11.1  Summary

If a process is given as a stochastic Riemann and/or Ito integral, then one may
wish to determine how a function of the process looks. This is achieved by Ito’s
lemma as an ingredient of stochastic calculus. In particular, stochastic integrals can
be determined and stochastic differential equations can be solved with it; we will
get to know stochastic variants of familiar rules of differentiation (chain and product
rule). For this purpose we approach Ito’s lemma step by step by first discussing it
for Wiener processes, then by generalizing it for diffusion processes and finally by
considering some extensions.

11.2 The Univariate Case
The WP itself is a special case of a diffusion as defined in (10.6). With
w@&, W) =0 and o, W() =1

Eq. (10.6) becomes (with probability one)

W(t) = W(0) + /0 tdW(s) = /0 tdW(s).

Thus, we consider this special case first.
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For Wiener Processes

As a revision, let us recall (10.3), which can be written equivalently as
t
2 / W(s) dW(s) = W?(t) —t.
0

If g(W) = W? is defined with derivatives g’(W) = 2W and g"(W) = 2, then this
equation can also be formulated as follows:

/0 ¢ (W(s)) dW(s) = g (W(H) — 1

1 t
=g (W) - 3 /0 g’ (W(s)) ds.

Now, this is just the form of Ito’s lemma for functions g of a Wiener process. It is a
corollary of the more general case (Proposition 11.1) which will be covered in the
following. Throughout, we will assume that g has a continuous second derivative
(“twice continuously differentiable”).

Corollary 11.1 (Ito’s Lemma for WP) Let g: R — R be twice continuously
differentiable. Then it holds that

dg (W(1)) = g (W(®) dW(1) + %g’/ (W()) dt.

In integral form this corollary to Ito’s lemma is to be read as follows:

t 1 t
¢ (W() = g (W(0) + / § (W) W) + 3 / ¢ (W(s)) ds.
0 0

Strictly speaking, this integral equation is the statement of the corollary, which
is abbreviated by the differential notation. However, in doing so it must not be
forgotten that the WP is not differentiable. Sometimes one also writes even more
briefly:

dg (W) = g (W)dW + % g’ W)dr.

Example 11.1 (Powers of the WP) For g(W) = %Wz this special case of Ito’s
lemma just proves (10.3). In general, one obtains for m > 2 from Corollary 11.1
with g(W) = 2=

m "

d (Wm(t)) — Wm_l(l) dW(t) + m—_l Wm_z(t) dt s
m 2
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or in integral notation

W) = m /0 t Wm_l(s)dW(s)—}-@ /0 t W 2(s)ds. W

Explanation and Proof

Corollary 11.1 can be considered as a stochastic chain rule and can loosely be
formulated as follows: the derivative of g(W(r)) results as the product of the
outer derivative (g’(W)) and the inner derivative (dW), plus an Ito-specific extra
term consisting of the second derivative of g times % Where this term comes
from (second order Taylor series expansion) and why no further terms occur
(higher order derivatives), we want to clarify now. For this purpose we prove
Corollary 11.1 (almost completely) although it is, as mentioned above, a corollary
to Proposition 11.1.
With s, = t and so = 0 it holds due to (8.3) that:

g(W()) = g(W(0) + D (@(W(s) — g(W(si—1))) .

i=1

Now, on the right-hand side a second order Taylor expansion of g(W(s;)) about
W(si—1) yields

g(W(s) = g(W(si-1)) + &' (W(si—1)) (W(si) — W(si—1))
+ @ (W(si) — W(si-1))*
with 6; between W (s;_;) and W(s;):
| 0; — W(siz1)| € (0,] W(si) = W(si-1)]) -

By substitution of g(W(s;)) — g(W(si—1)), g(W(?)) — g(W(0)) can be expressed by
two sums:

gW(®) —g(W(0) = 2 + X,

with

X

Y& Wisiz) (W(si) — W(sim1))

i=1

1 n
D=2 8"(0) (Wis) = Wisin))’
i=1
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Now, X just coincides with the Ito sum from (10.5) such that it holds due to
Proposition 10.3 that:

t
5 S [ wenawe.
0
Furthermore, we know from the section on quadratic variation (Proposition 10.8)
(dW(s))? = ds.

