Processes with Autoregressive Conditional
Heteroskedasticity (ARCH)

6.1 Summary

In particular in the case of financial time series one often observes a highly
fluctuating volatility (or variance) of a series: Agitated periods with extreme
amplitudes alternate with rather quiet periods being characterized by moderate
observations. After some short preliminary considerations concerning models with
time-dependent heteroskedasticity, we will discuss the model of autoregressive
conditional heteroskedasticity (ARCH), for which Robert F. Engle was awarded
the Nobel prize in the year 2003. After a generalization (GARCH), there will
be a discussion on extensions relevant for practice. Throughout this chapter,
the innovations or shocks {g;} stand for a pure random process as defined in
Example 2.7.

6.2 Time-Dependent Heteroskedasticity
The heteroskedasticity allowed for here is modeled as time-dependent volatility by’

Xt = 0 &, Er ~ lid(O, 1) , (6.1)

I'The following equation could be extended by a mean function, e.g. of a regression-type,
x =a+ Bz +oe,
or
X = aix— + -+ apxi—p + 0,8

We restrict our exposition and concentrate on modeling volatility exclusively, although in practice
time-dependent heteroskedasticity is often found with regression errors.
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128 6 Processes with Autoregressive Conditional Heteroskedasticity (ARCH)

where {o0,} is the volatility process being stochastically independent of {&;} by
assumption, and {g,} is a pure random process with unit variance. There exist two
routes to model the volatility process. The first one, often labeled as processes
with stochastic volatility, assumes an unobserved, or latent, process {/,} behind the
volatility: o, = exp(h,/2). This implies for the squared data

2 =eMe? or log(x?) = h + log(e?).
For an early survey on stochastic volatility processes see Taylor (1994). A second
strand in the literature assumes that o, depends on observed data, in particular
on past observations x;—;. This class of models has been called autoregressive

conditional heteroskedasticity (ARCH). ARCH processes are widely spread and
successful in practice and will be the focus of attention in the present chapter.

Heteroskedasticity as a Function of the Past

In this chapter the variance function is modeled by the observed past of the process
itself:

0f = f (a1 22,0 (6.2)
By plugging in x,—; from (6.1) one obtains:
07 = f(01—181-1,01—281—2,"*) .
We will show that the process from (6.1) is a martingale difference sequence.
Remember the definition of the information set Z,—; generated by the past of x;

up to x,—;. Then it holds that?

E (x| Zi—1) = E (x| X1, %12, - *)
= E (0v& | X1—1, %2, )
= 0,E (& | xp—1, X2, -+ )
=0E (),

as & is independent of x;—; for j > 0 by construction. With ¢, being zero on average,
it follows that

E(x/|Z-1) =0,

2When conditioning on Z,—, one often writes E (- | x,—;, x,—, - - +) instead of E (- | Z,—1).
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which proves (integrability of {x,} assumed) that {x,} is in fact a martingale
difference sequence, see below (2.11). The variance of the martingale difference
is determined in the following way (as x; is zero on average,

as 0,2 from (6.2) and &, (with variance 1 from (6.1)) are stochastically independent.
Hence, the following proposition is verified.

Proposition 6.1 (Heteroskedastic Martingale Differences) Let {x;} be from (6.1)
and {02} from (6.2) with E(c?) < oo independent of {e,}. Then {x,} is a martingale
difference sequence with variance

Var(x,) = E(xtz) = E(atz) .

Let us remember Proposition 2.2. Due to the martingale difference property it
holds that

E(x) =0 and y(h) =E(xx4,) =0, h#0.

Hence, the process is serially uncorrelated with expectation zero which would be
supposed e.g. for returns. However, the process is generally not independent over
time. The (weak) stationarity of {x,} depends on the possibly variable variance; if
the variance Var(x,) is constant, then the entire process is stationary.

