Operator Algebra

Chapter 3 introduced algebras, i.e., vector spaces in which one can multiply
two vectors to obtain a third vector. In this chapter, we want to investigate
the algebra of linear transformations.

4.1 Algebra of End(V)

The product in the algebra of the endomorphisms End(V) of a vector space
V is defined as the composition of maps. In addition to the zero element,
which is present in all algebras, End(V) has an identity element, 1, which
satisfies the relation 1|a) = |a) for all |a) € V. Thus, End(V) is a unital
algebra. With 1 in our possession, we can ask whether it is possible to find an
operator T~! with the property that T~!T = TT~! = 1. Generally speaking,
only bijective mappings have inverses. Therefore, only automorphisms of a
vector space are invertible.

Example 4.1.1 Let the linear operator T : R3 — R3 be defined by
T(x1, x2,x3) = (x1 + x2, X2 + X3, X1 + x3).

We want to see whether T is invertible and, if so, find its inverse. T has an
inverse if and only if it is bijective. By the comments after Theorem 2.3.13
this is the case if and only if T is either surjective or injective. The lat-
ter is equivalent to ker T = |0). But ker T is the set of all vectors satisfying
T(x1, x2,x3)=(0,0,0), or

X1 +x2=0, x2+x3=0, x1+x3=0.

The reader may check that the unique solution to these equations is x| =
x2 = x3 = 0. Thus, the only vector belonging to kerT is the zero vector.
Therefore, T has an inverse.

To find T~! apply T 'T=110 (x1,x2, x3):

(1, %2, %3) = T 1T (x1, 02, x3) =T (1 4 x2, X2 + x3, %1 + x3).
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This equation demonstrates how T~! acts on vectors. To make this more
apparent, we let x; + xp = x, xo +x3 =y, x| + x3 = z, solve for x1, x2, and
x3 in terms of x, y, and z, and substitute in the preceding equation to obtain

1
T‘l(x,y,z)zE(x—y+z,x+y—z,—x+y+Z)-

Rewriting this equation in terms of x1, x», and x3 gives
1 1
T (x1,x2,x3) = E(Xl — X2 + X3, X1 + X2 — x3, —x1 +x2 + x3).

We can easily verify that T-!T =1 and that TT~! = 1.

Since End(V) is associative, Theorem 3.1.2 applies to it. Nevertheless,
we restate it in the context of operators as a corollary in which we also
include a generalization of Theorem 2.3.19:

Corollary 4.1.2 The inverse of a linear operator is unique. If T and S are
two invertible linear operators on 'V, then TS is also invertible and

(Ts)~'=s~171,

The following proposition, whose straightforward proof is left as an ex-
ercise for the reader, turns out to be useful later on:

Proposition 4.1.3 An endomorphism T € End(V) is invertible iff it sends a
basis of 'V onto another basis of V.

Let V; and V; be vector spaces and £1(V{) and L£,(V>) the set of their
endomorphisms. A natural definition of £ (V| ® V,) is given by

LVI@V)=(L1®L)(V1I®V2) =L1(V)) ® La(V2). 4.1)
In particular, if Vi =C, V, =V is a real vector space, then
L(C®V)=L(VE), 4.2)

where VC is the complexification of V as given in Definition 2.4.8. It is
important to note that

LC@V)ZCRL(OV)

because £(C) 2 C.

4.1.1 Polynomials of Operators

From Sect. 3.6, we know that we can construct polynomials of T € End(V)
such as

p(M=apl+a;T+wT? + - +a,T.
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We shall use these polynomials as starting points for constructing functions
of operators.

Example 4.1.4 Let Ty : R — R? be the linear operator that rotates vectors
in the xy-plane through the angle 6, that is,

To(x,y) = (xcosf — ysinb, xsin6 + ycos6).
We are interested in powers of Ty:

/ /

X y

Tg(x, y)=Ty (x cosf — ysin6, xsinf + ycos&)
= (x"cos6 — y'sin6, x"sin6 + y’ cos )
= ((x cosf — ysinf)cosf — (xsinf 4 ycos ) sinb,
(xcosf — ysinf)sinf + (x sinf + ycos@)cos@)
= (x cos26 — ysin20, x sin260 + y cos 26).

Thus, T? rotates (x, y) by 26. Similarly, one can show that
Tg(x, y) = (xcos36 — ysin360, x sin360 + y cos30),

and in general, Tz (x,y) = (xcosnf — ysinn6, x sinnd + y cosné), which
shows that Ty is a rotation of (x, y) through the angle n0, that is, Ty =T,.
This result could have been guessed because Tj is equivalent to rotating
(x, y) n times, each time by an angle 6.

Negative powers of an invertible linear operator T are defined by T~ =
(T~1™. The exponents of T satisfy the usual rules.' In particular, for any
two integers m and n (positive or negative), T"T" = T"*" and (T")" = T,
The first relation implies that the inverse of T is T~™. One can further gen-
eralize the exponent to include fractions and ultimately all real numbers; but
we need to wait until Chap. 6, in which we discuss the spectral decomposi-
tion theorem.

Example 4.1.5 Let us evaluate T," for the operator of the previous exam-
ple. First, let us find T, ! (see Fig. 4.1). We are looking for an operator such
that T, ' T (x, y) = (x, y), or

T, (xcos® — ysind, xsinf + ycosd) = (x, y). (4.3)

We define x’ = xcos® — ysinf and y' = xsinf + y cosd and solve x and
v in terms of x” and y’ to obtain x = x’ cos8 + y’sinf and y = —x’sinf +
v’ cos 6. Substituting for x and y in Eq. (4.3) yields

T, (x',y') = (x'cos6 + y'sinf, —x'sind + y’ cosb).

IThese rules apply to any associative algebra, not just to End(V).
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T, (x.)

0 (x.y)

T, (x.y)

Fig. 4.1 The operator Ty and its inverse as they act on a point in the plane

Comparing this with the action of Ty in the previous example, we discover
that the only difference between the two operators is the sign of the sin6
term. We conclude that T, ! has the same effect as T_p. So we have

T,'=T4 and T,"=(T,)" =(T_0)" =T_.
It is instructive to verify that T,"Tj = 1:

/ /

X y

T,"Th(x,y) =T, (xcosnf — ysinn6, x sinnd + y cosn)
= (xcosnd + y'sinnf, —x" sinnb + y' cosnf)
= ((x cosnf — ysinnf) cosnf + (x sinnb + ycosnb) sinnf,
—(x cosnf — ysinn6)sinnd + (x sinnb + y cosnf) cos n@)

=(x (0052 né + sin® no), y(sin2 n6 + cos? no)) = (x, ).
Similarly, we can show that TZTQ_ "(x,y) = (x,Y).

One has to keep in mind that p(T) is not, in general, invertible, even if T
is. In fact, the sum of two invertible operators is not necessarily invertible.
For example, although T and —T are invertible, their sum, the zero operator,
is not.

4.1.2 Functions of Operators

We can go one step beyond polynomials of operators and, via Taylor expan-
sion, define functions of them. Consider an ordinary function f(x), which
has the Taylor expansion

o]

_ k dk
o=y e

' Ik
P k! dx

X=X(
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in which xq is a point where f(x) and all its derivatives are defined. To this
function, there corresponds a function of the operator T, defined as

>, d* T — xoD*
rm=y21) Tonb k’f“.

(4.4)
k
= dx

X=X0

Because this series is an infinite sum of operators, difficulties may arise
concerning its convergence. However, as will be shown in Chap. 6, f(T)
is always defined for finite-dimensional vector spaces. In fact, it is always a
polynomial in T (see also Problem 4.1). For the time being, we shall think of
f(T) as a formal infinite series. A simplification results when the function
can be expanded about x = 0. In this case we obtain

OO dk Tk
o=

4.5)
k
= dx

A widely used function is the exponential, whose expansion is easily found
to be

T ¢ Tk
e =exp(T) = Tk 4.6)
k=0

Example 4.1.6 Let us evaluate exp(aT) when T: R?> — R? is given by
T(x,y) =(=y,x).

We can find a general formula for the action of T" on (x, y). Start with
n=2:

T2(x,y) =T(=y, %) = (=x, —y) = —(x, ) = —1(x, y).

