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Angular Momentum Recoupling:
Matrix Elements of Coupled Tensor
Operators in an Angular Momentum
Coupled Basis

In Chapter 33, we cvaluated the matrix elements of a vector-coupled spherical
tensor of type [U*' x V1 in terms of the reduced matrix elements of both U“

and V* in the appropriate angular momentum-—coupled basis,
(U1 x 1 MIIUM x VREL) x 21T M),

where we managed to simplify the calculation by judicious use of the Wigner—
Eckart theorem and convenient choices of magnetic quantum numbers. In some
cases, however, the calculation still involved fairly tedious m sums of expressions
involving products of Clebsch—-Gordan coefficients. It is the purpose of this chapter
to show matrix elements of the above type can be expressed in terms of so-called
angular momentum recoupling coefficients. Because values of these recoupling
coefficients are available through tabulations or computer codes, and in many
cases through algebraic expressions, it will be valuable to study these recoupling
coefficients.

A The Recoupling of Three Angular Momenta: Racah
Coefficients or 6-j Symbols

So far, we have studied transformations of states involving two commuting angular
momentum operators from a basis

|jimi jam,) simultaneous eigenvectors of jiz, Jis jzz, J2.
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-~

to a basis with good total angular momentum, J = fl + fz,
|jijJ M) simultaneous eigenvectors of f,z, };2, 7 27,

For states involving three commuting angular momentum operators, we require
six angular momentum quantum numbers, hence, six commuting operators, e.g.,
;12, Jis 1722’ Ja.s ;;2, J3.

for a complete specification of the basis:
[Jim jamy jams).

As for the case of two angular momenta, it will often be advantageous to use a basis
with good total an gular momentum in which J 2 is diagonal. Now, however, the five
commuting operators jI , JQ , 13 VAR J2, and Jo = j1, + ja, + jz, will be insufficient.
A sixth operator is needed. To find this sixth operator, we could couple to total J
in two ways
J=Gi+ptj=Jdn+js
=j+U+ ) =50+ Jn, (H

and use the eigenvectors of the six commuting operators
.]-12, jzza j32-; Jyzg; JZ, g
(L2l 23 ) T M),

where we first couple the two angular momenta fl, fz to a state with good fé, or
alternatively, we could use the eigenvectors of the six commuting operators

jlza j225 j}z, Jz%a Jza ‘IZ :
1Lz 31023 ]I M),

where we couple the angular momentum _]1 to a state in which _]2 and ]3 have been
coupled to a state of good Jﬂ The transformation from the one basis to the other
must be unitary

[Lj1j21d12 3] I M)
= Y A2 dsldas ]I MY L ds 1 s ) MI[ L j2) 2 s ] T M)
I
= Y W[ Lislds)I MU jad j3; Tia ), @)

J23

where we have renamed the unitary transformation coefficient a U coefficient,

(L U3 I ML 211253 )T MY = Uiz jas J12d23) = Uy, G jad ),
3
where we have anticipated this unitary transformation is independent of the mag-
netic quantum number M. It is a matrix element of the unit operator, a spherical
tensor of rank 0, in the total angular momentum basis, hence, M-independent by
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the Wigner—Eckart theorem. The rather strange order of the angular momentum
quantum numbers is that first introduced by Racah through his W coefficient,
related to the above U coefficient via

Ui jad iz Jiadas) = v @Iz + DQ@Jas + DW (i joJjas J12d23). 4

Finally, we have indicated this unitary transformation could be expressed through
the elements of a matrix with row index J;, and column index Jy3, where the
matrix elements are functions of the quantum numbers j, j;, J, j3, common to
both bases. The unitary character of the transformation gives us

—1 * .
U]z}fn - UJ|2Jz3 - U~112123' (5)

Because the U coefficients can be expressed in terms of Clebsch-Gordan coef-
ficients, which are real, the U coefficients are real, so the * has been omitted in
the last step, and the inverse matrix is given by the transposed matrix, U~ = U.
Therefore,

\[j1li2 3l Jas | I M) = ZU}BIJ,Z L2l dh2ds ) M)
Jiz
= Usp [l 210123 ] M)
-’IZ
= Y UG jdjs Jods)l{Ui 2 js ]I M) (6)
Jio
Because the signs of angular momentum-coupled functions depend on the order
of the couplings, it is important to keep the order of the various couplings, as
indicated by the order of the angular momentum couplings inside the [ ] brackets.
For this purpose a pictorial representation of egs. (2) and (6) is also useful. See Figs.
34.2(a) and (b), where the arrow also helps to indicate the order of the couplings.
See also Figs. 34.1(a) and (b) for a pictorial representation of the coupling of two
angular momenta.