Heuristics

Now, the question is how the functional dependence in (6.2) should be specified
and parameterized. Heteroskedasticity as an empirical phenomenon has been known
to observers on financial markets for a long time. Before ARCH models were
introduced, it had been measured by moving a window of width B through the data
and averaging over the squares:

For every point in time ¢ one averages over the past preceding B values in order to
determine the variance in ¢. In doing so, we do not center x,—; around the arithmetic
mean as we think of returns with E(x;) = 0 when applying the procedure, cf.
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Proposition 6.1. With daily observations (with five trading days a week) one chooses
e.g. B = 20 which approximately corresponds to a time window of a month. A first
improvement of the time-dependent volatility measurement is obtained by using a
weighted average where the weights, g; > 0, are not negative:

B B
st = Zg,-x,z_i with Zg,- =1 (6.3)
i=1 i=1

Example 6.1 (Exponential Smoothing) For the weighting function g; one often uses
an exponential decay:

Ai—l

Ry ea—y = with 0 < A < 1.

8i

Note that the denominator is just defined such that it holds that Z?=1 gi = 1. With
growing B one furthermore obtains
1— A8 1
— .
1-2 1-A

Inserting the exponentially decaying weights in (6.3), we get the following result
for B — oo:

l+A+...+ A=

S =1-0D A",

i=1
Now it is an easy exercise to verify the following recursive relation:

sT(A) = (1= x>, + As2 (L) (6.4)

We will call s>(1) the exponentially smoothed volatility or variance. In order to be
able to calculate it for r = 2, ..., n, we need a starting value. Typically, s}(1) = x}
is chosen which leads to s3(1) = x7. W

The ARCH and GARCH processes which are subsequently introduced are
models leading to volatility specifications which generalize s? and 57 (1) from (6.3)
and (6.4), respectively.

6.3  ARCH Models
So-called autoregressive conditional heteroskedasticity models can be traced back
to Engle (1982). We consider the case of the order g and specify o from (6.2) as

follows:

ol =atoarx, +...+ oqutz_q, (6.5)
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where it is assumed that

>0 and «;>0,i=1,...,q, (6.6)
in order to guarantee 0,2 > 0. Note that this variance function corresponds to sf
from (6.3). For oy = --- = a, = 0, however, the case of homoskedasticity is
modeled.

Conditional Moments

Given x;—1, ..., X4, one naturally obtains zero for the conditional expectation as
ARCH processes are martingale differences, see Proposition 6.1. For the conditional
variance it holds that

Var(x, |xt_1,...,x,_q) = E(xf |xt_1,...,x,_q)

O7E (] [ X1, Xi—g)

= o‘tz s
as &, is again independent of x;—; and has a unit variance. Hence, for the variance it
conditionally holds that:

Var(x;|x X—g) =0+ o X + .. F g

t1At—=15 « o s At—q 0 14— qtt—q

which explains the name of the models: The conditional variance is modeled
autoregressively (where “autoregressive” means in this case: dependent on the past
of the process). Thus, extreme amplitudes in the previous period are followed
by high volatility in the present period resulting in so-called volatility clusters.
If the assumption of normality of the innovations is added, then the conditional
distribution of x, given the past is normal as well:

Xt |Xt_1, .. .x,_q ~ N(O, (o)) + (03] .xtz_l + ...+ aqxtz_q) .
But, although the original work by Engle (1982) assumed &, ~ iiA(0, 1), the

assumption of normality is not crucial for ARCH effects.

Stationarity

By Proposition 6.1 it holds for the variance that
Var(x) = E(07) = a0 + &1 B(x;_)) + -+ + aE(x_) .

If the process is stationary, Var(x;) = Var(x,—j),j = 1,...,q, then its variance
results as

o
Var(y) = .
—a = ... =0y
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For a positive variance expression, this requires necessarily (due to ¢g > 0):
l—a;—...—a;>0.

In fact, this condition is sufficient for stationarity as well. In Problem 6.1 we
therefore show the following result.

