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A Specific Example: Scattering from
Spherical Square Well Potentials

To solve a very specific example, let us look first at the scattering from a spherical
square well potential, with

V)=V, for r <a, V(iry=0 for r > a, )

(see Fig. 43.1), where the constant V; could be either negative (attractive potential)
or positive (repulsive potential), including Vy = +o0, the so-called hard sphere
case. The latter might be a good approximation for the scattering of noble gas
atoms from noble gas atoms. In this case, classical scattering theory would be
sufficient for gases at temperatures such that A <« a. Quantum theory would be
needed only for A ~ a or A > a. For noble gas atoms with mass, m, at an absolute
temperature, 7,

AR K he  197x10%V x 107%cm
2r p [mkT):  [mc2%kT]?  [M(.94 x 10%V) x %evg—&]%
L Ix 10 8%cm

~vMT

where M is the mass number of the atom in atomic units. Thus, quantum theory
is needed only for the lightest atoms, e.g., He with M = 4, at extremely low
temperatures.

For the general V(r), the asymptotic form of the solution, as r — 00, is

(2)

_wy(kr) L il 4 1)Sin(kr - Zl+8)

= i'e' (2 + 1)(Jji(kr) cos & — ny(kr)sind;), ©)
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FIGURE 43.1. Square well potential scatterers.

where we have used the asymptotic forms for j, and n;, eq. (44) of Chapter 41.
Now for the square well problem, the solution for R;(kr) is a linear combination
of the free-wave radial functions, jj(kr) and n,{kr), for all values of r > a, so our
solution forr > a is

Ritkry = i'e™ @1 + 1)(ji(kr) cos & — ny(kr) sin &;). (4)
We shall also need, again in the region r > a,

(r idf:_’) = (kr)i'e™ (2 + 1)(jj(kr) cos & — nj(kr)sing;). (5)

All of the information from the interior region will be related to the ratio, evaluated
at the boundary r = a, of the quantity

1 dR (jj cos & — n} sind;)
Ergr_ = b = (ka) (jrcos& — nysinéy)
r=q r=a
U/ + in;)eZiS, + (] ~ iny)
i + ine®s + (ji — iny)

= (ka)li ©

Solving this for the phase shift,

. . 1 — (Jt ”‘1)
P28 (Jl —iny) B\ q—im ‘ o
| G+ ing (Hm,)
OB\ i+ r=a
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A Hard Sphere Scattering

For the hard sphere case, we must have R;(ka) = 0, and % must be finite at
r = a. Thus, B; = oo, and
ezlalﬂ,Sph _ _[ (jl(ka) - inl(ka)):l
(jitka) + in(ka))

H Sph.

(ni(ka) + iji(ka))

l: &% 5
- www—mmm]*fﬁ“’ ®
SO
5 Pk
tan 8[}1.5ph. _ Ji( a). ©)
n(ka)
For the low-energy limit [see eq. (45) of Chapter 411,
2n ! (ka)?
(1 - e )
tan &> = (ZIH)(';),H) 2((,?1;3) LA (10)
k2T (1 T semn T )
Again, in the low-energy limit 8, dominates. Note that tan 551 L tan(ka);,
and for all (ka)
8y = (ka), (11)
whereas, for (ka) <« 1,
k 3
giseh _ (ka)” 4. (12)
3
In the extreme low-energy limit, neglecting all but the [ = 0 phase shift,
d in’ 8
oM % _ 2 o= andd, (13)
ds2 k2
In next approximation, with (ka) < 1,
d 1 .
d_SGZ = k—z(sin2 8o + 381 sin28pcos 8 + - - )
ka)?. s
=a*([1 - ®ar | akay? cos 0). (14)

As (ka) increases, the differential cross section will show more and more angular
oscillations, as more and more terms in the [ sum contribute. Fig. 43.2 shows
the 6 dependence of the differential cross section for a very large value of (ka),
as well as the limit of extremely large (ka). In this extreme short-wavelength
limit, the differential cross section has the classical value, “—;, for all values of
6 > B, = (7/(ka)). The total cross section is

Otasoe = 2ma, (15)
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FIGURE 43.2. Hard sphere differential scattering cross sections.

that is, twice the classical value: one unit of wa® coming from the forward peak
for < Bpmin; the second unit of wa? coming from all values of 8 from the
constant value of % for g-%. The strong forward peak giving the extra factor of wa?
comes from the wave description of even the classical limit. Our wave function
now consists of essentially three components, a plane wave extending through
all of space, a “true” scattered wave showing an isotropic scattering with equal
probability in all directions, and a strongly forward-peaked wave interfering with
the plane wave in the forward direction to make the geometrical shadow. (See Fig.
43.3)
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FIGURE 43.3. Hard sphere scattering, high & limit.
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B The General Case: Arbitrary Vjy

In the general case, we can express the phase shifts, §;, by
B~ <ka)(——j-ji52:)
PRI r=a (16)

k]
_ JFing
Bi (ka)<j/+m,)
r=a

that is, & is determined exclusively from the quantity §;. From the continuity of
the wave function and its first derivative at r = a, we get

with  k§ = s’ an

where we have also used the fact that the interior solution, for r < g, must be
regular at the origin. Using the abbreviation for the quantity

Ji+in ,
k(%) = B, ()
we have
) s By — A+ 0 | H.Sph. 2is
B (F P T G
B — A —is B — Ny — sy

The quantities A, s, and %" are all known functions of ka and completely
independent of the strength of the potential. Moreover, they are all smooth functions
of ka. For example, for!/ = 0,
S = —ka,  Ag=—1, s = ka. (20)
Forl =1,
nw e (1t ika) 2+ ka) o = (ka)®
[1+ (ka)?]

- RTEY O

ol -
[1+ (ka)*]2

@n

To express the differential and total cross sections as functions of 5,}1'5‘)}1', A, s,
and B, it will be useful 1o use the identity

.p B i )
ew, sin 83 — 5(1 . 8215;) (22)
to rewrite
Zi(SH'SPh'
5 . SHSh gonn 5,28
¢ sing = €% sind oM 4 o3
B —Ar—is

This equation leads to an expression for the {** partial cross section
s2(1 —2sin? 8Py (8 — A))sin 28,“'5"“')

B — A +sP (B — AD? +s?
24

4
o= 5@ +1) (sinz 3P
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Because A, s/, and Sl”'Sph', especially for low values of /, are mild functions of
(ka), any rapid changes in §;(k) with k, and hence o; with &, must be caused by a
strong k dependence in §;. In particular, §; can go to infinity for particular values
of k for which R;(ka) = 0. This process leads us to the next topic.



