Representation of Groups 24

Group action is extremely important in quantum mechanics. Suppose the
Hamiltonian of a quantum system is invariant under a symmetry transforma-
tion of its independent parameters such as position, momentum, and time.
This invariance will show up as certain properties of the solutions of the
Schrodinger equation.

Moreover, the very act of labeling quantum-mechanical states often in-
volves groups and their actions. For example, labeling atomic states by
eigenvalues of angular momentum assumes invariance of the Hamiltonian
under the action of the rotation group (see Chap. 29) on the Hilbert space of
the quantum-mechanical system under consideration.

24.1 Definitions and Examples

In the language of group theory, we have the following situation. Put all

the parameters xi, ..., x, of the Hamiltonian H together to form a space,

say R”, and write H =H(x, ..., x,) = H(X). A group of symmetry of H

is a group G whose action on R” leaves H unchanged,' i.e., H(x- g) = H2(x).
n? d

+

For example, a one-dimensional harmonic oscillator, with H = — i

%maﬁxz, has, among other things, parity P (defined by Px = —x) as a
symmetry. Thus, the group G = {e, P} is a group of symmetry of H.

The Hamiltonian H of a quantum-mechanical system is an operator in a
Hilbert space, such as £2(R?), the space of square-integrable functions. The
important question is: What is the proper way of transporting the action of
G from R” to £*(R3)? This is a relevant question because the solutions of
the Schrodinger equation are, in general, functions of the parameters of the
Hamiltonian, and as such will be affected by the symmetry operation on the
Hamiltonian. The answer is provided in the following definition.”

!t will become clear shortly that the appropriate direction for the action is from the right.

2We have already encountered the notion of representation in the context of algebras.
Groups are much more widely used in physics than algebras, and group representations
have a wider application in physics than their algebraic counterparts. Since some readers
may have skipped the section on the representation of algebras, we’ll reintroduce the ideas
here at the risk of being redundant.
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24 Representation of Groups
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Definition 24.1.1 Let G be a group and J{ a Hilbert space. A representa-
tion of G on H is a homomorphism 7 : G — GL(H). The representation
is faithful if the homomorphism is 1-1. We often denote 7'(g) by T,. H is
called the carrier space of 7. The trivial homomorphism 7 : G — {1} is
also called the identity representation. The dimension of K is called the
dimension of the representation 7.

We do not want to distinguish between representations that differ only by
isomorphic vector spaces, because otherwise we can generate an infinite set
of representations that are trivially related to one another. A vector space
isomorphism f : H — H’ induces a group isomorphism ¢ : GL(H) —
GL(H") defined by

d(M) = foTo f' forTe GL(H).
This motivates the following definition.

Definition 24.1.2 Two representations T : G — GL(H) and T’ : G —
GL(H') are called equivalent if there exists an isomorphism f : H — H’
such that T, = f o T, 0 flforallgeG.

Box 24.1.3 Any representation T : G — GL(3H{) defines an action of
the group G on the Hilbert space H by @ (g, la)) =Tgla).

As we saw in Chaps. 4 and 5, the transformation of an operator A under
T, would have to be defined by TgA(Tg)_l. For a Hamiltonian with a group
of symmetry G, this leads to the identity

T, [HX](T) ' =Hx - g).

Similarly, the action of the group on a vector (function) in L2(R3) is defined
by
T X)) =y (x-g), (24.1)

where the parentheses around T,/ designate it as a new function. One can
show that if G acts on the independent variables of a function on the right
as in Eq. (24.1), then the vector space of such functions is the carrier space
of a representation of G. In fact,

ToW)X) =¥ (x-(g182) =¥ ((x-g1)-82) = Te, ¥)(X-g1) = o(x-g1),

where we have defined the new function ¢ by the last equality. Now note
that

P(x-g1) = (T @) (%) = (Tg, (T, ¥)) (%) = (Tg, T, ¥) (X).

It follows from the last two equations that

Tglgzw = Tgl ng V.
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Since this holds for arbitrary ¥, we must have Tg ¢, = T4 Ty, i€., that T
is a representation. When the action of a group is “naturally” from the left,
such as the action of a matrix on a column vector, we replace x - g with
g~ ! x. The reader can check that 7 : G — GL(K), given by T,y (x) =
¥ (g~! - x), is indeed a representation.

Example 24.1.4 Let the Hamiltonian of the time-independent Schrodinger
equation H|y) = E|Y) be invariant under the action of a group G. This
means that

THT,'=H = [H.T,]=0,

ie., that H and T, are simultaneously diagonalizable (Theorem 6.4.18).
It follows that we can choose the energy eigenstates to be eigenstates of
T, as well, and we can label the states not only by the energy “quantum
numbers”—eigenvalues of H—but also by the eigenvalues of T,. For exam-
ple, if the Hamiltonian is invariant under the action of parity P, then we can
choose the states to be even, corresponding to parity eigenvalue of +1, or
odd, corresponding to parity eigenvalue of —1. Similarly, if G is the rota-
tion group, then the states can be labeled by the eigenvalues of the rotation
operators, which are, as we shall see, equivalent to the angular momentum
operators discussed in Chap. 13.

In crystallography and solid-state physics, the Hamiltonian of an (infi-
nite) lattice is invariant under translation by an integer multiple of each so-
called primitive lattice translation, the three noncoplanar vectors that define
a primitive cell of the crystal. The preceding argument shows that the energy
eigenstates can be taken to be the eigenstates of the translation operator as
well.

It is common to choose a basis and represent all T, ’s in terms of matrices.
Then one gets a matrix representation of the group G.

Example 24.1.5 Consider the action of the 2D rotation group SO(2) (rota-
tion about the z-axis) on R3:
x' =xcosf — ysinb,
r=R,(0)r = y =xsinf+ ycosH,
7 =z
For a Hilbert space, also choose R3. Define the homomorphism T : G —
GL(30) to be the identity map, so that T (R, (0)) = Ty = R, (6). The operator
Ty transforms the standard basis vectors of H as
Toé; =Ty(1,0,0) = (cosb, sinf, 0) = cosf¢é; + sinfe;, + 0és,
Toé, =Ty (0,1,0) = (—sinf, cosd, 0) = —sinHeé; + cosHeé, + 0es,
Toes =Ty(0,0,1) = (0,0, 1) =0&; + 0&; + 3.

Energy eigenstates can
be labeled by
eigenvalues of the
symmetry operators as
well.

matrix representations
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It follows that the matrix representation of SO(2) in the standard basis of H
is
cosf —sinf O

To=|sind coséd O
0 0 1

Note that SO(2) is an infinite group; its cardinality is determined by the
“number” of 6’s.

Example 24.1.6 Let S3 act on R> on the right by shuffling components:

(x1,x2,x3) - T = (Xz(1), X2(2)» X2 (3)), T € S3.

For the carrier space, choose R3 as well. Let 7 : §3 — GL(R>) be given as

X1 X (1)
follows: T () is the matrix that takes the column vector X = (%2) to (%= ).

x3 Xz (3)
As a specific illustration, consider 7 = (; % ;) and write T, for T'(;r). Then

T,@) =T,(1.0,0)=(1,0,0) -7 = (0, 1,0) = &,
Tﬂ(éz):TT[(O3 170)2(03 170) - =(0707 1)=é3’
T:(&3) =T7(0,0,1)=(0,0,1) -7 =(1,0,0) =&y,

which give rise to the matrix

0
T.=|1
0

- o O

1
0
0

The reader may construct the other five matrices of this representation and
verify directly that it is indeed a (faithful) representation: Products and in-
verses of permutations are mapped onto products and inverses of the corre-
sponding matrices.

24.2 Irreducible Representations

The utility of a representation lies in our comfort with the structure of vec-
tor spaces. The climax of such comfort is the spectral decomposition theo-
rems of (normal) operators on vector spaces of finite (Chap. 6) and infinite
(Chap. 17) dimensions. The operators T, relevant to our present discussion,
are, in general, neither normal nor simultaneously commuting. Therefore,
the complete diagonalizability of all T,’s is out of the question (unless the
group happens to be abelian).

The best thing next to complete diagonalization is to see whether there
are common invariant subspaces of the vector space JH carrying the repre-
sentation. We already know how to construct (minimal) “invariant” subsets
of H: these are precisely the orbits of the action of the group G on J(. The
linearity of T,’s guarantees that the span of each orbit is actually an invari-
ant subspace, and that such subspaces are the smallest invariant subspaces
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containing a given vector. Our aim is to find those minimal invariant sub-
spaces whose orthogonal complements are also invariant. We encountered
the same situation in Chap. 6 for a single operator.

Definition 24.2.1 A representation 7 : G — GL(J) is called reducible if
there exist subspaces U and W of H such that H = U & W and both U and
W are invariant under all T,’s. If no such subspaces exist, J{ is said to be
irreducible.

In most cases of physical interest, where J{ is a Hilbert space, W = U-~.
Then, in the language of Definition 6.1.4, a representation is reducible if a
proper subspace of J{ reduces all T,’s.

