Separation of Variables in Spherical 1 3

Coordinates

The laws of physics are almost exclusively written in the form of differential
equations (DEs). In (point) particle mechanics there is only one independent
variable, leading to ordinary differential equations (ODEs). In other areas of
physics in which extended objects such as fields are studied, variations with
respect to position are also important. Partial derivatives with respect to co-
ordinate variables show up in the differential equations, which are therefore
called partial differential equations (PDEs). We list the most common PDEs
of mathematical physics in the following.

13.1 PDEs of Mathematical Physics

In electrostatics, where time-independent scalar fields, such as potentials,
and vector fields such as electrostatic fields, are studied, the law is described
by Poisson’s equation,

V2P (r) = —47p(r). (13.1)
In vacuum, where p(r) = 0, Eq. (13.1) reduces to Laplace’s equation,
V2@ (r) =0. (13.2)

Many electrostatic problems involve conductors held at constant potentials
and situated in vacuum. In the space between such conducting surfaces, the
electrostatic potential obeys Eq. (13.2).

The most simplified version of the heat equation is

oT 22

— =a"V°T(r), (13.3)

ot
where T is the temperature and a is a constant characterizing the medium
in which heat flows.

One of the most frequently recurring PDEs encountered in mathematical
physics is the wave equation,
1 9%

2 _
VW - o =0, (13.4)
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Schrédinger equation

Klein-Gordon equation

time is separated from
space

This equation (or its simplification to lower dimensions) is applied to the
vibration of strings and drums; the propagation of sound in gases, solids,
and liquids; the propagation of disturbances in plasmas; and the propagation
of electromagnetic waves.

The Schrodinger equation, describing nonrelativistic quantum phenom-
ena, is

R, 1
——— VY4V =ih—, (13.5)
2m at
where m is the mass of a subatomic particle, /4 is Planck’s constant (divided
by 27), V is the potential energy of the particle, and |¥ (r, 1)|? is the prob-
ability density of finding the particle at r at time 7.

A relativistic generalization of the Schrodinger equation for a free parti-
cle of mass m is the Klein-Gordon equation, which, in terms of the natural
units (h = 1 = ¢), reduces to

2 2 9%¢
Vep —mp = PR (13.6)

Equations (13.3)—(13.6) have partial derivatives with respect to time. As
a first step toward solving these PDEs and as an introduction to similar tech-
niques used in the solution of PDEs not involving time,! let us separate
the time variable. We will denote the functions in all four equations by the
generic symbol ¥ (r, t). The basic idea is to separate the r and ¢ dependence
into factors: ¥ (r, t) = R(r)T (¢). This factorization permits us to separate
the two operations of space differentiation and time differentiation. Let S
stand for all spatial derivative operators and write all the relevant equa-
tions either as S¥ = d¥/dtr or as S¥ = 92¥/dr2. With this notation and
the above separation, we have

RdT/dt,
S(RT)=T(SR) = RdzT//dtz.
Dividing both sides by RT', we obtain
Llsr= i (13.7)
R 1d°T '
T di? -

Now comes the crucial step in the process of separation of variables. The
LHS of Eq. (13.7) is a function of position alone, and the RHS is a function
of time alone. Since r and ¢ are independent variables, the only way that
(13.7) can hold is for both sides to be constant, say o:

1
ESR:O[ = SR=«aR

ISee [Hass 08] for a thorough discussion of separation in Cartesian and cylindrical coor-
dinates. Chapter 19 of this book also contains examples of solutions to some second-order
linear DEs resulting from such separation.
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and?

1dT - dT r 1 d?T N d*T -
=T = — = onr ——= — =aT.
T dt ¢ dt ¢ T di? “ dt? *

We have reduced the original time-dependent PDE to an ODE,

dT d*T
E=(¥T or W=O{T, (138)

and a PDE involving only the position variables, (S — )R = 0. The
most general form of S — « arising from Egs. (13.3) through (13.6) is
S—a=V24 f(r). Therefore, Egs. (13.3)—(13.6) are equivalent to (13.8),
and V2R + f(r)R =0, which we rewrite as

V2P (r) + f()¥(r) =0. (13.9)

This is called a homogeneous PDE because of the zero on the right-hand
side. Of all the PDEs outlined above, Poisson’s equation is the only inho-
mogeneous equation. We will restrict ourselves to the homogeneous case in
this chapter.

Depending on the geometry of the problem, Eq. (13.9) is further sepa-
rated into ODEs each involving a single coordinate of a suitable coordinate
system. We shall see examples of all major coordinate systems (Cartesian,
cylindrical, and spherical) in Chap. 19. For the rest of this chapter, we shall
concentrate on some general aspects of the spherical coordinates.

Historical Notes

Jean Le Rond d’Alembert (1717-1783) was the illegitimate son of a famous salon
hostess of eighteenth-century Paris and a cavalry officer. Abandoned by his mother,
d’Alembert was raised by a foster family and later educated by the arrangement of his
father at a nearby church-sponsored school, in which he received instruction in the clas-
sics and above-average instruction in mathematics. After studying law and medicine, he
finally chose to pursue a career in mathematics. In the 1740s he joined the ranks of the
philosophes, a growing group of deistic and materialistic thinkers and writers who ac-
tively questioned the social and intellectual standards of the day. He traveled little (he
left France only once, to visit the court of Frederick the Great), preferring instead the
company of his friends in the salons, among whom he was well known for his wit and
laughter.

