
5Matrices

So far, our theoretical investigation has been dealing mostly with abstract
vectors and abstract operators. As we have seen in examples and problems,
concrete representations of vectors and operators are necessary in most ap-
plications. Such representations are obtained by choosing a basis and ex-
pressing all operations in terms of components of vectors and matrix repre-
sentations of operators.

5.1 Representing Vectors and Operators

Let us choose a basis BV = {|ai〉}Ni=1 of a vector space VN , and express an

arbitrary vector |x〉 in this basis: |x〉 = ∑N
i=1 ξi |ai〉. We write

x =

⎛

⎜
⎜
⎜
⎝

ξ1

ξ2
...

ξN

⎞

⎟
⎟
⎟
⎠

(5.1)

and say that the column vector x represents |x〉 in BV . We can also have a
representation of vectors

linear transformation A ∈L(VN,WM) act on the basis vectors in BV to give
vectors in the M-dimensional vector space WM : |wk〉 = A|ak〉. The latter
can be written as a linear combination of basis vectors BW = {|bj 〉}Mj=1 in
WM :

|w1〉 =
M∑

j=1

αj1|bj 〉, |w2〉 =
M∑

j=1

αj2|bj 〉, . . . , |wN 〉 =
M∑

j=1

αjN |bj 〉.

Note that the components have an extra subscript to denote which of the N

vectors {|wi〉}Ni=1 they are representing. The components can be arranged in
a column as before to give a representation of the corresponding vectors:

w1 =

⎛

⎜
⎜
⎜
⎝

α11

α21
...

αM1

⎞

⎟
⎟
⎟
⎠

, w2 =

⎛

⎜
⎜
⎜
⎝

α12

α22
...

αM2

⎞

⎟
⎟
⎟
⎠

, . . . , wN =

⎛

⎜
⎜
⎜
⎝

α1N

α2N

...

αMN

⎞

⎟
⎟
⎟
⎠

.

S. Hassani, Mathematical Physics, DOI 10.1007/978-3-319-01195-0_5,
© Springer International Publishing Switzerland 2013

137

http://dx.doi.org/10.1007/978-3-319-01195-0_5


138 5 Matrices

The operator itself is determined by the collection of all these vectors, i.e.,
by a matrix. We write this as

A =

⎛

⎜
⎜
⎜
⎝

α11 α12 . . . α1N

α21 α22 . . . α2N

...
...

...

αM1 αM2 . . . αMN

⎞

⎟
⎟
⎟
⎠

(5.2)

and call A the matrix representing A in bases BV and BW . This statement
representation of

operators
is also summarized symbolically as

A|ai〉 =
M∑

j=1

αji |bj 〉, i = 1,2, . . . ,N. (5.3)

We thus have the following rule:

Box 5.1.1 To find the matrix A representing A in bases BV =
{|ai〉}Ni=1 and BW = {|bj 〉}Mj=1, express A|ai〉 as a linear combination
of the vectors in BW . The components form the ith column of A.

Now consider the vector |y〉 = A|x〉 in WM . This vector can be written
in two ways: On the one hand, |y〉 = ∑M

j=1 ηj |bj 〉. On the other hand,

|y〉 = A|x〉 = A
N∑

i=1

ξi |ai〉 =
N∑

i=1

ξiA|ai〉

=
N∑

i=1

ξi

(
M∑

j=1

αji |bj 〉
)

=
M∑

j=1

(
N∑

i=1

ξiαji

)

|bj 〉.

Since |y〉 has a unique set of components in the basis BW , we conclude that

ηj =
N∑

i=1

αjiξi, j = 1,2, . . . ,M. (5.4)

This is written as
⎛

⎜
⎜
⎜
⎝

η1

η2
...

ηM

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

α11 α12 . . . α1N

α21 α22 . . . α2N

...
...

...

αM1 αM2 . . . αMN

⎞

⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎝

ξ1

ξ2
...

ξN

⎞

⎟
⎟
⎟
⎠

⇒ y = Ax, (5.5)

in which the usual matrix multiplication rule is understood. This matrix
equation is the representation of the operator equation |y〉 = A|x〉 in the
bases BV and BW .

The construction above indicates that—once the bases are fixed in the
two vector spaces—to every operator there corresponds a unique matrix.
This uniqueness is the result of the uniqueness of the components of vectors
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in a basis. On the other hand, given an M × N matrix A with elements αij ,
one can construct a unique linear operator TA defined by its action on the ba-
sis vectors (see Box 2.3.6): TA|ai〉 ≡ ∑M

j=1 αji |bj 〉. Thus, there is a one-to-
one correspondence between operators and matrices. This correspondence
is in fact a linear isomorphism:

The operator TA

associated with a
matrix A

Proposition 5.1.2 The two vector spaces L(VN,WM) and MM×N are iso-
morphic. An explicit isomorphism is established only when a basis is chosen
for each vector space, in which case, an operator is identified with its matrix
representation.

Example 5.1.3 In this example, we construct a matrix representation of the matrix representation of
the complex structure Jcomplex structure J on a real vector space V introduced in Sect. 2.4. There

are two common representations, each corresponding to a different ordering
of the vectors in the basis {|ei〉, J|ei〉}mi=1 of V. One ordering is to let J|ei〉
come right after |ei〉. The other is to collect all the J|ei〉 after the |ei〉 in the
same order. We consider the first ordering in this example, and leave the
other for the reader to construct.

In the first ordering, for each |ei〉, we let |ei+1〉 = J|ei〉. Starting with
|e1〉, we have

J|e1〉 = |e2〉 = 0 · |e1〉 + 1 · |e2〉 + 0 · |e3〉 + · · · + 0 · |e2m〉,
J|e2〉 = J2|e1〉 = −|e1〉 = −1 · |e1〉 + 0 · |e2〉 + 0 · |e3〉 + · · · + 0 · |e2m〉.

These two equations give the first two columns as

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 −1
1 0
0 0
...

...

0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

For the third and fourth basis vectors, we get

J|e3〉 = |e4〉 = 0 · |e1〉 + 0 · |e2〉 + 0 · |e3〉 + 1 · |e4〉 + · · · + 0 · |e2m〉
J|e4〉 = J2|e3〉 = −|e3〉 = 0 · |e1〉 + 0 · |e2〉 − 1 · |e3〉 + · · · + 0 · |e2m〉,

giving rise to the following third and fourth columns:

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0
0 0
0 −1
1 0
...

...

0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.
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It should now be clear that the matrix representation of J is of the form

J =

⎛

⎜
⎜
⎜
⎝

R1 0 . . . 0
0 R2 . . . 0
...

...
...

0 0 . . . Rm

⎞

⎟
⎟
⎟
⎠

,

where the zeros are the 2 × 2 zero matrices and Rk = ( 0 −1
1 0

)
for all k.

Notation 5.1.4 Let A ∈ L(VN,WM). Choose a bases BV for V and BW

for W. We denote the matrix representing A in these bases by MBW

BV
(A),

where

MBW

BV
: L(VN,WM) → MM×N

is the basis-dependent linear isomorphism. When V = W, we leave out the
subscripts and superscripts of M, keeping in mind that all matrices are rep-
resentations in a single basis.

Given the linear transformations A : VN → WM and B : WM → UK , we
can form the composite linear transformation B◦A : VN → UK . We can also
choose bases BV = {|ai〉}Ni=1,BW = {|bi〉}Mi=1,BU = {|ci〉}Ki=1 for V, W, and
U, respectively. Then A, B, and B ◦ A will be represented by an M × N , a
K × M , and a K × N matrix, respectively, and we have

MBU

BV
(B ◦ A) = MBU

BW
(B)MBW

BV
(A), (5.6)

where on the right-hand side the product is defined as the usual product of
matrices. If V = W = U, we write (5.6) as

M(B ◦ A) = M(B)M(A) (5.7)

Matrices are determined entirely by their elements. For this reason a ma-
trix A whose elements are α11, α12, . . . is sometimes denoted by (αij ). Sim-
ilarly, the elements of this matrix are denoted by (A)ij . So, on the one hand,
we have (αij ) = A, and on the other hand (A)ij = αij . In the context of this
notation, therefore, we can write

(A + B)ij = (A)ij + (B)ij ⇒ (αij + βij ) = (αij ) + (βij ),

(γ A)ij = γ (A)ij ⇒ γ (αij ) = (γ αij ),

(0)ij = 0,

(1)ij = δij .

A matrix, as a representation of a linear operator, is well-defined only in
reference to a specific basis. A collection of rows and columns of numbers
by themselves have no operational meaning. When we manipulate matri-
ces and attach meaning to them, we make an unannounced assumption re-
garding the basis: We have the standard basis of Cn (or Rn) in mind. The
following example should clarify this subtlety.
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Example 5.1.5 Let us find the matrix representation of the linear operator
A ∈L(R3), given by

A

⎛

⎝
x

y

z

⎞

⎠ =
⎛

⎝
x − y + 2z

3x − z

2y + z

⎞

⎠ (5.8)

in the basis

B =
⎧
⎨

⎩
|a1〉 =

⎛

⎝
1
1
0

⎞

⎠ , |a2〉 =
⎛

⎝
1
0
1

⎞

⎠ , |a3〉 =
⎛

⎝
0
1
1

⎞

⎠

⎫
⎬

⎭
.