Example 24.2.2 Let S3 act on R3 as in Example 24.1.6. For the carrier
space H, choose the space of functions on R3, and for T, the homomor-
phism 7 : G — GL(H), given by T,y (x) =¥ (x - g), for y € H. Any ¢
that is symmetric in x, y, z, such as xyz, x +y + z, or x2 4+ y2 + 72,
defines a one-dimensional invariant subspace of J{. To obtain another in-
variant subspace, consider 1 (x, y,z) = xy and let {711-}1.6=1 be as given
in Example 23.4.1. Then, denoting T;, by T;, the reader may check
that

[Tiy1lx,y,2) =
[Toy1l(x, y,2) =

Ui ((x,y,2) 1) =¥i(x, y,2) =xy =¥ (x, ¥, 2),
v ( 2)
[T3y11(x, y, 2) = Y1 ((x, y, 2) - 713)
Vi ( 74)
v s)

1

1 (x,y,Z)~ 2 wl(y’xﬂz):y'XZWI(xvyvz)v

Vi(z,y,x) =2y =¥2(x,y,2),
[T41ﬁ1](x, ) Z) =
[TSwl](-x9 ) Z) =

[T61/f1](x»y12) :wl((-xs y,Z) '7T6) :wl(yvz’x) ZyZ:¢2(-x»ysZ)'

((x,y.2) - ma) =Yn(x, 2, y) =xz2=Y3(x, ¥, 2),
l(xsyvz)' 5 =¢1(Z1x,)’)=2)€=’ﬁ3(x,)’sz),

This is clearly a three-dimensional invariant subspace of J{ with ¥1, ¥,
and 13 as a convenient basis, in which the first three permutations are rep-
resented by

1 00 1 00 01 0
=10 1 0]}, T.=|0 0 1}, T;=|1 0 O
0 0 1 010 0 0 1

It is instructive for the reader to verify these relations and to find the three
remaining matrices.

Example 24.2.3 Let S3 act on R? as in Example 24.1.6. For the carrier
space of representation, choose the subspace V of the H of Example 24.2.2
spanned by the six functions x, y, z, xy, xz, and yz. For T, choose the
same homomorphism as in Example 24.2.2 restricted to V. It is clear that
the subspaces U and W spanned, respectively, by the first three and the last
three functions are invariant under S3, and that V =U @& W. It follows that

reducible and irreducible
representations
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All representations are
equivalent to unitary
representations.

the representation is reducible. The matrix form of this representation is
found to be of the general form (g g), where B is one of the 6 matrices of
Example 24.2.2. The matrix A, corresponding to the three functions x, y,

and z, can be found similarly.

Let 3 be a carrier space, finite- or infinite-dimensional. For any vector
|a), the reader may check that the span of {T¢|a)}zcc is an invariant sub-
space of JH{. If G is finite, this subspace is clearly finite-dimensional. The
irreducible subspace containing |a), a subspace of the span of {T¢|a)}sec.,
will also be finite-dimensional. Because of the arbitrariness of |a), it follows
that every vector of J{ lies in an irreducible subspace, and that

Box 24.2.4 Allirreducible representations of a finite group are finite-
dimensional.

Due to the importance and convenience of unitary operators (for exam-
ple, the fact that they leave the inner product invariant), it is desirable to be
able to construct a unitary representation—or a representation that is equiv-
alent to one—of groups. The following theorem ensures that this desire can
be realized for finite groups.

Theorem 24.2.5 Every representation of a finite group G is equiva-
lent to some unitary representation.

Proof We present the proof because of its simplicity and elegance. Let
T be a representation of G. Consider the positive hermitian operator T =
> e TiT, and note that

T, =Y [T@] [T T™)T(9)

xeG
=Y [Ta] Tag) =Y [TM]' T =T, (242)
xeG yeG

where we have used the fact that the sum over x and y = xg sweep through
the entire group. Now let S = +/T, and multiply both sides of Eq. (24.2)—
with S? replacing T—by S~! on the left and by Tg’IS_1 on the right to
obtain

sTITis=sT,!s™! = (sT,s!)'=(sT,s7")"' VvgeG.

This shows that the representation 7" defined by T,, = STgS’1 forallg e G
is unitary. U

There is another convenience afforded by unitary representations:
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Theorem 24.2.6 Let T : G — GL(H) be a unitary representation and W
an invariant subspace of 3. Then, W is also invariant.

Proof Suppose |a) € WL. We need to show that Tgla) € W forall g € G.
To this end, let |b) € W. Then

(bITgla) = ((alT1B))" = ((alT,'1B))" = ({alT,-11b))* =0,

because Tt |b) € W. It follows from this equality that T,|a) € W for all
g€eq. O

The carrier space H of a unitary representation is either irreducible or has
an invariant subspace W, in which case we have H =W @ W=, where, by
Theorem 24.2.6, W is also invariant. If W and W+ are not irreducible, then
they too can be written as direct sums of invariant subspaces. Continuing
this process, we can decompose H into irreducible invariant subspaces W®*)
such that

H=WDaWPaewdg....

If the carrier space is finite-dimensional, which we assume from now on and
for which we use the notation V, then the above direct sum is finite and we
write

p
V=WV eoW?e. . .aWr=PHwWw". (24.3)
k=1

One can think of W®) as the carrier space of an (irreducible) representa-
tion. The homomorphism 7® : G — GL(W®) is simply the restriction of
T to the subspace W® and we write

,

_ () o7 ) _ (k)

T.=TVeoTPe 0T/ :@Tg )
k=1

If we identify all equivalent irreducible representations and collect them to-
gether, we may rewrite the last equation as

P
To=m T omTP @ om, TP =P m, T, (244)

a=1

where p is the number of inequivalent irreducible representations and mg
are positive integers giving the number of times an irreducible representation
Tf;‘) and all its equivalents occur in a given representation.

In terms of matrices, T, will be represented in a block-diagonal form as

™ o ... o0
o T 0

Te = : : .
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antisymmetric
representation of a
permutation group

adjoint and complex
conjugate
representations

Schur’s lemma

or
1
", o ... o0
2
o M4, ... o
Te= . : : ’
0 0 . [T,

where, in the first matrix some of the Tg{) may be equivalent, and in the
second matrix, [Tgy)]mm is a block-diagonal matrix consisting of m, copies
of the matrix Tg,a).

Example 24.2.7 A one-dimensional (and therefore irreducible) represen-
tation, defined for all groups, is the trivial (symmetric) representation
T :G — C given by T(g) =1 for all g € G. For the permutation group
Sy, one can define another one-dimensional (thus irreducible) representation
T : S, — C, called the antisymmetric representation, given by 7 (7w) = +1
if  iseven, and T (;r) = —1 if 7 is odd.

Given any (matrix) representation 7 of G, one can form the transpose
inverse matrices (Ttg)_l, and complex conjugate matrices T; The reader
may check that each set of these matrices forms a representation of G.

Definition 24.2.8 The set of matrices (T;,)_l and TZ, are called, respec-

tively, the adjoint representation, denoted by 7, and the complex con-
jugate representation, denoted by 7*.

24.3 Orthogonality Properties

Homomorphisms preserve group structures. By studying a group that is
more attuned to concrete manipulations, we gain insight into the structure
of groups that are homomorphic to it. The group of invertible operators on a
vector space, especially in their matrix representation, are particularly suited
for such a study because of our familiarity with matrices and operators. The
last section reduced this study to inequivalent irreducible representations.
This section is devoted to a detailed study of such representations.

Lemma 24.3.1 (Schur’s lemma) Let T : G — GL(V) and T' : G —
GL(V') be irreducible representations of G. If A € L(V,V') is such that

AT, = T;A Vg e G, (24.5)
then either A is an isomorphism (i.e., T is equivalent to T'), or A = 0.
Proof Let |a) € ker A. Then

AT;la) = T;A|a) =0 = Tgla)ckerA VgegG.
——
=0
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It follows that ker A, a subspace of 'V, is invariant under 7 . Irreducibility of

T implies that either ker A =V, or ker A = 0. The first case asserts that A is

the zero linear transformation; the second case implies that A is injective.
Similarly, let |b) € A(V). Then |b) = A|x) for some |x) € V:

T,b) =T,Alx) =AT,lx) = T,|b)eA®V) VYgeG.
——

eA(V)

It follows that A(V), a subspace of V', is invariant under T’. Irreducibility
of T’ implies that either A(V) = 0, or A(V) = V'. The first case is consistent
with the first conclusion drawn above: ker A = V. The second case asserts
that A is surjective. Combining the two results, we conclude that A is either
the zero operator or an isomorphism. (]

Lemma 24.3.1 becomes extremely useful when we concentrate on a sin-
gle irreducible representation, i.e., when 7" =T

Lemma 24.3.2 Let T : G — GL(V) be an irreducible representation
of G.If A € L(V) is such that ATy =T,A for all g € G, then A = A1.

Proof Replacing V' with V in Lemma 24.3.1, we conclude that A =0 or A is
an isomorphism of V. In the first case, A = 0. In the second case, A must have
a nonzero eigenvalue A and at least one eigenvector (see Theorem 6.2.5). It
follows that the operator A — A1 commutes with all T,’s and it is not an
isomorphism (why not?). Therefore, it must be the zero operator. (]

We can immediately put this lemma to good use. If G is abelian, all op-
erators {T,}yec commute with one another. Focusing on one of these opera-
tors, say T, noting that it commutes with all operators of the representation,
and using Lemma 24.3.2, we conclude that T, =211t follows that when
T, acts on a vector, it gives a multiple of that vector. Therefore, it leaves any
one-dimensional subspace of the carrier space invariant. Since this is true
for all g € G, we have the following result.

