Hilbert Spaces

The basic concepts of finite-dimensional vector spaces introduced in Chap. 2
can readily be generalized to infinite dimensions. The definition of a vector
space and concepts of linear combination, linear independence, subspace,
span, and so forth all carry over to infinite dimensions. However, one thing
is crucially different in the new situation, and this difference makes the study
of infinite-dimensional vector spaces both richer and more nontrivial: In a
finite-dimensional vector space we dealt with finite sums; in infinite dimen-
sions we encounter infinite sums. Thus, we have to investigate the conver-
gence of such sums.

7.1 The Question of Convergence

The intuitive notion of convergence acquired in calculus makes use of the
idea of closeness. This, in turn, requires the notion of distance.! We consid-
ered such a notion in Chap. 2 in the context of a norm, and saw that the inner
product had an associated norm. However, it is possible to introduce a norm
on a vector space without an inner product.

One such norm, applicable to C" and R", was

1/p

n
lally= (> leil”) .

i=1

where p is an integer. The “natural” norm, i.e., that induced on C" (or R")
by the usual inner product, corresponds to p = 2. The distance between
two points depends on the particular norm used. For example, consider the
“point” (or vector) |b) = (0.1,0.1,...,0.1) in a 1000-dimensional space
(n = 1000). One can easily check that the distance of this vector from the
origin varies considerably with p: ||b||; = 100, ||b||» = 3.16, ||b]|1o = 0.2.
This variation may give the impression that there is no such thing as “close-
ness”, and it all depends on how one defines the norm. This is not true,

!t is possible to introduce the idea of closeness abstractly, without resort to the notion
of distance, as is done in topology. However, distance, as applied in vector spaces, is as
abstract as we want to get.
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because closeness is a relative concept: One always compares distances.
A norm with large p shrinks all distances of a space, and a norm with small
p stretches them. Thus, although it is impossible (and meaningless) to say
that “|a) is close to |b)” because of the dependence of distance on p, one
can always say “|a) is closer to |b) than |c) is to |d)”, regardless of the value
of p.

Now that we have a way of telling whether vectors are close together
or far apart, we can talk about limits and the convergence of sequences of
vectors. Let us begin by recalling the definition of a Cauchy sequence (see
Definition 1.3.4):

Definition 7.1.1 An infinite sequence of vectors {|a;)}?2, in a normed lin-

ear space V is called a Cauchy sequence if lim i—oo lai —ajll=0.
J —> o0

A convergent sequence is necessarily Cauchy. This can be shown using
the triangle inequality (see Problem 7.2). However, there may be Cauchy
sequences in a given vector space that do not converge to any vector in
that space (see the example below). Such a convergence requires additional
properties of a vector space summarized in the following definition.

Definition 7.1.2 A complete vector space V is a normed linear space for
which every Cauchy sequence of vectors in V has a limit vector in V. In
other words, if {|a;)}{2, is a Cauchy sequence, then there exists a vector

|a) € V such that lim; ,  [la; — a| = 0.

Example 7.1.3 (1) R is complete with respect to the absolute-value norm
[le]l = |ee|. In other words, every Cauchy sequence of real numbers has a
limit in R. This is proved in real analysis.

(2) C is complete with respect to the norm ||| = || = v/ (Rea)? + (Ima)2.
Using |¢| < |Rea| 4+ | Ima|, one can show that the completeness of C fol-
lows from that of R. Details are left as an exercise for the reader.

(3) The set of rational numbers Q is not complete with respect to the
absolute-value norm. In fact, {(1 + 1/k)* }i2, is a sequence of rational num-
bers that is Cauchy but does not converge to a rational number; it converges
to e, the base of the natural logarithm, which is known to be an irrational
number. (See also the discussion after Definition 1.3.4.)

Let {|a;)};2, be a Cauchy sequence of vectors in a finite-dimensional
vector space V. Choose an orthonormal basis {|ek)},]{\]:1 in Vy such that?

laiy =3V ale) and Jaj) = SN «t|er). Then

2Recall that one can always define an inner product on a finite-dimensional vector space.
So, the existence of orthonormal bases is guaranteed.
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k,l=1 k=1

The LHS goes to zero, because the sequence is assumed Cauchy. Further-
more, all terms on the RHS are positive. Thus, they too must go to zero
as i, j = oo. By the completeness of C, there must exist «; € C such that
lim,,_moa(") =ay for k =1,2,..., N. Now consider |a) € Vy given by
a) = Zk:l oyler). We claim that |a) is the limit of the above sequence of
vectors in V. Indeed,

N
li C_all2= 1 @ _ 1 @) 220.
lilgo lla;i — al| iirr;OX_:’ak oy Z im |a —ay |
We have proved the following:

Proposition 7.1.4 Every Cauchy sequence in a finite-dimensional in-
ner product space over C (or R) is convergent. In other words, every
finite-dimensional complex (or real) inner product space is complete
with respect to the norm induced by its inner product.

The next example shows how important the word “finite” is.

Example 7.1.5 Consider { f¢};2 . the infinite sequence of continuous func-
tions defined in the interval [—1, +1] by

1 if1/k<x <1,
fix) = (kx+1)/2 if —=1/k<x <1/k,
0 if —1<x<-1/k.

This sequence belongs to €%(—1, 1), the inner product space of continu-
ous functions with its usual inner product: {f|g) f f*(x)g(x)dx. Itis

straightforward to verify that || fi — f; 1> = f_l | fe(x) — £ (x)2dx —=
,j—>00

0. Therefore, the sequence is Cauchy. However, the limit of this sequence is
(see Fig. 7.1)

1 if0<x<1,

Fe=1, if—1<x<0,

which is discontinuous at x = 0 and therefore does not belong to the space
in which the original sequence lies.

We see that infinite-dimensional vector spaces are not generally com-
plete. It is a nontrivial task to show whether or not a given infinite-
dimensional vector space is complete.

all finite-dimensional
vector spaces are
complete
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Fig. 7.1 The limit of the sequence of the continuous functions f; is a discontinuous
function that is 1 for x > 0 and O for x <0

Any vector space (finite- or infinite-dimensional) contains all finite linear
combinations of the form Z?:l oj|a;) when it contains all the |a;)’s. This
follows from the very definition of a vector space. However, the situation
is different when n goes to infinity. For the vector space to contain the infi-
nite sum, firstly, the meaning of such a sum has to be clarified, i.e., a norm
and an associated convergence criterion needs to be put in place. Secondly,
the vector space has to be complete with respect to that norm. A complete
normed vector space is called a Banach space. We shall not deal with a gen-
eral Banach space, but only with those spaces whose norms arise naturally
from an inner product. This leads to the following definition:

Definition 7.1.6 A complete inner product space, commonly denoted by
H, is called a Hilbert space.