As the quadratic variation of the WP is not negligible (Proposition 10.7), this
suggests the following approximation:

%

DY)

1 t
3 | oy @voy

1 t
: /0 &' (W(s) ds.

A corresponding convergence in mean square can actually be established, which
we will dispense with at this point. Hence, except for this technical detail,
Corollary 11.1 is verified.

Additionally, we want to consider why higher order derivatives do not matter for
Ito’s lemma. For a third order Taylor expansion e.g. it follows

8(W(s) — g(W(si—1)) = g (W(sim1))(W(si) — W(si=1))

+ w (W(si) = W(si-1))?

8" (%)

+ . (W(s;) — W(si=1))* .

Thus, due to the summation, the term

3= ng(@i) (W(si) — W(siz1))’

i=1

occurs. However, it is negligible:

125 < Y [€7O)] [Wes) = Wisim)| (W(si) = W(sim1))?
i=1

IA

max {|gm(95)i |W(Sl) —_ W(si—l)l} . Qn(W, t)

1<i<n

20.1=0,
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as the quadratic variation of the WP tends to ¢ and as it furthermore holds that

MSE [W(s;) — W(si=1), 0] = Var (W(s;) — W(si=1)) = si —si-1 = 0.

For Diffusions

Now, we turn to Ito’s lemma for diffusions. In this section, we consider the
univariate case of only one diffusion that depends on one WP only. The following
variant of Ito’s lemma is again a kind of stochastic chain rule and the idea for the

proof is again based on a second order Taylor expansion.

Proposition 11.1 (Ito’s Lemma with One Dependent Variable) Lerg : R — R
be twice continuously differentiable and X(t) a diffusion on [0, T] with (10.6), or

briefly:
dX(t) = p@®dt+o@)dW(t).

Then it holds that
1
dg (X(1) = ¢ (X(1)) dX(1) + 3 g (X)) o> () dr.
If X(r) = W(r) is a Wiener process, i.e. u(f) = 0 and o(t) = 1, then Corollary 11.1
is obtained as a special case.

The statement in Proposition 11.1 is given somewhat succinctly It can be
condensed even more by suppressing the dependence on time:

1
dg (X) = ¢ (X) dX + 3 g (X) o?dt.

However, it needs to be clear that by substituting dX(f) one obtains for the
differential dg (X (7)) the following lengthy expression:

1
[g’ (X(®) p(t.X(0) + 5 g (X(1) o, X(t))} dt+ g (X(1) o(t. X(1) dW(1).

The corresponding statement in integral notation naturally looks yet more extensive.

Example 11.2 (Differential of the Exponential Function) Let a diffusion X(7) be
given,

dX(t) = p(t) dt + o (t) dW(r) .
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Then, how does the differential of X read? This example is particularly easy to
calculate as it holds for g(x) = e* that:

g'() =g'(x) =g(x) =e".
Hence Ito’s lemma yields:

X(0) _ X(0) eX() o2
de™'V = *'\VdX(f) + —o“(t)dt

= &0 (u(t) + 2( )) dt + &0 o ()dW ().

If X(¢) is deterministic, i.e. o (f) = 0, then it results

deX® _ 0 dX ()
di dr ’

which just corresponds to the traditional chain rule (outer derivative times inner
derivative). W

On the Proof

Just as for the proof of Corollary 11.1, one obtains with 6;, where
|60; — X (si—1)| € (0, [X(s:) — X(si-1)])

from the Taylor expansion:

g(X(1) —g(X(0)) = X1 + X5,

D& (X(sim1)) (X(s:) — X(sim1))

i=1

2

2

1 n

5 2 &) (X(5i) = X(si-1))”
i=1

The first sum is approximated as desired:

X %/0 g (X(s))dX(s).
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The second sum is approximated by

1 t
5~ /0 ¢ (X(s)) (dX ()’

By multiplying out the square of the differential of the Ito process,
(dX(9))* = 1> (5)(ds)* + 2 u(s) o (s) AW (s) ds + 0 (s) (AW (5))* ,
one shows due to (cf. Proposition 10.8),
ds)>* =0, dW(s)ds=0, (dW(s)) =ds,

for the second sum:

¥, & % /0 t g (X(s)) o2(s) ds .

This verifies Proposition 11.1 at least heuristically.