B Relations between U Coefficients and
Clebsch—Gordan Coefficients

By expanding the angular momentum coupled states of egs. (2) and (6) in terms of
uncoupled states via the appropriate Clebsch—Gordan coefficients, we can express
the U coefficients in terms of sums of products of Clebsch—-Gordan coefficients.
Thus,

(U121 di2d3 ]I M)
= Z [Jim) | amo) | jama) (imy jama | T M) (Jia Moo jams | T M)
mymaym;

= Y 1im)Y (L2 s Mas) ama jsms | 3y M)

M Ji

x {frmy joma|JioM2) (J12M 3 jamsl I M)
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B Relations between U Coefficients and Clebsch~Gordan Coefficients
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FIGURE 34.2. Recoupling of three angular momenta.
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= Y 3N WALl ]I My Gim I3 Mas M)

mymoms J2’3 J’

x { jamy jsms| Iy Ma3) (Jimy jama | J 12 My2) (12 M2 jams | S M ). )
Now, left-multiplying this relation by ([ ji[j2/j3]J23]J M| and using,

({02731 23] MI[ 1L sl g3 | T M) = 845, 5,,8 14, (8

in the last step of the above relation, we are led 1o

U(jij2d Jas Jiadn) = Z {Jimy jama|J12M2)

Ly moy

x {J1a Mz jama|J MY {(jimyJos Mos| I M) { ama fams| Jos Mos) 9

where it is important to remember M is fixed at some specific value, M = m; +
m, + m3, when taking the m; sums, so that there are essentially only two m; sums
to perform. A second relation can be obtained from

[Jim) | Lz sldaMas) = Zl[jl L2 jslas | I MY (imy B My | J M)
7

=3 Y WUl s} I MYU G jad jss T dus)ima JisMas | I M)

Jd
= Y jim} | jama) | jams) (jama jams| oy Mas)

my
= 3 S 3 U Al i) MY Gimajama |, Moo)
ma Jl, J

X Sy Mz jams|J MY (jama jsms | Jos Ma3). (10)
Now, using the orthonormality of the states

(Ui 202 ja ]I MI[Lj sl da s ) M) = 81,0,800, (11)

we get

U jad j3s Jadn)jim I Ma|J M) =
(fim, omalJo My {JM g jsma| I M) (jama jams | JaaMas). (12)
iz
In this relation, m;, M3, and M, are all fixed. Because the right-hand side, there-
fore, involves only a single m sum, this relation is particularly useful for the
evaluation of UJ coefficients.
Finally, we get a third relation, by starting with

[jumy jama jsms) =
i j2lJ12js | MY (Gumajama | JiaMao) (N2 Mg jams | T M)

Jiz S
=3 3 \hljajslas | M) Goma jsms | T3 Maa) iy Jos Mo |1 M)

Jaz
= Y M Uil is ]I MU G 33 I3 d23)

Jipd" I

x {jamy jsma| Jos Mas) (jim Jos M3 | I M), (13)
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leading to

(Jimy jama | JioMp) (2 M, jams|J M) =
ZU(jljZJj3; T2 dos) jama jams| JosMos) (jim JosMos| T M. (14)
o3

In this relation, all the m; and, hence, the M;; and M are fixed.

All three relations, egs. (9), (12), and (14) may be useful in the evaluation of U
coefficients.

As a very simple example, let us evaluate the U coefficients for the case
o= Lj = % j3 o= % This recoupling coefficient might be needed in
two-electron configurations in which one electron has arbitrary orbital angular
momentum, /, whereas the second electron is an s electron with [ = 0. Here, a
U coefficient is needed in the transformation from LS to jj coupling and has the
form U(/ %J 15 7 S), where § is the total two-electron spin and J is the total angu-
lar momentum quantum number. Here, J can have the values [ + 1,7/, and [ — 1.
With J = [ + 1, however, S is fixed uniquely at S = 1, and j is fixed uniquely
at j = (I + 3). The U transformation matrix is a | x 1 matrix. For any 1 x 1
transformation, the U coefficient has the value +1. Thus,

UL+ D50+ H) = +1. (15)
Similarly,

Uid-Dia - Hn=+1 (16)

possible values j = (I + %), (- %). In this case, the U transformation matrix is
a 2 x 2 matrix. With the simple table of Clebsch—Gordan coefficients of Chapter
28, egs. (9) or (12) yield