Thus, all finite-dimensional real or complex vector spaces are Hilbert
spaces. However, when we speak of a Hilbert space, we shall usually assume
that it is infinite-dimensional.

It is convenient to use orthonormal vectors in studying Hilbert spaces.
So, let us consider an infinite sequence {|e;)}72, of orthonormal vectors all
belonging to a Hilbert space J{. Next, take any vector | f) € H, construct
the complex numbers f; = (e;| f), and form the sequence of vectors>

) =D file)) forn=1,2,... (7.1)
i=1

For the pair of vectors | f) and | f;,), the Schwarz inequality gives

P <Ol fay = IO D 1A). (7.2)

i=1

[(F1fn)

3We can consider | f;,) as an “approximation” to | f), because both share the same com-
ponents along the same set of orthonormal vectors. The sequence of orthonormal vectors
acts very much as a basis. However, to be a basis, an extra condition must be met. We
shall discuss this condition shortly.
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where Eq. (7.1) has been used to evaluate ( f,,| f,,). On the other hand, taking
the inner product of (7.1) with ( f]| yields

(Flfy=>_ filflei) Zﬁf —Zm
i=1

i=1

Substitution of this in Eq. (7.2) yields the Parseval inequality: Parseval inequality

Zm (FIf). (1.3)

i=1

This conclusion is true for arbitrarily large n and can be stated as follows:

Proposition 7.1.7 Let {|e;)}72, be an infinite set of orthonormal vectors in
a Hilbert space, H. Let | ) € H and define complex numbers f; = {(e;| f).
Then the Bessel inequality holds: Y :2, | f; 1< (flf). Bessel inequality

The Bessel inequality shows that the vector

oo n
> filei)y = lim " filei)
i=1 i=1

converges; that is, it has a finite norm. However, the inequality does not say

whether the vector converges to | f). To make such a statement we need

completeness:

Definition 7.1.8 A sequence of orthonormal vectors {Ie,)}OO | in a Hilbert complete orthonormal
space H is called complete if the only vector in I that is orthogonal to all sequence of vectors;
the |e;) is the zero vector, in which case {le;)}7°, is called a basis for J(. basis for H

The notion of completeness does not enter the discussion of an N-
dimensional vector space, because any N orthonormal vectors form a basis.
If you take away some of the vectors, you don’t have a basis, because you
have less than N vectors. The situation is different in infinite dimensions. If
you start with a basis and take away some of the vectors, you still have an
infinite number of orthonormal vectors. The notion of completeness ensures
that no orthonormal vector is taken out of a basis. This completeness prop-
erty is the extra condition alluded to (in the footnote) above, and is what is
required to make a basis.

In mathematics literature, one distinguishes between a general and a sep-
arable Hilbert space. The latter is characterized by having a countable basis.
Thus, in the definition above, the Hilbert space is actually a separable one,
and from now on, by Hilbert space we shall mean a separable Hilbert space.

Proposition 7.1.9 Let {|e;)}7°, be an orthonormal sequence in J. Then
the following statements are equivalent:

L. {lei)}2, is complete.

2. 1f) =25 leidel fYVIf) e H
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David Hilbert 1862-1943

3. Z?i1|ei)(ei|=1.
4. (flg) =22 (fleieilg) VIf), g) € H.
5. WP =22 Keil /)P VIf) € .

Proof We shall prove the implications 1 =2 =3=4=5=1.

1=2: Itis sufficient to show that the vector [y/) = | f) — > 2| le;) (il f)
is orthogonal to all the |e;):

3,']'
(ejlv) = (ejlf) = _tejlei(eil ) =0.

i=1

2=3: Since|f)=1|f)= Zfil(lei)(e”)lf) is true for all | f) € HH, we
must have 1="72, |e¢;){e;|.

3=4r (flg) = (f1g) = (FICCZ lei)eiDlg) = 2221 (fleid (eilg)-

4=5: Let|g)=1|f) in statement 4 and recall that { f|e;) = (e;| f)*.

5=1: Let|f) be orthogonal to all the |e;). Then all the terms in the sum
are zero implying that || f||*> = 0, which in turn gives |f) =0,
because only the zero vector has a zero norm. U

The equality

A2 = A1 =Y kel AP = D162 fi=telf). (74)
i=1

i=1

is called the Parseval equality, and the complex numbers f; are called gen-
eralized Fourier coefficients. The relation

1=) lei)ei] (7.5)
i=1

is called the completeness relation.

Historical Notes

David Hilbert (1862-1943), the greatest mathematician of the twentieth century, re-
ceived his Ph.D. from the University of Konigsberg and was a member of the staff there
from 1886 to 1895. In 1895 he was appointed to the chair of mathematics at the University
of Gottingen, where he continued to teach for the rest of his life.

Hilbert is one of that rare breed of late 19th-century mathematicians whose spectrum
of expertise covered a wide range, with formal set theory at one end and mathemati-
cal physics at the other. He did superb work in geometry, algebraic geometry, algebraic
number theory, integral equations, and operator theory. The seminal two-volume book
Methoden der mathematische Physik by R. Courant, still one of the best books on the
subject, was greatly influenced by Hilbert.

Hilbert’s work in geometry had the greatest influence in that area since Euclid. A system-
atic study of the axioms of Euclidean geometry led Hilbert to propose 21 such axioms, and
he analyzed their significance. He published Grundlagen der Geometrie in 1899, putting
geometry on a formal axiomatic foundation. His famous 23 Paris problems challenged
(and still today challenge) mathematicians to solve fundamental questions.

It was late in his career that Hilbert turned to the subject for which he is most famous
among physicists. A lecture by Erik Holmgren in 1901 on Fredholm’s work on integral
equations, which had already been published in Sweden, aroused Hilbert’s interest in
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the subject. David Hilbert, having established himself as the leading mathematician of
his time by his work on algebraic numbers, algebraic invariants, and the foundations of
geometry, now turned his attention to integral equations. He says that an investigation
of the subject showed him that it was important for the theory of definite integrals, for
the development of arbitrary functions in series (of special functions or trigonometric
functions), for the theory of linear differential equations, for potential theory, and for the
calculus of variations. He wrote a series of six papers from 1904 to 1910 and reproduced
them in his book Grundziige einer allgemeinen Theorie der linearen Integralgleichungen
(1912). During the latter part of this work he applied integral equations to problems of
mathematical physics.