11.3 Bivariate Diffusions with One WP

A generalization of Proposition 11.1, which is sometimes needed, is presented by
the following variant of Ito’s lemma. The function g be dependent on two diffusions
X and X,, where both are driven by the very same Wiener process. Occasionally, we
will call this case (referring to the literature on interest rate models) the one-factor
case as it is the identical factor W (r) driving both diffusions.

One-Factor Case

Let g be a function in two arguments, whose partial derivatives are denoted by

9g(X1,X>) 9g(X1,X2)
—— and —————
0X; 0X; 0X;
Then, the following proposition is a special case of Proposition 11.3.
Proposition 11.2 (Ito’s Lemma with Two Dependent Variables) Lerg: RxR —
R be twice continuously differentiable with respect to both arguments, and let X;(t)

be diffusions on [0, T] with the same WP:

dX;(t) = pi(@) dt + o:(t) dW(r), i=1,2.
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Then it holds that
g 060, Xa(0) = X0 gy 4 HEDTO) g
L[S0, 20 3, P10 1),
P00 )y

Note that substitution of dX;(¢) in Proposition 11.2 leads again to an integral
equation for the process g (X;(f), X»(¢)) including Riemann and Ito integrals.

Frequently, the time dependence of the processes will be suppressed in order to
obtain a more economical formulation of Proposition 11.2:

dg (X1, X g (X1, X
g (X1 2)Xm+ g (X Z)ng

dg X1, X») = oX, %
1 [d%¢ (X1, X %g (X1, X
11d%( k 2)012 8( E 2)022 it
2 ox? X2
9’g (X1, X2)
25 4b 22 dr.
X, 0x, 1%

By this notation one recognizes, that again a second order Taylor expansion hides
behind Proposition 11.2, but now of the two-dimensional function g,

g (X1, Xo) 0g (X1, X»)
————dX ——dX
09X L+ 0X, 2
1 g (X1, Xz) g (X1, X2)
2 X3 X3
1 |:328 (X1, X2) 9%g (X1, X2)

dXydX, + 2820 22 e x|
2 | Taxox, Rt Toxax, Om 1}

dg (X1, X») =

(dx1)* + (dX2)2:|

because the mixed second derivatives coincide due to the continuity assumed. With
(10.7) and (10.8) it can easily be shown that (we again suppress the arguments)

(dX)* = p? (dr)* + 2 w0y dtdW + o2 (dW)* = 0+ 0+ o2 dt,
and for the covariance expression as well

dX,dX, = 010, dt. (11.1)
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Example 11.3 (One-Factor Product Rule) Proposition 11.2 provides us with a
stochastic product rule for X (¢) X»(?):

d(X1(t) X2(2)) = X2(1) dX1 (1) + X1 (1) dXa(2) + 01(2) 02(2) dt . (11.2)

Under o1 (f) = 0 or 0»2(f) = 0 (no stochastics), the well-known product rule is just
reproduced. The derivation of (11.2) follows for g(x;,x) = x; x, with

ag g
— = X7, — =0,
axy 2 8x%
ag g
_— = s _— = O
0xy e 8x§
and
0’g . 0’g _1

axl 8x2 B 8x2 8x1 B

Hence, we obtain an abbreviated form:

dg (X1, X g (X1, X
g (X1 Z)Xm—i— g (X1, X»)

d(X, X2) =
(X1 X2) ox, X,

dX, + oy 0 dt,

where the second derivatives were plugged in. If one substitutes the first derivatives,
then one obtains the result from (11.2). W

Time as a Dependent Variable

Frequently it is of interest to consider another special case of Proposition 11.2.
Again, g is a function in two arguments; however, the first one is time #, and the
second one is a diffusion X (¢):

g: [0,TIxR - R
t,X) — g(t,X).
We consciously suppress the fact that the diffusion is time-dependent as well. Since,
when we talk about the derivative of g with respect to time, then we refer strictly

formally to the partial derivative with respect to the first argument. Sometimes this
is confusing for beginners. For example for

g(t, X)) =gt X) =1X(1)
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the derivative with respect to ¢ refers to:

dg (¢, X(1))

o =X(1).

Hence, for the partial derivatives we purposely do not consider that X itself is a
function of r.

With X (f) = t and X(f) = X,(¢) from Proposition 11.2 we obtain for pu;(f) = 1
and o1 (f) = 0 the following circumstance.

