(f ) = f ′(c), then one can readily show that
Dc is a φc-derivation.

Definition 3.4.9 Let A be an algebra with identity and ω an involution
of A. A linear transformation ��� ∈ L(A) is called an antiderivation of Aantiderivation
with respect to ω if

���(a1a2) =���(a1) · a2 + ω(a1) ·���(a2).

In particular, a derivation is an antiderivation with respect to to the identity.

As in the case of the derivation, one can show that ker��� is a subalgebra
of A, ���(e) = 0 if A has an identity e, and ��� is determined entirely by its
action on the generators of A.

Theorem 3.4.10 Let ���1 and ���2 be antiderivations with respect to two in-
volutions ω1 and ω2. Suppose that ω1 ◦ ω2 = ω2 ◦ ω1. Furthermore assume
that

ω1���2 = ±���2ω1 and ω2���1 = ±���1ω2.

Then ���1���2 ∓ ���2���1 is an antiderivation with respect to the involution
ω1 ◦ ω2.

Proof The proof consists of evaluating ���1���2 ∓���2���1 using Definition 3.4.9
for ���1 and ���2. We leave the straightforward proof for the reader. �

Some particular cases of this theorem are of interest:

• Let ��� be an antiderivation with respect to ω and D a derivation such
that ωD = Dω. Then D��� −���D is an antiderivation with respect to ω.
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• Let ���1 and ���2 be antiderivations with respect to the same involution ω

such that ω���i = −���iω for i = 1,2. Then ���1���2 +���2���1 is a derivation.
• A particular example of the second case is when ��� is an antiderivation

with respect to an involution ω such that ω��� = −���ω. Then ���2 is a
derivation.

3.5 Decomposition of Algebras

In Sect. 2.1.3, we decomposed a vector space into smaller vector spaces.
The decomposition of algebras into “smaller” algebras is also useful. In this
section we investigate properties and conditions which allow such a decom-
position. All algebras in this section are assumed to be associative.

Definition 3.5.1 A nonzero element a ∈ A is called nilpotent if ak = 0
for some positive integer k. The smallest such integer is called the index
of a. A subalgebra B of A is called nil if all elements of B are nilpotent.
B is called nilpotent of index ν if Bν = {0} and Bν−1 
= {0}.7 A nonzero
element P ∈ A is called idempotent if P2 = P.

nilpotent, index, nil, and
idempotent

Proposition 3.5.2 The identity element is the only idempotent in a division
algebra.

Proof The proof is trivial. �

If P is an idempotent, then Pk = P for any positive integer k. Therefore,
a nilpotent subalgebra cannot contain an idempotent.

The following theorem, whose rather technical proof can be found in
[Bly 90, p. 191], is very useful:

Theorem 3.5.3 A nil ideal is nilpotent.

Example 3.5.4 The set of n × n upper triangular matrices is a subalgebra
of the algebra of n×n matrices, because the product of two upper triangular
matrices is an upper triangular matrix, as can be easily verified.

A strictly upper triangular matrix is nilpotent. Let’s illustrate this for a
4 × 4 matrix. With

A =

⎛

⎜⎜⎝

0 a12 a13 a14

0 0 a23 a24

0 0 0 a34

0 0 0 0

⎞

⎟⎟⎠ ,

7Recall that Bk is the collection of products a1 . . . ak of elements in B.
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it is easily seen that

A2 =

⎛

⎜⎜⎝

0 0 a12a23 a12a24 + a13a34

0 0 0 a23a34

0 0 0 0
0 0 0 0

⎞

⎟⎟⎠ ,

A3 =

⎛

⎜⎜⎝

0 0 0 a12a23a34

0 0 0 0
0 0 0 0
0 0 0 0

⎞

⎟⎟⎠ ,

and

A4 =

⎛

⎜⎜⎝

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞

⎟⎟⎠ .

Thus, the strictly upper triangular 4 × 4 matrices are nilpotent of index 4. In
fact, one can show that the subalgebra of the strictly upper triangular 4 × 4
matrices has index 4.

The reader can convince him/herself that strictly upper triangular n × n

matrices are nilpotent of index n, and that the subalgebra of the strictly upper
triangular n × n matrices is nilpotent of index n.

3.5.1 The Radical

Nilpotent subalgebras play a fundamental role in the classification of alge-
bras. It is remarkable that all the left, right, and two-sided nilpotent ideals of
an algebra are contained is a single nilpotent ideal, which we shall explore
now.

Lemma 3.5.5 Let L and M be two nilpotent left (right) ideals of the alge-
bra A. Let λ and μ be the indices of L and M, respectively. Then L+M is
a left (right) ideal of A of index at most λ + μ − 1.

Proof We prove the Lemma for left ideals. Clearly, L + M is a left ideal.
Any element of L + M raised to the kth power can be written as a linear
combination of elements of the form a1a2 . . . ak with ai belonging to either
L or M. Suppose that l terms of this product are in L and m terms in M.
Let j be the largest integer such that aj ∈ L. Starting with aj move to the
left until you reach another element of L, say ar . All the terms ar+1 to aj−1

are in M. Since L is a left ideal,

ar+1 . . . aj−1︸ ︷︷ ︸
∈A

aj ≡ a′
j ∈L.
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This contracts the product arar+1 . . . aj−1aj to ara′
j with both factors in L.