D’ Alembert turned his mathematical and philosophical talents to many of the outstand-
ing scientific problems of the day, with mixed success. Perhaps his most famous scien-
tific work, entitled Traité de dynamique, shows his appreciation that a revolution was
taking place in the science of mechanics—the formalization of the principles stated by
Newton into a rigorous mathematical framework. The philosophy to which d’ Alembert
subscribed, however, refused to acknowledge the primacy of a concept as unclear and ar-
bitrary as “force,” introducing a certain awkwardness to his treatment and perhaps caus-
ing him to overlook the important principle of conservation of energy. Later, d’ Alembert
produced a treatise on fluid mechanics (the priority of which is still debated by histori-
ans), a paper dealing with vibrating strings (in which the wave equation makes its first
appearance in physics), and a skillful treatment of celestial mechanics. D’ Alembert is
also credited with use of the first partial differential equation as well as the first solution

2In most cases, « is chosen to be real. In the case of the Schrodinger equation, it is more
convenient to choose « to be purely imaginary so that the i in the definition of S can be
compensated. In all cases, the precise nature of « is determined by boundary conditions.

Jean Le Rond d’Alembert
1717-1783
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angular momentum
operator

to such an equation using separation of variables. (One should be careful interpreting
“first”: many of d’ Alembert’s predecessors and contemporaries gave similar, though less
satisfactory, treatments of these milestones.) Perhaps his most well-known contribution
to mathematics (at least among students) is the ratio test for the convergence of infinite
series.

Much of the work for which d’Alembert is remembered occurred outside mathematical
physics. He was chosen as the science editor of the Encyclopédie, and his lengthy Dis-
cours Préliminaire in that volume is considered one of the defining documents of the
Enlightenment. Other works included writings on law, religion, and music.

Since d’Alembert’s final years were not especially happy ones, perhaps this account of
his life should end with a glimpse at the humanity his philosophy often gave his work.
Like many of his contemporaries, he considered the problem of calculating the relative
risk associated with the new practice of smallpox inoculation, which in rare cases caused
the disease it was designed to prevent. Although not very successful in the mathematical
sense, he was careful to point out that the probability of accidental infection, however
slight or elegantly derived, would be small consolation to a father whose child died from
the inoculation. It is greatly to his credit that d’ Alembert did not believe such considera-
tions irrelevant to the problem.

13.2 Separation of the Angular Part

With Cartesian and cylindrical variables, the boundary conditions are impor-
tant in determining the nature of the solutions of the ODE obtained from the
PDE. In almost all applications, however, the angular part of the spherical
variables can be separated and studied very generally. This is because the
angular part of the Laplacian in the spherical coordinate system is closely
related to the operation of rotation and the angular momentum, which are
independent of any particular situation.

The separation of the angular part in spherical coordinates can be done
in a fashion exactly analogous to the separation of time by writing ¥ as
a product of three functions, each depending on only one of the variables.
However, we will follow an approach that is used in quantum mechanical
treatments of angular momentum. This approach, which is based on the
operator algebra of Chap. 4 and is extremely powerful and elegant, gives
solutions for the angular part in closed form.

Define the vector operator p as p = —i V so that its jth Cartesian compo-
nent is p,= —id/dx;, for j =1, 2, 3. In quantum mechanics |3 (multiplied
by %) is the momentum operator. It is easy to verify that?

[xj, Pkl =1idjx and [x;, xx]=0=[p;, Pil- (13.10)
We can also define the angular momentum operator as L =¥ x p.

This is expressed in components as L; = ( x p); = €jkxjpy fori=1,2,3,
where Einstein’s summation convention (summing over repeated indices) is

3These operators act on the space of functions possessing enough “nice” properties as to
render the space suitable. The operator x; simply multiplies functions, while p; differen-
tiates them.
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utilized.* Using the commutation relations above, we obtain commutation relations
between components of
angular momentum
operator

[Li, Lyl =iejuly.

We will see shortly that L can be written solely in terms of the angles
0 and ¢. Moreover, there is one factor of p in the definition of E, so if we
square E, we will get two factors of p, and a Laplacian may emerge in the
expression for L L. In this manner, we may be able to write V? in terms of
L2, which depends only on angles. Let us try this:

3
.
L°=L-L= Z LiL; = € jkX jPr€imnXmPyn = €ijk€imnX jPpXm Py

i=1
= (‘sjmskn - Sjnakm)xjpkxmpn =XiPiXjPr — XjPrXkP; -

We need to write this expression in such a way that factors with the same in-
dex are next to each other, to give a dot product. We must also try, when pos-
sible, to keep the P factors to the right so that they can operate on functions
without intervention from the x factors. We do this by using Eq. (13.10):

L% = x; (xj Py — i8k))Py — (P + i) kP
= XjXjPrPx — IXjPj — PpXkXjP;j — IXjP;
=XjXjPxPr — 2ix;P; — (xkPy — iSkk)X;P;-
Recalling that S, = > 3_; S = 3 and x,x; = Z?:l xjxj=r-F=r’etc.,

we can write L> = r2p - p + if - p — (F - p)(¥ - p), which, if we make the
substitution p = —iV, yields

v2 — 212 +r_2(l' “V)(r-V) +r 2. V.