It is said that Hilbert discovered the correct field equation for general relativity in 1915
(one year before Einstein) using the variational principle, but never claimed priority.
Hilbert claimed that he worked best out-of-doors. He accordingly attached an 18-foot
blackboard to his neighbor’s wall and built a covered walkway there so that he could work
outside in any weather. He would intermittently interrupt his pacing and his blackboard
computations with a few turns around the rest of the yard on his bicycle, or he would pull
some weeds, or do some garden trimming. Once, when a visitor called, the maid sent him
to the backyard and advised that if the master wasn’t readily visible at the blackboard to
look for him up in one of the trees.

Highly gifted and highly versatile, David Hilbert radiated over mathematics a catching
optimism and a stimulating vitality that can only be called “the spirit of Hilbert.” Engraved
on a stone marker set over Hilbert’s grave in Gottingen are the master’s own optimistic
words: “Wir miissen wissen. Wir werden wissen.” (“‘We must know. We shall know.”)

7.2  The Space of Square-Integrable Functions

Chapter 2 showed that the collection of all continuous functions defined on
an interval [a, b] forms a linear vector space. Example 7.1.5 showed that
this space is not complete. Can we enlarge this space to make it complete?
Since we are interested in an inner product as well, and since a natural inner
product for functions is defined in terms of integrals, we want to make sure
that our functions are integrable. However, integrability does not require
continuity, it only requires piecewise continuity. In this section we shall dis-
cuss conditions under which the space of functions becomes complete. An
important class of functions has already been mentioned in Chap. 2. These
functions satisfy the inner product given by

b
(sl f) = / (0 F (Ow(x) dox,

If g(x) = f(x), we obtain

b
(f1) =/ | £ ) w(x) da. (7.6)

Functions for which such an integral is defined are said to be square-
integrable.

The space of square-integrable functions over the interval [a, b] is de-
noted by sz(a, b). In this notation £ stands for Lebesgue, who generalized
the notion of the ordinary Riemann integral to cases for which the integrand
could be highly discontinuous; 2 stands for the power of f (x) in the integral;
a and b denote the limits of integration; and w refers to the weight function

“Wir missen wissen. Wir
werden wissen.”

square-integrable
functions
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L%U(a, b) is complete

all Hilbert spaces are
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the polynomials
{Ch(0)}32, are
orthogonal to each other

(a strictly positive real-valued function). When w(x) = 1, we use the no-
tation £2(a, b). The significance of £2 (a, b) lies in the following theorem
(for a proof, see [Reed 80, Chap. III]):

Theorem 7.2.1 (Riesz-Fischer theorem) The space Lﬁ)(a, b) is complete.

A complete infinite-dimensional inner product space was earlier defined
to be a Hilbert space. The following theorem shows that the number of
(separable) Hilbert spaces is severely restricted. (For a proof, see [Frie 82,
p. 216].)

Theorem 7.2.2 All complete inner product spaces with countable bases are
isomorphic to L%)(a, b).

L%U(a, b) is defined in terms of functions that satisfy Eq. (7.6). Yet an
inner product involves integrals of the form fab g% (x) f(x)w(x)dx. Are such
integrals well-defined and finite? Using the Schwarz inequality, which holds
for any inner product space, finite or infinite, one can show that the integral
is defined.

The isomorphism of Theorem 7.2.2 makes the Hilbert space more tan-
gible, because it identifies the space with a space of functions, objects that
are more familiar than abstract vectors. Nonetheless, a faceless function is
very little improvement over an abstract vector. What is desirable is a set
of concrete functions with which we can calculate. The following theorem
provides such functions (for a proof, see [Simm 83, pp. 154-161]).

Theorem 7.2.3 (Stone-Weierstrass approximation theorem) 7The se-
quence of monomials {xk}zio forms a basis of Lﬁ) (a, b).

Thus, any square-integrable function f can be written as f(x) =
372 o cxx. This theorem shows that £2 (a, b) is indeed a separable Hilbert
space as expected in Theorem 7.2.2.

7.2.1 Orthogonal Polynomials

The monomials {xk},‘:io are not orthonormal but are linearly independent.
If we wish to obtain an orthonormal—or simply orthogonal—linear combi-
nation of these vectors, we can use the Gram-Schmidt process. The result
will be certain polynomials, denoted by C,(x), that are orthogonal to one
another and span sz(a, b).

Such orthogonal polynomials satisfy very useful recurrence relations,
which we now derive. In the following discussion p<i(x) denotes a generic
polynomial of degree less than or equal to k. For example, 3x° — 4x? +
5,2x + 1, —2.4x* 4+ 3x3 — x? + 6, and 2 are all denoted by ps(x) or
p<g(x) or p<s9(x) because they all have degrees less than or equal to 5, 8,
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and 59. Since a polynomial of degree less than n can be written as a linear
combination of Cy(x) with k < n, we have the obvious property

b
/ Ch(X) p<p—1(x0)w(x)dx =0. (1.7)

Let k,(,,m) and k,(nmfl) denote, respectively, the coefficients of x™ and x""~!
in Cy; (x), and let

b
2
hmz/ [Cn ()] w(x)dx. (7.8)
a
The polynomial Cj41(x) — (kr(l'ril) / k,(,"))an (x) has degree less than or

equal to n, and therefore can be expanded as a linear combination of the
C j (x ):

(n+1) n
Cri1(¥) = Z15xCa@) = ) a;C(x). (7.9)
n j=0

Take the inner product of both sides of this equation with C,;, (x):

b (n+1) b
/Cn+1(X)Cm(X)w(X)dx— ’;(J(r"l) /an(x)Cm(X)w(X)dx

n b
:Z“// Ci(x)Cp(x)w(x)dx.
j=0 a

The first integral on the LHS vanishes as long as m < n; the second integral
vanishes if m <n —2 [if m <n — 2, then xC,, (x) is a polynomial of degree
n — 1]. Thus, we have

n b
Zaj/ Cix)Cn(x)wx)dx =0 form <n-—2.
i—0 a

The integral in the sum is zero unless j = m, by orthogonality. Therefore,
the sum reduces to

b
am/ [Con) ] w(x)dx =0 form <n—2.
a
Since the integral is nonzero, we conclude that a,, =0 form =0,1,2, ...,
n — 2, and Eq. (7.9) reduces to
(n+1)