Continuing this process, we obtain

a1a2 . . . ak = b1b2 . . . blc, bi ∈ L, c ∈ M.

Similarly,

a1a2 . . . ak = c1c2 . . . cmb, b ∈L, ci ∈M.

Since k = l+m, if k = μ+λ−1, then (μ−m)+(λ− l) = 1. This shows that
if m < μ, then l ≥ λ and if l < λ, then m ≥ μ. In either case, a1 . . . ak = 0,
by one of the last two equations above. Hence, L + M is nilpotent with an
index of at most μ + λ − 1. The proof for the right ideals is identical to this
proof. �

Lemma 3.5.6 Let L be a nilpotent left ideal of the algebra A. Then the sum
I = L+LA is a nilpotent two-sided ideal.

Proof Since L is a left ideal, AL ⊆ L. Therefore,

AI = AL+ALA ⊆ L+LA = I,

showing that I is a left ideal. On the other hand,

IA = LA+LAA ⊆ LA+LA = LA ⊂ I

showing that I is a right ideal.
Now consider a product of k elements of LA:

l1a1l2a2 . . . lkak = l1l′2l′3 . . . l′kak, lj ∈ L, aj ∈A

where l′i ≡ ai−1li ∈ L. This shows that if k is equal to the index of L, then
the product is zero and hence, LA is nilpotent. Note that since some of the
a’s may be in L, the index of LA is at most equal to the index of L. Invoking
Lemma 3.5.5 completes the proof. �

The preceding two lemmas were introduced for the following:

Theorem 3.5.7 There exists a unique nilpotent ideal in A which contains
every nilpotent left, right, and two-sided ideal of A.

Proof Let N be a nilpotent ideal of maximum dimension. Let M be any
nilpotent ideal. By Lemma 3.5.5, N +M is both a left and a right nilpotent
ideal, hence, a nilpotent ideal. By assumption N + M ⊂ N, and therefore,
M ⊂ N, proving that N contains all ideals. If there were another maximal
ideal N′, then N′ ⊂ N and N ⊂ N′, implying that N′ = N, and that N is
unique.

If L is a left nilpotent ideal, then by Lemma 3.5.6, L ⊂ I = L+LA ⊂ N,
because I is an ideal. Thus, N contains all the nilpotent left ideals. Similarly,
N contains all the nilpotent right ideals. �
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Definition 3.5.8 The unique maximal ideal of an algebra A guar-
anteed by Theorem 3.5.7 is called the radical of A and denoted by
Rad(A).

We have seen that a nilpotent algebra cannot contain an idempotent. In

radical of an algebra

fact, the reverse implication is also true. To show that, we need the following

Lemma 3.5.9 Suppose that A contains an element a such that Aak =
Aak−1 for some positive integer k. Then A contains an idempotent.

Proof Let B≡ Aak−1. Then B is a left ideal of A satisfying Ba = B. Mul-
tiplying both sides by a, we see that

Ba2 = Ba = B, Ba3 = Ba = B,

and Bak = B. But ak ∈ B because B ≡ Aak−1. Thus, with b = ak , we get
Bb = B. This means that there must exist an element P ∈ B such that Pb =
b, or (P2 − P)b = 0. By Problem 3.32, P2 = P. Hence, B, and therefore A

has an idempotent. �

Proposition 3.5.10 An algebra is nilpotent if and only if it contains no
idempotent.

Proof The “only if” part was shown after Definition 3.5.1. We now show
that if A has no idempotent, then it must be nilpotent. To begin, we note
that in general, Aa ⊆ A, and therefore, Aak ⊆ Aak−1 for all k. If A has no
idempotent, then the equality is ruled out by Lemma 3.5.9. Hence, Aak ⊂
Aak−1. This being true for all k, we have

A⊃ Aa ⊃ Aa2 ⊃ · · · ⊃Aak ⊃ · · · .

Since A has a finite dimension, there must exist an integer r such that Aar =
{0} for all a ∈ A. In particular, ar+1 = 0 for all a ∈A. This shows that A is
nil, and by Theorem 3.5.3, nilpotent. �

Let P be an idempotent of A. Consider L(P), the left annihilator of P (see
Example 3.2.2), and note that (a − aP) ∈ L(P) for any a ∈A. Furthermore,
if a ∈ PL(P), then a = Px for some x ∈ L(P). Thus, a has the property that
Pa = a and aP = 0.

Similarly, consider R(P), the right annihilator of P, and note that (a −
Pa) ∈R(P) for any a ∈A. Furthermore, if a ∈R(P)P, then a = xP for some
x ∈R(P). Thus, a has the property that aP = a and Pa = 0.