Letting both sides act on the function ¥ (r, 6, @), we get
’ 1., 1 1
\Y l1/:——2L l1/+—2(r~V)(r~V)lII+—2r~Vl1/. (13.11)
r r r

But we note that r- V =&, - V = rd/dr. We thus get the final form of V>¥
in spherical coordinates: Laplacian separated into

angular and radial parts
Vi — L2 1000 19 (13.12)
o2 ror\ or roor’ '
It is important to note that Eq. (13.11) is a general relation that holds in
all coordinate systems. Although all the manipulations leading to it were

done in Cartesian coordinates, since it is written in vector notation, there is
no indication in the final form that it was derived using specific coordinates.

“It is assumed that the reader is familiar with vector algebra using indices and such objects
as &;; and €;j;. For an introductory treatment, sufficient for our present discussion, see
[Hass 08]. A more advanced treatment of these objects (tensors) can be found in Part VIII
of the present book.
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Equation (13.12) is the spherical version of (13.11) and is the version we
shall use. We will first make the simplifying assumption that in Eq. (13.9),
the master equation, f(r) is a function of » only. Equation (13.9) then be-

comes

I, 10 oy 1oy

2w - (P ) 4 - =0,
r2 ror\ or r oor

Assuming, for the time being, that L?> depends only on 6 and ¢, and sepa-
rating ¥ into a product of two functions, ¥ (r, 6, ¢) = R(r)Y (6, ¢), we can
rewrite this equation as

1

5 19
——LX(RY) +
"

d 19
——|r—@RY) |+ -—(RY)+ f(r)RY =0.
ror| or r or
Dividing by RY and multiplying by r? yields

1 R R
—SL M+ ii<rd—> L
—_—

Rdr \ dr R dr
e e
or
L’Y (6, ¢) =Y (8, ¢) (13.13)
and
C:Tf+§fl—f+|:f(r)—f—2:|R=0. (13.14)

We will concentrate on the angular part, Eq. (13.13), leaving the radial part
to the general discussion of ODEs. The rest of this section will focus on
showing that Ly =L,, L, =L, and L3 = L, are independent of r.

Since L; is an operator, we can study its action on an arbitrary function f.
Thus,

Lf= —ieijkxjka = —iEijkxjaf/axk.

We can express the Cartesian x; in terms of r, 6, and ¢, and use the chain
rule to express df/dx, in terms of spherical coordinates. This will give us
L; f expressed in terms of r, 0, and ¢. It will then emerge that r is absent in
the final expression.

Let us start with

X =rsinfcosg, y=rsinfsing, z=rcoso,

and their inverse,

1/2 Z
r:(x2+y2+zz) / , cosf = —, tan(p:X,
r X
and express the Cartesian derivatives in terms of spherical coordinates using
the chain rule. The first such derivative is

af _afor _af 90 _of dp

= _ 42 -4 27 (13.15)
dx Jdrdx 00 dx d¢ dx
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The derivative of one coordinate system with respect to the other can be eas-
ily calculated. For example, dr/dx = x/r = sin6 cos ¢, and differentiating
both sides of the equation cos & = z/r, we obtain

a0 z0r/0x zx _ cosfsinfcosg

—sinf— = — ===
X r2 r3 r

90  cosf cos gp
ax r

Finally, differentiating both sides of tan¢ = y/x with respect to x yields
dp/dx = —sing/(r sinf). Using these expressions in Eq. (13.15), we get
af cosfOcosg df sing df

f_
— =sinfcosgp— + ; .
ox ar r 00  rsinf dg

In exactly the same way, we obtain

af . . df cosfsing df cosg Of
— =sinfsing— + — —
dy ar r 00  rsinf dg
Bf eaf sinf 9f
dz ar ro99°

We can now calculate L, by letting it act on an arbitrary function and
expressing all Cartesian coordinates and derivatives in terms of spherical
coordinates. The result is

of o of (.9 9
Lif=—iy—+iz—=i s1n(p—+cotécos<pa— f
®

9z ay 00
or
Lx=i<sin(pi —l—cot@cos<pi>. (13.16)
a6 1%
Analogous arguments yield
H:i(—cosgo% +cot0sin<p%>, LZ=—i%. (13.17)

It is left as a problem for the reader to show that by adding the squares of
the components of the angular momentum operator, one obtains

5 1 a /. @ 1 92
LP=————(sinf— ) - ———, (13.18)
sind 90 90 sin“6 g

which is independent of r as promised. Substitution in Eq. (13.12) yields
the familiar expression for the Laplacian in spherical coordinates.