Cr1 () = ZEx G () = a1 Gt @ + Ca). - (7.10)
n

It can be shown that if we define

(n+1) (n) -1
o — kn+1 B, = ( kn+] B M) Yy = h, oy
n — ’ n —%n 1 ’ n ’
o T i
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orthogonal polynomials

then Eq. (7.10) can be expressed as

Crnt1(x) = (opx + Br) Cr(x) + ¥ Cr—1(x), (7.12)
or
. 1 Bn Vn
XCp(x) = —Cpy1(x) — —Cy(x) — —Cy—1(x). (7.13)
ay oy oy,

Other recurrence relations, involving higher powers of x, can be obtained
from the one above. For example, a recurrence relation involving x> can be
obtained by multiplying both sides of Eq. (7.13) by x and expanding each
term of the RHS using that same equation. The result will be

F2Co(x) = Cria(x) — (M + %)cm(x)

Uplp] UpOp1 n

_ (u _
UpOn+1

+ (ﬂn)z/n + Brn—1¥n >Cn1(x) +

o Oplly—1

2
IBn Vn
2
a; Oy

)Cn(x)

Yn—1Vn
Aplpn—1

Cha(x). (7.14)

Example 7.2.4 As an application of the recurrence relations above, let us
evaluate

b
115/ xCr(x)Crn(x)w(x)dx.

Substituting (7.13) in the integral gives

1 B B b
= [ CGCumumar -2 [ 6,00, 0w ds
¥, b
= G Cui(Dw(x) dox.

We now use the orthogonality relations among the Ci(x) to obtain

=hm

1 b b
112—5,,,,,,“/ C,%l(x)w(x)dx—ﬂ—"(smn/ C2 (x)w(x)dx
o a (04 a

n n

Y b
——”am,n,l/ C2 (x)w(x) dx
o a

n

= (aml_l 8m,n+l - ﬁ_zgmn - ZZ?: Bm,n])hms
or
o [ 0tm—1 ifm=n+1,
I = —Bmhm/am ifm=n,
—Vm+1hm/m+1 fm=n—1,

0 otherwise.
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Example 7.2.5 Let us find the orthogonal polynomials forming a basis of
L2(—1, +1), which we denote by P, (x), where 7 is the degree of the poly-
nomial. Let Py(x) = 1. To find P (x), write P;(x) = ax + b, and determine
a and b in such a way that P;(x) is orthogonal to Py(x):

1 1 1
0= / Py (x)Py(x) dx = / (ax +b)dx = %axz +2b=2b.
-1 -1 —1

So one of the coefficients, b, is zero. To find the other one, we need
some standardization procedure. We “standardize” P, (x) by requiring that
P,(1)=1Vn.Forn =1 thisyieldsa x 1 =1, ora =1, so that P;(x) = x.

We can calculate P, (x) similarly: Write P>(x) = ax?+bx +c, impose
the condition that it be orthogonal to both P;(x) and Py(x), and enforce the
standardization procedure. All this will yield

! 2 1 2
0 =/ Py(x)Py(x)dx = 39+ 2c, 0= / Py(x)Pi(x)dx = gb,
-1 -1

and P>(1) =a + b + ¢ = 1. These three equations have the unique solution
a=3/2,b=0, c=—1/2. Thus, P,(x) = 3(3x*> — 1). These are the first
three Legendre polynomials, which are part of a larger group of polynomials
to be discussed in Chap. 8.

7.2.2 Orthogonal Polynomials and Least Squares

The method of least squares is no doubt familiar to the reader. In the simplest
procedure, one tries to find a linear function that most closely fits a set of
data. By definition, “most closely” means that the sum of the squares of
the differences between the data points and the corresponding values of the
linear function is minimum. More generally, one seeks the best polynomial
fit to the data.

We shall consider a related topic, namely least-square fitting of a given
function with polynomials. Suppose f(x) is a function defined on (a, b). We
want to find a polynomial that most closely approximates f. Write such a
polynomial as p(x) =Y} _ ayx*, where the ay’s are to be determined such
that

b
2
S(ao,al,...,an)z/ [f(x) —ap—aix — -+ —apyx"]"dx
a

is a minimum. Differentiating S with respect to the a;’s and setting the result
equal to zero gives

aS b ) n k
O=—=/ 2(—x7) f(x)—Zakx dx,
aaj a =0
or

n b b .
Zak/ x-/+kdx=/ Fx)x/dx.
k=0 a a
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One can rewrite this in matrix form as Ba = ¢, where a is a column vector
with components ay, and B and ¢ are a matrix and a column vector whose
components are

pitkHl _ gtk

By =
g Jrk+1

b
and c; =/ fx)xddx. (7.15)
a
By solving this matrix equation, one finds the ax’s, which in turn give the
best fit.

A drawback of the procedure above is that the desire for a higher-degree
polynomial fit entails the implementation of the procedure from scratch and
the solution of a completely new matrix equation. One way to overcome this
difficulty is to use orthogonal polynomials. Then we would have

n

b 2
Sta.ar.....an= [ [f(x)—Zakck(w} w) dx,
@ k=0

where we have introduced a weight function w(x) for convenience. The
derivative equation becomes

N b -
0=_" :/ 2[-Cj()] |:f(x) —~ Zaka(x):|w(x)dx,
J a k=0
or
b

n b
Zak/ Ci(x)Cr(x)w(x)dx :/ Ci(x)f(x)w(x)dx.
k=0 a

=0 unless j =k

It follows that

_ P CiofowE dx
fab[Cj OPRwx)dx

aj j=0,1,....n, (7.16)

which is true regardless of the number of polynomials in the sum. Hence,
once we find {a j};."zo, we can add the (m + 1)st polynomial and determine
am+1 from Eq. (7.16) without altering the previous coefficients.

Example 7.2.6 Let us find the least-square fit to f(x) = cos(%nx) in the
interval (—1, 41) using polynomials of second degree. First we use a single

polynomial whose coefficients are determined by Eq. (7.15). We can easily
calculate the column vector c:

fieo(ame)is=

co= cos| —mx |dx =—,

-1 2 T
! 1

cl =/ xcos<—rrx> dx =0,
—1 2

/‘ 5 1 32 4
)= x“cos| =mx |Jdx=—— + —.
_1 2 73 o



7.3 Continuous Index 227

The elements of the matrix B can also be calculated easily. To find the un-
known a;’s, we need to solve

2 4
2.0 3 ao T
0 2 ofla|= 0
2 2 32 4
3 05/ \® —otx
The solution is
24 6 72
a0 = —3, a; =0, @=——-—3.
b4 T 0w

Therefore,

1\ 24 (6 72\,
COS ETL’X ’\/;‘F ;—; X .