Let I(P) = L(P) ∩R(P). Then, clearly I(P) is a two-sided ideal consist-
ing of elements a ∈A such that aP = Pa = 0. To these, we add the subalge-
bra PAP, whose elements a can be shown to have the property Pa = aP = a.
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We thus have

PAP = {a ∈A | Pa = aP = a},
PL(P) = {a ∈A | Pa = a, aP = 0},
R(P)P = {a ∈A | aP = a, Pa = 0},
I(P) = {a ∈A | aP = Pa = 0},

(3.13)

and the following

Theorem 3.5.11 Let A be any algebra with an idempotent P. Then we have
the Peirce decomposition of A: Peirce decomposition

A = PAP ⊕V PL(P) ⊕V R(P)P ⊕V I(P),

where ⊕V indicates a vector space direct sum, and each factor is a subal-
gebra.

Proof By Eq. (3.13), each summand is actually an algebra. Furthermore, it
is not hard to show that the only vector common to any two of the summands
is the zero vector. Thus the sum is indeed a direct sum of subspaces. Next
note that for any a ∈ A,

a = PaP + P (a − aP)︸ ︷︷ ︸
∈L(P)

+ (a − Pa)︸ ︷︷ ︸
∈R(P)

P + (a − Pa − aP + PaP)︸ ︷︷ ︸
∈I(P)

Problem 3.33 provides the details of the proof. �

Definition 3.5.12 An element a ∈ A is orthogonal to an idempotent P if principal idempotent
and elements
orthogonal to an
idempotent

aP = Pa = 0. Thus I(P) houses such elements. An idempotent P is called
principal if I(P) contains no idempotent.

Let P0 be an idempotent. If it is not principal, then I(P0) contains an
idempotent q. Let P1 = P0 + q. Then using the fact that P0q = qP0 = 0, we
can show that P1 is an idempotent and that

P1P0 = P0P1 = P0 and P1q = qP1 = q. (3.14)

If x ∈ I(P1), then xP1 = P1x = 0, and the first equation in (3.14) gives
xP0 = P0x = 0, i.e., x ∈ I(P0), demonstrating that I(P1) ⊆ I(P0). Since
q ∈ I(P0), but q 
∈ I(P1), I(P1) is a proper subset of I(P0). If I(P1) is not
principal, then I(P1) contains an idempotent r. Let P2 = P1 + r. Then P2 is
an idempotent and, as before, I(P2) is a proper subset of I(P1). We continue
this process and obtain

I(P0) ⊃ I(P1) ⊃ I(P2) ⊃ · · · ⊃ I(Pk) ⊃ · · · .

However, we cannot continue this chain indefinitely, because I(P0) has finite
dimension. This means that there is a positive integer n such that I(Pn) has
no idempotent, i.e., Pn is principal. We have just proved
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Proposition 3.5.13 Every algebra that is not nilpotent has a principal
idempotent.

Definition 3.5.14 An idempotent is primitive if it is not the sum of twoprimitive idempotent
orthogonal idempotents.

Proposition 3.5.15 P is primitive if and only if it is the only idempotent of
PAP.

Proof Suppose that P is not primitive. Then there are orthogonal idempo-
tents P1 and P2 such that P = P1 +P2. It is easy to show that PPi = PiP = Pi

for i = 1,2. Hence, by the first equation in (3.13), Pi ∈ PAP, and P is not
the only idempotent of PAP.

Conversely, suppose that P is not the only idempotent in PAP, so that
PAP contains another idempotent, say P′. Then by the first equation in
(3.13), PP′ = P′P = P′. This shows that

(
P − P′)P′ = P′(P − P′) = 0 and

(
P − P′)P = P

(
P − P′) = P − P′,

i.e., that (P − P′) ∈ PAP and it is orthogonal to P′. Furthermore, P =
(P − P′) + P′, i.e., P is the sum of two primitive idempotents, and thus not
primitive. �

Let P be an idempotent that is not primitive. Write P = P1 + Q, with P1

and Q orthogonal. If either of the two, say Q, is not primitive, write it as
Q = P2 + P3, with P2 and P3 orthogonal. By Problem 3.34, the set {Pi}3

i=1
are mutually orthogonal idempotents and P = P1 +P2 +P3. We can continue
this process until all Pis are primitive. Therefore, we have

Theorem 3.5.16 Every idempotent of an algebra A can be expressed as the
sum of a finite number of mutually orthogonal primitive idempotents.

3.5.2 Semi-simple Algebras

Algebras which have no nilpotent ideals play an important role in the clas-
sification of algebras.semi-simple algebras

Definition 3.5.17 An algebra whose radical is zero is called semi-
simple.

Since Rad(A) contains all nilpotent left, right, and two-sided ideals of an
algebra, if A is semi-simple, it can have no nilpotent left, right, or two-sided
ideals.

Proposition 3.5.18 A simple algebra is semi-simple.
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Proof If the simple algebra A is not semi-simple, then it has a nilpotent
ideal. Since the only ideal is A itself, we must show that A is not nilpo-
tent. Assume otherwise, and note that A2 is a proper ideal of A, because if
A2 = A, then Ak = A for any k. This contradicts our assumption that A is
nilpotent. Since the only ideals of A are A and {0}, we must have A2 = {0}.
It then follows that any proper subspace of A is trivially a nonzero proper
ideal of A, which cannot happen because of the simplicity of A. �

Lemma 3.5.19 If A is semi-simple and P is any principal idempotent in A,
then A = PAP.