Corollary 11.2 (Ito’s Lemma with Time as a Dependent Variable) Ler g :
[0, 7] x R — R be twice continuously differentiable with respect to both arguments
and let X(t) be a diffusion on [0, T| with (10.6), or briefly

dX(t) = p(t)ydt + o (1) dW(t) .
Then it holds that

0g (. X(1) , . 0g(t. X(1) 1 9°g (1, X(1)

dg (t, X(1)) = 5 X dX(t)+§ e o2(r)dt.

Again, suppressing time-dependence, this can be condensed to

g X) gt X) 1821 %)
dg(t, X) = or dt+ e dX+§TO— dr.

Example 11.4 (OUP as a Diffusion) As an application we can just prove that the
standard Ornstein-Uhlenbeck process X.(¢) from (9.3) is a diffusion with

w(t,X(1) =cX.(t) and o (t,X.(t))=1.

For this purpose we define as an auxiliary quantity the process

X = /0 te‘“dW(s),
or
dX(t) = e “"dW(z).
With this variable we define the function g such,

g, X) = X,
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that it holds for the OUP:

Xe(t) = (1. X(1)) = "X ().

With the derivatives

ag(t, X) _ oot ag(t, X) _ 02g(1, X) _
ot ’ x ’ 0x2

it follows from Corollary 11.2:

dX.(t) = ce”"X(t)dt + e“dX(1) + 0
= cX . ()dt + dW (1),

where dX(t) was substituted. H

Further examples for practicing Corollary 11.2 can be found in the problem section.

K-Variate Diffusions
Concerning the contents, there is no reason why Proposition 11.2 should be written
just with two processes. Let us consider as a generalization the case where g depends
on K diffusions, all of them given by the identical WP:

g RE SR, ie. g=gXi,....Xx) €R.

Then it holds with dX; (1), k = 1,...,K, due to a second order Taylor expansion
that:

dg(Xl,...,XK): ka—}— Zzaxkax dX; dX; .

As in the bivariate case, one obtains dX; dX; = oy 0;dt, cf. (11.1). Sometimes, as in
Corollary 11.2, time as a further variable is allowed for,

g0, T]xRK 5 R, ie. g=gX),....Xg) €R,

and

K 9g | KX g
dg(t,Xl,...,XK)—— 27 Xt D) - dX dX; .
— :



250 11 Ito'sLemma

11.4 Generalization for Independent WP

We keep to the multivariate generalization, however, allowing for several, stochas-
tically independent Wiener processes behind the diffusions.

The General Case

Now, Wi(¢),...,Ws(t) denote stochastically independent standard Wiener pro-
cesses. We allow for d factors driving each of the K diffusions. According to this, let
X(f) be a K-dimensional diffusion! X'(f) = (X (¥), ..., Xk(?)), defined by d factors
wWi@),j=1,....,d:

d
dXi(t) = (Ddt + Y og(dWi(r). k=1.....K.
j=1

In order to have a diffusion, it holds for ; and oy; that they may only depend on
X(¢) and

we(@®) = we(,X(@), k=1,...K,
oy() = oy (1, X(1), k=1,...K, j=1,...d.

For a function g, which maps X(¢) to the real numbers, Ito’s lemma reads as follows,
cf. @ksendal (2003, Theorem 4.2.1).

Proposition 11.3 (Ito’s Lemma (Independent WP)) Let g : RK — R be twice
continuously differentiable with respect to all the arguments, and let Xi(t) be
diffusions on [0, T] depending on d independent Wiener processes:

d
dXi(t) = p(Ddt + Y og(dWi(r). k=1.....K.
j=1

Then it holds for X' (t) = (X1(0), ..., Xk(t)) that

a 9?
dexio) = 30 X HED i)+ 5 yy LD i)
k=1 i=1 k=1

!For vectors and matrices, the superscript denotes transposition and not differentiation. Further,
the dimension d of the multivariate Wiener process should not be confused with the differential
operator denoted by the same symbol.
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with
d
dXi(dXi(1) = > 0;(D)oy (). (11.3)
j=1