S=0 S=1
j=0+5hH T Ve
Uil js) i ha a7
267309 = 1 ; I+ ]
J=U=D\~am Vo

C Alternate Forms for the Recoupling Coefficients for
Three Angular Momenta

The recoupling coefficients for three commuting angular momentum operators
were first introduced by Racah through his W coefficient. The relation between
the Racah W coefficient and the unitary U coefficient has been given in eq. (4).
Because the Clebsch—Gordan coefficients are subject to 2 x 3! symmetry relations
most easily expressed via the 3-j symbol (see Chapter 28) there will of course be
similar symmetry relations for the U coefficients. To see the symmetry relations
most easily, without factors of \/(2J + 1) or complicated phase factors, it is useful
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to introduce the so-called 6-j coefficient or 6-j symbol, conventionally written
between curly brackets in two rows,

UGjijadjzs Jodos) = (1Y 20 @00 + D23 + 1) { poa e } :
i JF Un
(18)

The 6-j symbol must satisfy four angular momentum addition triangle relations:
The three angular momenta in the first row must satisfy an angular momentum
addition triangle relation. Any angular momentum quantum number from the first
row satisfies such a triangle relation with two partners from the second row, which
must lie in columns different from the column of the symbol in the first row. The
6-j symbol is invariant under the following symmetry transformations:

(1) The 6-j symbol is invariant under any permutation of columns (i.e., six
symmetry opcrations).

(2) The 6-j symbol is invariant under an exchange of the j’s inrows 1 and 2 for
any two columns:

{a b c}:{d e c}:{a € f}:{db f} (19)
d e f a b f d b ¢ a e ¢’

In actual calculations, the unitary form of the recoupling coefficients is often
the most useful. In order to make use of its symmetry properties, however, it
is clearly advantageous to convert it to 6-j form first. As a simple application of
such symmetry properties, let us evaluate the U coefficient in which the quantum
number, J,3 = 0, and therefore J = j;,and j; = j,. If one of the labels, ji, j», j3,
or J, has the value zero, the I/ matrix is a 1 x 1 matrix and the U coefficient has
the value +1. Therefore,

U joji s 1120) = /(2d15 + 1) (=122 {jl 3'? 1012 }
= /(2J; + (=120 { Jaz .{1 J2 }

J2 i

B \/(2j1(+ i;(2j2)+ - P (U0 o) = +1). Q0)

Therefore,

Qi+ 1)

. 21
@+ D2+ D 1)

U(jijaj1j2; J120) = (_])j1+jz—-JmJ

Similarly,

P . : ( jz; )
U Z;OJ == f 1 1+j2—Jdas 3 -
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D Matrix Element of (U*(1) - V¥(2)) in a
Vector-Coupled Basis

To illustrate the usefulness of the recoupling coefficients of Racah type, let us
calculate the matrix element of a scalar operator of type

U - V) = Y (=1DIULVE, @) 23)
q

in a |[j, j.]J M) basis, where Uq’,‘ (1) are spherical tensors of rank k built from
operators acting in the space of variables of type (1) = (1,51, ...), similarly
for V* q(2) and space (2) and where the vectors |jym;) are angular momentum
eigenvectors for the subspace (1), similarly for | j,m,) and space (2). That is, we
want to calculate matrix elements of type

(L1 )T MIUAL) - VRO RlI M),

These are matrix elements of the type met in Chapter 33. For simplicity, we have
left off additional quantum numbers that may be needed for a full specification of
the states in question. Expanding the angular momentum coupled states in ket and
bra and using the Wigner—Eckart theorem to express the matrix elements of U, : ey

and V* 4 (2) in terms of their reduced matrix elements, we have

(Lj} 751 MIQU*QL) - VEQ)IL1 2l I M) =
D Gim jamal I MY (jim| j3m)| T M) (jimikg) jim)
q m(m2)m|(m})
VLGOI o GIVE)Lj2)
X et (Jamak — gl jymb) (—1)7 e
V@i +1) e V@i +1)
Now, let us use a symmetry property of the Clebsch-Gordan coefficients to
TeCxXpress

(249

rrrrrrrrrrrrrrrrrr — (kg jm}| jamy). 25)

. _ oI\ 1YK—q
(Jamak — gl jymy) = (—1) 2h D

The above matrix element then can be rewritten as
L THIUEDID GIVE) N )
VEil+ D@2+ 1)

(i1 Bl MICUR QD) - VE)IL j2ld M) = (1)
XY DY Limaikgljim (im' jymb|J M)

q my(mnm', (m?)