Proof Since A is not nilpotent, it has a principal idempotent P by Proposi-
tion 3.5.13. Since P is principal, I(P) of Theorem 3.5.11 contains no idem-
potent and by Proposition 3.5.10 must be nilpotent. Since A has no nilpotent
ideal, I(P) = {0}. Now note that R(P)L(P) of Theorem 3.5.11 consists of all
elements annihilated by both the right and left multiplication by P. There-
fore, R(P)L(P) is a subset of I(P). Hence, R(P)L(P) = {0}. This shows that
if r ∈ R(P) and l ∈ L(P), then rl = 0. On the other hand, for any l ∈ L(P)

and r ∈R(P), we have

(lr)2 = l (rl)︸︷︷︸
=0

r = 0.

It follows that the ideal L(P)R(P) (see Problem 3.10) is nil of index 2,
and by Theorem 3.5.3, it is nilpotent. The semi-simplicity of A implies that
L(P)R(P) = {0}. Multiplying the Peirce decomposition on the left by L(P),
and using these results and the fact that L(P)P = {0}, we obtain

L(P)A = L(P)R(P)P = {0}.
In particular L(P)L(P) = {0}, and thus L(P) is nilpotent, hence zero. Sim-
ilarly, R(P) is also zero. Therefore, the Peirce decomposition of A reduces
to the first term. �

Theorem 3.5.20 A semi-simple algebra A is necessarily unital. Further- semi-simple algebras are
unitalmore, the unit is the only principal idempotent of A.

Proof Let P be a principal idempotent of A. If b ∈A, then by Lemma 3.5.19
b ∈ PAP, and b = PaP for some a ∈ A. Therefore,

Pb = P2aP = PaP = b

bP = PaP2 = PaP = b.

Since this holds for all b ∈A, we conclude that P is the identity of A. �

Idempotents preserve the semi-simplicity of algebras in the following
sense:

Proposition 3.5.21 If A is semi-simple, then PAP is also semi-simple for
any idempotent P ∈A.
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Proof Let N = Rad(PAP) and x ∈N ⊂ PAP. Construct the left ideal Ax in
A and note that by Eq. (3.13), xP = Px = x. Then we have the following set
identities:

(Ax)ν+1 = AxAx . . .AxAx = AxPAPx . . . PAPxPAPx

= Ax(PAPx)ν.

Since N is an ideal in PAP, we have PAPx ⊂ N, and if ν is the index of
N, then (PAPx)ν = {0}. Thus, Ax is nilpotent. Since A is semi-simple, we
must have Ax = {0}. Thus, for any nonzero a ∈ A, ax = 0. In particular,
Px = x = 0. Since x was an arbitrary element of Rad(PAP), we must have
Rad(PAP) = {0}. Hence, PAP is semi-simple. �

Proposition 3.5.22 Let A be a semi-simple algebra and P an idem-
potent in A. Then PAP is a division algebra if and only if P is primi-
tive.

Proof Suppose that PAP is a division algebra. By Proposition 3.5.2, identity
is the only idempotent of PAP. But P is the identity of PAP. Hence, P is the
only idempotent of PAP, and by Proposition 3.5.15 P is primitive.

Conversely, assume that P is primitive. Let x ∈ PAP be nonzero. The
left ideal L ≡ (PAP)x cannot be nilpotent because PAP is semi-simple by
Proposition 3.5.21. Hence, it must contain an idempotent by Proposition
3.5.13. But an idempotent in L is an idempotent in PAP. Proposition 3.5.15
identifies P as the sole idempotent in PAP, and thus, in L. As an element of
L, we can write P as P = ax with a ∈ PAP. Since, P is the identity in PAP,
x has an inverse. It follows that any element in PAP has an inverse. Thus it
is a division algebra. �

It is intuitively obvious that a simple algebra is somehow more funda-
mental than a semi-simple algebra. We have seen that a simple algebra
is semi-simple. But the converse is of course not true. If simple algebras
are more fundamental, then semi-simple algebras should be “built up” from
simple ones. To see this we first need some preliminaries.

Lemma 3.5.23 If A has an ideal B with unit 1B , then A = B ⊕ I(1B),
where I(1B) is the ideal in the Peirce decomposition of A.

Proof Since 1B is an idempotent8 of A, we can write the following Peirce
decomposition:

A = 1BA1B ⊕V 1BL(1B) ⊕V R(1B)1B ⊕V I(1B) ≡ S(1B) ⊕V I(1B)

8Note that 1B is not the identity of A. It satisfies x1B = 1Bx = x only if x ∈ B.
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where S(1B) = 1BA1B ⊕V 1BL(1B) ⊕V R(1B)1B . Since, B is an ideal,
each component of S(1B) is a subset of B, and therefore, S(1B) ⊆ B. If
b ∈ B, then b ∈ A, and by the above decomposition, b = b1 + b2, with
b1 ∈ S(1B) and b2 ∈ I(1B). Multiplying both sides by 1B , we get

b1B = b11B + b21B or b = b1

because 1B is the identity in B and I(1B) is orthogonal to 1B . It follows that
b ∈ S(1B) and, therefore, B ⊆ S(1B). Hence, B = S(1B) and A = B ⊕V

I(1B). Since I(1B)B = BI(1B) = {0}, we can change ⊕V to ⊕. �

Lemma 3.5.24 A nonzero ideal of a semi-simple algebra is semi-simple.