If we wish to use orthogonal polynomials with w(x) = 1, we can employ
the polynomials found in Example 7.2.5. Then

_ f_ll Pj(x) COS(%JTX) dx

aj = ] = 0, 1, 2,
JEL1P; ()12 dx
which yields
2 120 20
a= —, a; =0, ay=——+—
T T T

We can therefore write

1 2 120 20
cos| x|~ —Po+|—+— | P2
2 7 73 o

7.3 Continuous Index

Once we allow the number of dimensions to be infinite, we open the door
for numerous possibilities that are not present in the finite case. One such
possibility arises because of the variety of infinities. We have encountered
two types of infinity in Chap. 1, the countable infinity and the uncountable
infinity. The paradigm of the former is the “number” of integers, and that of
the latter is the “number” of real numbers. The nature of dimensionality of
the vector space is reflected in the components of a general vector, which has
a finite number of components in a finite-dimensional vector space, a count-
ably infinite number of components in an infinite-dimensional vector space
with a countable basis, and an uncountably infinite number of components
in an infinite-dimensional vector space with no countable basis.

To gain an understanding of the nature of, and differences between, the
three types of vector spaces mentioned above, it is convenient to think of
components as functions of a “counting set”. Thus, the components f; of
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completeness relation
for a continuous index

a vector |f) in an N-dimensional vector space can be thought of as val-
ues of a function f defined on the finite set {1, 2,..., N}, and to empha-
size such functional dependence, we write f (i) instead of f;. Similarly, the
components f; of a vector | f) in a Hilbert space with the countable basis
B = {|e;)}?2, can be thought of as values of a function f : N — C, where N
is the (infinite) set of natural numbers. The next step is to allow the counting
set to be uncountable, i.e., a continuum such as the real numbers or an in-
terval thereof. This leads to a “component” of the form f(x) corresponding
to a function f : R — C. What about the vectors themselves? What sort of
a basis gives rise to such components?

Because of the isomorphism of Theorem 7.2.2, we shall concentrate on
sz (a, b). In keeping with our earlier notation, let {|e,)}+cr be a set of vec-
tors and interpret f(x) as (ex|f). The inner product of L,zu(a, b) can now
be written as

b b
(glf)=/ g*(X)f(X)w(X)dx:/ (glex)(ex] flw(x)dx

b
=(gl</ |€x>W(X)<€xIdX>If)-

The last line suggests writing

b
/ lex)w(x)(ex|dx =1.
a
In the physics literature the “e” is ignored, and one writes |x) for |ey).
Hence, we obtain the completeness relation for a continuous index:

b b
/|x)w(x)(x|dx=1, or /|x)(x|dx:1, (7.17)

where in the second integral, w(x) is set equal to unity. We also have

b b
|f)=(/ |x)w(x)(x|dx>|f)=/ F)w)|x) dx, (7.18)

which shows how to expand a vector | f) in terms of the |x)’s.
Take the inner product of (7.18) with (x’| to obtain

b
«'f)y=f(x)= / FOwE) (x]x) dx,

where x’ is assumed to lie in the interval (a, b), otherwise f(x") =0 by
definition. This equation, which holds for arbitrary f, tells us immediately
that w(x){x’|x) is no ordinary function of x and x’. For instance, sup-
pose f(x") = 0. Then, the result of integration is always zero, regardless
of the behavior of f at other points. Clearly, there is an infinitude of func-
tions that vanish at x’, yet all of them give the same integral! Pursuing this
line of argument more quantitatively, one can show that w(x){x’|x) =0
if x # x/, w(x){(x|x) = 0o, w(x){x|x) is an even function of x — x’, and
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Fig. 7.2 The Gaussian bell-shaped curve approaches the Dirac delta function as the
width of the curve approaches zero. The value of € is 1 for the dashed curve, 0.25 for
the heavy curve and 0.05 for the light curve

b w(x)(x’|x)dx = 1. The proof is left as a problem. The reader may rec-
Ja P p y
ognize this as the Dirac delta function

§(x —x') = wx)(x'|x), (7.19)

which, for a function f defined on the interval (a, b), has the following
property:4

b 1 e
/ F)8(x —x)dx = {f(x ) ?fx, € (. D), (7.20)
a 0 if x" ¢ (a, b).
Written in the form (x’|x) = § (x —x")/w(x), Eq. (7.19) is the generalization
of the orthonormality relation of vectors to the case of a continuous index.
The Dirac delta function is anything but a “function”. Nevertheless, there
is a well-developed branch of mathematics, called generalized function the-
ory or functional analysis, studying it and many other functions like it in a
highly rigorous fashion. We shall only briefly explore this territory of math-
ematics in the next section. At this point we simply mention the fact that
the Dirac delta function can be represented as the limit of certain sequences
of ordinary functions. The following three examples illustrate some of these
representations.

Example 7.3.1 Consider a Gaussian curve whose width approaches zero at
the same time that its height approaches infinity in such a way that its area
remains constant. In the infinite limit, we obtain the Dirac delta function. In
fact, we have

e—(x—x/)z/e.

o) = i

In the limit of € — 0, the height of this Gaussian goes to infinity while its
width goes to zero (see Fig. 7.2). Furthermore, for any nonzero value of ¢,

“4For an elementary discussion of the Dirac delta function with many examples of its
application, see [Hass 08].

Dirac delta function
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Fig. 7.3 The function sin 7'x /x also approaches the Dirac delta function as the width of
the curve approaches zero. The value of T is 0.5 for the dashed curve, 2 for the heavy
curve, and 15 for the light curve

we can easily verify that

/°° L e gy o,
oo €T

This relation is independent of € and therefore still holds in the limit € — 0.
The limit of the Gaussian behaves like the Dirac delta function.

Example 7.3.2 Consider the function Dy (x — x’) defined as

T o
Dr(x—x') = E/ UG
-T

The integral is easily evaluated, with the result

1 ei(xfx’)t

B T 1sinT(x—x)
T 2mi(x —x') ’

DT(X_X/) _T_JT x—x'

The graph of D7 (x — 0) as a function of x for various values of T is shown
in Fig. 7.3. Note that the width of the curve decreases as T increases. The
area under the curve can be calculated:

[ee) loo~T_/ 1 [ si
/ m@_ﬂwz_/ EL&JQMZ_/ SINY gy —

/
oo T ) X—X g

Figure 7.3 shows that D7 (x — x") becomes more and more like the Dirac
delta function as T gets larger and larger. In fact, we have

1sinT(x —x’'
8(x—x/)=T1im _M
—00 T X —X

(7.21)

To see this, we note that for any finite 7 we can write

_ TsinT(x —x")

DT(X —x/) T n T(x—x)
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Fig.7.4 The step function, or 6-function, shown in the figure has the Dirac delta function
as its derivative

Furthermore, for values of x that are very close to x’,

. /
T(x—x')—>0 and w — 1.
T(x—x')
Thus, for such values of x and x’, we have Dy (x — x) ~ (T /m), which is
large when T is large. This is as expected of a delta function: §(0) = co. On
the other hand, the width of Dy (x — x’) around x’ is given, roughly, by the
distance between the points at which Dy (x — x”) drops to zero: T (x — x) =
+m, or x — x' = £/ T. This width is roughly Ax =2 /T, which goes to
zero as T grows. Again, this is as expected of the delta function.