There is a tendency to associate the matrix

⎛

⎝
1 −1 2
3 0 −1
0 2 1

⎞

⎠

with the operator A. The following discussion will show that this is false.
To obtain the first column of the matrix representing A, we note that

A|a1〉 = A

⎛

⎝
1
1
0

⎞

⎠ =
⎛

⎝
0
3
2

⎞

⎠ = 1

2

⎛

⎝
1
1
0

⎞

⎠− 1

2

⎛

⎝
1
0
1

⎞

⎠+ 5

2

⎛

⎝
0
1
1

⎞

⎠

= 1

2
|a1〉 − 1

2
|a2〉 + 5

2
|a3〉.

So, by Box 5.1.1, the first column of the matrix is

⎛

⎜
⎜
⎝

1
2

− 1
2

5
2

⎞

⎟
⎟
⎠ .

The other two columns are obtained from

A|a2〉 = A

⎛

⎝
1
0
1

⎞

⎠ =
⎛

⎝
3
2
1

⎞

⎠ = 2

⎛

⎝
1
1
0

⎞

⎠+
⎛

⎝
1
0
1

⎞

⎠+ 0

⎛

⎝
0
1
1

⎞

⎠ ,

A|a3〉 = A

⎛

⎝
0
1
1

⎞

⎠ =
⎛

⎝
1

−1
3

⎞

⎠ = −3

2

⎛

⎝
1
1
0

⎞

⎠+ 5

2

⎛

⎝
1
0
1

⎞

⎠+ 1

2

⎛

⎝
0
1
1

⎞

⎠ ,

giving the second and the third columns, respectively. The whole matrix is
then

A =

⎛

⎜
⎜
⎝

1
2 2 − 3

2

− 1
2 1 5

2
5
2 0 1

2

⎞

⎟
⎟
⎠ .
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As long as all vectors are represented by columns whose entries are ex-
pansion coefficients of the vectors in B , A and A are indistinguishable. How-

ever, the action of A on the column vector
( x

y
z

)
will not yield the RHS of

Eq. (5.8)! Although this is not usually emphasized, the column vector on
the LHS of Eq. (5.8) is really the vector

x

⎛

⎝
1
0
0

⎞

⎠+ y

⎛

⎝
0
1
0

⎞

⎠+ z

⎛

⎝
0
0
1

⎞

⎠ ,

which is an expansion in terms of the standard basis of R3 rather than in
terms of B .

We can expand A
( x

y
z

)
in terms of B , yielding

A

⎛

⎝
x

y

z

⎞

⎠ =
⎛

⎝
x − y + 2z

3x − z

2y + z

⎞

⎠

=
(

2x − 3

2
y

)
⎛

⎝
1
1
0

⎞

⎠+
(

−x + 1

2
y + 2z

)
⎛

⎝
1
0
1

⎞

⎠

+
(

x + 3

2
y − z

)
⎛

⎝
0
1
1

⎞

⎠ .

This says that in the basis B this vector has the representation

⎛

⎝A

⎛

⎝
x

y

z

⎞

⎠

⎞

⎠

B

=

⎛

⎜
⎜
⎝

2x − 3
2y

−x + 1
2y + 2z

x + 3
2y − z

⎞

⎟
⎟
⎠ . (5.9)

Similarly,
( x

y
z

)
is represented by

⎛

⎝

⎛

⎝
x

y

z

⎞

⎠

⎞

⎠

B

=

⎛

⎜
⎜
⎝

1
2x + 1

2y − 1
2z

1
2x − 1

2y + 1
2z

− 1
2x + 1

2y + 1
2z

⎞

⎟
⎟
⎠ . (5.10)

Applying A to the RHS of (5.10) yields the RHS of (5.9), as it should.

5.2 Operations on Matrices

There are two basic operations that one can perform on a matrix to obtain
a new one; these are transposition and complex conjugation. The transposetranspose of a matrix
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of an M ×N matrix A is an N ×M matrix At obtained by interchanging the
rows and columns of A:

(
At
)
ij

= (A)ji , or (αij )
t = (αji). (5.11)

The following theorem, whose proof follows immediately from the defi-
nition of transpose, summarizes the important properties of the operation of
transposition.

Theorem 5.2.1 Let A and B be two matrices for which the operation of
addition and/or multiplication are defined. Then

(a) (A + B)t = At + Bt ,
(b) (AB)t = BtAt ,
(c) (At )t = A.

Let T ∈ L(V,W) and BV = {|ai〉}Ni=1 and BW = {|bi〉}Mi=1 bases in V

and W. Then

T|ai〉 =
M∑

j=1

(T)ji |bj 〉,

where T = MBW

BV
(T). Let T∗ ∈ L(W∗,V∗) be the pull-back of T and B∗

V =
{θθθk}Nk=1 and B∗

W = {φφφl}Ml=1 bases dual to BV and BW . Then

T∗φφφl =
N∑

k=1

(
T∗)

kl
θθθk.

Apply both sides of this equation to |ai〉 to get

LHS = (
T∗φφφl

)|ai〉 ≡φφφl

(
T|ai〉

)

=φφφl

(
M∑

j=1

(T)ji |bj 〉
)

=
M∑

j=1

(T)ji

=δlj
︷ ︸︸ ︷
φφφl

(|bj 〉
) = (T)li

and

RHS =
N∑

k=1

(
T∗)

kl
θθθk|ai〉 =

N∑

k=1

(
T∗)

kl
δki = (

T∗)
il
.

Comparing the last two equations, we have Matrix of pullback of T is
transpose of matrix of T.

Proposition 5.2.2 Let T ∈ L(V,W) and BV and BW be bases in V and W.
Let T∗, B∗

V , and B∗
W be duals to T, BV , and BW , respectively. Let T =

MBW

BV
(T) and T∗ = M

B∗
V

B∗
W

(T∗). Then T∗ = Tt .

Of special interest is a matrix that is equal to either its transpose or the
negative of its transpose. Such matrices occur frequently in physics.



144 5 Matrices

Definition 5.2.3 A matrix S is symmetric if St = S. Similarly, a ma-
trix A is antisymmetric if At = −A.

Any matrix A can be written as A = 1
2 (A + At ) + 1

2 (A − At ), where the

symmetric and
antisymmetric matrices

first term is symmetric and the second is antisymmetric.
The elements of a symmetric matrix A satisfy the relation αji = (At )ij =

(A)ij = αij ; i.e., the matrix is symmetric under reflection through the main
diagonal. On the other hand, for an antisymmetric matrix we have αji =
−αij . In particular, the diagonal elements of an antisymmetric matrix are all
zero.

A (real) matrix satisfying AtA = AAt = 1 is called orthogonal.orthogonal matrix
Complex conjugation is an operation under which all elements of a ma-complex conjugation

trix are complex conjugated. Denoting the complex conjugate of A by A∗,
we have (A∗)ij = (A)∗ij , or (αij )

∗ = (α∗
ij ). A matrix is real if and only if

A∗ = A. Clearly, (A∗)∗ = A.
Under the combined operation of complex conjugation and transposition,

the rows and columns of a matrix are interchanged and all of its elements
are complex conjugated. This combined operation is called the adjoint op-
eration, or hermitian conjugation, and is denoted by †, as with operators.hermitian conjugate
Thus, we have

A† = (
At
)∗ = (

A∗)t ,
(
A†)

ij
= (A)∗ji or (αij )

† = (
α∗

ji

)
.

(5.12)

Two types of matrices are important enough to warrant a separate definition.

Definition 5.2.4 A hermitian matrix H satisfies H† = H, or, in terms ofhermitian and unitary
matrices elements, η∗

ij = ηji . A unitary matrix U satisfies U†U = UU† = 1, or, in

terms of elements,
∑N

k=1 μikμ
∗
jk = ∑N

k=1 μ∗
kiμkj = δij .

Remarks It follows immediately from this definition that

1. The diagonal elements of a hermitian matrix are real.
2. The kth column of a hermitian matrix is the complex conjugate of its

kth row, and vice versa.
3. A real hermitian matrix is symmetric.
4. The rows of an N × N unitary matrix, when considered as vectors in

C
N , form an orthonormal set, as do the columns.

5. A real unitary matrix is orthogonal.

It is sometimes possible (and desirable) to transform a matrix into a form
in which all of its off-diagonal elements are zero. Such a matrix is called a
diagonal matrix.diagonal matrices

Box 5.2.5 A diagonal matrix whose diagonal elements are {λk}Nk=1 is
denoted by diag(λ1, λ2, . . . , λN).
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Example 5.2.6 In this example, we derive a useful identity for functions of
a diagonal matrix. Let D = diag(λ1, λ2, . . . , λn) be a diagonal matrix, and
f (x) a function that has a Taylor series expansion f (x) = ∑∞

k=0 akx
k . The

same function of D can be written as

f (D) =
∞∑

k=0

akDk =
∞∑

k=0

ak

[
diag(λ1, λ2, . . . , λn)

]k

=
∞∑

k=0

ak diag
(
λk

1, λ
k
2, . . . , λ

k
n

)

= diag

( ∞∑

k=0

akλ
k
1,

∞∑

k=0

akλ
k
2, . . . ,

∞∑

k=0

akλ
k
n

)

= diag
(
f (λ1), f (λ2), . . . , f (λn)

)
.