Thus, T? = —1. From T and T? we can easily obtain higher powers of T. For
example: T> = T(T?) = —T, T* = T>T? =1, and in general,

M= (=)™ forn=0,1,2,...
T2n+1 — (_1)"T forn :0, 1,2,

Thus,

o« @1 @D & @D & (@D
exp(aT) = Z P Z ! _g(2k+l)!+§ (2k)!

n odd ’ n even
o 2k+1T2k+l

ad o
- Qk+ 1! +kz (2!

2k T2k

1)]( 2k+1 1)k 2k

=0
S NS
(2k + 1)! 2k)!

k=0
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generator of the rotation

commutator defined

S (_l)ka2k+l o0 (_l)kaZk

Z ! .
= 2k +1)! P (2k)!
The two series are recognized as sin « and cos «, respectively. Therefore, we
get
T = Tsina + 1cosa,

which shows that ¢*T is a polynomial (of first degree) in T.
The action of ¢*T on (x, y) is given by

e"‘T(x, y) = (sinaT+cosa1)(x,y) =sinaT(x, y) +cosal(x,y)
= (sina)(—y, x) + (cosa)(x, y)
= (—ysinw, x sina) + (x coso, ycosa)

= (xcosa — ysina, x sina + ycosa).

The reader will recognize the final expression as a rotation in the xy-plane
through an angle «. Thus, we can think of ¢®T as a rotation operator of angle
« about the z-axis. In this context T is called the generator of the rotation.

4.1.3 Commutators

The result of multiplication of two operators depends on the order in which
the operators appear. This means that if T, U € £(V), then TU € £(V) and
UT € £(V); however, in general UT # TU. When this is the case, we say that
U and T do not commute. The extent to which two operators fail to commute
is given in the following definition.

Definition 4.1.7 The commutator [U, T] of the two operators U and T in
L (V) is another operator in £(V), defined as

[U, TI=UT-TU.
An immediate consequence of this definition is the following:

Proposition 4.1.8 For S, T,U € L(V) and «, 8 € C (or R), we have

(U, T]=—[T, U], antisymmetry

[«U, BT] =aB[U, T], linearity

[S, T+U]=[S,T]+[S, U], linearity in the right entry
[S+T,U]l=[S,U]+[T, U], linearity in the left entry
[ST, U] =S[T, U] +[S, UJT, right derivation property
[S, TU] =[S, TIU+TI[S, U], left derivation property

[[S,T1, U] +[[U,S], T] + [T, UL, S] =0, Jacobi identity
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Proof In almost all cases the proof follows immediately from the definition.
The only minor exceptions are the derivation properties. We prove the left
derivation property:

[S, TU] = S(TU) — (TU)S = STU — TUS -+ TSU — TSU
| ——;
=0

=(ST—-TS)U+T(SU—-US) =[S, TIU+ T[S, U].
The right derivation property is proved in exactly the same way. (I
A useful consequence of the definition and Proposition 4.1.8 is
[A,A"]=0 form=0,+1,+2,....
In particular, [A, 1] =0 and [A, A l1=o0.
An example of the commutators of operators is that of D and T defined

in Example 2.3.5. The reader is urged to verify that

[D, T]=1 4.7)

4.2 Derivatives of Operators

Up to this point we have been discussing the algebraic properties of op-
erators, static objects that obey certain algebraic rules and fulfill the static
needs of some applications. However, physical quantities are dynamic, and
if we want operators to represent physical quantities, we must allow them to
change with time. This dynamism is best illustrated in quantum mechanics,
where physical observables are represented by operators.

Let us consider a mapping H : R — End(V), which? takes in a real num-
ber and gives out a linear operator on the vector space V. We denote the
image of r € R by H(z), which acts on the underlying vector space V.
The physical meaning of this is that as ¢ (usually time) varies, its image
H(¢) also varies. Therefore, for different values of ¢, we have different op-
erators. In particular, [H(¢), H(¢')] # 0 for ¢ # t’. A concrete example is
an operator that is a linear combination of the operators D and T intro-
duced in Example 2.3.5, with time-dependent scalars. To be specific, let
H(t) = Dcoswt + Tsinwt, where w is a constant. As time passes, H(z)
changes its identity from D to T and back to D. Most of the time it has a
hybrid identity! Since D and T do not commute [see Eq. (4.7)], values of
H(#) for different times do not necessarily commute.

Of particular interest are operators that can be written as exp(H(?)),
where H(?) is a “simple” operator; i.e., the dependence of H(¢) on ¢ is sim-

2Strictly speaking, the domain of H must be an interval [a, b] of the real line, because
H may not be defined for all R. However, for our purposes, such a fine distinction is not
necessary.

a time-dependent
operator does not
commute with itself at
different times
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Euler’s theorem and
Euler angles

derivative of an operator

pler than the corresponding dependence of exp(H(#)). We have already en-
countered such a situation in Example 4.1.6, where it was shown that the
operation of rotation around the z-axis could be written as exp(aT), and the
action of T on (x, y) was a great deal simpler than the corresponding action
of exp(aT).

Such a state of affairs is very common in physics. In fact, it can be shown
that many operators of physical interest can be written as a product of sim-
pler operators, each being of the form exp(aT). For example, we know from
Euler’s theorem in mechanics that an arbitrary rotation in three dimensions
can be written as a product of three simpler rotations, each being a rotation
through a so-called Euler angle about an axis.

Definition 4.2.1 For the mapping H:R — End(V), we define the deriva-
tive as

dH . H@+ At) —H(@)

— = lim ———,

dt  Ar—0 At

This derivative also belongs to End(V).

As long as we keep track of the order, practically all the rules of differ-
entiation apply to operators. For example,

d du dT
—WUT) =—T+U—.
dt( ) dt + dt

We are not allowed to change the order of multiplication on the RHS, not
even when both operators being multiplied are the same on the LHS. For
instance, if we let U =T = H in the preceding equation, we obtain

%(HZ) =—H+H—.

.. . dH
This is not, in general, equal to 2H*7.

Example 4.2.2 Let us find the derivative of exp(tH), where H is indepen-
dent of t. Using Definition 4.2.1, we have

exp[(t + Ar)H] — exp(tH)
At '

d

— tH)= 1

2 W = Jim,
However, for infinitesimal At we have

exp[(l + At)H] —exp(tH) = oM ATH _

=M1+ HAr) — M =eMHAL

Therefore,

d ~ eMHAr H
—exp(tH) = lim =¢"H
dt At—0 At



4.2 Derivatives of Operators

109

Since H and ¢'H commute,? we also have

d

— exp(tH) = He'H,

o p(tH)
Note that in deriving the equation for the derivative of ¢'H, we have used
the relation e’He™ = ¢(+ADH This may seem trivial, but it will be shown

later that in general, ST #* eSel.

Now let us evaluate the derivative of a more general time-dependent op-
erator, exp[H(?)]:

d H(t + At)] — H(z
4 pfHO)] = fim SPIHE+AD] = expHO)
dt Ar—0 At

If H(?) possesses a derivative, we have, to the first order in At,

dH
H(t + At) =H() + At—,
dt
and we can write exp[H(¢ + Ar)] = exp[H(¢) + AtdH/dt]. It is very tempt-
ing to factor out the exp[H(#)] and expand the remaining part. However, as
we will see presently, this is not possible in general. As preparation, consider
the following example, which concerns the integration of an operator.

Example 4.2.3 The Schrodinger equation

o) =Hlw o)
latlﬂ)— v(t)

can be turned into an operator differential equation as follows. Define the
so-called evolution operator U(z) by |y (¢t)) = U(¢)|¥(0)), and substitute
in the Schrédinger equation to obtain

d
iU ¥ ) = HUO[¥ ).

Ignoring the arbitrary vector |/ (0)) results in dU/dt = —iHU(), a differen-
tial equation in U(¢), where H is not dependent on 7. We can find a solution
to such an equation by repeated differentiation followed by Taylor series
expansion. Thus,

U _ Y iH[—iHU()] = (—iH)*U(1)
— =—IH— = —IH|— =(—1

dr? dt l ’
d*U

d. . . 2dV .
—x = L[CIU0] = (W7 = (—iH U0

3This is a consequence of a more general result that if two operators commute, any pair
of functions of those operators also commute (see Problem 4.14).

evolution operator
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Baker-Campbell-
Hausdorff
formula

In general d"U/dt" = (—iH)"U(¢). Assuming that U(¢) is well-defined at
t = 0, the above relations say that all derivatives of U(¢) are also well-
defined at t = 0. Therefore, we can expand U(¢) around 7 = O to obtain

" (d"U "
Um:ZE(mn >,=OZZE(_’H) u(0)
n=0 n=0
=0 n:

But U(0) = 1 by the definition of U(r). Hence, U(r) = ¢~*"H, and
[y () =e "My (0).