13.3 Construction of Eigenvalues of L>

Now that we have L2 in terms of & and ¢, we could substitute in Eq. (13.13),
separate the 6 and ¢ dependence, and solve the corresponding ODEs. How-
ever, there is a much more elegant way of solving this problem algebraically,

Cartesian components of
angular momentum
operator expressed in
spherical coordinates

angular momentum
squared as differential
operatorin 6 and ¢
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because Eq. (13.13) is simply an eigenvalue equation for L. In this section,
we will find the eigenvalues of L. The next section will evaluate the eigen-
vectors of L2.

Let us consider L2 as an abstract operator and write (13.13) as

L2|Y) =«|Y),

where |Y) is an abstract vector whose (6, ¢)th component can be calcu-
lated later. Since L? is a differential operator, it does not have a (finite-
dimensional) matrix representation. Thus, the determinantal procedure for
calculating eigenvalues and eigenfunctions will not work here, and we have
to find another way.

The equation above specifies an eigenvalue, ¢, and an eigenvector, |Y).
There may be more than one |Y) corresponding to the same «. To distin-
guish among these so-called degenerate eigenvectors, we choose a second
operator, say L3 € {L;} that commutes with L>. This allows us to select a
basis in which both L? and L3 are diagonal, or, equivalently, a basis whose
vectors are simultaneous eigenvectors of both L? and L3. This is possible by
Theorem 6.4.18 and the fact that both L and L3 are hermitian operators in
the space of square-integrable functions. (The proof is left as a problem.)
In general, we would want to continue adding operators until we obtained a
maximum set of commuting operators which could label the eigenvectors.
In this case, L> and L3 exhaust the set.’ Using the more common subscripts
x, v, and z instead of 1, 2, 3 and attaching labels to the eigenvectors, we
have

L2Yap) = alVap)s  LelYap) = BlYup). (13.19)

The hermiticity of L? and L, implies the reality of o and 8. Next we need to
determine the possible values for « and 8.

Define two new operators Ly =L, +iL, and L_ =L, —iL,. It is then
easily verified that

[LLe]=0, [L,Lel=+#Le,  [LyL]=2L.  (1320)

The first equation implies that Ly are invariant operators when acting in the
subspace corresponding to the eigenvalue o; that is, Lt |Y, g) are eigenvec-
tors of L with the same eigenvalue «:

L*(L+lYap) =L (LYo p)) = La(lYap) = als|Yap).
The second equation in (13.20) yields
LZ(L+|Ya,ﬁ>) = (LZL+)|Ya,ﬂ) = (L+LZ + L+)|Ya,/3>

=LL|Yyp) +Li|Yep) =BLi|Yap) + LY p)
=B+ DLy |Yyp).

SWe could just as well have chosen L? and any other component as our maximal set.
However, L? and L; is the universally accepted choice.
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This indicates that L, |Y, g) has one more unit of the L, eigenvalue than
|Yy,g) does. In other words, L. raises the eigenvalue of L, by one unit. That
is why L is called a raising operator. Similarly, L_ is called a lowering
operator because L, (L_|Yy g)) = (8 — DL_|Y, g).

We can summarize the above discussion as

Li|Yy ) =Cx|Yy 1),

where C4 are constants to be determined by a suitable normalization.

There are restrictions on (and relations between) « and S. First note that
as L? is a sum of squares of hermitian operators, it must be a positive oper-
ator; that is, (a|L%|a) > 0 for all |a). In particular,

0 < (YopIL?|Ya,p) = (Yo plYa,p) = ol Yap”.
Therefore, @ > 0. Next, one can readily show that
=Ll +L2-L =L Ly +L2+L,. (13.21)
Sandwiching both sides of the first equality between |Y, g) and (Y, g| yields
(YapIL|Yap) = (Yapllil_|Yap) + (YasIL2| Yap) — (YapIL:lYap).

with an analogous expression involving L_L,. Using the fact that L, =
(LO)T, we get

|| Yapll? = (Yo pllil_|Ya g) + B> Ya plI> — Bl Ya 5l
= (Yo gIL_Ly|Yap) + BN Ya gl + Bl Yo 5lI°

= L 1Y) |* + B2 1Y 12 T Bl Yo 1 (13.22)

Because of the positivity of norms, this yields « > g2 — g and o > 8% + 8.
Adding these two inequalities gives 2o > 28% = —/a < B < J/a. It fol-
lows that the values of 8 are bounded. That is, there exist a maximum J3,
denoted by B4, and a minimum g, denoted by S_, beyond which there are
no more values of 8. This can happen only if

L+|Ya,ﬁ+) =07 L7|Ya,f3_) =07

because if L+|Y, g, ) are not zero, then they must have values of 8 corre-
sponding to B+ =+ 1, which are not allowed.
Using B4 for B in Eq. (13.22) yields

(@ — BE = B) Y, > =0.

By definition |Yy, g, ) # O (otherwise B4 — 1 would be the maximum). Thus,
we obtain o = ﬂi + B4. An analogous procedure using S_ for S yields
o = B2 — B_. We solve these two equations for B, and B_:

1 1
pr=5(-1 +V1+4a), p_= 5 + 1+ 4a).

angular momentum
raising and lowering
operators



404

13 Separation of Variables in Spherical Coordinates

eigenvalues of L2 and L,
given

Since B4 > B— and +/1 4 4« > 1, we must choose

By = %(—1 +VT+4a)=—B_.