In words, the function of a diagonal matrix is equal to a diagonal matrix
whose entries are the same function of the corresponding entries of the orig-
inal matrix. In the above derivation, we used the following obvious proper-
ties of diagonal matrices:

a diag(λ1, λ2, . . . , λn) = diag(aλ1, aλ2, . . . , aλn),

diag(λ1, λ2, . . . , λn) + diag(ω1,ω2, . . . ,ωn)

= diag(λ1 + ω1, . . . , λn + ωn),

diag(λ1, λ2, . . . , λn) · diag(ω1,ω2, . . . ,ωn) = diag(λ1ω1, . . . , λnωn).

Example 5.2.7 In this example, we list some familiar matrices in physics.

(a) A prototypical symmetric matrix is that of the moment of inertia en-
countered in mechanics. The ij th element of this matrix is defined as
Iij ≡ �

ρ(x1, x2, x3)xixj dV , where xi is the ith Cartesian coordi-
nate of a point in the distribution of mass described by the volume
density ρ(x1, x2, x3). It is clear that Iij = Iji , or I = It . The moment
of inertia matrix can be represented as

I =
⎛

⎝
I11 I12 I13

I12 I22 I23

I13 I23 I33

⎞

⎠ .

It has six independent elements.
(b) An example of an antisymmetric matrix is the electromagnetic field

tensor given by

F =

⎛

⎜
⎜
⎝

0 −B3 B2 E1

B3 0 −B1 E2

−B2 B1 0 E3

−E1 −E2 −E3 0

⎞

⎟
⎟
⎠ .
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(c) Examples of hermitian matrices are the 2 × 2 Pauli spin matrices:

σ1 =
(

0 1
1 0

)

, σ2 =
(

0 −i

i 0

)

, σ3 =
(

1 0
0 −1

)

.

(d) The most frequently encountered orthogonal matrices are rotations.

Pauli spin matrices

One such matrix represents the rotation of a 3-dimensional rigid body
in terms of Euler angles and is used in mechanics. Attaching a coor-Euler angles
dinate system to the body, a general rotation can be decomposed into
a rotation of angle ϕ about the z-axis, followed by a rotation of angle
θ about the new x-axis, followed by a rotation of angle ψ about the
new z-axis. We simply exhibit this matrix in terms of these angles and
leave it to the reader to show that it is indeed orthogonal.

(
cosψ cosϕ − sinψ cos θ sinϕ − cosψ sinϕ − sinψ cos θ cosϕ sinψ sin θ

sinψ cosϕ + cosψ cos θ sinϕ − sinψ sinϕ + cosψ cos θ cosϕ − cosψ sin θ

sin θ sinϕ sin θ cosϕ cos θ

)

.

5.3 Orthonormal Bases

The matrix representation of A ∈ End(V) is facilitated by choosing an or-
thonormal basis B = {|ei〉}Ni=1. The matrix elements of A can be found in

such a basis by “multiplying” both sides of A|ei〉 = ∑N
k=1 αki |ek〉 on the left

by 〈ej |:

〈ej |A|ei〉 = 〈ej |
(

N∑

k=1

αki |ek〉
)

=
N∑

k=1

αki 〈ej |ek〉
︸ ︷︷ ︸

=δjk

= αji,

or

(A)ij = αij = 〈ei |A|ej 〉. (5.13)

We can also show that in an orthonormal basis, the ith component ξi of
a vector is found by multiplying the vector by 〈ei |. This expression for ξi

allows us to write the expansion of |x〉 as

|x〉 =
N∑

j=1

〈ej |x〉
︸ ︷︷ ︸

ξj

|ej 〉 =
N∑

j=1

|ej 〉〈ej |x〉 ⇒ 1 =
N∑

j=1

|ej 〉〈ej |, (5.14)

which is the same as in Proposition 4.4.6.
Let us now investigate the representation of the special operators dis-

cussed in Chap. 4 and find the connection between those operators and the
matrices encountered in the last section. We begin by calculating the matrix
representing the hermitian conjugate of an operator T. In an orthonormal
basis, the elements of this matrix are given by Eq. (5.13), τij = 〈ei |T|ej 〉.
Taking the complex conjugate of this equation and using the definition of T†

given in Eq. (4.11), we obtain

τ ∗
ij = 〈ei |T|ej 〉∗ = 〈ej |T†|ei〉, or

(
T†)

ij
= τ ∗

ji .



5.3 Orthonormal Bases 147

This is precisely how the adjoint of a matrix was defined. Note how cru-
cially this conclusion depends on the orthonormality of the basis vectors. If
the basis were not orthonormal, we could not use Eq. (5.13) on which the
conclusion is based. Therefore,

Box 5.3.1 Only in an orthonormal basis is the adjoint of an operator
represented by the adjoint of the matrix representing that operator.

In particular, a hermitian operator is represented by a hermitian matrix
only if an orthonormal basis is used. The following example illustrates this
point.

Example 5.3.2 Consider the matrix representation of the hermitian opera-
tor H in a general—not orthonormal—basis B = {|ai〉}Ni=1. The elements of
the matrix corresponding to H are given by

H|ak〉 =
N∑

j=1

ηjk|aj 〉, or H|ai〉 =
N∑

j=1

ηji |aj 〉. (5.15)

Taking the product of the first equation with 〈ai | and complex-conjugating
the result gives

〈ai |H|ak〉∗ =
(

N∑

j=1

ηjk〈ai |aj 〉
)∗

=
N∑

j=1

η∗
jk〈aj |ai〉.

But by the definition of a hermitian operator,

〈ai |H|ak〉∗ = 〈ak|H†|ai〉 = 〈ak|H|ai〉.

So we have 〈ak|H|ai〉 = ∑N
j=1 η∗

jk〈aj |ai〉.
On the other hand, multiplying the second equation in (5.15) by 〈ak|

gives

〈ak|H|ai〉 =
N∑

j=1

ηji〈ak|aj 〉.

The only conclusion we can draw from this discussion is

N∑

j=1

η∗
jk〈aj |ai〉 =

N∑

j=1

ηji〈ak|aj 〉.

Because this equation does not say anything about each individual ηij ,
we cannot conclude, in general, that η∗

ij = ηji . However, if the |ai〉’s
are orthonormal, then 〈aj |ai〉 = δji and 〈ak|aj 〉 = δkj , and we obtain
∑N

j=1 η∗
jkδji = ∑N

j=1 ηjiδkj , or η∗
ik = ηki , as expected of a hermitian ma-

trix.
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Similarly, we expect the matrices representing unitary operators to be
unitary only if the basis is orthonormal. This is an immediate consequence
of Eq. (5.12), but we shall prove it in order to provide yet another example
of how the completeness relation, Eq. (5.14), is used. Since UU† = 1, we
have

〈ei |UU†|ej 〉 = 〈ei |1|ej 〉 = 〈ei |ej 〉 = δij .

We insert the completeness relation 1 = ∑N
k=1 |ek〉〈ek| between U and U†

on the LHS:

〈ei |U
(

N∑

k=1

|ek〉〈ek|
)

U†|ej 〉 =
N∑

k=1

〈ei |U|ek〉︸ ︷︷ ︸
≡μik

〈ek|U†|ej 〉
︸ ︷︷ ︸

≡μ∗
jk

= δij .

This equation gives the first half of the requirement for a unitary matrix
given in Definition 5.2.4. By redoing the calculation for U†U, we could ob-
tain the second half of that requirement.

5.4 Change of Basis

It is often advantageous to describe a physical problem in a particular basis
because it takes a simpler form there, but the general form of the result may
still be of importance. In such cases the problem is solved in one basis, and
the result is transformed to other bases. Let us investigate this point in some
detail.

Given a basis B = {|ai〉}Ni=1, we can write an arbitrary vector |a〉 with

components {αi}Ni=1 in B as |a〉 = ∑N
i=1 αi |ai〉. Now suppose that we

change the basis to B ′ = {|a′
j 〉}Nj=1. How are the components of |a〉 in B ′

related to those in B? To answer this question, we write |ai〉 in terms of B ′
vectors,

|ai〉 =
N∑

j=1

ρji |a′
j 〉, i = 1,2, . . . ,N,

which can also be abbreviated as
⎛

⎜
⎜
⎜
⎝

|a1〉
|a2〉
...

|aN 〉

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

ρ11 ρ21 · · · ρN1

ρ12 ρ22 · · · ρN2
...

...
...