Proposition 6.2 (Stationary ARCH)
Let {x,} be from (6.1) and {o?} from (6.5) with (6.6). The process is weakly
stationary if and only if it holds that

q
ZO(/' <1.
j=1

Correlation of the Squares
We define e, = x>—o 2. Due to Proposition 6.1 the expected value is zero: E(e;) = 0.
Adding x? to both sides of (6.5), one immediately obtains

2 2 2
Xp =X .o togx e,

From this we learn that an ARCH(g) process implies an autoregressive structure
for the squares {x*}. The serial dependence of an ARCH process originates from
the squares of the process. Because of o; > 0, x> and x>_, are positively correlated
which again allows to capture volatility clusters.

In Figs.6.1 and 6.2 ARCH(1) time series of the length 500 are simulated. For
this purpose pseudo-random numbers {¢,} are generated as normally distributed and
ap = 1 is chosen. The effect of o is now quite obvious. The larger the value
of this parameter, the more obvious are the volatility clusters. Long periods with
little movement are followed by shorter periods of vehement, extreme amplitudes
which can be negative as well as positive. These volatility clusters become even
more obvious in the respective lower panel of the figures, in which the squared
observations {x?} are depicted. Because of the positive autocorrelation of the
squares, small amplitudes tend again to be followed by small ones while extreme
observations appear to follow each other.

Skewness and Kurtosis

In the first section of the chapter on basic concepts from probability theory we have
defined the kurtosis by means of the fourth moment of a random variable and we
have denoted the corresponding coefficient by y». For y, > 3 the density function
is more “peaked” than the one of the normal distribution: On the one hand the
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values are more concentrated around the expected value, on the other hand there
occur extreme observations in the tail of the distribution with higher probability
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(“fat-tailed and highly peaked”). For stationary ARCH processes with Gaussian
innovations (g; ~ ii N'(0, 1)) it holds that the kurtosis exceeds 3 (provided it exists
at all):

]/2>3.

The corresponding derivation can be found in Problem 6.2. Due to this excess
kurtosis, ARCH is generally incompatible with the assumption of an unconditional
Gaussian distribution.

We define the skewness coefficient y; similarly to the kurtosis by the third
moment of a standardized random variable. The skewness coefficient of ARCH
models depends on the symmetry of &,. If this innovation is symmetric, then it
follows that E(sf) = 0. Hence, y; = 0 follows for the corresponding ARCH process
(due to independence of o; and ¢;):

E(x)) = E(0}) - E(&])
=E(0;)-0=0.

Thereby it was only used that ¢, is symmetrically distributed.

Example 6.2 (ARCH(1)) In particular for a stationary ARCH(1) process with
2 1

a; < 3 and Gaussian innovations ¢, the kurtosis is finite and it results as (see

Problem 6.3):

2
I —o

> 3.
1—3a?

Y2 =3

For a% > % there occur extreme observations with a high probability such that the
kurtosis is no longer constant. Consider a stationary ARCH(1) process («; < 1) with
af = 1/3. Under this condition one has for s, = E(x}) with E(:2_,) = a/(1—a1)
assuming Gaussianity:

ts, = E(e})E(0;) = 3E (a0 + a1x_,)?)

2
o 0

=3 (o) +2—""—+afpat | =c+3afpar =+ pas s
1 —

where the constant ¢ is appropriately defined. Continued substitution yields thus
Has =Ct+ Uap .

Hence, we observe that the kurtosis grows linearly over time if 3 ozlz =11



6.4 Generalizations 135

6.4 Generalizations

Some extensions of the ARCH model having originated from empirical features of
financial data will be covered in the following.

GARCH

In practice, with many financial series it can be observed that the correlation of
the squares reaches far into the past. Therefore, for an adequate modeling a large
q is needed, i.e. a large number of parameters. A very economical parametrization,
however, is allowed for by the GARCH model.