Starting with |Yy g, ), we can apply L_ to it repeatedly. In each step we
decrease the value of 8 by one unit. There must be a limit to the number
of vectors obtained in this way, because 8 has a minimum. Therefore, there
must exist a nonnegative integer k such that

L) Y p,) =L (LK Yo p,)) =0.

Thus, LK |Ye,p,) must be proportional to |Yy g_). In particular, since
Lk_|Ya,ﬂ+) has a B value equal to B4y — k, we have B_ = B4 — k. Now,
using B_ = — B4+ (derived above) yields the important result

k
ﬂ+:§Ej fork e N,

ora=j(j+1),since o = ,Bi + B4 . This result is important enough to be
stated as a theorem.

Theorem 13.3.1 The eigenvectors of L%, denoted by |Yjm), satisfy the
eigenvalue relations

L2|¥jm) = 7 + DI¥jm), LAY jm) =m|Yjm),

where j is a positive integer or half-integer, and m can take a value
inthe set{—j,—j+1,....j—1,j}of2j+ 1 numbers.

Let us briefly consider the normalization of the eigenvectors. We already
know that the |Yj,,), being eigenvectors of the hermitian operators LandL,,
are orthogonal. We also demand that they be of unit norm; that is,

<ij|Yj’m’> = 8jj’8mm’- (1323)

This will determine the constants C, introduced earlier. Let us consider C
first, which is defined by L |Yjy) = C4|Y; m41). The hermitian conjugate
of this equation is (Y, |[L_ = C (Y} u+1]. We contract these two equations
to get

(YimILoL | Ym) = [C+ (Y )1 [V jmt1)-

Then we use the second relation in Eq. (13.21), Theorem 13.3.1, and (13.23)
to obtain

JG+D—mm+ D) =|Ci* = |Cil=ji(+1D—m@m+1).

Adopting the convention that the argument (phase) of the complex number
C is zero (and therefore that C, is real), we get

Ci=vVj(j+1)—mm+1)
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Similarly, C_ = /7 + 1) —m(m — D).

Box 13.3.2 The raising and lowering operators act on |Yj,,) as fol-
lows:

LilYjm) =vjG+ 1) —mGm + DY) mi1),

(13.24)
Lo|Yjm) =+ 1) —mm — D|¥ju1).

Example 13.3.3 Assume that j = [, a positive integer. Let us find an ex-
pression for |Y;,,) by repeatedly applying L_ to |Y};). The action for L_ is
completely described by Eq. (13.24). For the first power of L_, we obtain

L_1Yy) =IA+ 1) = 1( — DY —1) = V201Y;-1).

We apply L_ once more:

(L)21Yu) = V2L 1Yy 1) = V21T + 1) — 0 = DA = 2)|Y1,-2)
=202 = DY;1-2) = V2@D) Q2L — D|Y;-2).

Applying L_ a third time yields

(L) |Yi) =221 @21 = DL_[Y;1-2) = 2212 — Dy/6( — D)]Y11-3)
=/312) Q21 — (21 = 2)|Y;;-3).

The pattern suggests the following formula for a general power k:

LY 1Y) = VkI@D Q2L = 1) -+~ L —k + D[Y111),

or LX |vy) = VEICDT/ (21 — NY71—k). If we set I — k = m and solve for

|Yl,m>’weget
o aemyr
1Y) m) = 4(1_’")!(2[)!'-_ [Yy).

The discussion in this section is the standard treatment of angular mo-
mentum in quantum mechanics. In the context of quantum mechanics, The-
orem 13.3.1 states the far-reaching physical result that particles can have
integer or half-integer spin. Such a conclusion is tied to the rotation group
in three dimensions, which, in turn, is an example of a Lie group, or a con-
tinuous group of transformations. We shall come back to a study of groups
later. It is worth noting that it was the study of differential equations that
led the Norwegian mathematician Sophus Lie to the investigation of their
symmetries and the development of the beautiful branch of mathematics
and theoretical physics that bears his name. Thus, the existence of a connec-
tion between group theory (rotation, angular momentum) and the differential
equation we are trying to solve should not come as a surprise.
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13.4 Eigenvectors of L2: Spherical Harmonics

The treatment in the preceding section took place in an abstract vector space.
Let us go back to the function space and represent the operators and vectors
in terms of 6 and ¢.

First, let us consider L, in the form of a differential operator, as given in
Eq. (13.17). The eigenvalue equation for L; becomes

.0
—i %ij(@, @) =mY;jn(0,9).
We write Y, (0, ¢) = Pj(0)Q jm (@) and substitute in the above equation
to obtain the ODE for.go, dQjm/de =imQ j,, which has a solution of the
form Q j;, (¢) = Cjmme'™?, where Cj;, is a constant. Absorbing this constant
into Pj;,, we can write

Yim(©@, ) = Pjm(@)e™?.