ρ1N ρ2N · · · ρNN

⎞

⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎝

|a′
1〉|a′
2〉
...

|a′
N 〉

⎞

⎟
⎟
⎟
⎠

. (5.16)

In this notation, we also have

|a〉 = (
α1 α2 . . . αN

)

⎛

⎜
⎜
⎜
⎝

|a1〉
|a2〉
...

|aN 〉

⎞

⎟
⎟
⎟
⎠

≡ at

⎛

⎜
⎜
⎜
⎝

|a1〉
|a2〉
...

|aN 〉

⎞

⎟
⎟
⎟
⎠

,
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where a is the column representation of |a〉 in B . Now multiply both sides
of (5.16) by at to get

|a〉 = at

⎛

⎜
⎜
⎜
⎝

|a1〉
|a2〉
...

|aN 〉

⎞

⎟
⎟
⎟
⎠

≡ atRt

⎛

⎜
⎜
⎜
⎝

|a′
1〉|a′
2〉
...

|a′
N 〉

⎞

⎟
⎟
⎟
⎠

≡ (
α′

1 α′
2 . . . α′

N

)

︸ ︷︷ ︸
≡a′t

⎛

⎜
⎜
⎜
⎝

|a′
1〉|a′
2〉
...

|a′
N 〉

⎞

⎟
⎟
⎟
⎠

where R is the transpose of the N × N matrix of Eq. (5.16), and the last
equality expresses |a〉 in B ′. We therefore conclude that

a′t ≡ atRt ,

where a′ designates a column vector with elements α′
j , the components of

|a〉 in B ′. Taking the transpose of the last equation yields

a′ = Ra or

⎛

⎜
⎜
⎜
⎝

α′
1

α′
2
...

α′
N

⎞

⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎝

ρ11 ρ12 . . . ρ1N

ρ21 ρ22 . . . ρ2N

...
...

...

ρN1 ρN2 . . . ρNN

⎞

⎟
⎟
⎟
⎠

⎛

⎜
⎜
⎜
⎝

α1

α2
...

αN

⎞

⎟
⎟
⎟
⎠

, (5.17)

which in component form can be written as

α′
j =

N∑

i=1

ρjiαi for j = 1,2, . . . ,N. (5.18)

The matrix R is called the basis transformation matrix. It is invertible basis transformation
matrixbecause it is a linear transformation that maps one basis onto another (see

Proposition 4.1.3).
What happens to a matrix representation of an operator when we trans-

form the basis? Consider the equation |b〉 = A|a〉, where |a〉 and |b〉 have
components {αi}Ni=1 and {βi}Ni=1, respectively, in B . This equation has a
corresponding matrix equation b = Aa. Now, if we change the basis, the
columns of the components of |a〉 and |b〉 will change to those of a′ and b′,
respectively. We seek a matrix A′ such that b′ = A′a′. This matrix will be
the transform of A. Using Eq. (5.17), we write Rb = A′Ra, or b = R−1A′Ra.
Comparing this with b = Aa and applying the fact that both equations hold
for arbitrary a and b, we conclude that

R−1A′R = A, or A′ = RAR−1. (5.19)

This is called a similarity transformation on A, and A′ is said to be similar similarity transformation
to A.

The transformation matrix R can easily be found for orthonormal bases
B = {|ei〉}Ni=1 and B ′ = {|e′

i〉}Ni=1. We have |ei〉 = ∑N
k=1 ρki |e′

k〉. Multiply-
ing this equation by 〈e′

j |, we obtain

〈
e′
j

∣
∣ ei

〉 =
N∑

k=1

ρki

〈
e′
j

∣
∣ e′

k

〉 =
N∑

k=1

ρkiδjk = ρji . (5.20)
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That is,

Box 5.4.1 To find the ij th element of the matrix that changes the
components of a vector in the orthonormal basis B to those in the
orthonormal basis B ′, take the j th ket in B and multiply it by the ith
bra in B ′.

To find the ij th element of the matrix that changes B ′ into B , we take the
j th ket in B ′ and multiply it by the ith bra in B: ρ′

ij = 〈ei |e′
j 〉. However, the

matrix R′ must be R−1, as can be seen from Eq. (5.17). On the other hand,
(ρ′

ij )
∗ = 〈ei |e′

j 〉∗ = 〈e′
j |ei〉 = ρji , or

(
R−1)∗

ij
= ρji, or

(
R−1)

ij
= ρ∗

ji = (
R†)

ij
. (5.21)

This shows that R is a unitary matrix and yields an important result.

Theorem 5.4.2 The matrix that transforms one orthonormal basis into an-
other is necessarily unitary.

From Eqs. (5.20) and (5.21) we have (R†)ij = 〈ei |e′
j 〉. Thus,

Box 5.4.3 To obtain the j th column of R†, we take the j th vec-
tor in the new basis and successively “multiply” it by 〈ei | for i =
1,2, . . . ,N .

In particular, if the original basis is the standard basis of CN and |e′
j 〉 is

represented by a column vector in that basis, then the j th column of R† is
simply the vector |e′

j 〉.

Example 5.4.4 In this example, we show that the similarity transform of a
function of a matrix is the same function of the similarity transform of the
matrix:

Rf (A)R−1 = f
(
RAR−1).

The proof involves inserting 1 = R−1R between factors of A in the Taylor
series expansion of f (A):

Rf (A)R−1 = R

( ∞∑

k=0

akAk

)

R−1 =
∞∑

k=0

akRAkR−1 =
∞∑

k=0

akR

k times
︷ ︸︸ ︷
AA · · ·A R−1

=
∞∑

k=0

ak

k times
︷ ︸︸ ︷
RAR−1RAR−1 · · ·RAR−1 =

∞∑

k=0

ak

(
RAR−1)k

= f
(
RAR−1).

This completes the proof.
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5.5 Determinant of a Matrix

An important concept associated with linear operators is the determinant,
which we have already discussed in Sect. 2.6.1. Determinants are also
defined for matrices. If A is representing A in some basis, then we set
det A = det A. That this relation is basis-independent is, of course, obvious
from Definition 2.6.10 and the discussion preceding it. However, it can also
be shown directly, as we shall do later in this chapter.

Let A be a linear operator on V. Let {|ek〉}Nk=1 be a basis of V in which A
is represented by A. Then the left-hand side of Eq. (2.32) becomes

LHS =���
(
A|e1〉, . . . , A|eN 〉) =���

(
N∑

i1=1

αi11|ei1〉, . . . ,
N∑

iN=1

αiNN |eiN 〉
)

=
N∑

i1...iN=1

αi11 . . . αiNN���
(|ei1〉, . . . , |eiN 〉)

=
∑

π

απ(1)1 . . . απ(N)N���
(|eπ(1)〉, . . . , |eπ(N)〉

)

=
∑

π

απ(1)1 . . . απ(N)Nεπ ·���(|e1〉, . . . , |eN 〉),

where π is the permutation taking k to ik . The right-hand side of Eq. (2.32)
is just the product of det A and ���(|e〉1, . . . , |e〉N). Hence,

det A = det A =
∑

π

επαπ(1)1 . . . απ(N)N ≡
∑

π

επ

N∏

k=1

(A)π(k)k. (5.22)

Since π(k) = ik , the product in the sum can be written as

N∏

k=1

(A)ikk =
N∏

k=1

(A)ikπ−1(ik)
=

N∏

k=1

(A)kπ−1(k) =
N∏

k=1

(
At
)
π−1(k)k

,

where the second equality follows because we can commute the numbers
until (A)1π−1(1) becomes the first term of the product, (A)2π−1(2), the second
term, and so on. Substituting this in (5.22) and noting that

∑
π = ∑

π−1 and
επ−1 = επ , we have

Theorem 5.5.1 Let A ∈ L(V) and A its representation in any basis of V.
Then

det A = det A =
∑

π

επ

N∏

j=1

(A)π(j)j =
∑

i1...iN

εi1i2...iN (A)i11 . . . (A)iNN

det A = det At =
∑

π

επ

N∏

j=1

(A)jπ(j) =
∑

i1...iN

εi1i2...iN (A)1i1 . . . (A)NiN

where εi1i2...iN is the symbol introduced in (2.29). In particular, det At =
det A.
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Let A be any N ×N matrix. Let |vj 〉 ∈ R
N be the j th column of A. Define

the linear operator A ∈ End(RN) by

A|ej 〉 = |vj 〉, j = 1, . . . ,N, (5.23)

where {|ej 〉}Nj=1 is the standard basis of R
N . Then A is the matrix repre-

senting A in the standard basis. Now let ��� be a determinant function in R
N

whose value is one at the standard basis. Then

���
(|v1〉, . . . , |vN 〉) =���

(
A|e1〉, . . . , A|eN 〉)

= det A ·���(|e1〉, . . . , |eN 〉) = det A

and, therefore,

det A =���
(|v1〉, . . . , |vN 〉). (5.24)

If instead of columns, we use rows |uj 〉, we obtain det At = ���(|u1〉, . . . ,
|uN 〉). Since ��� is a multilinear skew-symmetric function, and det At = det A,
we have the following familiar theorem.

Theorem 5.5.2 Let A be a square matrix. Then

1. det A is linear with respect to any row or column vector of A.
2. If any two rows or two columns of A are interchanged, det A changes

sign.
3. Adding a multiple of one row (column) of A to another row (column) of

A does not change det A.
4. det A = 0 iff the rows (columns) are linearly dependent.