Generalized ARCH processes of the order p and g were introduced by Bollerslev
(1986) and are defined by their volatility function

o =X+t agx +Biol, + e+ Byol,. 6.7)

The result process is abbreviated as GARCH(p, ¢). In addition to the parameter
restrictions from (6.6) it is required that

Bi=0,i=1,....p. (6.8)

Jointly, these restrictions are clearly sufficient for 6> > 0 but stricter than necessary.
Substantially weaker assumptions were derived by Nelson and Cao (1992).

We adopt the stationarity conditions for GARCH models from Bollerslev (1986,
Theorem 1). The resulting variance will be determined in Problem 6.4. Thus, we
obtain the following results.

Proposition 6.3 (Stationary GARCH)
Let {x;} be from (6.1) and {2} from (6.7) with (6.6) and (6.8). The process is
weakly stationary if and only if

q p
Z%‘ + Zﬁj <1.
=1 =1

Then it holds for the variance that

Var(x;) = > .
L= =20 B
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It can be shown that the stationary GARCH process can be considered as an
ARCH(o0) process. Under the conditions from Proposition 6.3 it holds that (see
Problem 6.5):

o0 o0
(rf =y + Zyi xf_i with y; > 0 and Z lyil < oc0. (6.9)

i=1 i=1

Thus, the GARCH process allows for modeling an infinitely long dependence of the
volatility on the past of the process itself with only p + g parameters although this
dependence decays with time (i.e. y; — 0 for i — 00). The fact that GARCH can be
considered as ARCH(o0) has the nice consequence that results for stationary ARCH
processes also hold for GARCH models. In particular, GARCH models are again
special cases of processes with volatility (6.2) and therefore examples of martingale
differences, i.e. Proposition 6.1 holds true. If we assume a Gaussian distribution of
{&:}, it follows, just as for the ARCH(g) process of finite order, that the skewness is
zero and that the kurtosis exceeds the value 3.

Example 6.3 (GARCH(1,1)) Consider the GARCH(1,1) case more explicitly. It
is by far the most frequently used GARCH specification in practice. Continued
substitution shows under the assumption of stationarity that (o; + B; < 1):

a o0

2 _ 0 i—1 .2

o, = +oz1§ Bl x;.
1-p i=1

Hence, we have an explicit ARCH(co) representation of GARCH(1,1). Assuming
that

1— (o1 4+ B1)* — 207 > 0,

the kurtosis is defined. In Problem 6.6 we show (with Gaussian distribution of {&,}):

1— (o) 4 B1)?
Y2 =3 5 5 > 3.
1 — (a1 + B1)? — 204
Furthermore one shows by
of = a+ax, +piol,
—
x = o+ +p) g — B (L —0y) +x -0}

the equation

xF =g+ (o + B1) Xy + e — B e
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with
es=x>—0?, E(e)=0.

The GARCH(1,1) process {x;} therefore corresponds to an ARMA(1,1) structure of
the squares {x?}. W

In Figs.6.3 and 6.4 the influence of the sum of the parameters o + B is
illustrated by means of simulated GARCH(1,1) observations. We therefore fix
a9 = 1 and @y = 0.3 and vary B; in such a way that stationarity is ensured.
The larger B, (and therefore the sum of «; + B1), the more pronounced is the
change from quiet periods with little or, in absolute value, moderate amplitudes to
excited periods in which extreme amplitudes follow each other. Again, this pattern
of volatility becomes particularly apparent with the serially correlated squares in the
lower panel, respectively.

IGARCH

Considering the volatility of GARCH(1,1),

2 _ 2 2
o =ap+oa1x_, + PBio-,,
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Fig. 6.3 GARCH(1,1) withey = 1, ¢y = 0.3 and #; = 0.3
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we are reminded of s,2 () from (6.4). The difference being that op = 0, and it holds
that ey + B; = 1 (i.e. ¢ = 1 — A and B; = A, respectively). Models with such a

restriction violate the stationarity condition (¢« + 8 < 1). This can be shown when

; 2 With . — g2 &2 -
forming the expected value of o withx;_| = 0,_, &,_;:

E(07) = oo + a1 E(07) E(e]) + BiE(0)
= ap + (a1 + B1) E(o2)).
With «; + 8; = 1 one obtains
E(0? —0%,) = ag > 0.
In other words: The expectations for the increments of the volatility are positive for

every point in time, modeling a volatility expectation which tends to infinity with 7.
This idea was generalized in literature. With

q P
Z“/ + ZIB/ =
j=1 j=1

one talks about integrated GARCH processes (IGARCH) since Engle and Bollerslev
(1986). This is a naming which becomes more understandable in the chapter on
integrated processes.
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In Fig. 6.5, an IGARCH(1,1) process (¢; + f1 = 1) was simulated according
to the scheme from Figs. 6.3 and 6.4. In comparison to the previous figures, in this
case we find considerably more extreme volatility clusters which, however, are not
exaggerated. The kind of depicted dynamics in Fig. 6.5 can be frequently observed
in financial practice.

GARCH-M
We talk about “GARCH in mean™? (GARCH-M) if the volatility term influences the
(mean) level of the process. In order to explain this with regard to contents, we think
of risk premia: For a high volatility of an investment (high-risk), a higher return is
expected, on average. In equation form we write this down as follows:

Xy = 90t+ut, (6.10)
where {u,} is a GARCH process:

w =08, 0°=ay+to utz_l—i—-u—}—ozquf_q—}—ﬂlotz_l+...+,3p0t2_p. (6.11)

3Originally, the ARCH-M model was proposed by Engle, Lilien, and Robins (1987).
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Fig. 6.6 GARCH(1,1)-M from (6.11) withay = 1, ¢y = 0.3 and f; = 0.5

Therefore, in this case the mean function , is set to 8 o;. In some applications it has
proved successful to model the risk premium as a multiple of the variance instead
of modeling it by the standard deviation (6 o;):

)CIZQO'[Z—}-M,.

For both mean functions the GARCH-M process {x;} is no longer free from serial
correlation for 6 > 0; it is no longer a martingale difference sequence.

In Fig. 6.6 a GARCH-M series was generated as in (6.11). The volatility cluster
can be well identified in the lower panel of the squares.The effect of 6 = 1 becomes
apparent in the upper panel: In the series of x; local, reversing trends can be spotted.
Upward trends involve a high volatility, whereas quiet periods are marked by a
decreasing or lower level.

EGARCH

We talk about exponential GARCH when the volatility is modeled as an exponential
function of the past squares xtz_l.. This suggestion originates from Nelson (1991) and
was made in order to capture the asymmetries in the volatility.* It is observed that
decreasing stock prices (negative returns) tend to involve higher volatilities than

4We do not exactly present Nelson’s model but a slightly modified implementation which is used
in the software package EViews.
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increasing ones. This so-called leverage effect is not captured by ordinary GARCH
models.
In EViews the variance for EGARCH is calculated as follows:

p q

logcr,2 =w+ Z Bi logatz_j + Z (O(jlgt—j| + ¥ Et—j)a
j=1 Jj=1

where g,_; is defined as

.xt_j

E—j = —

O-[_j

For y; = 0 the sign is not an issue. However, for y; < 0 in the negative case
eyl +yj e = (@ —ypleyl for e <0

has a stronger effect on log o2 than in the positive case
ajle—j| + vje—j = (aj + y))e—j for &_;>0.

Note that for EGARCH the expression o7 is without parameter restrictions always
positive by construction. Applying the exponential function, it results that

p q
of =exp|w+ ) Bilogal;+ ) (ele| + v

Jj=1 j=1
Example 6.4 (EGARCH (1,1)) Again, as special case we treat the situation with
p=q=1,
logcr,2 =w+ b logatz_l +oyle—i| + yi &1,
or after applying the exponential function:

o} = ewcftz_ﬂf ~exp (ailem—1] + y18i-1)
= b Jexp(e—ill@r —y)), &1 =0
U lexp(e—i(ar +71).  &-1>0

In this case it is again shown that for y; < 0 the leverage effect is modeled in
such a way that negative observations have a larger volatility effect than positive
observations of the same absolute value. ll

In Fig. 6.7 a realization of a simulated EGARCH(1,1) process is depicted. The
“leverage parameter” is y; = —0.5. When the graphs of the squared and the original
observations are compared, it can be detected that the most extreme amplitudes are
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in fact negative. Furthermore, it can be observed that periods with predominantly
negative values are characterized by a high volatility.