In classical physics the value of functions must be the same at ¢ as at
¢ + 2. This condition restricts the values of m to integers. In quantum
mechanics, on the other hand, it is the absolute values of functions that are
physically measurable quantities, and therefore m can also be a half-integer.

Box 13.4.1 From now on, we shall assume that m is an integer and
denote the eigenvectors of L* by Yi,, (9, @), in which [ is a nonnegative
integer.

Our task is to find an analytic expression for Yy, (6, ¢). We need differ-
ential expressions for L. These can easily be obtained from the expressions
for L, and L, given in Egs. (13.16) and (13.17). (The straightforward ma-
nipulations are left as a problem.) We thus have

, 9 9
Ly =™+ — +icotd— ). 13.25
L=e ( ag—l—lco a(p) ( )

Since [ is the highest value of m, when L acts on Y;;(0, ¢) = Py (0)e''? the
result must be zero. This leads to the differential equation

9 3 ‘ d
<8—9+icot0£>[P”(0)e”‘p]=0 = (d—e—lcot9>PH(9)=O.

The solution to this differential equation is readily found to be
Py () = Ci(sin6)’. (13.26)

The constant is subscripted because each P;; may lead to a different constant
of integration. We can now write

Y1(6, ) = Ci(sin0)'e''®.
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With Y;;(0, ¢) at our disposal, we can obtain any Y, (6, ¢) by repeated
application of L_. In principle, the result of Example 13.3.3 gives all the
(abstract) eigenvectors. In practice, however, it is helpful to have a closed
form (in terms of derivatives) for just the 6 part of Y;,, (0, ¢). So, let us
apply L_, as given in Eq. (13.25) to Y;; (0, ¢):

) 9 0 ;

LY, =e" <_3_9 +i C0t9%> [Pll (9)6”('0]
—i d . . il

—e ¥ —ﬁ—kzcote(ll) [P11(9)€ (p]

, d
= (=1)e!U=De (% +1 c0t9> Py (0).

It can be shown that for a positive integer,

d d
<E+ncot9)f(9)— T — [sin" 0 (0)]. (13.27)
Using this result and (13.26) yields
LYy =(-1e''™ ‘N’ 70 — [sin’ (Cysin’ 6)]
ei(l—l)(p d
= (—1)C;——— — (sin* 6). 13.28
=DC—7 5 (sin”6) (13.28)

We apply L_ to (13.28), and use Eq. (13.27) with n =1 — 1 to obtain

: 1 d 1 d
L2 Y — _1 2C l(l—2)(p _ s 1—19 2[0
“Yu=(1"Ce sn—Tgao|™™ sinlg do (sin* 0)

e ar 1 od,
< (sin5) |
nl=16 do | sind do

Making the substitution # = cos 8 yields

=(-1)? Cl

AU-2¢ 2

2 0!
L7Y11 = Cli(l — u2)l/2—1 d7[(1 —Uu ) ]

With a little more effort one can detect a pattern and obtain

PRI dk

1
=0 gl =]

L“ vy =

If we let k = — m and make use of the result obtained in Example 13.3.3,
we obtain

4+ m)! eim(p dl_m N
=i T g (=) )

Ylm(07 (p) =
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To specify Yy, (0, ¢) completely, we need to evaluate C;. Since C; does not
depend on m, we set m = 0 in the above expression, obtaining

dl
Yio(u, ) = —mclﬁ[(l - ”2)1]'

The RHS looks very much like the Legendre polynomial of Chap. 8. In fact,

C

Yio(u, ¢) = —D2'NP ) = A P (). 13.29
10(u, ) (21)!( ) 1 (u) = AP (u) ( )
Therefore, the normalization of Yjo and the Legendre polynomials P; deter-

mines Cj.
We now use Eq. (7.25) to obtain the integral form of the orthonormality
relation for Yy,,:

21 T
81 Smm' = (Yym' | Yim) = (Yl’m’|(/ dw/ siné d9l9,<p><9,<pl)|Yzm>
0 0

2 b4
=/ d(p/ Y, (0, 0)Yim(0, ¢)sinb do, (13.30)
0 0

which in terms of u = cos 6 becomes
2 1
/ d(p/ Y[fm/(u,go)Ylm(u,w)du =811 8mm’ - (13.31)
0 -1

Problem 13.15 shows that using (13.30) one gets A; = /(2 + 1)/(4m).
Therefore, Eq. (13.29) yields not only the value of Cj, but also the useful
relation
21 +1

4
Substituting the value of C; thus obtained, we finally get

Yio(u, ) = Py(u). (13.32)

204+ 16™ [ (I +m)! L2\

1\
Yim @ 9) = CON = =,

dl—m
dul—m

[(1—u?)], (13.33)

where u = cos 6. These functions, the eigenfunctions of L? and L, are called

spherical harmonics spherical harmonics. They occur frequently in those physical applications
for which the Laplacian is expressed in terms of spherical coordinates.
One can immediately read off the 8 part of the spherical harmonics:

241 1 [(+m) ooy dT 0!
_— | — L 11-u?)1.
4r 20\ G =mp" " g (1= )]

Pi(u) = (—=1)!

associated Legendre However, this is not the version used in the literature. For historical reasons
functions the associated Legendre functions P () are used. These are defined by
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MmN qm (I +m)!
P"(u)=(-1) (l—m)"/21+1 Py (u)

pyrem dmt (1= u?)y=mi2 gl-m

[
=V awrn ()

Thus,

Box 13.4.2 The solutions of the angular part of the Laplacian are

24131 —m)!
47 (I +m)!