Proof Let A be a semi-simple algebra and B be a nonzero ideal of A. Then
BRad(B)B ⊂ Rad(B) because Rad(B) is an ideal in B. Furthermore, since
B is an ideal in A, AB ⊂ B and BA ⊂ B. It follow that A(BRad(B)B)A =
(AB)Rad(B)(BA) ⊂ BRad(B)B, i.e., that BRad(B)B is an ideal in A.
Furthermore, it is nilpotent because it is contained in Rad(B). Semi-
simplicity of A implies that BRad(B)B = {0}. Since Rad(B) ⊂ B,
ARad(B)A ⊂ B, and ARad(B)ARad(B)ARad(B)A ⊂ BRad(B)B. Now
note that

(
ARad(B)A

)3 = ARad(B)AARad(B)AARad(B)A

⊂ ARad(B)ARad(B)ARad(B)A

⊂ BRad(B)B = {0},
indicating that ARad(B)A is nilpotent. Since it is an ideal in A, and A

is semi-simple, ARad(B)A = {0}, and since A has an identity by Theo-
rem 3.5.20, Rad(B) = {0}, and B is semi-simple. �

Theorem 3.5.25 An algebra is semi-simple iff it is the direct sum of
simple algebras.

Proof If the algebra A is the direct sum of simple algebras, then by Propo-
sition 3.2.11, the only ideals of A are either direct sums of the components
or contained in them. In either case, these ideals cannot be nilpotent because
a simple algebra is semi-simple. Therefore, A is semi-simple.

Conversely, assume that A is semi-simple. If it has no proper ideal, then
it is simple and therefore semi-simple, and we are done. So, suppose B is
a proper nonzero ideal of A. By Lemma 3.5.24 B is semi-simple, and by
Theorem 3.5.20 B has a unit 1B . Invoking Lemma 3.5.23, we can write
A = B⊕ I(1B). If either of the two components is not simple, we continue
the process. �

Theorem 3.5.26 The reduction of a semi-simple algebra to simple subal-
gebras is unique up to an ordering of the components.
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Proof Let A = A1 ⊕ · · · ⊕ Ar with Ai simple. The unit of A is a sum of
the units of the components: 1 = 11 + · · · + 1r . Let A = A′

1 ⊕ · · · ⊕A′
s be

another reduction. Multiply both sides of the identity decomposition on the
left by A′

j to obtain

A′
j =A′

j 11 + · · · +A′
j 1r ≡A′

j1 + · · · +A′
jr =

r∑

i=1

A′
ji .

Since 1i ∈Ai , and Ai is an ideal of A, A′
ji ⊂Ai . Since Ai are disjoint, A′

ji

are disjoint. Since A′
j is an ideal, A′

j 1i is an algebra as can be easily verified.
Furthermore, since 1i1k = 0 for i 
= k, the sum is a direct sum of algebras.
Hence, by Proposition 3.2.11, A′

ji is an ideal, and since it is a subset of
Ai , it is a subideal of Ai . The simplicity of Ai implies that A′

ji = Ai or
A′

ji = {0}. Since A′
j is simple, only one of its components is nonzero, and

it is one of the Ai . �

3.5.3 Classification of Simple Algebras

Theorems 3.5.25 and 3.5.26 classify all the semi-simple algebras, i.e., al-
gebras with zero radicals, in terms of simple algebras. Can a general al-
gebra be written as its radical and a semi-simple algebra? It turns out
that an algebra A with nonzero radical Rad(A) is the direct sum A =
Rad(A) ⊕ (A/Rad(A)), i.e., the radical plus the factor algebra modulo the
radical. Since, in A/Rad(A), the radical has been “factored out” of A, the
quotient is indeed semi-simple. This result is known as Wedderburn prin-
cipal structure theorem, and reduces the study of all algebras to that of

Wedderburn principal
structure theorem

simple algebras. Simple algebras can be further decomposed (for a proof,
see [Benn 87, pp. 330–332]):

Wedderburn
decomposition theorem

Theorem 3.5.27 (Wedderburn decomposition) An algebra A is sim-
ple if and only if

A ∼=D⊗Mn
∼=Mn(D),

where D is a division algebra and Mn(D) is a total matrix algebra
over D for some non-negative integer n. D and Mn(D) are unique up
to a similarity transformation.

Denote by Zn the center of Mn. Since Mn is central, by Theorem 3.3.2,
Zn = Span{1n}. On the other hand, Eq. (3.8) gives

Z(A) = Z(D) ⊗Zn
∼= Z(D), (3.15)

which is a relation that determines D from a knowledge of the center of the
algebra A.
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Proposition 3.5.28 The only division algebra over C is C itself.

Proof Let D be a division algebra over C and x a nonzero element of D.
Since D is finite-dimensional, there must exist a polynomial in x such that
(why?)

f (x) = xn + αn−1xn−1 + · · · + α1x + α01 = 0.