YAARCH

The works of Engle (1982) and Bollerslev (1986) have set the stage for a downright
ARCH industry. A large number of generalizations and extensions has been
published and applied in practice. Most of these versions were published under more
or less appealing acronyms. When Engle (2002) balanced the books after 20 years
of ARCH, he added with some irony another acronym: YAARCH standing for Yet
Another ARCH. There is no end in sight for this literature.

6.5 Problems and Solutions
Problems
6.1 Prove Proposition 6.2.
Hint: According to Engle (1982, Theorem 2) the process is stationary if and only if
it holds that
a(z) =0 = |z > 1, (6.12)

witha(z) :=1—o1z—... —a,z%.
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6.2 Show that the kurtosis y, of an ARCH process exceeds the value 3. Assume a
Gaussian distribution of {e,} and E(0,') < oo.

6.3 Calculate the kurtosis of a stationary ARCH(1) process as given in Example 6.2
for the case that it exists. Assume a Gaussian distribution of {e;}.

6.4 Assume {x;} to be a stationary GARCH process. Determine the variance
expression from Proposition 6.3.

6.5 Assume {x;} to be a stationary GARCH process with (6.6) and (6.8). Determine
the ARCH(o0) representation from (6.9).

6.6 Calculate the kurtosis of a stationary GARCH(1,1) process as given in Exam-
ple 6.3 for the case that it exists. Assume a Gaussian distribution of {g}.

Solutions

6.1 We have to show the equivalence of (6.12) and the condition from Proposi-
tion 6.2, given (6.6). This condition can also be written as «(1) > 0. Hence, we
have to prove the equivalence:

(6.12) < a(1) > 0.

We proceed in two steps.
“="": Under the condition by Engle (1982) it holds that

Var(x;) = %o i

=22 >9.
l—a;—...—a; oa(l) ~

Due to o > 0 it immediately follows that «(1) > 0. The case @(1) = 0, however,
is due to (6.12) excluded, such that &(1) > 0 can be concluded.
“«<=": For a root z of «(z) it holds that:

q

— o

I—Za]z.
j=1

By the triangle inequality and applying (6.6) it follows that:
1<) o] =) ol <max || ) o
J
j=1 j=1 j=1

= max [2/] (1 —a(1))
J

< max |7/],
J
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where the assumption was used for the last inequality. Therefore, we have shown
for a root z of a(z) that it holds that max; |Z/| > 1 and thus |z| > 1.
Hence, the proof is completed.

6.2 From Example 2.4 we adopt due to the Gaussian distribution

4
E(sf)=E<(£'1_O) ) =3,

Therefore, in a first step it follows due to the independence of o; and &;:

E(x) =E(0'¢]) =E (o) E(e]) = 3E(0).

Hence, because of E(x;) = 0 and Proposition 6.1 the kurtosis of x; results as:

_ Ba)  _ 3E(})
2T Varw)? T (E(02)

The usual variance decomposition, see Eq. (2.1),

Var (07) = E (/') = (E(07))” 2 0.

yields

Hence, the claim is verified: y, > 3.
6.3 As o, and ¢, are stochastically independent, it holds that

E(x}) = E(0))E(e7).
whereby the k-th central moment is given, as {x,} is a martingale difference sequence
with zero expectation. On the assumption of a standard normally distributed random
process one obtains

E(e?) =1, E()=0 and E(s)) = 3.