172
Ylm(9,<ﬂ)=(—l)m|: ] P/"(cos)e™?,  (13.34)

where, with u = cos 6,

Atmt A —u)y™2 ™™ o

(—m) 2 dul—m[( —u?)].
(13.35)

We generated the spherical harmonics starting with Yj; (6, ¢) and apply-
ing the lowering operator L_. We could have started with ¥; _;(6, ¢) instead,
and applied the raising operator L. The latter procedure is identical to the
former; nevertheless, we outline it below because of some important rela-
tions that emerge along the way. We first note that

[ d+m)!
1Y), —m) = W + "Y1 1) (13.36)

(This can be obtained following the steps of Example 13.3.3.) Next, we use
L_|Y;,—;) =0 in differential form to obtain

d
<% — lCOt@) P _(0)=0,

which has the same form as the differential equation for Py;. Thus, the solu-
tionis P, _;(8) = C}(sin6)’, and

Y10, 9) = Pi,_(0)e” ¥ = C{(sin6) e '1¥.
Applying L repeatedly yields

( 1)k —i(l—k)p dk N
/
L Y] _](I/t (p)_clmduk [(l—u ) ],

where u = cos 6. Substituting k =/ — m and using Eq. (13.36) gives

I+m)l (= Dimemimy gl-m N
(—m2D! L (1= u2ym/2 dul_m[(l—u)].

—m(u, @) =
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The constant C; can be determined as before. In fact, for m = 0 we get
exactly the same result as before, so we expect C; to be identical to Cj.

Thus,
[20+1e ™ [(I +m)!
Y, _ , = (—1 I+m
L-mlt, @)= (=1) ar 20\ U —m)!

m)2 dl—m

x (1=u) P (1= )]

Comparison with Eq. (13.33) yields

-m (@, 9)=(=D"Y],, 0. 9), (13.37)

and using the definition Y} _,, (0, ¢) = P _p, (0)e™™¢ and the first part of
Eq. (13.35), we obtain

(I —m)!
(I +m)!

PM(O) = (D" P (0). (13.38)

The first few spherical harmonics with positive m are given below. Those
with negative m can be obtained using Eq. (13.37).

15
Y = » — % %5in% 0.
T
7
For [=3, Y30 = Ton (SCos 6 — 30050)
21
Y31 =— 6Te”" sinf(5cos” 6 — 1)
T
105 .
Y3 = 3762“‘0 sin% 6 cos 6,
T
35 5
Y33 =— Wem’ sin® @
T

From Egs. (13.13), (13.18), and (13.34) and the fact that « =I(/ 4 1) for
some nonnegative integer /, we obtain
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——— | sin0— || P/"e'™¢ [ pmeime 1] & 1) P eime
sin6 89<Sln 89>[ 1€ ]+sin29 a(pz[ 1€ ]+ ¢+ ] €
—0,

which gives

1 d dpP" m?
— —(sino—L ) - P" +1(+1)P" =0.
sind db <Sm o > 2ol TICHDA

As before, we let u = cos 9 to obtain

d ,dP/" m>
T [(1 u”) Tu ]+|:l(l+1) l—uz]PZ =0. (13.39)
This is called the associated Legendre differential equation. Its solutions, associated Legendre
the associated Legendre functions, are given in closed form in Eq. (13.35). differential equation
For m =0, Eq. (13.39) reduces to the Legendre differential equation whose

solutions, again given by Eq. (13.35) with m = 0, are the Legendre poly-

nomials encountered in Chap. 8. When m = 0, the spherical harmonics be-

come ¢-independent. This corresponds to a physical situation in which there

is an explicit azimuthal symmetry. In such cases (when it is obvious that the

physical property in question does not depend on ¢) a Legendre polynomial,

depending only on cos @, will multiply the radial function.

13.4.1 Expansion of Angular Functions

The orthonormality of spherical harmonics can be utilized to expand func-
tions of € and ¢ in terms of them. The fact that these functions are complete
will be discussed in a general way in the context of Sturm-Liouville systems.
Assuming completeness for now, we write

S amYim (0, @) iflis not fixed,
fO.9=1 =" (13.40)
Y e @m Yim (6, @) if [ is fixed,

where we have included the case where it is known a priori that f (6, ¢) has
a given fixed / value. To find a;,,, we multiply both sides by Y (0, ¢) and

integrate over the solid angle. The result, obtained by using the orthonor-
mality relation, is

aim =//d!2f(9,(p)Y[‘;n(9,<p), (13.41)

where d$2 = sinf df dy is the element of solid angle. A useful special case
of this formula is

ol = // dQf 6. 9)Y}0. 9)

121 +1
= T//dﬂf(@,go)P;(cosG), (13.42)
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addition theorem for
spherical harmonics

X

Fig.13.1 The unit vectors €, and €, with their spherical angles and the angle y between
them

where we have introduced an extra superscript to emphasize the relation of
the expansion coefficients with the function being expanded. Another useful
relation is obtained when we let & = 0 in Eq. (13.40):

S amYim (0, @)oo if s not fixed,
Zi,,:_l aimYim (0, ©)]o=0 if [ is fixed.