Let us see under what conditions we have exp(S + T) = exp(S) exp(T).
We consider only the case where the commutator of the two operators com-
mutes with both of them:

[T.[S.Tl]]=0=[S.[S.TI].
Now consider the operator U(r) = e'3¢/Te™" 5+ and differentiate it using
the result of Example 4.2.2 and the product rule for differentiation:

du

- SetsetTe—t(S+T) + etSTetTe—t(S+T) _ etSetT(S + T)e—t(S+T)

=G!T, 1(S+T) _ 1S ,iTg,~1(S+T) (4.8)

The three factors of U(¢) are present in all terms; however, they are not
always next to one another. We can switch the operators if we introduce a
commutator. For instance, ¢'7S = Se'T + [¢'T, S].

It is left as a problem for the reader to show that if [S, T] commutes with
S and T, then [¢'T, S] = —¢[S, T]e'T, and therefore, ¢'TS = Se’T —¢[S, T]e'T.
Substituting this in Eq. (4.8) and noting that ¢’SS = SeS yields dU/dr =
t[S, T]U(¢). The solution to this equation is

2

t 1?
u@e) = exp(E[S, T]) = SeTe 16+ — exp(;[s, T])

because U(0) = 1. We thus have the following:

Proposition 4.2.4 Let S, Te L(V). If[S,[S,T]] =0 =T, [S, Tl, then the
Baker-Campbell-Hausdorff formula holds:

oIS T e—(zz /DIS.T] _ t(S+T) “4.9)

In particular, e3¢’V = ' StD) if and only if [S, T] = 0.

Ift =1, Eq. (4.9) reduces to

eSeTe—(1/DIS.T] _ S+T (4.10)
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Now assume that both H(¢) and its derivative commute with [H, dH/d¢].
Letting S =H(¢) and T = ArdH/dt in (4.10), we obtain

M+AN _ H@+A1dH/d

— eH(t)eAt(dH/dt)e—[H(t),Ath/dt]/2.

For infinitesimal At, this yields

dH 1 dH
MEFAD — HO( L A2 ) (1= ZA|{H@), —
dt 2 dt

dH 1 dH
=M1 Ar— — —At|H(t), —
e { tar— - —3 (), ik

and we have

d dH 1 dH
— MO H— _ _ My —|
dt dr 2 dt
We can also write
eH(z+At) — e[H(z)+Ath/dt] — e[Ath/dt+H(z)]

— [ AtdH/di) (1) ,~[ArdH/di H(D))/2

which yields

ie"'(’) = @eH + le" H aH .
dt dt 2 " dt

Adding the above two expressions and dividing by 2 yields the following
symmetric expression for the derivative:

d o _L(AH | wdHY _1[dH oy
dt 2\ dt dt 2 dt’ |

where {S, T} = ST 4 TS is called the anticommutator of the operators S

and T. We, therefore, have the following proposition.

Proposition 4.2.5 Let H: R — £(V) and assume that H and its derivative
commute with [H, dH/dt]. Then

d

4 oy _ L[H Wl
dt 2| dt

In particular, if [H,dH/dt] =0, then

ey~ Mon_
dt dt dt

A frequently encountered operator is F(r) = ¢/ABe™A, where A and B
are t-independent. It is straightforward to show that

dF d dF
E=[A,F(z)] and E[A,F(r)]:[A,E].

anticommutator
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generator of translation

momentum as generator
of translation

Using these results, we can write
d’F  d
dr?  dt

and in general, d"F/dt" = A"[F(¢)], where A"[F(¢)] is defined inductively
as A"[F(1)] = [A, A"~ [F(r)]], with A°[F(r)] = F(z). For example,

A[Fo]=[A A [F0]]=[A [A,A[FO]]] =[A [A [A FO]]]

Evaluating F(¢) and all its derivatives at + = 0 and substituting in the
Taylor expansion about = 0, we get

[A.FO]=[A,[A FO)]] =A*[F(0)],

>, 1" d"F >
F=) —— =Z "[FO)] Z A"[B]
n=0 1=0 n:O
That is,
0 2
e'ABe*fA=Z " A"[B] =B+ [A.B] + - 5 [A.1A.BI] +
n= 0 .

Sometimes this is written symbolically as

e'ABe A = (Z An) [B] = ¢'A[B],

n=0

where the RHS is merely an abbreviation of the infinite sum in the middle.
For t = 1 we obtain a widely used formula:

[e¢]

eABe_AzeA[B]z(Z La )[B]_B+[A B] + 1[ A.[A.B]]+

n=0

If A commutes with [A, B], then the infinite series truncates at the second
term, and we have

¢'ABe A =B +1[A, B].
For instance, if A and B are replaced by D and T of Example 2.3.5 and
Eq. (4.7), we get
¢PTe™™® =T 44D, T]=T+11.

The RHS shows that the operator T has been translated by an amount ¢
(more precisely, by ¢ times the unit operator). We therefore call exp(¢D) the
translation operator of T by ¢, and we call D the generator of translation.
With a little modification T and D become, respectively, the position and
momentum operators in quantum mechanics. Thus,

Box 4.2.6 Momentum is the generator of translation in quantum me-
chanics.

But more of this later!
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4.3 Conjugation of Operators

We have discussed the notion of the dual of a vector in conjunction with
inner products. We now incorporate linear operators into this notion. Let
|b),|c) €V and assume that |c¢) = T|b). We know that there are linear
functionals in the dual space V* that are associated with (|b))" = (b| and
(Ie)T = (c|. Is there a linear operator belonging to £(V*) that somehow
corresponds to T? In other words, can we find a linear operator that relates
(b| and (c| just as T relates |b) and |c)? The answer comes in the following
definition.

Definition 4.3.1 Let T € £(V) and |a), |b) € V. The adjoint, or hermitian
conjugate, of T is denoted by T' and defined by*

(a|T|b)* = (b|T |a). 4.11)

The LHS of Eq. (4.11) can be written as (a | ¢)* or (c | a), in which case
we can identify

cl= @It = (1) =T (4.12)

This equation is sometimes used as the definition of the hermitian conjugate.
From Eq. (4.11), the reader may easily verify that 17 = 1. Thus, using the
unit operator for T, (4.12) justifies Eq. (2.26).

Some of the properties of conjugation are listed in the following theorem,
whose proof is left as an exercise.

Theorem 4.3.2 Let U, T € End(V) and a € C. Then
. u+ni=ui+1. 2. wuni=T1U'.
3. (@nf=a* T 4. (M) =T

The last identity holds for finite-dimensional vector spaces; it does not
apply to infinite-dimensional vector spaces in general.

In previous examples dealing with linear operators T : R” — R”, an ele-
ment of R” was denoted by a row vector, such as (x, y) for R2 and (x,y,2)
for R3. There was no confusion, because we were operating only in V. How-
ever, since elements of both V and V* are required when discussing T, T*,
and TT, it is helpful to make a distinction between them. We therefore resort
to the convention introduced in Example 2.2.3 by which

Box 4.3.3 Kets are represented as column vectors and bras as row
vectors.