X (jim jama|J M) (kg jyms| jamy). (26)
Comparing the sum over g, m, m, of the product of the four Clebsch-Gordan co-
efficients in the last lines with eq. (9), the identification of the six angular momenta
in these Clebsch—-Gordan coefficients with those of eq. (9) yields

D Cmakgliimy )y Gim jamb T M) Gimy jama| T M) kg jsm)| jamy)

,
g.my.m’
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= U(jkJ jy; ji i), @7
$0

(L1 M MIUEQY - VEQDIL j2) I M)
AN GV @)IL)

= (=1 UGikd il il
RV TRy (kI iz J172)
= (=DM GIUEOIANBIVE) j2>{f_1, 1; Jl} 08
J2 J

E Recoupling of Four Angular Momenta: 9-j Symbols

In a two-electron configuration of an atom, we may be interested in a transformation
from an L S-coupled basis to a jj-coupled basis,

[ RILLs1 18]I M) —> {[TLis11)1[las21)2]T M).

This is a special case (withs; = 5 = 2) of a recoupling of four angular momenta;
Jis Jas j3, ja, if we name j; = I, h = b, and j5 = 51, j4 = 5. We need the
transformation from a basis in which J,» and J34 are good quantum numbers to a
basis in which Jy3 and J,4 are good quantum numbers

Uil 2Lz jal B d MY = > 1L 73l isladal Jaa )T M)

Ji3d2
([[11J3]J'13[12]4]Jv4]JM‘[[]1]2”12[13]4}124]11‘4)
v 2 I
= Z U1 3l sliadaldaa | T M) U ( B3 s 134) . @9
Ji3J2s Jiz Jg T

See Fig. 34.3 for a pictorial representation of this relation. The U(---) symbol
involving the nine j’s is again a unitary transformation matrix, again independent
of M; now with row and column indices specified by two quantum numbers each,

Ji J» Jn
Ul 5 Ja JBa ) =Usyngisi- (30
Jiz Jau J
Forexample, with ji = Iy = L, hp =L =2, and =5 = §, u =5 = 3,

and resultant total J = 1, this would be a 3 x 3 transformation matrix, where the

row labels Jy, /34 = LS have the three possible values 10, 11, 21, and the column
13 33 3 5

labels Jy3J24 = jj' have the three possible values 335 35 53 Because the above
matrix is again both unitary and real, we have
—1 .
(U )113.124411213,1 * UJIZ-IMMIUJL" (31

Therefore, the inverse transformation is given by

L1 j31d130j2a) s ] T M)
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o2 Ji
= Y Uil aljjdha]dMy U js s Ja ). (32)
Jiadzs Jis Ju J

See Fig. 34.3(b). In the arrangement of the positions of the nine j’s in the U(- - -)
symbol, each row and each column corresponds to a coupling of two angular
momenta to a resultant. The 9-j U/ coefficient can thus be expressed in terms of
sums over products of six Clebsch—Gordan coefficients

iRk Je
u ( 3 Ja J34) =

Ji3 Jau J

Z(hmljzmzlflexz)(j3m3j4m4|~134M34)(112M12134M34|JM)
m,

X {jimy jama|J1aMi3)(omg jama| JoaMos) (J1aM 3 Jaa Moy | T M),  (33)

where the sum is over all m;, but with M = m| + mj + m; + my4 fixed at a specific
value. Clearly, the symmetry properties of the Clebsch—~Gordan coefficients will
again lead to many symmetry properties of the unitary 9-j transformation coeffi-
cients. These will again have their simplest form not in terms of the unitary 9-j
transformation coefficients, but in terms of the so-called 9-j symbol, always written
in curly brackets, which is defined by

Ji o Jn
Ul j3 Ja Ju

Jis Js T

A Ji
= (@12 + DQJ3s + D@3 + )2J2a + 1) [ 3 Ja Ju } . (38
Jis Ja J

This {- - -} 9-j symbol has the following symmetry properties:

(1) The 9-j symbol is invariant under any even permutation of rows or columns.

(2) The 9-j symbol is invariant under reflection in either diagonal.

(3) The 9-j symbol changes sign by the factor, (—1)/1 Pttt ot dutlstluts
involving all nine j’s, under any odd permutation of rows or columns.