Heuristically, (11.3) can be well justified. For this purpose we consider vectors of
length d:

o1 (1) Wi (1)
o) = : ,k=1,....,K, and W(t) = ; ,

o1 (0) Wit
such that
dXi(t) = we(t)dt + o ()dW(1) .
Neglecting the dependence on time, it follows

dX; dXy = pi i (d0)* + p; o [ dW(t)dt + wy o} dW(H)dt
+adW(t)a ', dW (1)
= 6. dW(1)dW'(t)o «

due to (see Proposition 10.8)
(d)*=0 and dW;(dt =0
and
6 dW(1) = (0;dW(1)) = dW' ().
Let us consider the matrix

@Wwi(®)>  dWi()dWs (1) ... dW,(t)dWy(1)
W AW (&) = sz(t):dWI(t) (sz:(t))z ..:.dWZ(t):de(t)
de(t)'dWl 6) de(t)‘dWZ(t) (dWL;(t))2
As is well known, it holds due to (10.7) that:

(dW;(1)* = dt.
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Furthermore, it can be shown for stochastically independent Wiener processes that
dW;(t)dWi(t) =0, iF#k.

Overall, we hence obtain
AW () dW' (t) = Ldt,
with the d-dimensional identity matrix /;. All in all it follows

dX;(t)dXy (1) = o'(1) 1,dt o ()
= o.(t)o (1) dt,

which is given in (11.3).

The 2-Factor Case

Let us consider the case K = d = 2. Then, Proposition 11.3 becomes more clearly

a 92
X0) =Y el + 5 ZZ TEXD) . (1yax,)

k=1 i=1 k=1 BX 3X
with
dXidX; = (o7, + op)dt,
dX,dX, = (0}, + 03,)dt,
and

dX,1dX, = (011021 + 012022)dt.
Two interesting special cases result:

1. 012 = 022 = 0 (one-factor model),
2. 012 = 071 = 0 (independent diffusions).

The first case naturally corresponds to the one from the previous section: Both
diffusions only depend on the same WP. The second case is the opposite extreme
where both diffusions depend only on one or other of the two stochastically
independent processes:

dXi(t) = pwe()dt + o ()dWi (1), k=1,2.
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We want to discuss both borderline cases based on two examples.

Example 11.5 (2-Factor Product Rule) Proposition 11.3 with K = d = 2 yields
with the derivatives from Example 11.3 as product rule:

dX1 X3) = XpdX) + X1 dX, + dX, dX; . (11.4)
In the borderline case of only one factor, naturally the result from Eq.(11.2) is
reproduced. In the second borderline case of stochastically independent diffusions,
however, it holds, as in the deterministic case, that
dX, Xz) =XodX; + X1 dX; .
Without restrictions (11.4) reads as follows:

d(X1X2) = XodX, + X1 dX> + (011021 + 012022)dt .

The example illustrates that a proper application of Ito’s lemma needs to account
for the number of factors underlying the diffusions. W

Example 11.6 (2-Factor Quotient Rule) For X,(f) # 0 and

X1
1 2 XZ
we obtain:
dg - dg _
— =X, = =-XxX2
09X 2 0X, 142
Pe_o Do _yxs P8 4o
X2 X2 P2 9x0x, 2

Hence Proposition 11.3 yields with K = d = 2 suppressing the arguments:

d (&) _ X, dX, — X, dX, " X1 X2_1(0'221 =+ 0'222) — (0'110'21 =+ 0'120'22) dt
X)) X? X3 ‘

(11.5)
If X is a deterministic function (07, = 022 = 0), then the conventional quotient
rule is reproduced. W
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11.5 Problems and Solutions
Problems

11.1 Prove part (a) from Example 9.1.
Hint: Choose g (¢, W) = t W in Corollary 11.2 or in (11.2).

11.2 Prove part (b) from Example 9.1.
Hint: Choose g (t, W) = (1 — ¢) W in Corollary 11.2 or in (11.2).

11.3 Prove part (b) from Proposition 9.1 (integration by parts).
Hint: Choose g (t, W) = f() W in Corollary 11.2 or in (11.2).

11.4 Prove statement (a) from Proposition 9.4 with Ito’s lemma.
Hint: Choose g (1, W) = e “W.

11.5 Prove for the OUP from Proposition 9.4:

2 — —C TZS )
() — 1) /OXC()d

! 1
/0 XC(S) dW(S) = E

Note that for ¢ = 0 (WP) this reproduces (10.3).
Hint: Choose g(X.(t)) = X2(¢) in Ito’s lemma.