4With the notion of adjoint already introduced in Definition 2.4.3, we should probably
not use the same name for T'. However, the adjoint as defined in Definition 2.4.3 is rarely
used in physics. Furthermore, both the notation and the context will make it clear which
adjoint one is talking about. Therefore, there is no risk of confusion.

adjoint of an operator
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Example 4.3.4 Let us find the hermitian conjugate of the operator T :
C3? — C3 given by

o] o] —iay + a3
Tlax | = o] — o3
o3 o] — oy +io3
Introduce
oy Bi
la) = | o2 and |b)=| B
a3 B3

with dual vectors (a| = (a] o o3) and (b| = (B} B3 B3). respectively. We
use Eq. (4.11) to find T:

(BT |a)
i\ 7"
=@|Tb)* = | («f o o)T| B
B3
B1—iBf2+ B3
=|(ef o )| iB1—B3
Br— B2 +iB3

[} B1 —ia}Bo +aiBs + it B — o3B3 + i f1 — o B + i} B3]

Taking the complex conjugate of all the numbers inside the square brackets,
we find

o] —iay + o3

bIT ey =B B BY) | icr—es
T o] — oy —io3

Therefore, we obtain

o o] —ian + o3
Tf o | = o] — o3
o3 o] — 0y — 03

4.3.1 Hermitian Operators

The process of conjugation of linear operators looks much like conjugation
of complex numbers. Equation (4.11) alludes to this fact, and Theorem 4.3.2
provides further evidence. It is therefore natural to look for operators that
are counterparts of real numbers. One can define complex conjugation for
operators and thereby construct real operators. However, these real operators
will not be interesting because—as it turns out—they completely ignore the
complex character of the vector space. The following alternative definition
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makes use of hermitian conjugation, and the result will have much wider
application than is allowed by a mere complex conjugation.

Definition 4.3.5 A linear operator H € £(V) is called hermitian, or self-
adjoint, if H' = H. Similarly, A € £(V) is called anti-hermitian if A" =
—A.

Historical Notes

Charles Hermite (1822—-1901), one of the most eminent French mathematicians of the
nineteenth century, was particularly distinguished for the clean elegance and high artistic
quality of his work. As a student, he courted disaster by neglecting his routine assigned
work to study the classic masters of mathematics; and though he nearly failed his exam-
inations, he became a first-rate creative mathematician while still in his early twenties.
In 1870 he was appointed to a professorship at the Sorbonne, where he trained a whole
generation of well-known French mathematicians, including Picard, Borel, and Poincaré.
The character of his mind is suggested by a remark of Poincaré: “Talk with M. Hermite.
He never evokes a concrete image, yet you soon perceive that the most abstract entities
are to him like living creatures.” He disliked geometry, but was strongly attracted to num-
ber theory and analysis, and his favorite subject was elliptic functions, where these two
fields touch in many remarkable ways. Earlier in the century the Norwegian genius Abel
had proved that the general equation of the fifth degree cannot be solved by functions
involving only rational operations and root extractions. One of Hermite’s most surprising
achievements (in 1858) was to show that this equation can be solved by elliptic functions.
His 1873 proof of the transcendence of e was another high point of his career.? If he had
been willing to dig even deeper into this vein, he could probably have disposed of 7 as
well, but apparently he had enough of a good thing. As he wrote to a friend, “I shall risk
nothing on an attempt to prove the transcendence of the number 7. If others undertake
this enterprise, no one will be happier than I at their success, but believe me, my dear
friend, it will not fail to cost them some efforts.” As it turned out, Lindemann’s proof
nine years later rested on extending Hermite’s method.

Several of his purely mathematical discoveries had unexpected applications many years
later to mathematical physics. For example, the Hermitian forms and matrices that he
invented in connection with certain problems of number theory turned out to be crucial
for Heisenberg’s 1925 formulation of quantum mechanics, and Hermite polynomials (see
Chap. 8) are useful in solving Schrédinger’s wave equation.

The following observations strengthen the above conjecture that conjuga-
tion of complex numbers and hermitian conjugation of operators are some-
how related.

Definition 4.3.6 The expectation value (T), of an operator T in the “state”
|a) is a complex number defined by (T), = (a|T|a).

The complex conjugate of the expectation value is®

(M* = (a|Tla)* = (a[T"|a).

STranscendental numbers are those that are not roots of polynomials with integer coeffi-
cients.

6When no risk of confusion exists, it is common to drop the subscript “a” and write (T)
for the expectation value of T.

hermitian and
anti-hermitian operators

3‘
Charles Hermite
1822-1901

expectation value
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In words, T', the hermitian conjugate of T, has an expectation value that
is the complex conjugate of the latter’s expectation value. In particular, if T
is hermitian—is equal to its hermitian conjugate—its expectation value will
be real.

What is the analogue of the known fact that a complex number is the sum
of a real number and a pure imaginary one? The decomposition

T:%(T+TT)+%(T—TT)EX+A

shows that any operator can be written as a sum of a hermitian operator
X= %(T + TY) and an anti-hermitian operator A = %(T — TT).

We can go even further, because any anti-hermitian operator A can be
written as A = i(—iA) in which —iA is hermitian: (—iA)" = (—=i)*AT =
i(—A) = —iA. Denoting —iA by Y, we write T= X+ {Y, where both X and
Y are hermitian. This is the analogue of the decomposition z = x + iy in
which both x and y are real.

Clearly, we should expect some departures from a perfect correspon-
dence. This is due to a lack of commutativity among operators. For instance,
although the product of two real numbers is real, the product of two hermi-
tian operators is not, in general, hermitian:

TV =U'T = UuT £ TU.

We have seen the relation between expectation values and conjugation prop-
erties of operators. The following theorem completely characterizes hermi-
tian operators in terms of their expectation values:

Theorem 4.3.7 A linear map H on a complex inner product space is her-
mitian if and only if (a|H|a) is real for all |a).

Proof We have already pointed out that a hermitian operator has real expec-
tation values. Conversely, assume that (a|H|a) is real for all |a). Then

(a/Hla) = (a|H|a)* = (a|H|a) < (alH—H'|a)=0 V]a).
By Theorem 2.3.8 we must have H — H' = 0. t

Example 4.3.8 In this example, we illustrate the result of the above the-

orem with 2 x 2 matrices. The matrix H = (? Bi ) is hermitian’ and acts

on CZ. Let us take an arbitrary vector |a) = (Z;) and evaluate (a|H|a). We

have
(0 =i\ (o1 [—ix
Hla)_(l’ 0)<a2>_<ial>'

TWe assume that the reader has a casual familiarity with hermitian matrices. Think of
an n X n matrix as a linear operator that acts on column vectors whose elements are
components of vectors defined in the standard basis of C" or R". A hermitian matrix then
becomes a hermitian operator.
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Therefore,
(alHla) = (o] o3) (72’1‘2> = —iajoy +imya
=iajo + (ia%‘al)* = 2Re(ia§a1),
and (a|H|a) is real.

For the most general 2 x 2 hermitian matrix H = ( g* ﬁ ), where « and y
are real, we have

_fa B\ (ar) [ oo+ Bas
Hla} = (ﬂ* V) (012> B (/3*0!1 + J/Olz)
and

aal + pa
(alHla) = (o o) (ﬁ*aﬂ fyofz) = o (e + o) + a3 ("o + your)

= alay > +af fas + a3 B + vl

=alai* + ylaal* + 2Re(af fa2).
Again (a|H|a) is real.

Definition 4.3.9 An operator A on an inner product space is called positive
(written A > 0) if (a|A]a) > 0 for all |a) # |0). By Theorem 4.3.7 A is nec-
essarily hermitian. We say A is strictly positive or positive definite (written
A > 0) if (a|A|a) > 0 for all |a) # |0).

Theorem 4.3.10 A strictly positive operator T is invertible.

Proof By Proposition 2.3.14, it is sufficient to prove that ker T = {|0)}. If
|0) # |a) € kerT, then (a|T|a) = 0, contradicting the fact that T is strictly
positive. (|

Example 4.3.11 An example of a positive operator is the square of a her-
mitian operator.® We note that for any hermitian operator H and any vector
la), we have (a|H?|a) = (a|H"H|a) = (Ha | Ha) > 0 because of the positive
definiteness of the inner product.

From the discussion of the example above, we conclude that the square
of an invertible hermitian operator is positive definite.

8This is further evidence that hermitian operators are analogues of real numbers: The
square of any real number is positive.

positive, strictly positive,
and positive definite
operators
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unitary operators

4.3.2 Unitary Operators

The reader may be familiar with two- and three-dimensional rigid rotations
and the fact that they preserve distances and the scalar product.” Can this be
generalized to complex inner product spaces? Let |a), |b) € V, and let U be
an operator on 'V that preserves the scalar product; that is, given |b') = U|b)
and |a’) =U|a), then (a’ | ') = (a | b). This yields

(@ | )= ((alU7) (Vb)) = (alUTUb) = (a | b) = (al|1]b).