The preceding example suggests another representation of the Dirac delta
function:

$(x —x') = L7 e gy (7.22)
2 o ' '

Example 7.3.3 A third representation of the Dirac delta function involves step function or 6
the step function 0 (x — x’), which is defined as function

0 ifx<ux’
AN ’
O(x—x):{l if x> x'

and is discontinuous at x = x’. We can approximate this step function by a
variety of continuous functions. One such function is T, (x — x) defined by

0 if x <x' —e,
Té(x—x/)z i(x—x/+e) ifx —e<x<x'+e,
1 ifx >x"+e,

where € is a small positive number as shown in Fig. 7.4. It is clear that

6(x —x’) :eli_r)I})Te(x —x').
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§ function as derivative
of 6 function

Now let us consider the derivative of T, (x — x’) with respect to x:

0 ifx<x'—e¢,

A L) ’
(x x)— o ifx'—e<x<x'+e,

0 ifx>x"+e.

We note that the derivative is not defined at x = x’ — € and x = x’ + €, and
that dT,/dx is zero everywhere except when x lies in the interval (x’ —
€, x" + €), where it is equal to 1/(2¢) and goes to infinity as € — 0. Here
again we see signs of the delta function. In fact, we also note that

© /AT x'te /AT |
/ < dx:/ < dx:/ —dx=1.
—00 dx x' —€ dx x/—¢ 2¢
It is not surprising, then, to find that lim._, %(x —x)=8(x —x'). As-
suming that the interchange of the order of differentiation and the limiting
process is justified, we obtain the important identity
d

E@(X — x/) = 8(x — x/). (7.23)

Now that we have some understanding of one continuous index, we can
generalize the results to several continuous indices. In the earlier discussion
we looked at f(x) as the xth component of some abstract vector | f). For
functions of n variables, we can think of f(xy,...,x,) as the component
of an abstract vector | f) along a basis vector |xp,...,x,).” This basis is
a direct generalization of one continuous index to n. Then f(xq,...,x,)
is defined as f(xy,...,x,) = (x1,...,x,|f). If the region of integration is
denoted by £2, and we use the abbreviations

r=(xy,x2,...,%xn), d"x =dxidx;...dx,,

X1, X2, ..., Xp) = 1), S(x1 —x1)...8(xy —x,) =8(r—70),

then we can write

Lf) =/ d"xf(r)w(r)r), / d"xIr)w(r)(r| =1,
@ @ (7.24)

f(r) Z/anxf(l')w(l')(l'/ll‘% (r'Inywr) =8(r—r'),

where d"x is the “volume” element and 2 is the region of integration of
interest.

For instance, if the region of definition of the functions under considera-
tion is the surface of the unit sphere, then [with w(r) = 1], one gets

21 b4
/ d¢/ sin0do|o, ¢) (0, ¢| = 1. (7.25)
0 0

5Do not confuse this with an n-dimensional vector. In fact, the dimension is n-fold infi-
nite: each x; counts one infinite set of numbers!
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This will be used in our discussion of spherical harmonics in Chap. 13.

An important identity using the three-dimensional Dirac delta function
comes from potential theory. This is (see [Hass 08] for a discussion of this
equation)

v? < T _1 r/|> =—478(r—r). (7.26)

7.4 Generalized Functions

Paul Adrian Maurice Dirac discovered the delta function in the late 1920s
while investigating scattering problems in quantum mechanics. This “func-
tion” seemed to violate most properties of other functions known to mathe-
maticians at the time. However, later, when mathematicians found a rigorous
way of studying this and other functions similar to it, a new vista in higher
mathematics opened up.

The derivative of the delta function, 8’(x — x’) is such that for any ordi-
nary function f(x),

/00 f(x)S’(x—a)dx:—/oO f (x)8(x —a)dx =—f(a).

We can define 8'(x — a) by this relation. In addition, we can define the
derivative of any function, including discontinuous functions, at any point
(including points of discontinuity, where the usual definition of derivative
fails) by this relation. That is, if ¢(x) is a “bad” function whose derivative is
not defined at some point(s), and f(x) is a “good” function, we can define
the derivative of ¢(x) by

/ f)¢' (x)dx = —/ f (x)ex)dx.

The integral on the RHS is well-defined.

Functions such as the Dirac delta function and its derivatives of all orders
are not functions in the traditional sense. What is common among all of them
is that in most applications they appear inside an integral, and we saw in
Chap. 2 that integration can be considered as a linear functional on the space
of continuous functions. It is therefore natural to describe such functions in
terms of linear functionals. This idea was picked up by Laurent Schwartz
in the 1950s who developed it into a new branch of mathematics called
generalized functions, or distributions.

A distribution is a mathematical entity that appears inside an integral in
conjunction with a well-behaved test function—which we assume to de-
pend on n variables—such that the result of integration is a well-defined
number. Depending on the type of test function used, different kinds of dis-
tributions can be defined. If we want to include the Dirac delta function and
its derivatives of all orders, then the test functions must be infinitely differ-
entiable, that is, they must be C* functions on R” (or C"). Moreover, in

test function
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generalized functions
and distributions
defined

order for the theory of distributions to be mathematically feasible, all the
test functions must be of compact support, i.e., they must vanish outside
a finite “volume” of R” (or C"). One common notation for such functions
is CFPR") or CF(C") (F stands for “finite”). The definitive property of
distributions concerns the way they combine with test functions to give a
number. The test functions used clearly form a vector space over R or C. In
this vector-space language, distributions are linear functionals. The linearity
is a simple consequence of the properties of the integral. We therefore have
the following definition of a distribution.

Definition 7.4.1 A distribution, or generalized function, is a continuous®
linear functional on the space C¥(R") or CF(C"). If f € € and ¢ is a
distribution, then o[ f1= [ ¢(r) f(r)d"x.