Theorem 24.3.3 All irreducible representations of an abelian group are
one-dimensional.

This theorem is an immediate consequence of Schur’s lemma, and is in-
dependent of the order of G. In particular, it holds for infinite groups, if
Schur’s lemma holds for those groups. One important class of infinite groups
for which Schur’s lemma holds is the Lie groups (to be discussed in Part IX).
Thus, all abelian Lie groups have 1-dimensional irreducible representations.
We shall see later that the converse of Theorem 24.3.3 is also true for finite
groups.
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Issai Schur 1875-1941

All vectors of each
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symmetry of the
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eigenstates of the
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Historical Notes

Issai Schur (1875-1941) was one of the most brilliant mathematicians active in Germany
during the first third of the twentieth century. He attended the Gymnasium in Libau (now
Liepaja, Latvia) and then the University of Berlin, where he spent most of his scientific
career from 1911 until 1916. When he returned to Berlin, he was an assistant professor
at Bonn. He became full professor at Berlin in 1919. Schur was forced to retire by the
Nazi authorities in 1935 but was able to emigrate to Palestine in 1939. He died there of a
heart ailment several years later. Schur had been a member of the Prussian Academy of
Sciences before the Nazi purges. He married and had a son and daughter.

Schur’s principal field was the representation theory of groups, founded a little before
1900 by his teacher Frobenius. Schur seems to have completed this field shortly be-
fore World War I, but he returned to the subject after 1925, when it became important
for physics. Further developed by his student Richard Brauer, it is in our time experi-
encing an extraordinary growth through the opening of new questions. Schur’s disserta-
tion (1901) became fundamental to the representation theory of the general linear group;
in fact, English mathematicians have named certain of the functions appearing in the
work “S-functions” in Schur’s honor. In 1905 Schur reestablished the theory of group
characters—the keystone of representation theory. The most important tool involved is
“Schur’s lemma.” Along with the representation of groups by integral linear substitutions,
Schur was also the first to study representation by linear fractional substitutions, treating
this more difficult problem almost completely in two works (1904, 1907). In 1906 Schur
considered the fundamental problems that appear when an algebraic number field is taken
as the domain; a number appearing in this connection is now called the Schur index. His
works written after 1925 include a complete description of the rational and of the contin-
uous representations of the general linear group; the foundations of this work were in his
dissertation.

A lively interchange with many colleagues led Schur to contribute important memoirs to
other areas of mathematics. Some of these were published as collaborations with other
authors, although publications with dual authorship were almost unheard of at that time.
Here we simply indicate the areas: pure group theory, matrices, algebraic equations, num-
ber theory, divergent series, integral equations, and function theory.

Example 24.3.4 Suppose that the Hamiltonian H of a quantum mechanical
system with Hilbert space J{ has a group of symmetry with a representation
T :G — GL(H). Then HT, = T.H for all g € G. It follows that H = A1
if the representation is irreducible. Therefore, all vectors of each invariant
irreducible subspace are eigenstates of the hamiltonian corresponding to the
same eigenvalue, i.e., they all have the same energy. Therefore, the degen-
eracy of that energy state is at least as large as the dimension of the carrier
space.

It is helpful to arrive at the statement above from a different perspective.
Consider a vector |x) in the eigenspace M; corresponding to the energy
eigenvalue E;. Since T, and H commute, T, |x) is also in M;. Therefore, an
eigenspace of a Hamiltonian with a group of symmetry is invariant under
all T, for any representation T" of that group. If T is one of the irreducible
representations of G, say T@ with dimension ngy, then dimM; > ng.

Consider two irreducible representations 7@ and T of a group G
with carrier spaces W® and W | respectively. Let X be any operator in
LW®@ WP and define

A=) T§;”>Xij_>1 =Y T@@XTP (7).
xeG xeG
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Then, we have

Ti,a)l-\ — Z 7@ (g)T(a)(x)XT(ﬁ) (x_l)T('B) (g_l)T(ﬁ)(g)

xeG
— Z T(a)(gx)XT(ﬂ)((gx)_l) T(ﬂ)(g) =AT§,’3).
xeG

=A because this sum also covers all G

We are interested in the two cases where 7@ = T® and where T@® is
not equivalent to T® 1n the first case, Lemma 24.3.2 gives A = A1;in the
second case, Lemma 24.3.1 gives A = 0. Combining these two results and
labeling the constant multiplying the unit operator by X, we can write

S T XTP (g7") = Ax8up1. (24.6)
geG

The presence of the completely arbitrary operator X indicates that Eq. (24.6)
is a powerful statement about—and a severe restriction on—the operators
T (g). This becomes more transparent if we select a basis, represent all
operators by matrices, and for X, the matrix representation of X, choose a
matrix whose only nonzero element is 1 and occurs at the /th row and mth
column. Then Eq. (24.6) becomes

Y TP @OTS (87") = himbapdij.
geG

where A, is a constant that can be evaluated by setting j =i, « = 8, and
summing over i. The RHS will give Ay Y ; 8ii = Aimna, Where ng is the
dimension of the carrier space of 7@, For the LHS we get

LHS = ZZT(a)(g)T(a) —1) Z(T(a)(g—l)T(a)(g))ml

geG i geG
=2 T (¢7'8) = DT @ =1Glsm,
geG geG ¢

—(1)/;11
where |G| is the order of the group. Putting everything together, we obtain
7@ (AT ® (1 @ 4

Z il (&) mj (g ) = 81”118(1}381] (24.7)
geG

If the representation is unitary, then

@ (7B (o _ 1G]

Y @1, (9 = o Onibapdi. (24.8)
geG

Equations (24.7) and (24.8) depend on the basis chosen in which to ex-
press matrices. To eliminate this dependence, we first introduce the impor-
tant concept of character.
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character of a
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character, compound
character

Definition 24.3.5 Let T : G — GL(V) be a representation of the group G.
The character of this representation is the map x : G — C given by

x(@=tT, =Y Tule),

where T(g) is the matrix representation of T, in any basis of V. If T is
irreducible, the character is called simple; otherwise, it is called compound.

The character of the identity element in any representation can be cal-
culated immediately. Since a homomorphism maps identity onto identity,
T, = 1. Therefore,

x(e) = tr(1) = dim V. (24.9)

Recall that two elements x, y € G belong to the same conjugacy class if
there exist g € G such that x = gyg~!. This same relation holds for the
operators representing the elements: T, = T,T,T 1. Taking the trace of

both sides, and noting that Tg—l = T;l, one obtains

Box 24.3.6 All elements of a group belonging to the same conjugacy
class have the same character.

Setting i =/ and j = m in (24.7) and summing over i and j, we obtain

> o x“@xP (g7

geG
|G |G
=n—5o¢s ZSjiSijzn_aa[j ZSjjzlGI(Saﬁ. (24.10)
o l,/ o /
——
=Ny

If the representation is unitary, then (24.8) gives

> x@xP*(9) = 1Gl8ap. (24.11)
geG

This equation suggests a useful interpretation: Characters can be thought
of as vectors in a |G|-dimensional inner product space. According to
Eq. (24.11), the characters of inequivalent irreducible representations are or-
thogonal. In particular, since there cannot be more orthogonal vectors than
the dimension of a vector space, we conclude that the number of irreducible
inequivalent representations of a group cannot be more that the cardinality
of that group. Actually, we can do better. Restricting ourselves to unitary
representations and collecting all elements belonging to the same conjugacy
class together, we write

,
Yoaxx =161 = (xPIA)=1GI8wp,  (24.12)

i=1
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where i labels conjugacy classes, ¢; is the number of elements in the ith
class, r is the number of classes in G, and | X(“)) € C is an r-dimensional
vector with components {cl.l /2 Xi(a) }i_,- Equation (24.12) shows that vectors
belonging to different irreducible representations are orthogonal. Since there
cannot be more orthogonal vectors than the dimension of a vector space, we

conclude that

Proposition 24.3.7 The number of inequivalent irreducible representations
of a group cannot be more that the number of conjugacy classes of the group,
ie,p=<r.

The characters of the adjoint representation are obtained from

x@=xE&" = %=,

where K/ is the class consisting of all elements inverse to those of the class
K;. The equations involving characters of inverses of group elements can be
written in terms of the characters of the adjoint representation. For example,
Eq. (24.10) becomes

,
Y x @i D) =1GI8p = Y cix %P =1Gloap. (24.13)
geG i=1

Other relations can be obtained similarly.

24.4 Analysis of Representations

We can use the results obtained in the last section to gain insight into a given
representation. Take the trace of both sides of Eq. (24.4) and write the result
as

P
x(@=mixP@+ - +mxP @)= "max () (24.14)

a=1

i.e., a compound character is a linear combination of simple characters with
nonnegative integer coefficients. Furthermore, the orthogonality of simple
characters gives

1
Mo = 1o D x@x @), (24.15)
geG

yielding the number of times the irreducible representation 7@ occurs in
the representation 7.