Let n be the smallest integer such that this holds. By the fundamental theo-
rem of algebra (see Sect. 10.5), f (x) has at least one root λ. Then we have

f (x) = (x − λ1)g(x) = 0.

Now, g(x) has degree at most n − 1 and by assumption cannot be zero.
Hence, it has an inverse because D is a division algebra. Therefore, x−λ1 =
0, and every element of D is a multiple of 1. This completes the proof. �

Proposition 3.5.28 and Theorem 3.5.27, plus the fact that Mn(C) is cen-
tral (Theorem 3.3.2) give the following:

Theorem 3.5.29 Any simple algebra A over C is isomorphic to
Mn(C) for some n, and therefore A is necessarily central simple.

The centrality of a complex algebra can also be deduced from Eq. (3.15)
and Proposition 3.5.28.

There is a theorem in abstract algebra, called the Frobenius Theorem, Frobenius Theorem
which states that the only division algebras over R are R, C, and H, and
since the tensor product of two division algebras is a division algebra, also
C ⊗ H.9 Furthermore, the center of C is the entire C, because it is a com-
mutative algebra. On the other hand, H is central, i.e., its center is the span
of its identity (reader, please verify), therefore, isomorphic to R.

Now consider a simple algebra A over R. If A is central, i.e., if Z(A) =
R, then Eq. (3.15) yields

R∼= Z(D) ⇒ D =R or H.

If Z(A) =C, then

C ∼= Z(D) ⇒ D =C or C⊗H.

These results, plus the theorems of Frobenius and Wedderburn yield

9Since C is a subalgebra of H, the tensor product is actually redundant. However, in
the classification of the Clifford algebras discussed later in the book, C is sometimes
explicitly factored out.
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Theorem 3.5.30 Any simple algebra A over R is isomorphic to D⊗
Mn for some n. If the center of A is isomorphic to C, then D is either
C or C ⊗ H. If A is central (i.e., its center is isomorphic to R), then
D is R or H.

We conclude our discussion of the decomposition of an algebra by a fur-
ther characterization of a simple algebra and the connection between primi-
tive idempotents andminimal left ideals.

Definition 3.5.31 Two idempotents P and P′ of an algebra A are called
similar if there exists an invertible element s ∈ A such that P′ = sPs−1.similar idempotents

The proof of the following theorem can be found in [Benn 87, pp. 332–
334]:

Theorem 3.5.32 If P is an idempotent of a simple algebra A, then thererank of an idempotent of
a simple algebra exist mutually orthogonal primitive idempotents {Pi}ri=1 such that P =∑r

i=1 Pi . The integer r is unique and is called the rank of P. Two idem-
potents are similar if and only if they have the same rank.

Theorem 3.5.33 Let P be a primitive idempotent of a semi-simple
algebra A. Then AP (respectively PA) is a minimal left (respectively
right) ideal of A.

Proof Since a semi-simple algebra is a direct sum of simple algebras each
independent of the others, without loss of generality, we can assume that
A is simple. Suppose L ≡ AP is not minimal. Then L contains a nonzero
left ideal L1 of A. Since A is (semi-)simple, L1 is not nilpotent. Hence by
Proposition 3.5.10 it contains an idempotent P1. If P1 = P, then

L=AP = AP1 ⊆L1,

and therefore L = L1, and we are done. So suppose that P1 
= P. Then, by
Theorem 3.5.16

P1 = Q1 + · · · + Qr ,

where Qi are all primitive and orthogonal to each other. Since Q1 and P have
rank 1, by Theorem 3.5.32 they are similar, i.e., there exists an invertible
element s ∈ A such that P = sQ1s−1. So, by choosing sP1s−1 instead of P1

if we have to,10 we can assume that Q1 = P. Then

P1 = P + Q2 + · · · + Qr ,

10This is equivalent to replacing L with sLs−1, which is allowed by Theorem 3.2.7 and
the non-uniqueness clause of Theorem 3.5.27.
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and P is orthogonal to all the Qi . Multiplying both sides on the left by P, we
get PP1 = P and

L = AP = APP1 ⊆ L1,

implying that L = L1. The case of a right ideal follows similarly. �

3.6 Polynomial Algebra

Let A be an associative algebra with identity 1. For any fixed element a ∈ A,
consider the set P[a] of elements of the algebra of the form

p(a) ≡
∞∑

k=0

αkak, αk ∈C,

in which only a finite number of the terms in the sum are nonzero. These are
clearly polynomials in a for which addition and multiplication is defined as
usual.

Definition 3.6.1 Let A be an associative algebra with identity 1. For any leading coefficient,
monic, degree,
monomial

fixed element a ∈ A, the set P[a] is a commutative algebra with identity
called the polynomial algebra generated by a. The coefficient of the highest
power of a in p(a) = ∑∞

k=0 αkak is called the leading coefficient of p,
and α0 is called the scalar term. A polynomial with leading coefficient 1
is called monic. The highest power of a in p is called the degree of p

and denoted by degp. A nonzero polynomial of the form αnan is called a
monomial of degree n.

It is clear that {ak}∞k=0 is a basis of the polynomial algebra P[a].
If p(a) ≡ ∑∞

k=0 αkak and q(a) ≡ ∑∞
j=0 βj aj , then

(p + q)(a) =
∞∑

k=0

(αk + βk)ak,

(pq)(a) =
∞∑

i=0

γiai , where γi =
∑

j+k=i

αkβj .