Since this is true for arbitrary |a) and |b), we obtain U'U = 1. In the next
chapter, when we introduce the concept of the determinant of operators, we
shall see that this relation implies that U and U™ are both invertible,'? with
each one being the inverse of the other.

Definition 4.3.12 Let V be a finite-dimensional inner product space. An
operator U is called a unitary operator if UT = U~!. Unitary operators

preserve the inner product of V.

Example 4.3.13 The linear transformation T : C3 — C> given by

o] (a1 — i) /2
T|laz | = (o1 + iz —203) /6
o3 {1 — a2 + a3 +i(ay + a2 +0a3)}/V6

is unitary. In fact, let

aj B1
la) = | o2 and |b)=| B
as B3

with dual vectors (a| = (a] o o3) and (b| = (B} B> B3), respectively. We
use Eq. (4.11) and the procedure of Example 4.3.4 to find TT. The result is

a 2 6 6

Tl | = | i —iee _ as(ti)
217 Vv2 T N
a3

and we can verify that

o] 231
TTJr oy | = | o2
o3 a3

9We have also encountered isometries, which are more general than unitary operators.
The word “unitary” is usually reserved for isometries on sesquilinear (hermitian) inner
product spaces.

19T his implication holds only for finite-dimensional vector spaces.
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Thus TTT = 1. Similarly, we can show that T'T = 1 and therefore that T is
unitary.

44 Idempotents

We have already considered the decomposition of a vector space into sub-
spaces in Sect. 2.1.3. We have also pointed out the significance of subspaces
resulting from the fact that physics frequently takes place not inside the
whole vector space, but in one of its subspaces. For instance, the study of
projectile motion teaches us that it is very convenient to “project” the mo-
tion onto the horizontal and vertical axes and to study these projections sep-
arately. It is, therefore, appropriate to ask how we can go from a full space
to one of its subspaces in the context of linear operators.

Let us first consider a simple example. A point in the plane is designated
by the coordinates (x, y). A subspace of the plane is the x-axis. Is there
a linear operator,'! say Py, that acts on such a point and somehow sends
it into that subspace? Of course, there are many operators from R? to R.
However, we are looking for a specific one. We want P, to project the point
onto the x-axis. Such an operator has to act on (x, y) and produce (x, 0):
P.(x,y) = (x,0). Therefore, if the point already lies on the x-axis, P, does
not change it. In particular, if we apply P, twice, we get the same result as if
we apply it only once. And this is true for any point in the plane. Therefore,
our operator must have the property P)zc =P,, i.e., it must be an idempotent
of the algebra End(V).

Suppose that 'V is the direct sum of r of its subspaces:

V=u1®~--@ur=@ui.
i=1

For any |v) €V, define P; by P;|v) = |v;), where |v;) is the component of
[v) in U;. It is easy (and instructive) to prove that P; is a linear operator;
i.e., that P; € End(V). Moreover, since P;|v;) = |v;) for all |v;) € U;, we
have

PZlv) =P;P;lv) =Pjlv;) = |v;) =P,|v)

for all |v) € V. It follows that P% =Pj, i.e., that P; is an idempotent.
Next note that, for j # k,

P;Pilv) =Pjlu) =0),

because |vy) has no component in U;. Since this is true for all j # k and all
vy €V, we have

P;P.=P;P; =0,

' We want this operator to preserve the vector-space structure of the plane and the axis.
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projection operators

i.e., that the idempotents are orthogonal. Furthermore, since

1|v) = |v) :Z|vj) = ZPj|v> = (ZP/’)W)
j=1 j=1 j=1

for all |v) € V, we must have Z;’=1 P; = 1. We summarize the foregoing
observation as

Proposition 4.4.1 Let V be the direct sum of {U;};_, and let P; € L(V) be
defined by P;|v) = |v;) with |v;) the component of |v) in U;. Then {P;};_,
is a complete set of orthogonal idempotents, i.e.,

)
PiPj=5;P; (nosum) and Y Pj=1.

If T € End(V) and {P;};_, is a complete set of orthogonal idempotents
corresponding to {U;};_,, then T can be written as a sum of operators
which restrict to the subspaces. More precisely, multiply the sum in Propo-
sition 4.4.1 by T on the right to get

r r
T=) P;T=> T, T,=P;T (4.13)
j=1 j=1

and note that T; € End(U;).

4.4.1 Projection Operators

When the vector space carries an inner product, it is useful to demand her-
miticity for the idempotents:

Definition 4.4.2 A hermitian idempotent of End(V) is called a projection
operator.

Consider two projection operators P; and P,. We want to investigate con-
ditions under which P; + P, becomes a projection operator. By definition,

P; +Py = (P; +P2)> =P{ + PPy + PP +P5 =P; + PP, +P2P; +P;.
So Py + P3 is a projection operator if and only if
PP, + PP =0. (4.14)
Multiply this on the left by P; to get
PP, +PP.P =0 = PP,+PPP;=0.
Now multiply the same equation on the right by P; to get

PiP,P; +P,P2=0 = PPP; +P,P; =0.
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These last two equations yield
PP, — P,P; =0. (4.15)

The solution to Eqs. (4.14) and (4.15) is P;P> = P,P; = 0. We therefore
have the following result.

Proposition 4.4.3 Let Py, Py € L(V) be projection operators. Then Py + Py
is a projection operator if and only if Py and P, are orthogonal.

More generally, if there is a set {P;}7_ | of projection operators satisfying

P, ifi=j,

PP, = )
0 ifi#j,

then P =) """, P; is also a projection operator.

Given a normal vector |e), one can show easily that P = |e)(e| is a pro-
jection operator:
e P ishermitian: PT = (le)(e)" = ((e])T(le)T = |e) (e].
e P equals its square: P2 = (le)(e])(le)(e]) = |e) (ele)(e] = |e){e].

——
=1
Let |y) be any nonzero vector in an inner product space V. The normal

vector |ey) along |y) is |ey) = |y)/+/{y | y). From this, we construct the
projection operator Py along |y):

(ey] = [y) rl :Iy)(yl‘
TV Oy

Given any vector |x), Py|x) is the component of |x) along |y). Hence,

Py =ley)

|x) —=Pylx) or (1—Py)lx)

is the component of |x) perpendicular to |y). The reflection of |x) in |y) is
therefore (see Fig. 4.2)

p (] x)

ylx) = (1 =Py)lx) =2Py[x) — |x) = 2Py — D|x) =2-——|y) — |x).
(y1y)

As shown in Fig. 4.2, from a two- or three-dimenstional geometric point of
view, it is clear that the negative of this last vector is the reflection in the
plane perpendicular to |y).!> We generalize this to any vector space:

Definition 4.4.4 For any nonzero vector |y) the projection operator Py
along |y) and the reflection operator R, in the plane perpendicular to |y)

120ne can note more directly—also shown in Fig. 4.2—that in three-dimensional geom-
etry, if one adds to |x) twice the negative of its projection on |y), one gets the reflection
of |x) in the plane perpendicular to |y).

reflection operator
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(1Pl [ (1-P))

reflection in \y)

P,|x)

—2Py‘x>

plane perpendicular
to ‘y>

reflection in
the plane

Fig.4.2 The vectors |x) and |y) and the reflections of |x) in |y) and in the plane perpen-
dicular to |y)

are given by
p,= 201 g Ry=1-2p, =120
1y
For any other vector |x), the component |x), of |x) along |y) and its reflec-
tion |x),,, in the plane perpendicular to |y) are given by

X X
Ix)y =Pylx) =-——I[y) and [|x).y=R,|x)=|x) —2-——|y).

The relations |y), = |y) and |y}, = —|y) confirm our intuitive geomet-
rical expectation.

Example 4.4.5 Let V be a one-dimensional vector space. Let |a) be any
nonzero vector in V. Any other vector |x) can be written as |x) = «|a) for
some number «. Then

la)(al {alx) afala)
Palx) = lx) = la) =
(ala) (ala) (ala)
Since this is true for all |a) and |x), we conclude that Py, =1 for any |y) in
a one-dimensional vector space. The reflection operator can also be found.
Therefore,

la) =ala) = |x).