Another useful relation is obtained if we multiply Eq. (24.14) by its com-
plex conjugate and sum over g; the result is
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criterion for irreducibility

Y k@ =Y x@x @=>.> ma x<“><g>2mﬂx<ﬂ>*<g)

g€G geG g€G «
—Zmamﬂ Y x®@xP*(g) = |G|Zm (24.16)
geG
=|Gléap

In particular, if T is irreducible, all m, are zero except for one, which is
unity. We therefore obtain the criterion for irreducibility:

Zyx(g)y —me, =|G| if T isirreducible. (24.17)
geG

For groups of low order and representations of small dimensions,
Eq. (24.16) becomes a powerful tool for testing the irreducibility of the
representation.

Example 24.4.1 Let G = S3 and consider the representation of Exam-
ple 24.2.2. The characters of the first three elements of this representation
are easily calculated:

x1=trT; =3, x2=trT, =1, x3=trTz3=1.

Similarly, one can obtain x4 = 1, x5 =0, and x¢ = 0. Substituting this in
Eq. (24.16) yields

6
Z|X(g)|2=2|xj|2=32+12+12+12+02+02=12.
g€G =1

Comparing this with the RHS of (24.16) with |G| = 6 yields ), mg =2.
This restricts the nonzero «’s to two, say o = 1 and ¢ = 2. Moreover, m| and
my can be only 1. Thus, the representation of Example 24.2.2 is reducible,
and there are precisely two inequivalent irreducible representations in it,
each occurring once.

We can actually find the invariant subspaces corresponding to the two ir-
reducible representations revealed above. The first is easy to guess. Just tak-
ing the sum of the three functions V1, ¥, and yr3 gives a one-dimensional
invariant subspace; so, let ¢; = ¥ + ¥» + 13, and note that the space W
spanned by ¢ is invariant. The second is harder to discover. However, if we
assume that Y1, ¥, and y3 are orthonormal, then using the Gram—Schmidt
process, we can find the other two functions orthogonal to ¢; (but not or-
thogonal to each other!). These are

b2 = —r1 + 242 — Y3, ¢3 = —Yr1 — Yo + 293.

The reader is urged to convince himself/herself that the subspace W
spanned by ¢, and ¢3 is the complement of WO [ie, V=wWD p W
and that it is invariant under all T’s.
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A very useful representation can be constructed as follows. Let G =
{g j};”zl, and recall that left multiplication of elements of G by a fixed ele-
ment g; is a permutation of (g1, g2, . . ., &xn). Denote this permutation by ;.
Now define a representation R : G — GL(R™), called the regular repre-
sentation, by

Rg,- (x19x2» e 7xm) = (-xj'[,'(l)9xﬂ’,'(2)s LR xrr,-(m))-

That this is indeed a representation is left as a problem for the reader. One
can obtain a matrix representation of R by choosing the standard basis
{€;}7_; of R™ and noting that Rg,&; = é”[_q (j)- From such a matrix repre-
sentation it follows that all characters x® of the regular representations are
zero except for the identity, whose character is xR(e) =m [see Eq. (24.9)].
Now use Eq. (24.14) for g = e and for the regular representation to obtain
m= Zf;: | Mang Where ny is the dimension of the a-th irreducible repre-
sentation. We can find m, by using Eq. (24.15) and noting that only g = ¢
contributes to the sum:

1 1
my=— > x®@x ") = —x®(e) x*(e) =na.
Gl = m OX©

Ny

In words,

Box 24.4.2 The number of times an irreducible representation oc-
curs in the regular representation is equal to the dimension of that
irreducible representation.

We therefore obtain the important relations
P o
AR =1G1851=Y nax® and |G|=) nl, (24.18)
a=I1 a=1

where we have assumed that the first conjugacy class is that of the identity.
For finite groups of small order, the second equation can be very useful in
obtaining the dimensions of irreducible representations.

Example 24.4.3 A group of order 2 or 3 has only one-dimensional inequiv-
alent irreducible representations, because the only way that Eq. (24.18) can
be satisfied for |G| =2 or 3 is for all ny’s to be 1. A group of order 4
can have either 4 one-dimensional or one 2-dimensional inequivalent irre-
ducible representations. The symmetric group S3, being of order 6, can have
6 one-dimensional, or 2 one-dimensional and one 2-dimensional inequiva-
lent irreducible representations. We shall see later that if all inequivalent
irreducible representations of a group are one-dimensional, then the group
must be abelian. Thus, the first possibility for S3 must be excluded.

regular representation
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group algebra defined

24.5 Group Algebra

Think of group elements as (linearly independent) vectors. In fact, given
any set, one can generate a vector space by taking linear combinations of
the elements of the set assumed to form a basis. In the case of groups one
gets a bonus: The product already defined on the basis (group elements) can
be extended by linearity to all elements of the vector space to turn it into an
algebra called the group algebra. For G = {g; ;'.1:1, a typical element of the
group algebraisa =7y ;" ; a;g;. One can add two vectors as usual. But the
product of two vectors is also defined:

m m m m m
s ($) (S ) =5 St = S
i = i=lj=1 7 k=l

where ¢ is a sum involving a; and b;. The best way to learn this is to see
an example.

Example 24.5.1 Let G = S3 and consider @ = 27; — 373 + 75 and b =
7y — 214 + 37g. Then, using Table 23.1, we obtain
ab = 27 — 373 + 75) (1) — 274 + 3716)
=2mmy — 4wy + 6w — 337y + 6713714
— Om3me + sy — 25wy + 3msTe
=2my — 4wy + 676 — 37 + 6715 — 9y + 4 — 2713 + 37

=3m — Ty — 23 — 374 + 6715 + 3716

24.5.1 Group Algebra and Representations

Group algebra is very useful for the construction and analysis of representa-
tions of groups. In fact, we have already used a similar approach in the con-
struction of the regular representation. Instead of R” used before, use the
m-dimensional vector space A, the group algebra. Then left-multiplication
by a group element g can be identified with T}(;R), the operators of the regular
representation, and the invariant subspaces of A become the left ideals of A,
and we can write

A=L10L,B---BL,.

Moreover, since the identity element of the group is the identity element of

resolution of the identity the algebra as well, we have

e=e +---te, el=e, ee;=0 fori#j  (24.19)
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It is clear that if a> = aa, then a/a will be idempotent. So, we can es- essentially idempotent

sentially ignore the constant «, which is why a is called essentially idem- elements

potent. Now consider the element of the group algebra

P= Z x (24.20)

xeG

and note that gP = )" gx = P. It follows that

P2:ZgZx:Zng:ZP:|G|P.

geG xeG geGxeG geG

So, P is essentially idempotent. Furthermore, the reader may verify that the
ideal generated by P is one-dimensional.

Let us now apply the notion of the group algebra to derive further rela-
tions among characters. Denote the elements of the ith class K; of G by
{x,”} and construct the element of the group algebra «; = o XDt
in the product of two such quantities

¢ Cj

kikj =y 3 x ), (24.21)
=1 m=1
xl(i)x,(nj ) = y € G, is in a certain conjugacy class, then the rest of that class
can be obtained by taking all conjugates of y, i.e., elements of G that can be
written as

(i)xr(nj)g_l

gyg—l = gx| ) -1

=gxg " axilg
—_— ——

ekK; ek Jj
It follows that if one member of a class appears in the double sum of
Eq. (24.21), all members will appear there. The reader may check that if
y occurs k times in the double sum, then all members of the class of y occur

k times as well. Collecting all such members together, we can write
r
KiKj = Zcijllq, (24.22)
=1

where ¢;j; are positive integers.
Now consider the ath irreducible representation, and add all operators
corresponding to a given class:

-
TO=Y"T0 = TOTY =3 ;T (24.23)

gek; =1
where the second equation follows from the same sort of argument used
above to establish Eq. (24.22). One can show that TEO‘) commutes with all

Tgx). Therefore, by Schur’s lemma, TEO‘) = )»l@ 1, and the second equation
in (24.23) becomes

,
,\lf")xﬁf") => i (24.24)
=1
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Taking the characters of both sides of Tl@ = )»Ea)1 and using the first equa-
tion in (24.23), noting that all elements of a class have the same character,
we get

()

Ci X
Ci Xi(a) = )‘l(a)na = )ngo‘) = GXi
Ny
Substituting this in Eq. (24.24), we obtain
cic /X,(a) @ —p, Zc, e (24.25)

This is another equation that is useful for computing characters. Note that
this equation connects the purely group properties (c;’s and c;j;’s) with the
properties of the representation ( X(a)’s and ny). Summing Eq. (24.25) over

o and using the first equation in (24.18), we get

r o
CICJZX,(Q) i Zcijlcl Znaxl(a) =c¢ij1|G]
=1

———
=|G|8;1 by (24.18)
because c; =1 (there is only one element in the class of the identity). Prob-

lem 24.12 shows that c;;j; = c;8;; where K/ is the class consisting of in-
verses of elements of K;. It then follows that

: G|
Yo =0 (24.26)
a=1 €j

For a unitary representation, x;, @ Xi(a)*, so Eq. (24.26) becomes

P
|G| G|
Yo =0 = ) = — 8 (24.27)
a=1 €j €j
where | x;) € CP is a p-dimensional vector with components { xl(a)} . This

equation can also be written in terms of group elements rather than classes.
()

Since x;* = x®(x) for any x € K;, we have
Gl |
a=1 x

where K f is the conjugacy class of G containing x, |K f | is the number of
its elements, and

S(KS. KY y?