Another notation used in place of ¢[ f]1s (¢, f). This is more appealing
not only because ¢ is linear, in the sense that p[af + gl = ap[ f1+ Belgl,
but also because the set of all such linear functionals forms a vector space;
that is, the linear combination of the ¢’s is also defined. Thus, (¢, f) sug-
gests a mutual “democracy” for both f’s and ¢’s.

We now have a shorthand way of writing integrals. For instance, if §,
represents the Dirac delta function §(x — a), with an integration over x un-
derstood, then (8., f) = f(a). Similarly, (8,, f) = — f'(a), and for linear
combinations, (a8, + B8, f) =af(a) — Bf'(a).

Example 7.4.2 An ordinary (continuous) function g can be thought of as
a special case of a distribution. The linear functional g : C¥(R) — R is

simply defined by (g, f) = g[ 1= [, g(x) f (x)dx.

Example 7.4.3 An interesting application of distributions (generalized
functions) occurs when the notion of density is generalized to include not
only (smooth) volume densities, but also point-like, linear, and surface den-
sities.

A point charge g located at ro can be thought of as having a charge
density p(r) = ¢S(r —rp). In the language of linear functionals, we interpret
p as a distribution, p : €% (R3) — R, which for an arbitrary function f gives

pLf1={p. f) =qf (xo). (7.27)

The delta function character of p can be detected from this equation by
recalling that the LHS is

N
/ pOfmdix=Tim > p(r)fE)AV;.

AV, — 0 i=1

6See [Zeid 95, pp. 27, 156-160] for a formal definition of continuity for linear function-
als.
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On the RHS of this equation, the only volume element that contributes is
the one that contains the point ry; all the rest contribute zero. As AV; — 0,
the only way that the RHS can give a nonzero number is for p(rg) f (ro)
to be infinite. Since f is a well-behaved function, p(rp) must be infinite,
implying that p(r) acts as a delta function. This shows that the definition of
Eq. (7.27) leads to a delta-function behavior for p. Similarly for linear and
surface densities.

The example above and Problems 7.12 and 7.13 suggest that a distribu-
tion that confines an integral to a lower-dimensional space must have a delta
function in its definition.

We have seen that the delta function can be thought of as the limit of an
ordinary function. This idea can be generalized.

Definition 7.4.4 Let {¢,(x)} be a sequence of functions such that
o0
iim [~ g5 dx
n—>oo | _

exists for all f € CF(R). Then the sequence is said to converge to the dis-
tribution ¢, defined by

o0
w. )= lim [ pwfwdr v
n—oo | _ o
This convergence is denoted by ¢, — ¢.

For example, it can be verified that

n o _ 22 1 —cosnx
—e " > 8(kx) and ——

JT nmx?

and so on. The proofs are left as exercises.

— 6(x)

Historical Notes

“Physical Laws should have mathematical beauty.” This statement was Dirac’s response
to the question of his philosophy of physics, posed to him in Moscow in 1955. He wrote
it on a blackboard that is still preserved today.

Paul Adrien Maurice Dirac (1902-1984), was born in 1902 in Bristol, England, of a
Swiss, French-speaking father and an English mother. His father, a taciturn man who
refused to receive friends at home, enforced young Paul’s silence by requiring that only
French be spoken at the dinner table. Perhaps this explains Dirac’s later disinclination
toward collaboration and his general tendency to be a loner in most aspects of his life.
The fundamental nature of his work made the involvement of students difficult, so perhaps
Dirac’s personality was well-suited to his extraordinary accomplishments.

Dirac went to Merchant Venturer’s School, the public school where his father taught
French, and while there displayed great mathematical abilities. Upon graduation, he fol-
lowed in his older brother’s footsteps and went to Bristol University to study electrical
engineering. He was 19 when he graduated Bristol University in 1921. Unable to find
a suitable engineering position due to the economic recession that gripped post-World
War I England, Dirac accepted a fellowship to study mathematics at Bristol University.
This fellowship, together with a grant from the Department of Scientific and Industrial
Research, made it possible for Dirac to go to Cambridge as a research student in 1923.
At Cambridge Dirac was exposed to the experimental activities of the Cavendish Labora-
tory, and he became a member of the intellectual circle over which Rutherford and Fowler

Paul Adrien Maurice
Dirac 1902-1984



236

7 Hilbert Spaces

“The amount of
theoretical ground one
has to cover before
being able to solve
problems of real
practical value is rather
large, but this
circumstance is an
inevitable consequence
of the fundamental part
played by
transformation theory
and is likely to become
more pronounced in the
theoretical physics of the
future.” PA.M. Dirac
(1930)

derivative of a
distribution

presided. He took his Ph.D. in 1926 and was elected in 1927 as a fellow. His appointment
as university lecturer came in 1929. He assumed the Lucasian professorship following
Joseph Larmor in 1932 and retired from it in 1969. Two years later he accepted a position
at Florida State University where he lived out his remaining years. The FSU library now
carries his name.

In the late 1920s the relentless march of ideas and discoveries had carried physics to
a generally accepted relativistic theory of the electron. Dirac, however, was dissatisfied
with the prevailing ideas and, somewhat in isolation, sought for a better formulation. By
1928 he succeeded in finding an equation, the Dirac equation, that accorded with his own
ideas and also fit most of the established principles of the time. Ultimately, this equation,
and the physical theory behind it, proved to be one of the great intellectual achievements
of the period. It was particularly remarkable for the internal beauty of its mathemati-
cal structure, which not only clarified previously mysterious phenomena such as spin
and the Fermi-Dirac statistics associated with it, but also predicted the existence of an
electron-like particle of negative energy, the antielectron, or positron, and, more recently,
it has come to play a role of great importance in modern mathematics, particularly in the
interrelations between topology, geometry, and analysis. Heisenberg characterized the
discovery of antimatter by Dirac as “the most decisive discovery in connection with the
properties or the nature of elementary particles. ... This discovery of particles and an-
tiparticles by Dirac ... changed our whole outlook on atomic physics completely.” One
of the interesting implications of his work that predicted the positron was the prediction
of a magnetic monopole. Dirac won the Nobel Prize in 1933 for this work.

Dirac is not only one of the chief authors of quantum mechanics, but he is also the cre-
ator of quantum electrodynamics and one of the principal architects of quantum field
theory. While studying the scattering theory of quantum particles, he invented the (Dirac)
delta function; in his attempt at quantizing the general theory of relativity, he founded
constrained Hamiltonian dynamics, which is one of the most active areas of theoretical
physics research today. One of his greatest contributions is the invention of bra (| and
ket |).