5.5.1 Matrix of the Classical Adjoint

Since by Corollary 2.6.13, the classical adjoint of A is essentially the inverse
of A, we expect its matrix representation to be essentially the inverse of the
matrix of A. To find this matrix, choose a basis {|ej 〉}Nj=1 which evaluates
the determinant function of Eq. (2.33) to 1. Then ad(A)|ei〉 = cji |ej 〉, with
cji forming the representation matrix of ad(A). Thus, substituting |ei〉 for
|v〉 on both sides of (2.33) and using the fact that {|ej 〉}Nj=1 are linearly
independent, we get

(−1)j−1���
(|ei〉, A|e1〉, . . . , Â|ej 〉, . . . , A|eN 〉) = cji

or

cji = (−1)j−1���

(

|ei〉,
N∑

k1=1

(A)k11|ek1〉, . . . , Â|ej 〉, . . . ,
N∑

kN=1

(A)kNN |ekN
〉
)

= (−1)j−1
∑

k1...kN

(A)k11 . . . (A)kNN���
(|ei〉, |ek1〉, . . . , |ekN

〉)

= (−1)j−1
∑

k1...kN

(A)k11 . . . (A)kNNεik1...kN
.



5.5 Determinant of a Matrix 153

The product in the sum does not include (A)kj j . This means that the entire
j th column is missing in the product. Furthermore, because of the skew-
symmetry of εik1...kN

, none of the km’s can be i, and since km’s label the
rows, the ith row is also absent in the sum. Now move i from the first lo-
cation to the ith location. This will introduce a factor of (−1)i−1 due to
the i − 1 exchanges of indices. Inserting all this information in the previous
equation, we obtain

cji = (−1)i+j
∑

k1...kN

(A)k11 . . . (A)kNNεk1...i...kN
. (5.25)

Now note that the sum is a determinant of an (N − 1) × (N − 1) matrix
obtained from A by eliminating its ith row and j th column. This determi-
nant is called a minor of order N − 1 and denoted by Mij . The product minor of order N − 1
(−1)i+jMij is called the cofactor of (A)ij , and denoted by (cof A)ij . cofactor of an element of

a matrixWith this and another obvious notation, (5.25) becomes

(ad A)ji ≡ cji = (−1)i+jMij = (cof A)ij . (5.26)

With the matrix of the adjoint at our disposal, we can write Eq. (2.34) in the
matrix form. Doing so, and taking the ikth element of all sides, we get

N∑

j=1

ad(A)ij (A)jk = det A · δik =
N∑

j=1

(A)ij ad(A)jk.

Setting k = i yields

det A =
N∑

j=1

ad(A)ij (A)ji =
N∑

j=1

(A)ij ad(A)ji

or, using (5.26),

det A =
N∑

j=1

(A)ji(cof A)ji =
N∑

j=1

(A)ij (cof A)ij . (5.27)

This is the familiar expansion of a determinant by its ith column or ith row.

Historical Notes
Vandermonde, Alexandre-Thiéophile, also known as Alexis, Abnit, and Charles-
Auguste Vandermonde (1735–1796) had a father, a physician who directed his sickly
son toward a musical career. An acquaintanceship with Fontaine, however, so stimulated
Vandermonde that in 1771 he was elected to the Académie des Sciences, to which he pre-
sented four mathematical papers (his total mathematical production) in 1771–1772. Later,
Vandermonde wrote several papers on harmony, and it was said at that time that musicians
considered Vandermonde to be a mathematician and that mathematicians viewed him as
a musician.
Vandermonde’s membership in the Academy led to a paper on experiments with cold,
made with Bezout and Lavoisier in 1776, and a paper on the manufacture of steel with
Berthollet and Monge in 1786. Vandermonde became an ardent and active revolutionary,
being such a close friend of Monge that he was termed “femme de Monge”. He was a
member of the Commune of Paris and the club of the Jacobins. In 1782 he was director of
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the Conservatoire des Arts et Métiers and in 1792, chief of the Bureau de l’Habillement
des Armies. He joined in the design of a course in political economy for the École Nor-
male and in 1795 was named a member of the Institut National.
Vandermonde is best known for the theory of determinants. Lebesgue believed that the
attribution of determinant to Vandermonde was due to a misreading of his notation. Nev-
ertheless, Vandermonde’s fourth paper was the first to give a connected exposition of
determinants, because he (1) defined a contemporary symbolism that was more com-
plete, simple, and appropriate than that of Leibniz; (2) defined determinants as functions
apart from the solution of linear equations presented by Cramer but also treated by Van-
dermonde; and (3) gave a number of properties of these functions, such as the number
and signs of the terms and the effect of interchanging two consecutive indices (rows or
columns), which he used to show that a determinant is zero if two rows or columns are
identical.
Vandermonde’s real and unrecognized claim to fame was lodged in his first paper, in
which he approached the general problem of the solvability of algebraic equations through
a study of functions invariant under permutations of the roots of the equations. Cauchy
assigned priority in this to Lagrange and Vandermonde. Vandermonde read his paper in
November 1770, but he did not become a member of the Academy until 1771, and the pa-
per was not published until 1774. Although Vandermonde’s methods were close to those
later developed by Abel and Galois for testing the solvability of equations, and although
his treatment of the binomial equation xn −1 = 0 could easily have led to the anticipation
of Gauss’s results on constructible polygons, Vandermonde himself did not rigorously or
completely establish his results, nor did he see the implications for geometry. Neverthe-
less, Kronecker dates the modern movement in algebra to Vandermonde’s 1770 paper.
Unfortunately, Vandermonde’s spurt of enthusiasm and creativity, which in two years
produced four insightful mathematical papers at least two of which were of substantial
importance, was quickly diverted by the exciting politics of the time and perhaps by poor
health.

Example 5.5.3 Let O and U denote, respectively, an orthogonal and a uni-
tary n × n matrix; that is, OOt = OtO = 1, and UU† = U†U = 1. Taking the
determinant of the first equation and using Theorems 2.6.11 (with λ = 1)
and 5.5.1, we obtain

(det O)
(
det Ot

) = (det O)2 = det 1 = 1.

Therefore, for an orthogonal matrix, we get det O = ±1.
Orthogonal transformations preserve a real inner product. Among such

transformations are the so-called inversions, which, in their simplest form,
multiply a vector by −1. In three dimensions this corresponds to a reflection
through the origin. The matrix associated with this operation is −1:

⎛

⎝
x

y

z

⎞

⎠ →
⎛

⎝
−x

−y

−z

⎞

⎠ =
⎛

⎝
−1 0 0
0 −1 0
0 0 −1

⎞

⎠

⎛

⎝
x

y

z

⎞

⎠ ,

which has a determinant of −1. This is a prototype of other, more compli-
cated, orthogonal transformations whose determinants are −1. The set of
orthogonal matrices in n dimensions is denoted by O(n).O(n) and SO(n)

The other orthogonal transformations, whose determinants are +1, are
of special interest because they correspond to rotations in three dimensions.
The set of orthogonal matrices in n dimensions having determinant +1 is
denoted by SO(n). These matrices are special because they have the math-
ematical structure of a (continuous) group, which finds application in many
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areas of advanced physics. We shall come back to the topic of group theory
later in the book.

We can obtain a similar result for unitary transformations. We take the
determinant of both sides of U†U = 1:

det
(
U∗)t det U = det U∗ det U = (det U)∗(det U) = |det U|2 = 1.

Thus, we can generally write det U = eiα , with α ∈ R. The set of unitary
matrices in n dimensions is denoted by U(n). The set of those matrices with U(n) and SU(n)

α = 0 forms a group to which 1 belongs and that is denoted by SU(n). This
group has found applications in the description of fundamental forces and
the dynamics of fundamental particles.

5.5.2 Inverse of a Matrix

Equation (5.26) shows that the matrix of the classical adjoint is the transpose
of the cofactor matrix. Using this, and writing (2.34) in matrix form yields

(cof A)tA = det A · 1 = A(cof A)t .

Therefore, we have

Theorem 5.5.4 The matrix A has an inverse if and only if det A �= 0. Fur- inverse of a matrix
thermore,

A−1 = (cof A)t

det A
. (5.28)

This is the matrix form of the operator equation in Corollary 2.6.13.

Example 5.5.5 The inverse of a 2 × 2 matrix is easily found:

(
a b

c d

)−1

= 1

ad − bc

(
d −b

−c a

)

(5.29)

if ad − bc �= 0.

We defined the determinant of an operator intrinsically, i.e., independent
of a basis. We have also connected this intrinsic property to the determinant
of the matrix representing that operator in some basis. We can now show di-
rectly that the matrices representing an operator in two arbitrary bases have
the same determinant. We leave this as exercise for the reader in Problem
5.23.

Algorithm for Calculating the Inverse of a Matrix
There is a more practical way of calculating the inverse of matrices. In the
following discussion of this method, we shall confine ourselves simply to
stating a couple of definitions and the main theorem, with no attempt at
providing any proofs. The practical utility of the method will be illustrated
by a detailed analysis of examples.
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Definition 5.5.6 An elementary row operation on a matrix is one of theelementary row
operation following:

(a) interchange of two rows of the matrix,
(b) multiplication of a row by a nonzero number, and
(c) addition of a multiple of one row to another.

Elementary column operations are defined analogously.

Definition 5.5.7 A matrix is in triangular, or row-echelon, form if it satis-triangular, or
row-echelon form of a

matrix
fies the following three conditions:

1. Any row consisting of only zeros is below any row that contains at least
one nonzero element.

2. Going from left to right, the first nonzero entry of any row is to the left
of the first nonzero entry of any lower row.