) = 1 ifKG=K§
|0 otherwise.

Equation (24.27) shows that the r vectors Xl.(a) are mutually orthogonal;

therefore, » < p. Combining this with Proposition 24.3.7, we obtain the fol-
lowing:
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Table 24.1 A typical character table

LK, 2K, G K; K,
1 1 1 1
TM x P x P
2 2 2 2
) Xl() X2<> x,-() $2
T(@ X P . % e x @
7™ Xl(r) Xz(r) . Xi(r) . Xr(r)

Theorem 24.5.2 The number of inequivalent irreducible representa-
tions of a finite group is equal to the number of conjugacy classes in
the group.

It is convenient to summarize our result in a square table with rows la-
beled by the irreducible representation and columns labeled by the conju-
gacy classes of G. Then on the oth row and ith column we list xi(a), and
we get Table 24.1, called the character table of G. Note that c;, the order
of K;, is written as a left superscript. Character tables have the property that
any two of their rows are orthogonal in the sense of Eq. (24.12), and any
two of their columns are orthogonal in the sense of Eq. (24.27).

If all inequivalent irreducible representations of a group G have dimen-
sion one, then there will be |G| of them [by Eq. (24.18)]. Hence, there will be
|G| conjugacy classes; i.e., each class consists of a single element. By Prob-
lem 23.16, the group must be abelian. Combining this with Theorem 24.3.3,
we have the following theorem.

Theorem 24.5.3 A finite group is abelian if and only if all its inequivalent
irreducible representations are one-dimensional.

24.6 Relationship of Characters to Those of a Subgroup

Let H be a subgroup of G. Denote by K/ and K¢ the H-class contain-
ing h € H and the G-class containing g, respectively. Let d; and c; be the
number of elements in the jth H-class and ith G-class, respectively. Any
representation of G defines a representation of H by restriction. An irre-
ducible representation of G may be reducible as a representation of H. This
is because although the subspace W@ of the carrier space that is irreducible
under G is the smallest such subspace containing a given vector, it is possi-
ble to generate a smaller subspace by applying a subset of the operators T,
corresponding to those g’s that belong to H. It follows that

T ) = met(‘r)(h), heH, (24.29)
o

character table of a finite
group
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where mg, are nonnegative integers as in Eq. (24.14) and +(°) are irreducible
representations of H. If x® and £(®) denote the characters of irreducible
representations of G and H, respectively, then the equivalent equation for
the characters is

X @)= "megt (), heH. (24.30)

Multiply both sides by £“)*(h), sum over 4 € H, and take the complex
conjugate at the end. Then by the orthogonality relation (24.11), applied to
H, we obtain

x ¥ (h)EW (h). (24.31)
heH

Max = 777
|H|

Now multiply both sides of Eq. (24.31) by x @ (g), sum over «, and use
Eq. (24.28) to obtain

|G|
E mou(X(a)(g) =
o

KTl > s(ki7 KE)ES (). (24.32)
8

heH

The sum on the right can be transformed into a sum over conjugacy classes
of H. Then Eq. (24.32) becomes

|G| .
mexi(a) = Hlc; Zdji,(”, i=1,2,....r (24.33)

o

where the sum on the LHS is over irreducible representations of G, and on
the RHS it is over those H-classes j that lie in the ith G-class. Note that the
coefficients |G|d; /(| H|c;) are integers by Problem 23.17.

Equations (24.32) and (24.33) are useful for obtaining characters of G
when those of a subgroup H are known. The general procedure is to note
that the RHS of these equations are completely determined by the structure
of the group G and the characters of H. Varying i, the RHS of (24.33)
determines the » components of a (compound) character |v), which, by the
LHS, can be written as a linear combination of characters of G:

ly) = Zma|x(°‘)>, (24.34)
a=1

where we have suppressed the irrelevant subscript «. If we know some of
the | x (“))’s, we may be able to determine the rest by taking successive inner
products to find the integers my, and subtracting each irreducible factor of
the sum from the LHS. We illustrate this procedure for S, in the following
example.

Example 24.6.1 Let K| = (12) and K» = (2) for S (see Sect. 23.4 for no-
tation). Example 24.2.7 showed that we can construct two irreducible repre-
sentations for any S, the symmetric and the antisymmetric representations.
The reader may verify that these two representations are inequivalent. Since
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Table 24.2 Character table for S,

11{1 1K2
T 1 1
T® 1 -1

Table 24.3 Partially filled character table for S3

1[(1 3[(2 2[(3
TM 1 1 1
T® 1 -1 1
7@ ? ? ?

the number of inequivalent irreducible representations is equal to the num-
ber of classes in a group, we have all the information needed to construct
the character table for S,. Table 24.2 shows this character table. We want
to use the S, character table to construct the character table for S3. With
our knowledge of the symmetric and the antisymmetric representations, we
can partially fill in the S3 character table. Let K| = (1), K» = (2, 1), and

= (3) and note that ¢c; = 1, ¢ = 3, and ¢3 = 2. Then we obtain Ta-
ble 24.3. To complete the table, we start with k = 1, and write the RHS of
Eq. (24.33) as

6 m_3 m
=g 245 =G L
J J
because d; = 1 for the two classes of S;. The sum on the RHS is over $>-
classes that are inside the ith S3-class. For i = 1, only the first Sp-class

contributes. Noting that é}") are the entries of Table 24.2, we get
3
1 _
—-1=3.
yi= s 1
Similarly,
M _ 3
Yoy = g I=1 and ¢3=—-0=0.
(o) 3

The second equation follows from the fact that there are no classes of S»
inside the third class of S3. Equation (24.34) now gives

3 r
Wy ={1]=> malx®)
0 a=1

We can find the number of times |x ") occurs in this compound character
by taking the inner product:

(xPlw)= Zm (xV[x @)= mi|Gl=6m.
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Table 24.4 Complete character table for S3

IKl 3K2 2K3
TD 1 1 1
TO® 1 -1 1
T® 2 0 —1

But

,
(X(1)|‘/’)=Zcz‘x,-(])lﬂi=1-1-3+3~1-1+2-1.0=6_
i=1

These two equations show that m| = 1. So,

1
1l=1]1 +m2|x(2)>+m3|x(3)).
1

Subtracting the column vectors, we get a new character:

2
0 =m2|x(2))+m3|x
-1

[v) @)

Taking the inner product with | x @) yields my = 0. It follows that |v/') is a
simple character. In fact,

Salyif=1-2243-02+2- (-1)? =6,
i

and the criterion of irreducibility, Eq. (24.17), is satisfied.
We can now finish up Table 24.3 to obtain Table 24.4, which is the com-
plete character table for S3.

24.7 Irreducible Basis Functions

We have studied the operators T, and their characters representing group el-
ements in rather extensive detail. Let us now turn our attention to the carrier
space itself. In particular, we want to concentrate on the basis functions of
the irreducible representations. We choose “functions,” rather than vectors,
because of their use in quantum mechanics as discussed at the beginning of
this chapter.

Let {|w(°‘))} be a set of basis functions for W@, the ath invariant
irreducible subspace Invariance of W implies that

Tg|1ﬂ,'(a) ZT(O{)(g)hb(a)

where T j(f’) (g) are elements of the matrix Tgx) representing g € G.
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Definition 24.7.1 A function (or vector) |¢i(a)) is said to belong to the
ith row of the «th irreducible representation (or to transform accord-
ing to the ith row of the «th irreducible representation) if there exists a
basis {|1//l.(o‘))}l’<li1 of the ath irreducible representation of G with matrices

(Tj(f‘)(g)) and n, — 1 other functions {|¢;a))} such that

Ny

To|6/) =D "1, (2)|8)"). (24.35)

j=1

Functions that belong to rows of irreducible representations have some
remarkable properties. Let |1pl.(“)) and |<i>;’3 )) transform according to the ith
and jth rows of the oth and Bth irreducible representations, respectively.
Choose an inner product for the carrier space such that all representations
are unitary. Then we have

(0 ]0%") = (To0 @ [Te0')

=) Z T ()T, ()0 |0 P).
=1 m=1

Summing this equation over g yields |G|(1pi(°‘) |¢>§ﬁ )) for the LHS, while

(‘GI/”Q)‘Saﬂ‘Slmaij

RHS =} Z ST o1 @ |6 P)

=1 m=1geG

G|
— n_aaﬁal] Z wl(a)‘d)(ﬁ) 7

where we have made use of Eq. (24.8). Therefore,

This shows that functions belonging to different irreducible representa-
tions are orthogonal. We should expect this, because in our construction
of invariant irreducible subspaces, we kept dividing the whole space into
orthogonal complements. What is surprising is that functions transforming
according to different rows of an irreducible representation are orthogonal.
We had no control over this property! It is a consequence of Eq. (24.35).
Another surprise is the independence of the inner product from i: If we let
i = j and o = B on both sides of (24.36), we obtain

1

(v ]9) = Z(wl(“) ), (24.37)

=1

which indicates that the inner product on the LHS is independent of i.

functions belonging to
the ith row of the th
irreducible
representation
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symmetry and the
quantum mechanical
perturbation theory;
lifting of degeneracy

Example 24.7.2 The quantum-mechanical perturbation theory starts with a
known Hamiltonian Hy with eigenvalues E; and the corresponding eigen-
states |E;). Subsequently, a (small) perturbing “potential” V is added to
the Hamiltonian, and the eigenvalues and eigenstates of the new Hamilto-
nian H = Hp + V are sought. One can draw important conclusions about
the eigenvalues and eigenstates of the total Hamiltonian by symmetry argu-
ments.