Consider two nonzero polynomials p(a) and q(a). Then obviously

deg(p + q) ≤ max(degp,degq),

deg(pq) = degp + degq.
(3.16)

Definition 3.6.2 The linear map d : P[a] → P[a] defined by differentiation map

dak = kak−1, k ≥ 1

da0 ≡ d1 = 0

is called the differentiation map in P[a].
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Theorem 3.6.3 The differentiation map d is a derivation of P[a]. We denote
d(p) by p′.

Proof The simple proof is left as Problem 3.35. �

Let p and q be two polynomials. Then d(pq) = d(p)q + pd(q), and in
particular

d
(
q2) = 2qd(q),

and in general

d
(
qk

) = kqk−1d(q), k ≥ 1 and d
(
q0) = 0.

Because q is an element of A, it can generate a polynomial in itself. We can
construct, for example p(q), by replacing a with q:

p(q) =
∞∑

k=0

αkq
k.

Then, it is straightforward to show that (see Problem 3.36)

d
(
p(q)

) = p′(q) · q ′ (3.17)

This is the chain rule for the differentiation of polynomials.chain rule

Definition 3.6.4 The polynomial dr (p) is called the rth derivative of p

and denoted by p(r). We extend the notation by defining p(0) = p.

It is clear that p(r) = 0 if r > deg(p).
Consider the monomial an, and note that

dr
(
an

) = n!
(n − r)!an−r or an−r = (n − r)!

n! dr
(
an

)
.

Now use the binomial theorem to write

(a + b)n =
n∑

r=0

(
n

r

)
an−r · br =

n∑

r=0

1

r!dr
(
an

) · br .

The left-hand side is an arbitrary term of the polynomial p(a + b). There-
fore, taking linear combination of such terms, we haveTaylor formula

p(a + b) =
n∑

r=0

p(r)(a)

r! · br . (3.18)

This is called the Taylor formula for p.
A root of the polynomial p(a) = ∑n

k=0 ηkak of degree n is a scalar λ ∈ C

such that p(λ) = ∑n
k=0 ηkλ

k = 0. The fundamental theorem of algebra11

states that C is algebraically closed, meaning that any polynomial with co-
efficients in C can be factored out into a product of polynomials of degree

11A proof of the theorem can be found in Sect. 10.5.
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one with coefficients in C:

p(a) = ηn(a − λ11)k1 . . . (a − λs1)ks , (3.19)

where ηn 
= 0, {λi}si=1 are the distinct complex roots of the polynomial, ki ,

C is algebraically closed

called the multiplicity of λi , is a nonnegative integer, and
∑s

i=1 ki = n. multiplicity of a root

As the simple example p(a) = a2 + 1 suggests, R is not algebraically
closed. Nevertheless, a real polynomial can still be factored out into prod-
ucts of polynomials of degree 1 and 2 with real coefficients. To show this,
first note that if λ is a complex root of a real polynomial, then its complex
conjugate λ̄ is also a root. This follows from taking the complex conjugate
of

∑n
k=0 ηkλ

k = 0 and noting that η̄k = ηk for real ηk . Furthermore, λ and λ̄

must have the same multiplicity, otherwise the unmatched factors produce a
polynomial with complex coefficients, which, when multiplied out with the
rest of the factors, produce some complex coefficients for p(a).

Next, multiply each factor in Eq. (3.19) containing a complex root by its
complex conjugate. So, if λm = γm + iξm, then

(a − λm1)km(a − λ̄m1)km = (a − γm1 − iξm1)km(a − γm1 + iξm1)km

= (
a2 − 2γma + γ 2

m1 + ξ2
m1

)km

≡ (
a2 + αma + βm1

)km, α2
m < 4βm.

The inequality ensures that ξm 
= 0, i.e., that the root is not real. We have
just proved the following:

Theorem 3.6.5 A real polynomial p(a) = ∑n
k=0 ηkak of degree n has the

following factorization:

p(a) = ηn

r∏

i=1

(a − λi1)ki

R∏

j=1

(
a2 + αj a + βj 1

)Kj , α2
j < 4βj ,

where λi,αj ,βj ∈ R, ki,Kj ∈ N, λi are all distinct, the pairs (αj ,βj ) are
all distinct, and 2

∑R
j=1 Kj + ∑r

i=1 ki = n.

Corollary 3.6.6 A real polynomial of odd degree has at least one real root.

3.7 Problems

3.1 Show that

(a) the product on R
2 defined by

(x1, x2)(y1, y2) = (x1y1 − x2y2, x1y2 + x2y1)

turns R2 into an associative and commutative algebra, and
(b) the cross product on R

3 turns it into a nonassociative, noncommutative
algebra.
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3.2 Show that the center of an algebra is a subspace of that algebra. If the
algebra is associative, then its center is a subalgebra.

3.3 Prove that A2, the derived algebra of A, is indeed an algebra.

3.4 Prove that the set A of n × n matrices, with the product defined by
Eq. (3.3), form a nonassociative noncommutative algebra.