3. The first nonzero entry of each row is 1.

Theorem 5.5.8 For any invertible n × n matrix A, the n × 2n matrix (A|1)

can be transformed into the n × 2n matrix (1|A−1) by means of a finite
number of elementary row operations.1

A systematic way of transforming (A|1) into (1|A−1) is first to bring A
into triangular form and then eliminate all nonzero elements of each column
by elementary row operations.

Example 5.5.9
Let us evaluate the inverse of

A =
⎛

⎝
1 2 −1
0 1 −2
2 1 −1

⎞

⎠ .

We start with
⎛

⎝
1 2 −1
0 1 −2
2 1 −1

∣
∣
∣
∣
∣
∣

1 0 0
0 1 0
0 0 1

⎞

⎠ ≡ M

and apply elementary row operations to M to bring the left half of it into
triangular form. If we denote the kth row by (k) and the three operations of
Definition 5.5.6, respectively, by (k) ↔ (j), α(k), and α(k) + (j), we get

M −−−−−−→−2(1)+(3)

⎛

⎝
1 2 −1
0 1 −2
0 −3 1

∣
∣
∣
∣
∣
∣

1 0 0
0 1 0

−2 0 1

⎞

⎠

1The matrix (A|1) denotes the n × 2n matrix obtained by juxtaposing the n × n unit
matrix to the right of A. It can easily be shown that if A, B, and C are n×n matrices, then
A(B|C) = (AB|AC).
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−−−−−→
3(2)+(3)

⎛

⎝
1 2 −1
0 1 −2
0 0 −5

∣
∣
∣
∣
∣
∣

1 0 0
0 1 0

−2 3 1

⎞

⎠

−−−→
− 1

5 (3)

⎛

⎝
1 2 −1
0 1 −2
0 0 1

∣
∣
∣
∣
∣
∣

1 0 0
0 1 0

2/5 −3/5 −1/5

⎞

⎠ ≡ M′.

The left half of M′ is in triangular form. However, we want all entries above
any 1 in a column to be zero as well, i.e., we want the left-hand matrix to
be 1. We can do this by appropriate use of type 3 elementary row operations:

M′ −−−−−−→−2(2)+(1)

⎛

⎝
1 0 3
0 1 −2
0 0 1

∣
∣
∣
∣
∣
∣

1 −2 0
0 1 0

2/5 −3/5 −1/5

⎞

⎠

−−−−−−→−3(3)+(1)

⎛

⎝
1 0 0
0 1 −2
0 0 1

∣
∣
∣
∣
∣
∣

−1/5 −1/5 3/5
0 1 0

2/5 −3/5 −1/5

⎞

⎠

−−−−−→
2(3)+(2)

⎛

⎝
1 0 0
0 1 0
0 0 1

∣
∣
∣
∣
∣
∣

−1/5 −1/5 3/5
4/5 −1/5 −2/5
2/5 −3/5 −1/5

⎞

⎠ .

The right half of the resulting matrix is A−1.

Example 5.5.10 It is instructive to start with a matrix that is not invertible
and show that it is impossible to turn it into 1 by elementary row operations.
Consider the matrix

B =
⎛

⎝
2 −1 3
1 −2 1

−1 5 0

⎞

⎠ .

Let us systematically bring it into triangular form:

M =
⎛

⎝
2 −1 3
1 −2 1

−1 5 0

∣
∣
∣
∣
∣
∣

1 0 0
0 1 0
0 0 1

⎞

⎠ −−−−→
(1)↔(2)

⎛

⎝
1 −2 1
2 −1 3

−1 5 0

∣
∣
∣
∣
∣
∣

0 1 0
1 0 0
0 0 1

⎞

⎠

−−−−−−→−2(1)+(2)

⎛

⎝
1 −2 1
0 3 1

−1 5 0

∣
∣
∣
∣
∣
∣

0 1 0
1 −2 0
0 0 1

⎞

⎠

−−−−→
(1)+(3)

⎛

⎝
1 −2 1
0 3 1
0 3 1

∣
∣
∣
∣
∣
∣

0 1 0
1 −2 0
0 1 1

⎞

⎠
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−−−−−→−(2)+(3)

⎛

⎝
1 −2 1
0 3 1
0 0 0

∣
∣
∣
∣
∣
∣

0 1 0
1 −2 0

−1 3 1

⎞

⎠

−−→
1
3 (2)

⎛

⎝
1 −2 1
0 1 1/3
0 0 0

∣
∣
∣
∣
∣
∣

0 1 0
1/3 −2/3 0
−1 3 1

⎞

⎠ .

The matrix B is now in triangular form, but its third row contains all zeros.
There is no way we can bring this into the form of a unit matrix. We therefore
conclude that B is not invertible. This is, of course, obvious, since it can
easily be verified that B has a vanishing determinant.

Rank of a Matrix
Given any M ×N matrix A, an operator TA ∈L(VN,WM) can be associated
with A, and one can construct the kernel and the range of TA. The rank of TA

is called the rank of A. Since the rank of an operator is basis independent,rank of a matrix
this definition makes sense.

Now suppose that we choose a basis for the kernel of TA and extend
it to a basis of V. Let V1 denote the span of the remaining basis vectors.
Similarly, we choose a basis for TA(V) and extend it to a basis for W. In
these two bases, the M × N matrix representing TA will have all zeros ex-
cept for an r × r submatrix, where r is the rank of TA. The reader may
verify that this submatrix has a nonzero determinant. In fact, the submatrix
represents the isomorphism between V1 and TA(V), and, by its very con-
struction, is the largest such matrix. Since the determinant of an operator is
basis-independent, we have the following proposition.

Proposition 5.5.11 The rank of a matrix is the dimension of the largest
(square) submatrix whose determinant is not zero.

5.5.3 Dual Determinant Function

Let V and V∗ be N -dimensional dual vector spaces, and let ��� : VN ×V∗N →
C be a function defined by

���
(|v1〉, . . . , |vN 〉,φφφ1, . . . ,φφφN

) = det
(
φφφi

(|vj 〉
))

, φφφi ∈ V∗, |vj 〉 ∈ V.

(5.30)
By Theorem 5.5.2, ��� is a skew-symmetric linear function in |v1〉, . . . , |vN 〉
as well as in φφφ1, . . . ,φφφN . Considering the first set of arguments and taking
a nonzero determinant function ��� in V, we can write

���
(|v1〉, . . . , |vN 〉,φφφ1, . . . ,φφφN

) =��� ·���(φφφ1, . . . ,φφφN)
︸ ︷︷ ︸

∈C

by Corollary 2.6.8. We note that ��� is a determinant function in V∗. Thus,
again by Corollary 2.6.8,

���(φφφ1, . . . ,φφφN) = β ·���∗(φφφ1, . . . ,φφφN),
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for some nonzero determinant function ���∗ in V∗ and some β ∈ C. Combin-
ing the last two equations, we obtain

���
(|v1〉, . . . , |vN 〉,φφφ1, . . . ,φφφN

) = β���
(|v1〉, . . . , |vN 〉)���∗(φφφ1, . . . ,φφφN).

(5.31)
Now let {εεε}Ni=1 and {|ej 〉}Nj=1 be dual bases. Then Eq. (5.30) gives

���
(|e1〉, . . . , |eN 〉,εεε1, . . . ,εεεN

) = det(δij ) = 1,

and Eq. (5.31) yields

1 = β���
(|e1〉, . . . , |eN 〉)���∗(εεε1, . . . ,εεεN).

This implies that β �= 0. Multiplying both sides of (5.30) by α ≡ β−1 and
using (5.31), we obtain

Proposition 5.5.12 For any pair of nonzero determinant functions ��� and
���∗ in V and V∗, respectively, there is a nonzero constant α ∈ C such that

���
(|v1〉, . . . , |vN 〉)���∗(φφφ1, . . . ,φφφN) = α det

(
φφφi

(|vj 〉
))

for |vj 〉 ∈ V and φφφi ∈ V∗.

Definition 5.5.13 Two nonzero determinant function ��� and ���∗ in V and
V∗, respectively, are called dual if dual determinant

functions

���
(|v1〉, . . . , |vN 〉)���∗(φφφ1, . . . ,φφφN) = det

(
φφφi

(|vj 〉
))

.

It is clear that if ��� and ���∗ are any two determinant functions, then ��� and
α−1���∗ are dual. Furthermore, if ���∗

1 and ���∗
2 are dual to ���, then ���∗

1 = ���∗
2,

because they both satisfy the equation of Definition 5.5.13 and ��� is nonzero.
We thus have

Proposition 5.5.14 Every nonzero determinant function in V has a unique
dual determinant function.

Here is another way of proving the equality of the determinants of a ma-
trix and its transpose:

Proposition 5.5.15 Let T∗ ∈ End(V∗) be the dual of T ∈ End(V). Then
det T∗ = det T. In particular, det Tt = det T.

Proof Use Definition 5.5.13 to get

���
(|v1〉, . . . , |vN 〉)���∗(T∗φφφ1, . . . , T∗φφφN

) = det
(
T∗φφφi

(|vj 〉
))

or

det T∗ ·���(|v1〉, . . . , |vN 〉)���∗(φφφ1, . . . ,φφφN) = det
(
T∗φφφi

(|vj 〉
))

.
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Furthermore,

���
(
T|v1〉, . . . , T|vN 〉)���∗(φφφ1, . . . ,φφφN) = det

(
φφφi

(
T|vj 〉

))

or

det T ·���(|v1〉, . . . , |vN 〉)���∗(φφφ1, . . . ,φφφN) = det
(
φφφi

(
T|vj 〉

))
.