Suppose the symmetry group of Hy is G, and that of H is H, which has
to be a subgroup of G. In most cases, the eigenspaces of Hy are irreducible
carrier spaces of G, i.e., their basis vectors transform according to the rows
of irreducible representations of G. If H is a proper subgroup of G, then
the eigenspaces of Hy will split according to Eq. (24.29). We say that some
of the degeneracy is lifted because of the perturbation V. The nature of the
split, i.e., the number and the dimensionality of the vector spaces into which
a given eigenspace splits, can be obtained by the characters of G and H and
Eq. (24.30). The original eigenspaces are represented on an energy diagram
with a line corresponding to each eigenspace. The split of the eigenspace
into k new subspaces is then indicated by the branching of the old line into
k new lines.

To the lowest approximation—first-order perturbation theory—the mag-
nitude of the split, i.e., the difference between the eigenvalues of Hy and
those of H, is given by [see Eq. (21.57)] the expectation value (¢i(a) |V|¢§.a)),
where |¢,.(°‘)) belongs to the ith row of the ath irreducible representation, and
|¢§a)) to its jth row (i # j). Only if this expectation value is nonzero will a
split occur. This, in turn, depends on the symmetry of V: If V is at least as
symmetric as Hy (corresponding to G = H), then (qbi(“) |V|¢>§a)> =0, and no
splitting occurs (Problem 24.17). If, on the other hand, V is less symmetric
than Hy (corresponding to H C G), then V|¢§.a)) will not belong to the jth

row of the «th irreducible representation, and in general, (qbl.(“) |V|¢§°‘)) #0.

We have decomposed the carrier space V of a representation into invari-
ant irreducible subspaces W), The argument above shows that each W(®
has a basis consisting of the “rows” of the irreducible representations. Cor-
responding to such a basis, there is a set of projection operators Pga) with
the property Za, ; Pl@ =1 (Chap. 6). Our aim is to find an expression for
these operators, which have the defining property Pfa)hﬂi(“)) = |1//l.(a)). We
start with Eq. (24.35), multiply both sides of it by 7,\”* (g), sum over g € G,
and use Eq. (24.8) to obtain

YT @) = 2 T @ T (o)
j=1

geG geG

Ny

G| & G
= ln_l Y )18 mibap = 91 |9/ )i
o j=1
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Let § = o, m =1 =i, and multiply both sides by n,/|G|. Then this equation
becomes

n
o ZT(O[)*(g)Tgh[/(a)) |1p(0‘)>
geG
which suggests the identification

(@ _ Na @)
P = G X(ETI.;’ *(9)T, (24.38)
F4S]

with the properties
Pl(oz) |1ﬁj(-ﬁ)) _ |Wi(a))6ij8aﬂv pl@|¢> = |¢i(°‘)), (24.39)

where |¢l.(°‘)) is the projection of |¢) along the ith row of the «th irreducible
representation.

We are also interested in the projection operator that projects onto the
irreducible subspace W, Such an operator is obtained by summing PEO‘)
over i. We thus obtain

na o *
P@ = ZZ T\ (g)T, = |G| N X @O ()T, (24.40)

gEGl 1 geG
—_———
=x@*(g)
and
p(a)|l//(ﬂ)> — |w(a)>5aﬁ’ p(ot)|¢) — ‘(p(a))’ (24.41)

where (@) is the projection of |¢) onto the ath irreducible invariant sub-
space. These formulas are extremely useful in identifying the irreducible
subspaces of a given carrier space:

Box 24.7.3 Start with a basis {|a;)} of the carrier space, apply P
of Eq. (24.40) to all basis vectors, and collect all the linearly inde-
pendent vectors of the form P“|a;). These vectors form a basis of the
ath irreducible representation.

The following example illustrates this point.

Example 24.7.4 Consider the representation of S3 given in Example 24.2.2,
where the carrier space is the span of the three functions |¢1) = xy,

[V2) = yz, and [¢3) = xz.
We refer to the character table for S3 (Table 24.4) and use Eq. (24.40) to
obtain

1

1
P = M -T T T+ T5+To),

projection operator onto
the ith row of the ath
irreducible
representation

projection operator onto
the ath irreducible
representation
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2
PO = 20T —T5 - To),

where, as in Example 24.2.2, we have used the notation T; for Ty, and the
result n; =ny = 1 and n3 = 2 obtained from Eq. (24.18), Theorem 24.5.3,
and the fact that S3 is nonabelian.

To get the first irreducible subspace of this representation, we apply P(!
to |r1). Since this subspace is one-dimensional, the procedure will give a
basis for it if the vector so obtained is nonzero:

1
PDly) = M AT+ T3+ T+ Ts 4+ To)lyn)

(1¥1) + Y1) + [¥2) + [¥3) + [¥3) + [¥2))

| = O\ =

3 (I1) + 1¥2) + [¥3)).

This is a basis for the carrier space of the irreducible identity representation.
For the second irreducible representation, we get

1
POy = g(hm — Y1) = [¥2) — [¥3) + [¥3) + [¥2)) = 0.

Similarly, P®|y,) = 0 and P®|yr3) = 0. This means that 7 is not in-
cluded in the representation we are working with. We should have ex-
pected this, because if this one-dimensional irreducible representation were
included, it would force the last irreducible representation to be one-
dimensional as well [see Eq. (24.18)], and, by Theorem 24.5.3, the group
S3 to be abelian!

The last irreducible representation is obtained similarly. We have

1 1
POy = ST =Ts=To)ly1) = 5(2|w1> — [¥3) — [¥2)),

3) _ 1 _ 1
P 1Y) = 5(2T1 —T5 —To)|yn) = 5(2|1ﬁ2> — ) — [¥3).

These two vectors are linearly independent. Therefore, they form a basis for
the last irreducible representation. The reader may check that P®)|y/3) is a
linear combination of P® |yr1) and P |y,).

24.8 Tensor Product of Representations

A simple quantum mechanical system possessing a group of symmetry is
described by vectors that transform irreducibly (or according to a row of
an irreducible representation). For example, a rotationally invariant system
can be described by an eigenstate of angular momentum, the generator of
rotation.? These eigenstates transform as rows of irreducible representations

3Chapter 29 will make explicit the connection between groups and their generators.



24.8 Tensor Product of Representations

751

of the rotation group. At a more fundamental level, the very concept of a
particle or field is thought of as states that transform irreducibly under the
fundamental group of spacetime, the Poincaré group.

Often these irreducible states are “combined” to form new states. For
example, the state of two (noninteracting) particles is described by a two-
particle state, labeled by the combined eigenvalues of the two sets of oper-
ators that describe each particle separately. In the case of angular momen-
tum, the single-particle states may be labeled as |/;, m;) for i = 1, 2. Then
the combined state will be labeled as |[1, m1; [, m>), and one can define an
action of the rotation group on the vector space spanned by these combined
states to construct a representation. We now describe the way in which this
is done.

Let T : G — GL(V) and S : G — GL(W) be two representations of a
group G. Define an action of the group G on V ® W, the tensor product of
V and W, via the representation T ® S : G — GL(V @ W) given by

(T @ 8)(@(Iv), lw)) = (T(@)v), S(®)w)).

We note that

(T ® $)(g182)(Jv), [w))
= (T(g182)Iv), S(g182)|w)) = (T (gT (g2)Iv), S(g1)S(g2)|w))
= (T ® H(gN(T(g2)Iv), S(g2)|w))

=[(T ® $)(g)(T ® $)(g2)](Iv). [w)).
It follows that 7 ® S is indeed a representation, called the tensor product or
direct product or Kronecker product representation. It is common, espe-
cially in the physics literature, to write |v, w), or simply |[vw) for (|v), |w)),
and TS for T ® S. If we choose the orthonormal bases {|v;)} for V and
{lwg)} for W, and define an inner product on V ® W by

(v, wh', w') = () (wlw'),

we obtain a matrix representation of the group with matrix elements given
by
(T ® Sia,jb(g) = (vi, wa|T @ S(Q)|vj, wp)
= (ui|T()|v;){walS(g)|wp) = Tij(8)San(8)-

Note that the rows and columns of this matrix are distinguished by double
indices. If the matrix T is m x m and S is n X n, then the matrix T® S is
(mn) x (mn). The character of the tensor product representation is

X"5(@) =D (T ® S)iaia(®) =Y _ Tii(2)Saa(@) =Y _Tii(8) Y _ Saalg)

=x"@x5@) = 1 =x" X’ (24.42)

So the character of the tensor product is the product of the individual char-
acters.