While at Cambridge, Dirac did not accept many research students. Those who worked
with him generally thought that he was a good supervisor, but one who did not spend
much time with his students. A student needed to be extremely independent to work
under Dirac. One such student was Dennis Sciama, who later became the supervisor of
Stephen Hawking, the current holder of the Lucasian chair. Salam and Wigner, in their
preface to the Festschrift that honors Dirac on his seventieth birthday and commemorates
his contributions to quantum mechanics succinctly assessed the man:

Dirac is one of the chief creators of quantum mechanics. ... Posterity will rate
Dirac as one of the greatest physicists of all time. The present generation values
him as one of its greatest teachers. ... On those privileged to know him, Dirac has
left his mark ... by his human greatness. He is modest, affectionate, and sets the
highest possible standards of personal and scientific integrity. He is a legend in his
own lifetime and rightly so.

(Taken from Schweber, S.S. “Some chapters for a history of quantum field theory: 1938-
19527, in Relativity, Groups, and Topology II vol. 2, B.S. DeWitt and R. Stora, eds.,
North-Holland, Amsterdam, 1984.)

Definition 7.4.5 The derivative of a distribution ¢ is another distribution
¢’ defined by (¢', f) = —(p, f') Vf € CF.

Example 7.4.6 We can combine the last two definitions to show that if the
functions 6,, are defined as

0 ifx <—
O(x)=3(mx+1)/2 if-1<

p <
1 ifx>1,
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then 6, (x) — §(x).
We write the definition of the derivative, (0), f) = —(6y, f'), in terms of
integrals:

/00 Oy (x) f(x)dx

= _/OO en(x)ﬂdx = —/oo O (x)df
—00 dx —00

—1/n 1/n 00
=—</ seords + [ amar+ [ Gn(x)df>
—00 —1/n 1/n
1/n oo
=—<o+/ nx+1df+/ df)
—1/n 2 1/n
n 1/n J 1 1/n J ood
__5/—1/11)6 f_i/—l/n f_/l/n f

1/n
=—f(xf<x)}”l”/n— ! f(x)dx>

1
- E(f(l/n) — f(=1/n)) = f(o0) + f(1/n).
For large n, we have 1/n~ 0 and f(+1/n) ~ f(0). Thus,
e n{(l 1 1 1 2
/ 0,(x) f(x)dx ~ —5(—f(—> + —f(——) - —f(O)) + (0
— 00 n n n n n
~ f(0).
The approximation becomes equality in the limit n — oo. Thus,
ngn;o/m 6 (x0) f(x)dx = f(0) = (8o, f) = 6 — 6.

Note that f(0co) = 0 because of the assumption that all functions must van-
ish outside a finite volume.

7.5 Problems
7.1 Show that [[|a]| — [Ib]l| < lla DIl < [lall + .
7.2 Show that a convergent sequence is necessarily Cauchy.

7.3 Verify that the sequence of functions { f (x)} defined in Example 7.1.5
is a Cauchy sequence.

7.4 Prove the completeness of C, using the completeness of R.
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7.5 Let £'(R) be the set of all functions f such that | f|| = ffooo | f(x)|dx
is finite. This is clearly a normed vector space. Let f and g be nonzero
functions such that at no x are f(x) and g(x) both nonzero. Verify that

@ Nfxgl=0r1+1lgl-

®) f+gI*+1F—gl*=2dF1+llgh>.

(c¢) Using parts (a), (b), and Theorem 2.2.9, show that LY(R) is not an
inner product space.

This construction shows that not all norms arise from an inner product.

7.6 Use Eq. (7.10) to derive Eq. (7.12). Hint: To find a,,, equate the coeffi-
cients of x” on both sides of Eq. (7.10). To find a,_;, multiply both sides of
Eq. (7.10) by C,_w(x) and integrate, using the definitions of k{, k",
and h,,.

7.7 Evaluate the integral fab x2C (xX)Cp(x)w(x)dx.

7.8 Write a density function for two point charges g; and g, located at
r =r; and r =r», respectively.

7.9 Write a density function for four point charges g1 = ¢, g2 = —¢,q3 =¢q
and g4 = —q, located at the corners of a square of side 2a, lying in the xy-
plane, whose center is at the origin and whose first corner is at (a, a).

7.10 Show that §(f(x)) = |}c,(ﬁé(x — x0), where xq is aroot of f and x is

confined to values close to xo. Hint: Make a change of variable to y = f(x).

7.11 Show that

m

1
S(f(x)) = Z mS(x — Xk),

k=1

where the x;’s are all the roots of f in the interval on which f is defined.

7.12 Define the distribution p : C°(R3) — R by
.11 = [[ o0 dace

where o (r) is a smooth function on a smooth surface S in R3. Show that
p(r) is zero if r is not on § and infinite if r is on S.

7.13 Define the distribution p : C°(R3) — R by
.51 = [ 10w
c

where A(r) is a smooth function on a smooth curve C in R3. Show that p(r)
is zero if r is not on C and infinite if r is on C.
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7.14 Express the three-dimensional Dirac delta function as a product of
three one-dimensional delta functions involving the coordinates in

(a) cylindrical coordinates,
(b) spherical coordinates,
(c) general curvilinear coordinates.

Hint: The Dirac delta function in R3 satisfies [[J 8(r)d*x = 1.
7.15 Show that ffooo 8 (x) f(x)dx = — f'(0) where §'(x) = %8()5).

7.16 Evaluate the following integrals:

(a) /Oo §(x* — 5x +6)(3x* — 7x +2) dx.

—0o0

(b) /OO §(x? — %) cosx dx.

—00

(c) /ooé(sinnx)<%> dx.
05 3

(d) /oo §(e™") Inx dx.

—00

Hint: Use the result of Problem 7.11.
7.17 Consider |x| as a generalized function and find its derivative.

7.18 Let n € C°(R") be a smooth function on R”, and let ¢ be a distribu-
tion. Show that n¢ is also a distribution. What is the natural definition for
ne? What is (¢)’, the derivative of ne?

7.19 Show that each of the following sequences of functions approaches
8(x) in the sense of Definition 7.4.4.

noo_,2.0
a) —— .
(a) ﬁe
1 —cosnx
(b) T2
Tnx
© n 1
c) — .
7 1+ n2x2
sinnx
(d)
TX

Hint: Approximate ¢, (x) for large n and x ~ 0, and then evaluate the ap-
propriate integral.

7.20 Show that (1 + tanhnx) — 6(x) as n — oo.

7.21 Show that x8'(x) = —§(x).
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