This implies for the ARCH(1) process that the skewness is zero due to E(xf’) = 0.
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In order to determine the kurtosis, we first observe that the fourth moment is
constant under the condition 30:% < 1. To that end define p4, and use p, =
Var(x,) = 2.

l—ay *

14, = E(x}) = E(e}) E(0}) = 3E (a0 + a12?)?)

2
aga

=3(a3+21_a

1
+ 0612M4,t—1) =c+ 3y,
1

where the constant ¢ is defined appropriately. Infinite substitution yields

C
Mar = C (1+30612+(30612)2+) = =32 = lq.
1

With a constant 4 (and ;) one obtains

ug = E(x}) = 3E(0]) = 3E(a} + 20 oy x>, + & x|,
= 3[ad + 200 a1 o + @ 4]

or

3 202 o
N FE )
1—0(1

1—3a?
3 ad(l4ar)
1-302 l—oa

From this it follows that

Ha 3
= = I —ap)(l+a
r2 (Var(x))2 11— 30(%( ) )
_ 1—of
1—3a3

Of course, these transformations were only possible for 1 — 30512 > (. Hence, this is
the condition for a finite, constant kurtosis.

6.4 We use the fact that o, from (6.7) is again independent of &,. This can be shown
by substitution of (rrz_j and x2_; according to (6.1). Thus, as in Proposition 6.1, for
stationarity and for arbitrary points in time, it holds that:

Var(x,) = E (07) = y(0).
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Hence, by forming the expected value we obtain from (6.7):

y©0) =ao+a17(0) + ...+ a,7(0) + B1y(0) + ...+ B, y(0).

Therefore, we can solve

as claimed.

6.5 We define the lag polynomial 8(L) with
BL)y=1-pL—...—B,L".
Hence, it holds that
BL)o} =ao+ar1x; | +...+ oquf_q.
By assumption
Bi=0, j=1,....,p, and B(1)>0.

In Problem 6.1 we have shown that this is equivalent to

B =0 = |z >1.

This is in turn the condition of invertibility known from Proposition 3.3 which
guarantees a causal, absolutely summable series expansion with coefficients {c;}:

oo oo

1 .
— ) :
LR
J=0 j=0
By comparison of coefficients one obtains from
o0
Il=(1=pL— ... —BI') g/
j=0

as usual

C0=1

ca=pico=p>0
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ca=pici+Prco=Pr+p2>0

c=Ppic1+...+Bpcip =0, j=p.
Thus, the inversion of B(L) yields:

2
) o X+ ... +Oéqxt2_q

T D)

o0
=+ vixi,.
i=1

where y;, i > 0, results by convolution of

arL+...+a,L? 1 X > )
= OékL .
B(D) 1 ]:Zl /

The non-negativity and summability of {e;} and {c;} is conveyed to the series {y;}.
Hence, the proof is complete.

6.6 As for the ARCH(1) case it holds that

Applying E (x?) = E (0?) = l_a"l"_ 7, yields:

E(o}) =E ([ao +ai x>, + B 03_1]2)
=E (o +ofx, +Biol)
+EQQaparx;_; + 20 Bios, + 201 fix,_ 0 )
=af +3aE(0},) + BE(0or,)

205(%0(1 20(%,31
1—0[1—,31 1—0[1—,31

+2a1 BiE(0})) E(e)) -

As for the ARCH(1) case one has to show that E (O’r4 ) turns out to be constant under
stationarity and the condition 1 —2 a% — (a1 + B1)? > 0. We omit this step here and
take E (0;') = E (0", ) for granted. It then holds that:

2 295(n+B)
(XO + 1—a;—pBi

):1—2a%—(a1+/31)2'

E (0
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From this it follows that

1
—3E(0%) ——
72 =3E(7) (Var ()’
3 a2 (14 a1 + 1) (1—a; —p1)?
(I—ay — B)(1 =202 — (@) + B1)?) o

_y U+ @+ )0~ (@ +p)
1207 — (a1 + B1)?
1— (a1 + B1)?
1—2a} — (a1 + B1)*’

This is in accordance with the claim.
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