Kronecker product
representation

character of a product
representation is a
product of characters
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Kronecker product
reduces to the
symmetric and the
antisymmetric
representations

An important special case is the tensor product of a representation with
itself. For such a representation, the matrix elements satisfy the symmetry
relation

(T ®T)ia,jp(8) = (T ®T)ainj(g)-

This symmetry can be used to decompose the tensor product space into two
subspaces that are separately invariant under the action of the group. To
do this, take the span of all the symmetric vectors of the form (Jv;w;) +
[vjw;)) € V®V and denote it by (V ® V). Similarly, take the span of all
the antisymmetric vectors of the form (Jv;w;) — |v;w;)) € V®V and denote
it by (V ® V),. Next note that

1 1
lviwj) = E(h}iwj) + [vjw;)) + §(|inj> — Jvjwi)).

It follows that every vector of the product space can be written as the sum of
a symmetric and an antisymmetric vector. Furthermore, the only vector that
is both symmetric and antisymmetric is the zero vector. Therefore,

VV=VeV),d(VeV),.

Now consider the action of the group on each of these subspaces sepa-
rately. From the relation

(T RT)(Qiw;j) = (T @ T)(g(vi). lwj))
=(2ﬁmmmx2ﬁm@mo
k 1

= TuTij(©)(@)(Ive). wr))
k.l

= Z(T ® T)ur,ij (&) vkwy)

k,l

we obtain
(T ®T)(©)(lviwj) £ |vjwi))

= Z[(T ® Tit,ij(8) £ (T ® T, ji ()] lvkwy). (24.43)
Kl

Problem 24.21 shows that the RHS can be written as a sum over the symmet-
ric (for the plus sign) or antisymmetric (for the minus sign) vectors alone. It
follows that

Box 24.8.1 The Kronecker product of a representation with itself is
always reducible into two representations, the symmetrized product
and the antisymmetrized product representations.
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24.8.1 Clebsch-Gordan Decomposition

A common situation in quantum mechanics is to combine two simple sys-
tems into a composite system and see which properties of the original sim-
ple systems the composite system retains. For example, combining the an-
gular momenta of two particles gives a new total angular momentum op-
erator. The question of what single-particle angular momentum states are
included in the states of the total angular momentum operator is the con-
tent of selection rules and is of great physical interest: A quark and an
antiquark (two fermions) with spin % always combine to form a meson (a
boson), because the resulting composite state has no projection onto the
subspace spanned by half-integer-spin particles. In this section, we study
the mathematical foundation of this situation. The tensor product of two ir-
reducible representations T@ and TP of G is denoted by T@*B) anditis,
in general, a reducible representation. The characters, generally compound,
are denoted by X(‘”ﬁ). Equation (24.14), combined with Eq. (24.42), tells
us what irreducible representations are present in the tensor product, and
therefore onto which irreducible representations the product representation
has nonzero projection:

@B = @ Zmaﬁ @,

o . . . . . .
where m2 are nonnegative integers. We rewrite this more conveniently in

terms of vectors as

X @B = Zmaﬁ|x(a)

1
mg_ﬁ — ﬁ( (0') |X(01X5) |G| ch Xl Xl(a)Xl(/S) (2444)

A group for which m%® =0, 1 is called simply reducible.

Historical Notes

Rudolph Friedrich Alfred Clebsch (1833-1872) studied mathematics in the shadow
of Jacobi at the University of Konigsberg, two of his teachers having been students of
Jacobi. After graduation he held a number of positions in Germany, including positions
at the universities of Berlin, Giessen, and finally Gottingen, where he remained until his
death. He and Carl Neumann, the son of one of the aforementioned teachers who were
students of Jacobi, founded the Mathematische Annalen.

Clebsch began his career in mathematical physics, producing a doctoral thesis on hydro-
dynamics and a book on elasticity in which he treated the elastic vibrations of rods and
plates. These works were primarily mathematical, however, and he soon turned his atten-
tion more to pure mathematics. His links to Jacobi gave rise to his first work in that vein,
concerning problems in variational calculus and partial differential equations, in which
he surpassed the results of Jacobi’s work.

Clebsch first achieved significant recognition for his work in projective invariants and
algebraic geometry. He was intrigued by the interplay between algebra and geometry,
and, since many results in the theory of invariants have geometric interpretations, the two
fields seemed natural choices.

selection rules

simply reducible group

Rudolph Friedrich Alfred
Clebsch 1833-1872
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Clebsch-Gordan series

How to obtain invariants
from the product of
representations

Example 24.8.2 Referring to Table 24.5 of Problem 24.15, and using
Eq. (24.42), we can construct the compound character |x #*>) with com-
ponents 9, —1, 1, 0, —1. Then, we have

9
—1

5
‘X(4><5))= 1 sz§5|x(0)>’ mf:ix

24< (@)]  @x5),

-1
For the first irreducible representation, we get

5

1 1
mp = 24( XD @) = % ’21: cixPF )

1
24[1 1-946-1-(=1)+3-1-148-1-046-1-(—1)]=0.

For the second irreducible representation, we get

m = L<X<2>|X(4x5>>

24

24[ 1:946-(-=1)-(=1)+3-1-14+8-(=1)-0

+6-(—1)~(—1)]:1.

Similarly, m3 =1, m =1, and mg‘S = 1. We thus see that the identity
representation is not 1nc1uded in the direct product of irreducible represen-

tations 4 and 5; all other irreducible representations of S4 occur once in
T@4x5)

In terms of representations themselves, we have the so-called Clebsch-
Gordan series

,
T@B () =S " mBT@ (o) m? iz x @,
(®) 2 T (g) o |G|Z %!

(24.45)
where we have used Eq. (24.13)

The one-dimensional identity representation plays a special role in the
application of group theory to physics because any vector (function) in its
carrier space is invariant under the action of the group, and invariant vectors
often describe special states of the quantum mechanical systems. For exam-
ple, the ground state of an atomic system with rotational invariance has zero
orbital angular momentum, corresponding to a spherically symmetric state.

Another example comes from particle physics. Quarks are usually placed
in the states of an irreducible representation of a group [SU(n), where n is
the number of “flavors” such as up, down, charm], and antiquarks in its
adjoint. A question of great importance is what combination of quarks and
antiquarks leads to particles—called singlets—that are an invariant of the
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group. For the case of quark-antiquark combination, the answer comes in
the analysis of the tensor product of one irreducible representation, say 7',
and one adjoint representation, say 7®). In fact, using Eq. (24.45), we have

1 « R

af (1) _ (@) =(B) (o) = (B)

ny —|_3|§ CixX; Xi X; —|_3|§ CiX; X; —Saﬁ,
i=1 i=1

where we used Eq. (24.13) and the fact that all characters of the identity
representation are unity. Thus

Box 24.8.3 To construct an invariant state, we need to combine a
representation with its adjoint, in which case we obtain the identity
representation only once.

Historical Notes

Paul Albert Gordan (1837-1912), the son of David Gordan, a merchant, attended gym-
nasium and business school, then worked for several years in banks. His early interest in
mathematics was encouraged by the private tutoring he received from a professor at the
Friedrich Wilhelm Gymnasium. He attended Ernst Kummer’s lectures in number theory
at the University of Berlin in 1855, then studied at the universities of Breslau, Konigs-
berg, and Berlin. At Konigsberg he came under the influence of Karl Jacobi’s school, and
at Berlin his interest in algebraic equations was aroused. His dissertation (1862), which
concerned geodesics on spheroids, received a prize offered by the philosophy faculty of
the University of Breslau. The techniques that Gordan employed in it were those of La-
grange and Jacobi.

Gordan’s interest in function theory led him to visit G.F.B. Riemann in Géttingen in 1862, Paul Albert Gordan
but Riemann was ailing, and their association was brief. The following year, Gordan was 1837-1912
invited to Giessen by Clebsch, thus beginning the fruitful collaboration most physicists

recognize. Together they produced work on the theory of Abelian functions, based on Rie-

mann’s fundamental paper on that topic, and several of Clebsch’s papers are considered

important steps toward establishing for Riemann’s theories a firm foundation in terms

of pure algebraic geometry. Of course, the Clebsch-Gordan collaboration also produced

the famous coefficients that bear their names, so indispensable to the theory of angular

momentum coupling found in almost every area of modern physics.

In 1874 Gordan became a professor at Erlangen, where he remained until his retirement

in 1910. He married Sophie Deuer, the daughter of a Giessen professor of Roman law, in

1869. In 1868 Clebsch introduced Gordan to the theory of invariants, which originated in

an observation of George Boole’s in 1841 and was further developed by Arthur Cayley

in 1846. Following the work of these two Englishmen, a German branch of the theory

was developed by S.H. Aronhold and Clebsch, the latter elaborating the former’s sym-

bolic methods of characterizing algebraic forms and their invariants. Invariant theory was

Gordan’s main interest for the rest of his mathematical career; he became known as the

greatest expert in the field, developing many techniques for representing and generating

forms and their invariants.

Gordan made important contributions to algebra and solutions of algebraic equations,

and gave simplified proofs of the transcendence of e and 7. The overall style of Gordan’s

mathematical work was algorithmic. He shied away from presenting his ideas in informal

literary forms. He derived his results computationally, working directly toward the desired

goal without offering explanations of the concepts that motivated his work.