Now noting that T∗φφφi(|vj 〉) ≡φφφi(T|vj 〉), we obtain the equality of the deter-
minant of T and T∗, and by Proposition 5.2.2, the equality of the determinant
of T and Tt . �

5.6 The Trace

Another intrinsic quantity associated with an operator that is usually defined
in terms of matrices is given in the following definition.

Definition 5.6.1 Let A be an N × N matrix. The mapping tr :MN×N →C

(or R) given by tr A = ∑N
i=1 αii is called the trace of A.trace of a square matrix

Theorem 5.6.2 The trace is a linear mapping. Furthermore,

tr(AB) = tr(BA) and tr At = tr A.

Proof To prove the first identity, we use the definitions of the trace and the
matrix product:

tr(AB) =
N∑

i=1

(AB)ii =
N∑

i=1

N∑

j=1

(A)ij (B)ji =
N∑

i=1

N∑

j=1

(B)ji(A)ij

=
N∑

j=1

(
N∑

i=1

(B)ji(A)ij

)

=
N∑

j=1

(BA)jj = tr(BA).

The linearity of the trace and the second identity follow directly from the
definition. �

Example 5.6.3 In this example, we show a very useful connection betweenconnection between
trace and determinant the trace and the determinant that holds when a matrix is only infinitesimally

different from the unit matrix. Let us calculate the determinant of 1 + εA to
first order in ε. Using the definition of determinant, we write

det(1 + εA) =
n∑

i1,...,in=1

εi1...in (δ1i1 + εα1i1) . . . (δnin + εαnin)

=
n∑

i1,...,in=1

εi1...inδ1i1 . . . δnin

+ ε

n∑

k=1

n∑

i1,...,in=1

εi1...inδ1i1 . . . δ̂kik . . . δninαkik .
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The first sum is just the product of all the Kronecker deltas. In the second
sum, δ̂kik means that in the product of the deltas, δkik is absent. This term is
obtained by multiplying the second term of the kth parentheses by the first
term of all the rest. Since we are interested only in the first power of ε, we
stop at this term. Now, the first sum is reduced to ε12...n = 1 after all the
Kronecker deltas are summed over. For the second sum, we get

ε

n∑

k=1

n∑

i1,...,in=1

εi1...inδ1i1 . . . δ̂kik . . . δninαkik

= ε

n∑

k=1

n∑

ik=1

ε12...ik ...nαkik

= ε

n∑

k=1

ε12...k...nαkk = ε

n∑

k=1

αkk = ε tr A, (5.32)

where the last line follows from the fact that the only nonzero value for
ε12...ik ...n is obtained when ik is equal to the missing index, i.e., k, in which
case it will be 1. Thus det(1 + εA) = 1 + ε tr A.

Similar matrices have the same trace: If A′ = RAR−1, then

tr A′ = tr
(
RAR−1) = tr

[
R
(
AR−1)] = tr

[(
AR−1)R

]

= tr
[
A
(
R−1R

)] = tr(A1) = tr A.

The preceding discussion is summarized in the following proposition.

Proposition 5.6.4 To every operator A ∈L(V) are associated two intrinsic
numbers, det A and tr A, which are the determinant and trace of the matrix
representation of the operator in any basis of V.

It follows from this proposition that the result of Example 5.6.3 can be
written in terms of operators:

det(1 + εA) = 1 + ε tr A. (5.33)

A particularly useful formula that can be derived from this equation is the
derivative at t = 0 of an operator A(t) depending on a single variable with
the property that A(0) = 1. To first order in t , we can write A(t) = 1+ tȦ(0)

where a dot represents differentiating with respect to t . Substituting this
in Eq. (5.33) and differentiating with respect to t , we obtain the important
result

d

dt
det

(
A(t)

)
∣
∣
∣
∣
t=0

= tr Ȧ(0). (5.34)

Example 5.6.5 We have seen that the determinant of a product of matrices
is the product of the determinants. On the other hand, the trace of a sum relation between

determinant and traceof matrices is the sum of traces. When dealing with numbers, products and
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sums are related via the logarithm and exponential: αβ = exp{lnα + lnβ}.
A generalization of this relation exists for diagonalizable matrices, i.e., ma-
trices which can be transformed into diagonal form by a suitable similarity
transformation. Let A be such a matrix, i.e., let D = RAR−1 for some simi-
larity transformation R and some diagonal matrix D = diag(λ1, λ2, . . . , λn).
The determinant of a diagonal matrix is simply the product of its elements:

det D = λ1λ2 . . . λn.

Taking the natural log of both sides and using the result of Example 5.2.6,
we have

ln(det D) = lnλ1 + lnλ2 + · · · + lnλn = tr(ln D),

which can also be written as det D = exp{tr(ln D)}.
In terms of A, this reads det(RAR−1) = exp{tr(ln(RAR−1))}. Now invoke

the invariance of determinant and trace under similarity transformation and
the result of Example 5.4.4 to obtain

det A = exp
{
tr
(
R(ln A)R−1)} = exp

{
tr(ln A)

}
. (5.35)

This is an important equation, which is sometimes used to define the deter-
minant of operators in infinite-dimensional vector spaces.

Both the determinant and the trace are mappings from MN×N to C. The
determinant is not a linear mapping, but the trace is; and this opens up the
possibility of defining an inner product in the vector space of N × N matri-
ces in terms of the trace:

Proposition 5.6.6 For any two matrices A,B ∈ MN×N , the mapping

g :MN×N ×MN×N → C

defined by g(A,B) = tr(A†B) is a sesquilinear inner product.

Proof The proof follows directly from the linearity of trace and the defini-
tion of hermitian conjugate. �

Just as determinant of an operator was defined in terms of the operator
itself (see Definition 2.6.10), the trace of an operator can be defined similarly
as follows. Let ��� be a nonzero determinant function in V, and T ∈ L(V).
Define tr T by

N∑

i=1

���
(|a1〉, . . . , T|ai〉, . . . , |aN 〉) = (tr T) ·���(|a1〉, . . . , |aN 〉). (5.36)

Then one can show that tr T = tr T, for any matrix T representing T in some
basis of V. The details are left as an exercise for the reader.
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5.7 Problems

5.1 Show that if |c〉 = |a〉 + |b〉, then in any basis the components of |c〉
are equal to the sums of the corresponding components of |a〉 and |b〉. Also
show that the elements of the matrix representing the sum of two operators
are the sums of the elements of the matrices representing those two opera-
tors.

5.2 Show that the unit operator 1 is represented by the unit matrix in any
basis.

5.3 The linear operator A :R3 → R
2 is given by

A

⎛

⎝
x

y

z

⎞

⎠ =
(

2x + y − 3z

x + y − z

)

.

Construct the matrix representing A in the standard bases of R3 and R
2.

5.4 Find the matrix representation of the complex structure J on a real vec-
tor space V introduced in Sect. 2.4 in the basis

{|e1〉, |e2〉, . . . , |em〉, J|e1〉, J|e2〉, . . . , J|em〉}.

5.5 The linear transformation T :R3 → R
3 is defined as

T(x1, x2, x3) = (x1 + x2 − x3,2x1 − x3, x1 + 2x2).

Find the matrix representation of T in

(a) the standard basis of R3,
(b) the basis consisting of |a1〉 = (1,1,0), |a2〉 = (1,0,−1), and |a3〉 =

(0,2,3).

5.6 Prove that for Eq. (5.6) to hold, we must have

(
MBU

BV
(B ◦ A)

)
kj

=
M∑

i=1

(
MBU

BW
(B)

)
ki

(
MBW

BV
(A)

)
ij

5.7 Show that the diagonal elements of an antisymmetric matrix are all zero.

5.8 Show that the number of independent real parameters for an N × N

(a) (real) symmetric matrix is N(N + 1)/2,
(b) (real) antisymmetric matrix is N(N − 1)/2,
(c) (real) orthogonal matrix is N(N − 1)/2,
(d) (complex) unitary matrix is N2,
(e) (complex) hermitian matrix is N2.
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5.9 Show that an arbitrary orthogonal 2 × 2 matrix can be written in one of
the following two forms:

(
cos θ − sin θ

sin θ cos θ

)

or

(
cos θ sin θ

sin θ − cos θ

)

.

The first is a pure rotation (its determinant is +1), and the second has deter-
minant −1. The form of the choices is dictated by the assumption that the
first entry of the matrix reduces to 1 when θ = 0.

5.10 Derive the formulas

cos(θ1 + θ2) = cos θ1 cos θ2 − sin θ1 sin θ2,

sin(θ1 + θ2) = sin θ1 cos θ2 + cos θ1 sin θ2

by noting that the rotation of the angle θ1 + θ2 in the xy-plane is the product
of two rotations. (See Problem 5.9.)

5.11 Prove that if a matrix M satisfies MM† = 0, then M = 0. Note that in
general, M2 = 0 does not imply that M is zero. Find a nonzero 2 × 2 matrix
whose square is zero.