11.6 Determine the differential of W(f)/e"® according to the one-factor product
rule (11.2).

11.7 Determine the differential of W(z)/e"® directly from Corollary 11.1.

Solutions
11.1 For the proof we use Corollary 11.2 with
g(t, W) =W,

The derivatives needed read:

ag(t. W) ag(t, W) Pg(t, W)
or Vo =ow T8 Tawe

Hence, one determines with Corollary 11.2:

amw»:wwm+mwm+g.
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Due to g(0, W(0)) = 0, we obtain as an integral equation

W) = /Ot W(s)ds + /Otde(s),
which was to be shown.
11.2 Asin Problem 11.1 we consider
gt W) = (1-HW
with

W) _ o s W)

= (-
o C Ty U0

aw?

Therefore, substitution into Corollary 11.2 yields
0
d((1=0W(@) = —-W(@)dt + (1 —t)dW(r) + 3

As W(0) = 0 with probability one, it follows that

(1—nW() = — /0 W(s)ds + /0 (1 — 5)dW(s),

which was to be shown.

11.3 As an adequate function g we choose

gt W) =f(OW,

where f(7) is deterministic. Then, Corollary 11.2 is used with

dg(t, W) o _
T SOV Ty =10 s

This yields for the differential:

0
dg(t, W(@) = f (OW@)dt + f()dW (1) + 5

In integral notation this reads

$(1. W(1) = (0. W(0)) + /0 F(5)W(s)ds + /0 FEAWs).

gt W
s W) _ o

ag(t, W) 02g(t, W) —0o

255
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As W(0) = 0 with probability one, we hence obtain the desired result:

FOW@) = / F()W(s)ds + / FAW(s).
0 0
11.4 If one chooses g(t, W) = e~ “'W with

0. W) _ oy 08GW) o PCW)
ot ' ow ow? '

’

then Corollary 11.2 allows for the following calculation:
d(e " W(t)) = —ce "W (t)dt + e “"dW(¢),

ie.
e W) = W(0) — c/te_”W(s)ds + /te_”dW(s)
0 0

or

t

t
W(t) = —ce” / e “W(s)ds + e’ / e “dW(s)

0 0

t
= —ce” / e “W(s)ds + X.(t).

0

Rearranging terms completes the proof.
11.5 With the function g(X.) = X? and its derivatives,
g/(Xc) =2X,, g//(Xc) =2,

Proposition 11.1 can be applied. We know that X.(f) is a diffusion with (see
Example 11.4):

dX.(t) = cX.()dt + dW(1).
Plugging in into Proposition 11.1 shows:
) 2
dX;(t) = 2X.(t)dX.(t) + Edt

= (2cX2(t) + D)dt + 2X.(£)dW ().
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With starting value X.(0) = O this translates into the following integral equation:

X2(1) = /0 [(ZCXf(s) + lyds + 2 /0 rXC(s)dW(s).

This is equivalent to

t _l 2 t ~ t 5
/OXC(s)dW(s)— 5 (Xc(t) /Ods) C/O X (s)ds,

which amounts to the claim.

11.6 We define
Xi(t) =W, X =",
and we are interested in the differential of the product. In order to apply the one-

factor product rule, we need the differentials of the factors. For X it obviously holds
that: dX; = dW. For e~ Example 11.2 yields

—Ww
dX, = de " = —eVaw + ert.

Hence, we have
o) =1, o) =—-e"0.
Plugging in into the product rule (11.2) yields:
d (We™™) = e VdX, + WdX, — e " at

-W
— e Vaw + w (—e—WdW n ert) —e s
W
=V (? - 1) dt+e (1 —W)dw.

11.7 As g(W) = eﬂw is a simple function of W, Corollary 11.1 yields a direct
approach to the differential. For this purpose, we only need the derivatives (quotient
rule):

, eV —weW 1-Ww
W) =—w—=—"w

-1 -we¥Y w-=2
” _ —
g (W) - €2W - w

e
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Thus, it follows from Ito’s lemma that

w 1
d (_W) = gl(W) dW“r‘ —g//(W) dt
e 2

W W2
eV 2eV

dt
w
=W (7 — 1) dt+e V(1 —W)dw.

Of course, this result coincides with the one from the previous problem.
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