From Eqgs. (13.35) and (13.34) one can show that

£,y =

A+1
Yim @, 9)|y_y = m0Y10(0, 9) = 8mo Pt
T
Therefore,
Soar)’ 2L if s not fixed,
fO.9)|,_o= (13.43)
a2t if 7 is fixed.

13.4.2 Addition Theorem for Spherical Harmonics

An important consequence of the expansion in terms of Y, is called the
addition theorem for spherical harmonics. Consider two unit vectors €,
and €, making spherical angles (9, ¢) and (8, ¢’), respectively, as shown in
Fig. 13.1. Let y be the angle between the two vectors. The addition theorem
states that

1
Picosy) = 5 Z (6", ¢')Yin (6, ¢). (13.44)
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We shall not give a proof of this theorem here and refer the reader to an el-
egant proof on page 974 which uses the representation theory of groups. The
addition theorem is particularly useful in the expansion of the frequently oc-
curring expression 1/|r —r’|. For definiteness we assume |r'| =7 < |r| =7.
Then, introducing r = r’/r, we have

! 1 1 1/2
Ir—r| (2417 —2rr cosy)l/? r(l+t —2rcosy)

Recalling the generating function for Legendre polynomials from Chap. 8
and using the addition theorem, we get

00 1l l

1 1 > ! r 4
r—1| - ;Zt Pi(cosy) ZZrHl 20 +1 Z Yl;(e/,ﬁl’/)ylm(@,(ﬂ)
=0 =0

m=—

o0 l Pi
r
_47TZ Z 2l+1rl+] lm(e §0)Ylm(9 ®).
=0 m=—

It is clear that if r < r’, we should expand in terms of the ratio r/r’. It is
therefore customary to use r- to denote the smaller and r-. to denote the
larger of the two radii r and r’. Then the above equation is written as

00 l
Z Z Vi (0 ¢ Yim@.0). (1345
mrfien l+1 l+]

r’|

This equation is used frequently in the study of Coulomb-like potentials.

13.5 Problems

13.1 By applying the operator [x, p;] to an arbitrary function f(r), show
that [x]', p:l = iSjk.

13.2 Use the defining relation L; = €;xx;p; to show that x;p; — xi p;=

€;jkL;. In both of these expressions a sum over the repeated indices is un-
derstood.

13.3 For the angular momentum operator L; = €;xx j Py, show that the com-
mutation relation [L;, Ly] = i€ i/L; holds.

13.4 Evaluate 0f/0y and df/0z in spherical coordinates and find L, and L,
in terms of spherical coordinates.

13.5 Obtain an expression for L2 in terms of & and ¢, and substitute the
result in Eq. (13.12) to get the Laplacian in spherical coordinates.

13.6 Show that L> =L,L_+L?—L;andL>=L L, +L2 +L..

expansion of 1/|r — ¥/| in
spherical coordinates
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13.7 Show that L2, L,, L,, and L; are hermitian operators in the space of
square-integrable functions.

13.8 Verify the following commutation relations:
[L*L:]=0, [L,Lil=+4Ly,  [Ly L ]=2L.

13.9 Show that L_|Y,g) has B — 1 as its eigenvalue for L;, and that |Y, g, )
cannot be zero.

13.10 Show that if the |Y},) are normalized to unity, then with proper
choice of phase, L_|Y,,) =+/j(j + 1) —m(m — DY p—1).

13.11 Derive Eq. (13.36).

13.12 Starting with Ly and Ly, derive the following expression for L4 :

. d 0
Ly =™+ — +icotd— ).
26 g

13.13 Integrate d P/d6 — lcotd P =0 to find P(6).

13.14 Verify the following differential identity:

sin 0f(0)]

d 1 d
(% +ncot0>f(9)— ”Qde[

13.15 Let/ =1"and m = m’ = 0 in Eq. (13.31), and substitute for ¥;o from
Eq. (13.29) to obtain A; = /(21 + 1) /4x.

13.16 Show that

/( l)k —i(l—k)p dk

!
P —u2y=h/2 duk[(l —u?)].

L Y (u, @) =

13.17 Derive the relations Y; _,, (8, ¢) = (=)™ Ylfm 0, ¢) and

Pm0) = (—1ym L
: +m !

13.18 Show that

21 +1
Z Y@, ) ==~

m=—I

Verify this explicitly for/ =1 and [ = 2.
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13.19 Show that the addition theorem for spherical harmonics can be writ-
ten as

Pi(cosy) = Py(cos ) Py(cost’)

1
I —m)!
" 2—:1 %le (cos8) P/" (cos 8') cos[m (¢ — ¢')].
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