3.5 Prove that the set A of n × n upper triangular matrices, with the prod-
uct defined by ordinary multiplication of matrices is an associative non-
commutative algebra. Show that the same set with multiplication defined by
Eq. (3.3), is a nonassociative noncommutative algebra, and that the derived
algebra A2 ≡ B is the set of strictly upper triangular matrices. What is the
derived algebra B2 of B?

3.6 Prove Proposition 3.1.23.

3.7 Let ω ∈L(V) be defined by ω(a) = −a for all a ∈ V. Is ω an involution
of V? Now suppose that V is an algebra. Is ω so defined an involution of the
algebra V? Recall that an involution of an algebra must be a homomorphism
of that algebra.

3.8 Show that no proper left (right) ideal of an algebra with identity can
contain an element that has a left (right) inverse.

3.9 Let A be an associative algebra, and x ∈ A. Show that Ax is a left ideal,
xA is a right ideal, and AxA is a two-sided ideal.

3.10 Let L be a left ideal and R a right ideal. Show that LR is a two-sided
ideal.

3.11 Show that Φ of Theorem 3.1.25 is an algebra isomorphism.

3.12 Show that the linear transformation of Example 3.1.18 is an isomor-
phism of the two algebras A and B.

3.13 Let A be an algebra with identity 1A and φ an epimorphism of A onto
another algebra B. Show that φ(1A) is the identity of B.

3.14 Show that the derived algebra of A is an ideal in A.

3.15 Show that the algebra of quaternions is central.

3.16 Write down all the structure constants for the algebra of quaternions.
Show that this algebra is associative.

3.17 Show that a quaternion is pure iff its square is a nonpositive real num-
ber.
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3.18 Let p and q be two quaternions. Show that

(a) (pq)∗ = q∗p∗,
(b) q ∈R iff q∗ = q , and q ∈R

3 iff q∗ = −q , and
(c) qq∗ = q∗q is a nonnegative real number.

3.19 Prove Eq. (3.7).

3.20 Show that φ̄ of Example 3.2.16 is an algebra homomorphism.

3.21 Prove Theorem 3.3.2.

3.22 The algebra A has a basis {1, e} with e2 = 1.

(a) Show that {f1, f2} with f1 = 1
2 (1 + e) and f2 = 1

2 (1 − e) is also a basis.
(b) Show that A= L1 ⊕V L2, where Li = Afi , i = 1,2 and ⊕V indicates

a vector space direct sum.
(c) Show that L1 an L2 are actually two-sided ideals and that L1L2 = {0}.

Therefore, A = L1 ⊕L2.
(d) Multiply an arbitrary element of Li , i = 1,2, by an arbitrary element

of A to show that Li = Span{fi}, i = 1,2. Thus, Li
∼= R, i = 1,2, or

A = R⊕R.

3.23 If A is an algebra and D is a derivation in A, prove that both the center
Z(A) and the derived algebra A2 are stable under D, i.e., if a ∈ Z(A) then
D(a) ∈ Z(A), and if a ∈A2 then D(a) ∈A2.

3.24 Let D :A → A be a derivation. Show that ker D is a subalgebra of A.

3.25 Show that a linear combination of two derivations is a derivation.

3.26 Fix a vector a ∈ R
3 and define the linear transformation Da : R3 →R

3

by Da(b) = a × b. Show that Da is a derivation of R3 with the cross product
as multiplication.

3.27 Show that D defined on Cr (a, b) by D(f ) = f ′(c), where a < c < b,
is a φc-derivation if φc is defined as the evaluation map φc(f ) = f (c).

3.28 Let ��� ∈ End(A) be an antiderivation of A with respect to ω. Show that
ker��� is a subalgebra of A and ���(e) = 0 if A has an identity.

3.29 Derive the Leibniz formula (3.11).

3.30 Prove Theorem 3.4.10.

3.31 Show that the algebra of the strictly upper triangular n × n matrices is
nilpotent of index n.

3.32 Let b be a fixed element of an algebra B. Consider the linear trans-
formation Tb : B → B given by Tb(x) = xb. Using the dimension theorem,
show that if Bb = B, then ker Tb = 0.
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3.33 Let A be an algebra with an idempotent P. Show that PAP consists of
elements a such that aP = Pa = a. For the subspaces of Theorem 3.5.11, let
A1 ≡ PAP, A2 ≡ PL(P), A3 ≡ R(P)P, and A4 ≡ I(P). Show that {Ai}3

i=1
are subalgebras of A and that Ai ∩Aj = {0}, but AiAj 
= {0} for all i 
= j ,
i, j = 1, . . . ,4. Thus, Peirce decomposition is a vector space direct sum, but
not an algebra direct sum.

3.34 Let p and q be orthogonal idempotents. Suppose that q = q1 + q2,
where q1 and q2 are orthogonal idempotents. Show that qqi = qiq = qi

for i = 1,2. Using this result, show that pqi = qip = 0 for i = 1,2.

3.35 Use the basis {ak}∞k=0 of P[a] and apply Theorem 3.4.4 on it to show
that the differentiation map of Definition 3.6.2 is a derivation.

3.36 Derive the chain rule (3.17).
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