P,=1 and Ry,=-1

in a one-dimensional vector space such as the complex vector space C and
the real vector space R.

We can take an orthonormal basis B = {|e,')}lN= | and construct a set of

projection operators {P; = |e,~)(ei|}lN: |- The operators P; are mutually or-
thogonal. Thus, their sum Z,N: 1 P; is also a projection operator.
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Proposition 4.4.6 Let B = {|ei)}{V:1 be an orthonormal basis for V. Then
the set {P; = |e;){e; |}lN: | consists of mutually orthogonal projection opera-

tors, and .
completeness relation

N N
Y oPi=> leieil=1.
i=1 i=1

This relation is called the completeness relation.
Proof The proof is left as Problem 4.26. [

If we choose only the first m < N vectors, then the projection operator
P = Y lei){ei| projects arbitrary vectors into the subspace spanned
by the first m basis vectors {|¢;)}7_ ;. In other words, when P acts on any
vector |a) € V, the result will be a linear combination of only the first m
vectors. The simple proof of this fact is left as an exercise. These points are
illustrated in the following example.

Example 4.4.7 Consider three orthonormal vectors {|e,-)}l.3:1 € R3 given by

1 1 1 -1
le))=—=11], le2) =— | —1], les) = —

72\, o\ /3

The projection operators associated with each of these can be obtained by
noting that (e;| is a row vector. Therefore,

1 10
1 1
Pi=len)(eil=7 |1 (11 0):5 1 10
0 00
Similarly,
] (1 -1 2
Pr=2| -1 (1 -1 2):6 -1 1 =2
2 2 -2 4
and
-1 1 -1 -1
1 1
P3=§ 1 ](-1 1 1):5 -1 1 1
1 -1 1 1

Note that P; projects onto the line along |e;). This can be tested by let-
ting P; act on an arbitrary vector and showing that the resulting vector is
perpendicular to the other two vectors. For example, let P, act on an arbi-
trary column vector:

X 1 I -1 2 x 1 x—y+2z
lay=Po |y =c -1 1 =211y =c —x+y—2z
Z 2 -2 4 Z 2x — 2y +4z
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We verify that |a) is perpendicular to both |eq) and |e3):

1 | x—y+2z
(eilay=—7=(1 1 0)—| —x+y—2z|=0.
V2 6 \ox — 2y 44z

Similarly, (e3la) = 0. So indeed, |a) is along |e3).
We can find the operator that projects onto the plane formed by |e1) and
le2). This is

1 2 1 1
P1+P2=§ 1 2 -1
I -1 2

When this operator acts on an arbitrary column vector, it produces a vector
lying in the plane of |e1) and |e3), or perpendicular to |e3):

X 1 2 1 1 X 2x+y+z
by=P1+P2) |y =3 1 2 —=1lyl=z|x+2y—=z
z 1 -1 2 z x—y+2z

It is easy to show that (e3|b) = 0. The operators that project onto the other
two planes are obtained similarly. Finally, we verify easily that

=1,

S = O
- O O

1
P +P,+P3=1{0
0

i.e., that completeness relation holds.
Example 4.4.8 We want to find the most general projection and reflection

operators in a real two-dimensional vector space V. Without loss of gener-
ality, we assume that V = R2, and consider a vector

_(m
ly) = <n2).

1Y)yl 1 (m) 1 o omm
Pp="—"=5—> m o m)= ! .
YO 4w \m ( ) 2 +n\mm 0

Let
2
2’71 2Ecoszoz = L::ﬁ:cosa,
o VRl
and
2
3 2 n2
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If the product 117, is negative, we can define a new angle which is the
negative of the old angle. This will change the sign of 717, and make it
positive without changing the signs of n% and n%. Thus the most general
projection operator in R? is

2 .

Cos™ SIno Coso

Py = . *708) (4.16)
SIn¢ CoSs o S~ o

Now that we have the projection operator along |y), we can construct the
reflection operator in a plane perpendicular to |y):

1 0 cosa? sin o cos o
Ry=1-2P, = (0 1) -2 (sin(xcoscx sina? )

. 1—2cosa? —2sinacosa _[—cos2a —sin2a
"\ —2sinacosa 1—2sine? ]~ \ —sin2a¢ cos2a /)’

Defining ¢ = —2«, we see that a general reflection is of the form

__[—cos¢ sing
T\ sing cos¢/’
It is interesting to note that

R, R, — cos(¢pp — 1)  —sin(gp — P1)
91700 = \sin(gy — ¢1)  cos(¢o— 1) )

This matrix describes a rotation of angle ¢ — ¢ in R2 (see Problem 5.9 in
Chap. 5), which is clearly an isometry. We have just shown that the product
of two reflections is an isometry. It turns out that this is a general property
of isometries: they can always be expressed as a product of reflections (see
Theorem 26.5.17).

4.5 Representation of Algebras

The operator algebra, i.e., the algebra £ (V) of the endomorphisms of a vec-
tor space, plays a significant role in physical applications as demonstrated so
far in this chapter. These (abstract) operators take on a concrete (numerical)
look once they are identified as matrices, the topic of Chap. 5. This sug-
gests making an identification of any given algebra with a (sub)algebra of
L(V), which subsequently could be identified as a collection of numbers—
what physicists are after—constituting the rows and columns of matrices.
The vague notion of “identification” is made precise by the concept of ho-
momorphism of algebras.

For the following definition, it is convenient to introduce some notation.
Let both F and K denote either R or C with the condition that F C K. So,
for instance, when F = IR, then K can be either R and C; but when F = C,
then K can be only C. If V is a vector space over K, we denote the algebra

The product of two
reflections in R? is a
rotation.
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representation of an
algebra in a vector space

a representation of the
algebra of quaternions

of its endomorphisms by Lk (V) or Endg (V). When there is no danger of
confusion, we remove the subscript K.

Definition 4.5.1 Let A be an associative algebra over I with identity
14. A K-representation of A in a vector space V over K is a homo-
morphism p : A — Endg (V) such that p(14) = 1, where 1 is the unit
operator in Endg (V). The representation p is said to be faithful if it
is injective.

Proposition 4.5.2 A nontrivial representation of a simple algebra is faith-

Sul.

Proof Since any representation is a homomorphism, the proof follows im-
mediately from Proposition 3.2.14. O

Example 4.5.3 Let A = H, the (real) algebra of the quaternions, i.e., ele-
ments of the form

q =qoeo +q1e1 + gre2 +g3es, g €R

as given in Example 3.1.16. Let V = R*. Consider p:H— Endg (R*), the
real representation of quaternions given by

X] qoX1 — q1X2 — gaXxX3 — q3X4
T ) =T, X2 | _ | 91 + qox2 — q3x3 + q2x4
X3 q2X1 + q3x2 + qox3 — q1Xx4
X4 q3x1 — q2x2 + q1x3 + qox4

q90 —41 —q92 —43 X1
q1 490 —493 q2 X2
92 43 q90 —4q1 X3
3 —q92 q1 q0 X4

where T, = p(q) € L(RY), and for convenience, we have written the ele-
ment of R* as a column vector and introduced the matrix of ¢’s. With this
matrix, we can simply write

q0 —4q91 —42 —q3
q1 q0 —q3 q2 _ (4.17)
q92 g3 q0 —q1
93 —4q92 41 q0

p(q) =

Using this matrix, it is straightforward, but slightly tedious, to show directly
that p(gp) = p(q)p(p). Hence, p is indeed a representation of H. However,
instead, we calculate the matrices corresponding to the basis vectors of H.
Since go = 1 and g1 = g2 = g3 = 0 for eg, we get p(ep) = 1, as we should,
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and as is evident from (4.17). Similarly, we can calculate the matrices of the
other basis vectors. The results are given below

1 00 0 0-10 0
010 0 1000
r=145 6 1 ol r)=14090_11]"
000 1 0010
0 0 —1 0 00 0 —I
e |0 0 0 ey |00-10
PI=11 0 o ol P*=lo10 o
0 -1 0 0 100 0

It is now easier to check that p(e;e;) = p(e;)p(e;) fori, j =0,1,2,3, and
hence, by Proposition 3.1.19, that p is indeed a representation.