Gordan’s only doctoral student, Emmy Noether, was one of the first women to receive a

doctorate in Germany. She carried on his work in invariant theory for a while, but under

the stimulus of Hilbert’s school at Gottingen her interests shifted and she became one of

the primary contributors to modern algebra.
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Clebsch-Gordan
coefficients

irreducible set of
operators

So far, we have concentrated on the reduction of the operators and car-
rier spaces into irreducible components. Let us now direct our attention to
the vectors themselves. Given two irreducible representations 7® and 7

with carrier spaces spanned by vectors {|¢,.(°‘))}"°‘ and {|1//(/3 W we form

1 ’
the direct product representation 7 ©*#) with the carrier spacej: spanned by
vectors { |</>i("‘)¢](.’3 ))}. We know that 7©@*#) is reducible, and Eq. (24.45)
tells us how many times each irreducible factor occurs in 7@*#) This
means that the span of { |¢(")xp(ﬁ ))} can be decomposed into invariant irre-
ducible subspaces; i.e., there must exist a basis of the carrier of the product
space the vectors of which belong to irreducible representations of G. More

specifically, we should be able to form the linear combinations

o) =3 Clapio.qliji b)), (24.46)
ij

which transform according to the rows of the o th irreducible representation.
Here the subscript k refers to the row of the oth representation, and ¢ dis-
tinguishes among functions that have the same o and k, corresponding to
the case where m‘;ﬁ > 2. For simply reducible groups, the label ¢ is unnec-
essary. The coefficients C(af; 0, qlij; k) are called the Clebsch-Gordan
coefficients for G. These coefficients are normalized such that

> C* (@B o.qlij: IC(aBi o', q'lij: k') = 856/8gq Sk
ij

> C*(aB:io.qlij: k)C(aB; 0, qli'j's k) = 8118 1.

oqk

This will guarantee that |lI/k(U)’q) are orthonormal if the product vectors
form an orthonormal set. Using these relations, we can write the inverse
of Eq. (24.46) as

6w ) =3 C @i o qliji )| ). (24.47)
oqk

24.8.2 Irreducible Tensor Operators

An operator A acting in the carrier space of the representation of a group
G is transformed into another operator, A — T, AT;1 , by the action of the
group. Just as in the case of vector spaces, one can thus construct a set of
operators that transform among themselves by such action and lump these
operators in irreducible sets.

Definition 24.8.4 An operator AEO‘) is said to transform according to the
ith row of the «th irreducible representation if there exist n, — 1 other
operators {Aﬁ.a)} and a basis {|1pl.(°‘))} such that
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Ny
TAIT =3 T (gAY, (24.48)

where (T(“)(g)) is the matrix representation of g. The set of such operators
is called an irreducible set of operators (or irreducible tensorial set).

In particular, if Tig.a) (g) = 8;j,1.e., if the representation is the identity rep-
resentation, then A = TgATg_l, and A is called a scalar operator. The term scalar operator
“scalar” refers to the fact that A has only one “component,” in contrast to
the other operators of Eq. (24.48), which may possess several components.

Consider the set of vectors (functions) defined by |1pl.(j‘?"3 )) = Al@ |q’>§’3 )),

where |¢;.’3 )) transform according to the Bth irreducible representation.
These vectors transform according to

Tl = TAOT, T |8 ) = ZTéf"(g)A“’”ZT“”@W(ﬁ)

— Z Tk(la) (g)T[ys) (g)A(a) iﬁb(ﬂ) Z Tk(laljﬂ)( ) |,¢.(0‘,3)>’
k,l
(24.49)

i.e., according to the representation 7@*#) This means that the vectors
|1ﬁi(]'.w )) have the same transformation properties as the tensor product vec-

tors |¢l.(a)wj(ﬁ ) ). Therefore, using Eq. (24.47), we can write

A |0f7) =" C*(aBs o qliji |9 ),
oqk

and more importantly,

< (y)|A(a)‘¢(ﬂ) ZC*(G,&U,C]W;/@ ( ’(ny)’wk(o),q>
—————

oqk use Eq. (24.36) here
=Y C*@B:y.qlij;mgs W 0).  (24.50)

It follows that the matrix element of the operator Aga) will vanish unless the
irreducible representation 7) occurs in the reduction of the tensor prod-
uct T@ @ TP and this can be decided from the character tables and the
Clebsch-Gordan series, Eq. (24.45).
There is another remarkable property of Eq. (24.50) that has significant
physical consequences. Notice how the dependence on i and j is contained
entirely in the Clebsch-Gordan coefficients. Moreover, Eq. (24.37) implies Wigner-Eckart theorem
that (¢,(,,V)|l11,f,y)’q) is independent of m. Therefore, this dependence must and reduced matrix
also be contained entirely in Clebsch-Gordan coefficients. One therefore elements
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writes (24.50) as

(0 |A]g7) = D" C*(@Bs v, qlijs m) (¢7 |A[¢P) . 24.51)
1 reduced matrix element
This equation is known as the Wigner-Eckart theorem, and the numbers
multiplying the Clebsch-Gordan coefficients are known as the reduced ma-
trix elements.

From the point of view of physics, Eq. (24.51) can be very useful in cal-
culating matrix elements (expectation values and transition between states),
once we know the transformation properties of the physical operator. For ex-
ample, for a scalar operator S, which, by definition, transforms according
to the identity representation, (24.51) becomes

(ont” 1A[0”) = (o [ A |9P)8y 55053

i.e., scalar operators have no matrix elements between different irreducible
representations of a group, and within an irreducible representation, they are
multiples of the identity matrix. This result is also a consequence of Schur’s
lemma.

24,9 Problems

24.1 Show that the action of a group G on the space of functions i given
by Toy (x) = w(g_1 - X) is a representation of G.

24.2 Complete Example 24.1.6.

24.3 Let the vector space carrying the representation of S3 be the space of
functions. Choose 1 (x, y, z) = xy and find the matrix representation of S3
in the minimal invariant subspace containing 1. Hint: See Example 24.2.2.

24.4 Let the vector space carrying the representation of S3 be the space of
functions. Choose (a) ¥1(x,y,z) =x and (b) ¥1(x,y,2) = x2, and in each
case, find the matrix representation of S3 in the minimal invariant subspace
containing 1.

24.5 Show that the representations 7, T, and T* are either all reducible or
all irreducible.

24.6 Use the hermitian conjugate of Eq. (24.5) to show that S = ATA com-
mutes with all T,’s. This result is used to prove Schur’s lemmas in infinite
dimensions.

24.7 Show that elements of a group belonging to the same conjugacy class
have the same characters.

24.8 Show that the regular representation is indeed a representation, i.e.,
that R : G — GL(m, R) is a homomorphism.
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Table 24.5 Character table for Sy

'K, K, 3K3 8Ky 5Ks
M 1 1 1 1 1
TO® 1 -1 1 1 -1
T 2 0 2 1 0
T® 3 —1 0 —1
T® 3 —1 -1 0 1

24.9 Prove Maschke’s Theorem: The group algebra is semi-simple.

24.10 Let G be afinite group. Define the element P =) _; x of the group
algebra and show that the left ideal generated by P is one-dimensional.

24.11 Show that Tl@ defined in Eq. (24.23) commutes with all operators
T Hint: Consider TS T (10) 1.

24.12 Let K;/ denote the set of inverses of a conjugacy class K; with ¢;
elements.

(a) Show that K;/ is also a class with ¢; elements.

(b) Show that identity occurs exactly ¢; times in the product «;k;s, and
none in the product «;«; if j # i’ [see Eq. (24.21)].

(c) Conclude that

0 ifj#i,

Cij1 = o .
¢ ifj=i.

24.13 Show that the coefficients |G|d;/|H|c; of Eq. (24.33) are integers.

24.14 Show that the symmetric and the antisymmetric representations of S,
are inequivalent.

24.15 Construct the character table for Ss from that of S3 (given as Ta-
ble 24.4), and verify that it is given by Table 24.5.

24.16 Show that all functions transforming according to a given row of an
irreducible representation have the same norm.

24.17 Show that if the group of symmetry of V contains that of Hy and
|¢§°‘)) belongs to the jth column of the ath irreducible representation, then

so does V|¢;a)). Conclude that (q&l.(“) |V|¢§.°‘)) =0fori #j.

24.18 Find the irreducible components of the representation of Exam-
ple 24.1.6.

24.19 Show that P®|y3) of Example 24.7.4 is a linear combination of
PO1y1) and PO Jy).
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24.20 Show that the tensor product of two unitary representations is unitary.

24.21 Switch the dummy indices of the double sum in (24.43), add (sub-
tract) the two sums, and use (T ® T);q, j(g) = (T ® T)4i,pj(g) to show that
the double sum can be written as a sum over the symmetric (antisymmetric)
vectors alone.

24.22 Show that the characters XS(g) and XA(g) of the symmetrized and
antisymmetrized product representations are given, respectively, by

1

[(x(@)” +x(¢?)] and x*(g)= 5L(x ©)" = x()]-

| =

x5(g) =

24.23 Suppose that AE“) transforms according to 7@, and Ag.ﬁ ) according
to T#). Show that AI@A;ﬁ ) transforms according to 7 (@*A)

24.24 Show that

1 o o
= >l (A o) = (@ [A@ ), .
T}

One can interpret this as the statement that the square of the reduced matrix
element is proportional to the average (over i and j) of the square of the full
matrix elements.
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