5.12 Construct the matrix representations of

D : Pc
4[t] → Pc

4[t] and T : Pc
3[t] → Pc

4[t],
the derivative and multiplication-by-t operators. Choose {1, t, t2, t3} as your
basis of Pc

3[t] and {1, t, t2, t3, t4} as your basis of Pc
4[t]. Use the matrix of

D so obtained to find the first, second, third, fourth, and fifth derivatives of
a general polynomial of degree 4.

5.13 Find the transformation matrix R that relates the (orthonormal) stan-
dard basis of C3 to the orthonormal basis obtained from the following vec-
tors via the Gram-Schmidt process:

|a1〉 =
⎛

⎝
1
i

0

⎞

⎠ , |a2〉 =
⎛

⎝
0
1
−i

⎞

⎠ , |a3〉 =
⎛

⎝
i

0
−1

⎞

⎠ .

Verify that R is unitary, as expected from Theorem 5.4.2.

5.14 If the matrix representation of an endomorphism T of C2 with respect
to the standard basis is

( 1 1
1 1

)
, what is its matrix representation with respect

to the basis
{( 1

1

)
,
( 1

−1

)}
?

5.15 If the matrix representation of an endomorphism T of C3 with respect
to the standard basis is

⎛

⎝
0 1 1
1 0 −1

−1 −1 0

⎞

⎠
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what is the representation of T with respect to the basis

⎧
⎨

⎩

⎛

⎝
0
1

−1

⎞

⎠ ,

⎛

⎝
1

−1
1

⎞

⎠ ,

⎛

⎝
−1
1
0

⎞

⎠

⎫
⎬

⎭
?

5.16 Using Theorem 5.5.1, calculate the determinant of a general 3 × 3
matrix and obtain the familiar expansion of such a determinant in terms of
the first row of the matrix.

5.17 Using Theorem 5.5.1, show that if two rows (two columns) of a matrix
are equal, then its determinant is zero.

5.18 Show that det(αA) = αN det A for an N × N matrix A and a complex
number α.

5.19 Show that det 1 = 1 for any unit matrix.

5.20 Find a specific pair of matrices A and B such that det(A+B) �= det A+
det B. Therefore, the determinant is not a linear mapping. Hint: Any pair of
matrices will most likely work. In fact, the challenge is to find a pair such
that det(A + B) = det A + det B.

5.21 Let A be any N × N matrix. Replace its ith row (column) with any
one of its other rows (columns), leaving the latter unchanged. Now expand
the determinant of the new matrix by its ith row (column) to show that

N∑

j=1

(A)ji(cof A)jk =
N∑

j=1

(A)ij (cof A)kj = 0, k �= i.

5.22 Demonstrate the result of Problem 5.21 using an arbitrary 4×4 matrix
and evaluating the sum explicitly.

5.23 Suppose that A is represented by A in one basis and by A′ in an-
other, related to the first by a similarity transformation R. Show directly
that det A′ = det A.

5.24 Show explicitly that det(AB) = det A det B for 2 × 2 matrices.

5.25 Given three N × N matrices A, B, and C such that AB = C with C

invertible, show that both A and B must be invertible. Thus, any two oper-
ators A and B on a finite-dimensional vector space satisfying AB = 1 are
invertible and each is the inverse of the other. Note: This is not true for
infinite-dimensional vector spaces.
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5.26 Show directly that the similarity transformation induced by R does not
change the determinant or the trace of A where

R =
⎛

⎝
1 2 −1
0 1 −2
2 1 −1

⎞

⎠ and A =
⎛

⎝
3 −1 2
0 1 −2
1 −3 −1

⎞

⎠ .

5.27 Find the matrix that transforms the standard basis of C3 to the vectors

|a1〉 =

⎛

⎜
⎜
⎜
⎝

1√
2

1√
6

1+i√
6

⎞

⎟
⎟
⎟
⎠

, |a2〉 =

⎛

⎜
⎜
⎜
⎝

−i√
2

i√
6

−1+i√
6

⎞

⎟
⎟
⎟
⎠

, |a3〉 =

⎛

⎜
⎜
⎜
⎝

0
−2√

6

1+i√
6

⎞

⎟
⎟
⎟
⎠

.

Show that this matrix is unitary.

5.28 Consider the three operators L1, L2, and L3 satisfying

[L1, L2] = iL3, [L3, L1] = iL2, [L2, L3] = iL1.

Show that the trace of each of these operators is necessarily zero.

5.29 Show that in the expansion of the determinant given in Theorem 5.5.1,
no two elements of the same row or the same column can appear in each
term of the sum.

5.30 Find the inverse of the following matrices if they exist:

A =
⎛

⎝
3 −1 2
1 0 −3

−2 1 −1

⎞

⎠ , B =
⎛

⎝
0 1 −1
1 2 0

−1 −2 1

⎞

⎠ ,

C =
⎛

⎝
1 0 1
0 1 0
1 0 −1

⎞

⎠ .

5.31 Find inverses for the following matrices using both methods discussed
in this chapter.

A =
⎛

⎝
2 1 −1
2 1 2

−1 −2 −2

⎞

⎠ , B =
⎛

⎝
1 2 −1
0 1 −2
2 1 −1

⎞

⎠ ,

C =
⎛

⎝
1 −1 1

−1 1 1
1 −1 −2

⎞

⎠ ,

D =

⎛

⎜
⎜
⎝

1/
√

2 0 (1 − i)/(2
√

2) (1 + i)/(2
√

2)

0 1/
√

2 (1 − i)/(2
√

2) −(1 + i)/(2
√

2)

1/
√

2 0 −(1 − i)/(2
√

2) −(1 + i)/(2
√

2)

0 1/
√

2 −(1 − i)/(2
√

2) (1 + i)/(2
√

2)

⎞

⎟
⎟
⎠ .
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5.32 Let A be an operator on V. Show that if det A = 0, then there exists a
nonzero vector |x〉 ∈ V such that A|x〉 = 0.

5.33 For which values of α are the following matrices invertible? Find the
inverses whenever they exist.

A =
⎛

⎝
1 α 0
α 1 α

0 α 1

⎞

⎠ , B =
⎛

⎝
α 1 0
1 α 1
0 1 α

⎞

⎠ ,

C =
⎛

⎝
0 1 α

1 α 0
α 0 1

⎞

⎠ , D =
⎛

⎝
1 1 1
1 1 α

1 α 1

⎞

⎠ .

5.34 Let {ai}Ni=1, be the set consisting of the N rows of an N × N matrix A
and assume that the ai are orthogonal to each other. Show that

|det A| = ‖a1‖ ‖a2‖ · · · ‖aN‖.
Hint: Consider AA†. What would the result be if A were a unitary matrix?

5.35 Prove that a set of n homogeneous linear equations in n unknowns has
a nontrivial solution if and only if the determinant of the matrix of coeffi-
cients is zero.

5.36 Use determinants to show that an antisymmetric matrix whose dimen-
sion is odd cannot have an inverse.

5.37 Let V be a real inner product space. Let ��� : VN ×VN →R be a func-
tion defined by

���
(|v1〉, . . . , |vN 〉, |u1〉, . . . , |uN 〉) = det

(〈ui |vj 〉
)
.

Follow the same procedure as in Sect. 5.5.3 to show that for any determinant
function ��� in V there is a nonzero constant α ∈R such that

���
(|v1〉, . . . , |vN 〉)���(|u1〉, . . . , |uN 〉) = α det

(〈ui |vj 〉
)

for |ui〉, |vj 〉 ∈ V.

5.38 Show that tr(|a〉〈b|) = 〈b|a〉. Hint: Evaluate the trace in an orthonor-
mal basis.

5.39 Show that if two invertible N ×N matrices A and B anticommute (that
is, AB + BA = 0), then (a) N must be even, and (b) tr A = tr B = 0.

5.40 Show that for a spatial rotation Rn̂(θ) of an angle θ about an arbitrary
axis n̂, trRn̂(θ) = 1 + 2 cos θ .

5.41 Express the sum of the squares of elements of a matrix as a trace. Show
that this sum is invariant under an orthogonal transformation of the matrix.
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5.42 Let S and A be a symmetric and an antisymmetric matrix, respectively,
and let M be a general matrix. Show that

(a) tr M = tr Mt ,
(b) tr(SA) = 0; in particular, tr A = 0,
(c) SA is antisymmetric if and only if [S,A] = 0,
(d) MSMt is symmetric and MAMt is antisymmetric,
(e) MHM† is hermitian if H is.

5.43 Find the trace of each of the following linear operators:

(a) T : R3 →R
3 given by

T(x, y, z) = (x + y − z,2x + 3y − 2z, x − y).

(b) T : R3 →R
3 given by

T(x, y, z) = (y − z, x + 2y + z, z − y).

(c) T : C4 →C
4 given by

T(x, y, z,w) = (x + iy − z+ iw,2ix + 3y − 2iz−w,x − iy, z+ iw).

5.44 Use Eq. (5.35) to derive Eq. (5.33).

5.45 Suppose that there are two operators A and B such that [A, B] = c1,
where c is a constant. Show that the vector space in which such operators
are defined cannot be finite-dimensional. Conclude that the position and mo-
mentum operators of quantum mechanics can be defined only in infinite di-
mensions.

5.46 Use Eq. (5.36) to show that tr T = tr T, for any matrix T representing T
in some basis of V.
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