Definition 4.5.4 A subspace W of V is called stable or invariant under
a representation p : A — Endc(V) = End(V) if p(a)|w) is in W for all
|w) € W and all a € A. A representation p is called irreducible if the only
stable subspaces are W ="V and W = {|0)y }.

Problem 4.34 shows that if p is surjective, then it is irreducible.

Proposition 4.5.5 Let p : A — End(V) be a representation and |v) an ar-
bitrary nonzero vector in V. Then

W=p(A|v)= {|w) eV ||w) = p(a)|v) for some a GA}

is a stable subspace of V. In particular, p is irreducible if and only if
p(Av) =V.

Proof The straightforward but instructive proof is the content of Prob-
lem 4.37. O

Isomorphic vector spaces are indistinguishable. So can be their corre-
sponding representations. More precisely,

Definition 4.5.6 Suppose T:V; =V, is an isomorphism. Two rep-
resentations p; : A — End(V;) and p; : A — End(V,) are called
equivalent if

Topi(@ =px@oT forallaeA.
We write p; ~ p; to indicate the equivalence of the two representa-
tions.
Sometimes the condition of equivalence is written as

p1@ =T lopm@oT or pm@=Top(@oT L (4.18)

stable, invariant, and
irreducible subspaces

equivalent
representations
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using |a) and a in certain
representations of an
algebra

regular representation of
an algebra

Just as we can combine two vector spaces to get a new vector space, we
can combine two representations to obtain a new representation.

Definition 4.5.7 Let p and n be representations of A in U and V, respec-
tively. We define representations p & 1, called the direct sum, and p ® 7,
called the tensor product, of p and n, respectively in U ® V and U ® V by

(p®m@=p@®n@ acA
(p®n)@ =p@en@ acA.

It should be obvious that if p; ~ p2 and n; ~ 1o, then p; G 11 ~ 2 G N2
and p1 ® n1 ~ P2 @ 2.

Since an algebra A is also a vector space, it is possible to come up with
representations of the form p : A — End(A). When there is no danger of
confusion, we designate members of A as a ket when they are considered
simply as vectors, but use bold face type when the same member participates
in an algebra multiplication. Thus |a) € A when the member is considered
as a vector and a € A when the same member is one of the factors in a
product.

Definition 4.5.8 The regular representation of A in A is the repre-
sentation py : A — End(A) given by py (a)|b) = ab.

It is trivial to show that this is indeed a representation, i.e., that oy (ab) =
pr(@)pL(b).

If A is unital, then py(a) = pr (a’) implies that oz (@)|1) = pr (@)|1) or
that a1 = a’1, namely that a = a’, indicating that p; is injective, and the
representation faithful, or pr (A) = A.

oL is simply the left-multiplication of .A. What about the right-multipli-
cation? If we set pgr(a)|b) = ba, then

pr(ab)lc) = cab = (ca)b = (pr(@)lc))b = pr(b)(pr(@)Ic))
= (pr(b)pr(@)I0).

Hence, pg(ab) = pr(b)pr(a). Again if A is unital, then pg is faithful
and pg(A) = A°P, where AP is the algebra opposite to A given in Defi-
nition 3.1.8.

Theorem 4.5.9 Let £ be a minimal left ideal of an algebra A. Then the
representation p™™) : A — End(L), the regular representation of A in L,
given by

o @)|x) = pr@)|x) =ax foracAand|x)=x€eL,

is irreducible.
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Proof We note that p*)(A)|x) = Ax. Since £ is minimal, Ax = £ by
Theorem 3.2.6, and p™) (A)|x) = L. By Proposition 4.5.5, p*) is irre-
ducible. O

Theorem 4.5.10 All irreducible representations of a simple algebra
A are faithful and equivalent to p\*), the regular representation of A
in the minimal left ideal L.

Proof The faithfulness is a consequence of Proposition 4.5.2. Let p : A —
End(V) be an irreducible representation. For x € £ and a vector |e) € V, let
p(x)|e) = |v). Then

p(L)le) = p(Ax)le) = p(A)p(X)le) = p(A)|v) =V. (4.19)

The first equality follows from Theorem 3.2.6, and the last equality from
Proposition 4.5.5.

Now consider a linear map T: £ — V given by T(y) = p(y)|e), and note
that by Eq. (4.19),

T(L) =p(L)le) =V.

Therefore, T is surjective. Now let z be a nonzero member of £. If z € ker T,
then by Theorem 3.2.6, L = Az and

T(L) =p(L)le) = p(Az)|e) = p(A)p(2)|e) = p(A)T(2) = {0}

which contradicts the previous equation. Therefore, kerT = {0} and T is
injective, hence, bijective.
To complete the proof, we have to show that

Top®@=p@oT forallacA.
If y € £, then the right-hand side gives
p@) o T(y) = p(@p(y)le) = p(ay)e) =T(ay),
while the left-hand side yields
(Tep P @)y=T(p"“ @y) =Tay).
This completes the proof. (I

A consequence of this theorem is

Corollary 4.5.11 All minimal left ideals of a simple algebra are isomor-
phic.

Proof If £’ is another left ideal of A, then let V = £’ in Theorem 4.5.10.
Then T of the theorem establishes an isomorphism between £ and £'. O



130

4 Operator Algebra

Theorem 4.5.12 Two irreducible representations of a semi-simple algebra
are equivalent if and only if they have the same kernel.

Proof Recall from Theorem 3.5.25 that a semi-simple algebra A is the di-
rect sum of simple algebras, each component being an ideal of A. Let

,
A=01096 & =PI
i=1

and p : A — End(V) be an irreducible representation. Assume there is 0 7~
X, €], for some p and |e) € V such that |[v) = p(x,)|e) # |0). Then since
p is irreducible, by Proposition 4.5.5

V=pA))=pA)pXp)le) = p(Axp)le) S p(Tp)le).
But obviously, p(J,)|e) € V. Hence,
pp)le)y =", (4.20)

which also indicates that any |x) € V can be written as |x) = p(y ,)le) for
somey, € Jp. Now since, J,Jx = JxJ, = {0} for k # p, we have

p(z|x) = p@)pY,)le) = p(ziy,)le) = p(0)|e) = |0)

for all |x) € V. It follows that p(2zy) is the zero operator, i.e., Z; € ker p for
all k # p, or

-
EB Ji Ckerp.
i=1
i#p
Now let plg, : Jp — End(V) be the restriction of p to J, i.e., a represen-
tation of J, in V. Then T:J, — V given by T(z,) = p(z,)le) is an iso-
morphism by the proof of Theorem 4.5.10. Hence, p(z,) = 0 implies that
z, =0, i.e, that J, Nker p = {0}. This yields

r

@Ji =Xkerp.

i=1

i#p

Let p; : A — End(V)) and p; : A — End(V,) be two irreducible repre-
sentations of a semi-simple algebra A. Assume further that p; and p; have
the same kernel; i.e. that for some 1 < p <r,

,
ker p1 =ker p, = @Ji.
i=1
i#p
Then as shown above there are isomorphisms Ty :J, — Vi and T> : J, —
V, given by

Ti(zp) = p1(zp)ler), and Ta(zp) = p2(z)p)le2)
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with
p1(Tp)ler) =V and  p2(Jp)lez) =Va 4.21)

as in Eq. (4.20). The composite map S=T, o Tl_1 maps V; isomorphically
onto V. We now show that

Sopj(@)=pr(@) oS forallac A,

and hence that p; ~ p>. Applying the right-hand side of this equation on a
|v1) € V1, and noting that by (4.21) |v1) = p1(2p)l|e;) for some z, € J,, we
get

p2(a) o S|v1) = p2(@) o (T2 0 T ') p1(2p)ler) = p2(@) o To (T ' p1(2))ler))
= (p2(@)) 0 T2(zp) = ,2(a) p2(2))|e2) = p2(az,)le2),
while the left-hand side gives
Sopi1@]v1) = (T2o T )p1@)p1(Zp)ler) = (T2 o T ) p1(az)ler)
= TQ(T]_I,Ol (azp)le1)) =Ta(az,) = p2(azp)lea).

We have shown that if two irreducible representations of a semi-simple al-
gebra have the same kernel, then they are equivalent. The converse is much
easier to prove (see Problem 4.36). O

4.6 Problems

4.1 Consider a linear operator T on a finite-dimensional vector space V.

(a) Show that there exists a polynomial p such that p(T) = 0. Hint: Take
a basis B = {|ai)}fV:l and consider the vectors {Tk|al)},1("":0 for large
enough M and conclude that there exists a polynomial p(T) such
that p1(T)|a;) = 0. Do the same for |a>), etc. Now take the product of
all such polynomials.

(b) From (a) conclude that for large enough n, T" can be written as a linear
combination of smaller powers of T.

(c) Now conclude that any infinite series in T collapses to a polynomial
inT.

4.2 Use mathematical induction to show that [A, A™] = 0.

4.3 For D and T defined in Example 2.3.5:

(a) Show that [D, T]=1.
(b) Calculate the linear transformations D3T3 and T°D?.

4.4 Consider three linear operators Ly, Ly, and L3 satisfying the commuta-
tion relations [Li, L] = iL3, [L3,L;] =iLy, [Lo, L3] = iL{, and define the
new operators Ly =L £ il,.
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(a) Show that the operator L2= L% + L% + L% commutes with L, k =
1,2,3.

(b) Show that the set {Ly,L_, L3} is closed under commutation, i.e., the
commutator of any two of them can be written as a linear combination
of the set. Determine these commutators.

(c) Write L2 in terms of Ly,L_,andLs.

4.5 Prove the rest of Proposition 4.1.8.
4.6 Show that if [[A, B], A] = 0, then for every positive integer k,
[A*, B] = kA*"'[A, B].

Hint: First prove the relation for low values of k; then use mathematical
induction.

4.7 Show that for D and T defined in Example 2.3.5,
[DF, T]=4D*"! and [TF,D]=—4TF.

4.8 Evaluate the derivative of H=1(¢) in terms of the derivative of H(z) by
differentiating their product.

4.9 Show that for any «, 8 € R and any H € End(V), we have

o?H PH _ (@ +hH
4.10 Show that (U+T)(U —T) =U? — T2 if and only if [U, T] = 0.
4.11 Prove that if A and B are hermitian, then i[A, B] is also hermitian.

4.12 Find the solution to the operator differential equation

W _ huo
dr — '

Hint: Make the change of variable y = 7> and use the result of Exam-
ple 4.2.3.

4.13 Verify that
d s (Mo (Ve (@
dr ~ \ dt dt dr |’

4.14 Show that if A and B commute, and f and g are arbitrary functions,
then f(A) and g(B) also commute.

4.15 Assuming that [[S, T], T] =0 = [[S, T], S], show that
[S,exp(tT)| =[S, Tlexp(tT).

Hint: Expand the exponential and use Problem 4.6.



4.6 Problems 133

4.16 Prove that
exp(H; + Hz + H3) = exp(H;) exp(H2) exp(H3)

1
X CXP{—E([Hl, H;] + [Hy, H3] + [Hy, Hs])}

provided that Hy, Hy, and H3 commute with all the commutators. What is
the generalization to Hy +Hy +--- + H,?

4.17 Denoting the derivative of A(r) by A, show that

d . .
E[A, B] =[A,B] +[A,B].

4.18 Prove Theorem 4.3.2. Hint: Use Eq. (4.11) and Theorem 2.3.7.

4.19 Let A(t) = exp(tH)Ag exp(—tH), where H and Ag are constant opera-
tors. Show that dA/dt = [H, A(t)]. What happens when H commutes with
A(1)?

4.20 Let |f), |g) € C(a, b) with the additional property that

fla)=g(a)= f(b)=g(b)=0.

Show that for such functions, the derivative operator D is anti-hermitian.
The inner product is defined as usual:

b
(flg) = f P02 dr.

4.21 In this problem, you will go through the steps of proving the rigorous
statement of the Heisenberg uncertainty principle. Denote the expectation
(average) value of an operator A in a state |¥) by Aayg. Thus, Ay = (A) =
(W |A|Y¥). The uncertainty (deviation from the mean) in the normalized state
|&) of the operator A is given by

AA = (A = Awp?) = (WI(A — A D)),

(a) Show that for any two hermitian operators A and B, we have

< (W|A2|W) (W |B*Y).

(@ |AB|¥) |’

Hint: Apply the Schwarz inequality to an appropriate pair of vectors.
(b) Using the above and the triangle inequality for complex numbers,
show that

(@A, BIIW)|” < 4(w|A%|w) (¥ |B?|W).

(¢) Define the operators A’ = A — a1, B' =B — 81, where o and 8 are
real numbers. Show that A’ and B’ are hermitian and [A’, B'] =[A, B].
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Heisenberg uncertainty
principle

(d) Now use all the results above to show the celebrated uncertainty rela-
tion

1
(AA)(AB) > 5|<W|[A, Bl|¥)|.

What does this reduce to for position operator X and momentum oper-
ator p if [x, p] =ih?

4.22 Show that U = expA is unitary if A is anti-hermitian. Furthermore, if
A commutes with AT, then exp A is unitary. Hint: Use Proposition 4.2.4 on
UU'=1and U'U=1

4.23 Find T' for each of the following linear operators.

(a T:R?*— R? given by

(b) T:R>— R given by
X xX+2y—z
Tly|=1| 3x—y+2z
z —x+2y+3z

(¢) T:R?>— R?givenby

X xcosf — ysinf
T = . ,
y x sinf + ycos6
where 6 is a real number. What is T T?
(d) T:C?— C? given by

T ar (o —io
ar)] iy +ar)”

(e) T:C3>— C3 givenby

o1 o) +iay —2ias
Tla | = 2ia;+ar+ias
o3 io] —2ian + a3

4.24 Show that if P is a (hermitian) projection operator, so are 1 — P and
U'PU for any unitary operator U.

4.25 For the vector
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(a) find the associated projection matrix, P,.
(b)  Verify that P, does project an arbitrary vector in C* along |a).
(c) Verify directly that the matrix 1 — P, is also a projection operator.

4.26 Prove Proposition 4.4.6

427 Let|a))=a; =(1,1,—1) and |az) =ap = (=2, 1, —1).

(a) Construct (in the form of a matrix) the projection operators P and P;
that project onto the directions of |a1) and |a3), respectively. Verify
that they are indeed projection operators.

(b) Construct (in the form of a matrix) the operator P = P 4+ P; and verify
directly that it is a projection operator.

(c) Let P act on an arbitrary vector (x, y, z). What is the dot product of
the resulting vector with the vector a; x ap? What can you say about
P and your conclusion in (b)?

4.28 Let P = Y, lei)(ei| be a projection operator constructed out of
the first m orthonormal vectors of the basis B = {|€i>},N: | of V. Show that
P projects into the subspace spanned by the first m vectors in B.

4.29 What is the length of the projection of the vector (3, 4, —4) onto a line
whose parametric equationis x =2+ 1, y = —t + 3, z=1¢ — 1? Hint: Find
a unit vector in the direction of the line and construct its projection operator.

4.30 The parametric equation of a line L in a coordinate system with origin
O is

x=2t+1, y=t+1, z=-2t+2.
A point P has coordinates (3, —2, 1).

(a) Using the projection operators, find the length of the projection of O P
on the line L.

(b) Find the vector whose beginning is P and ends perpendicularly on L.

(c) From this vector calculate the distance from P to L.

4.31 Let the operator U : C*> — C? be given by

A2 N
U(Otl): NG
o 4 o

2 ﬁ+ﬁ

Find U' and test if U is unitary.

4.32 Show that the product of two unitary operators is always unitary, but
the product of two hermitian operators is hermitian if and only if they com-
mute.

4.33 Let S be an operator that is both unitary and hermitian. Show that

(a) Sisinvolutive (i.e., s’ = 1), and
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(b) S=PT —P~, where P™ and P~ are hermitian projection operators.

4.34 Show that if a representation p : A — L(V) is surjective, then it is
irreducible. Hint: The operator |a){a| is in £(V) for any |a) € V.

4.35 Show that p(e;e;) = p(e;)p(e;) fori, j =0, 1, 2,3 in Example 4.5.3.

4.36 Show that any two equivalent representations of any algebra have the
same kernel.

4.37 To prove Proposition 4.5.5, first show that p(A)|v) is a subspace. Then
prove that p(A)W C 'W. For the “only if”” part of an irreducible representa-
tion, take |v) to be in any subspace of V.
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