The 9-j transformation coefficients can be expressed in terms of products of 6-j
U coefficients. For example,

[ U1 72171203 jal J3a ) T M)
= Y \Uilialjsjslsal a3l MYU (it jod Jaa; Jia F23a)
234
= Y (=PI i ol ja sl sl Jasald MY o d Jss 12 d23s)
Ja34
= 3 VPTG el haa sl assl T M)
I13q Jag
X U(j2jaJ23aJ3; J2aJ3)U (Ji jod J345 J12J234)
= Y 3 (=D [y sl o jal el Jsal I M)

Jozq Jag

X U(jaiadaafs 2 Jaad3)U (i jod Jaas Siad23a)
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FIGURE 34.4. Pictorial version of eq. (35).

=D N D (SR Ine by 31 sl o jal Jas) M)

J3a Jaa Ji3
x U(J2jad23at3 J2a 30U (1 jad 345 2 d3)U (Jujad Joas J13.0234)
noon 12
= 3" U jsldislizjal sl I M) U ( s 134> : (35)
Ji3 o Jia Ju T

The various steps in this relation are easier to follow in a pictorial representation.
See Fig. 34.4. Comparing the last two lines of this relation, we get

o2 I
Ul ix ja Ju)=

Jizo o Ju I
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Z('—1)21'3'”""»J“"J”“HZ"U(j2j4Jz34j3 s Jagdag)
J234
X U(j1j2d Fza; J12523)U (1 jad Jaa; J130234)
=Y (“D¥2QJys+ DV(@Da + D@Jss + D@13 + D@Jas + 1)

Jrs

X{jz Ja -124}{1'1 J2 112}[]'1 J3 113}- (36)

Ji Juma Ja | (e T S| | Js T Ja

This relation is particularly useful if one of the angular momenta has the value
zero. For example, if j, = 0. Then, with Jou = js and J34 = Ja4, we have
U(Oj4]34j3;j4j34) = +1 and with .]12 = j1 and again 1234 == J34, we have
U(ji0J J34; ji1 J3a) = +1. The above relation collapses to

a0 A

v ( 3 Ja J34) = U(j1j3Jja; J13J34). (37
Jisoja J

This relation can also be seen directly from the pictorial representation of Fig.

34.5, from which we see the triangle, coupling j; with O to resunltant j,, rides

along on the back of a single Racah type of recoupling transformation involving

the recoupling of j,, j3, and j;. Similarly, we have

oo e ‘
Ul s 0 j =Wy, jidjs; hadi). (38)
Jis jo J

See also Fig. 34.6.

F  Matrix Element of a Coupled Tensor Operator,
[U*(1) x V*(2)]} in a Vector-Coupled Basis

To appreciate how the 9-j transformation coefficient can facilitate calculations
in an angular momentum coupled basis, let us calculate the matrix element of a
vector-coupled tensor operator,

U x VEQE = ) (kgikglkg) UL )V, (39)
q1(g2)

in a |[ji ju]J M) basis, where again, the Ué‘ll(l) are spherical tensors of rank k;
acting on variables of type (1) and where the | j,m,) are angular momentum eigen-
vectors of the space (1), similarly for Vq";(2) and the | jm,) and space (2). The
needed matrix element can be expressed in terms of a reduced matrix element
via the Wigner-Eckart theorem and can be expanded in terms of Clebsch~-Gordan
coefficients via

(L1 MU (1) x VR 210 M)
(LTS () x VR j210)

VQTIFT)

= (J Mkq|J'M')
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i s rds | 7y \js\
i j1+ jz_‘]xz E s
4 0 = (-1 AR y
M I UM
Iy
i+, , e
— (- T g T s (e
JM
7, Iy
. . \ '
J+i-J 5 A e
= (-1)* & A 2700 b(szx‘j Ty ‘]:2‘]13)
Iis T
Is_prds
o . J \
J+J-J</ I g, iwzf S
— (_1)1 2 12 (-1} 2 117 J 0/‘>U(]2]1J Iy leJm},
I, M
Ty redon
Z I ~d,=d. |5 S
p— (-1)? R Jl (+1) U(szx S 3y ']12‘]13)
Jla JM
FIGURE 34.6. Pictorial version of eq. (38).
= Y {jimijomal I M) jim, jim) | T MY (kiqikagalkg)
mymy gy

GHIUS | i) Gamakagal oy 220 Vh| j)
JCiT+D Ry’

where the magnetic quantum numbers, M, g, and M’ are fixed at specific values.
If we multiply this equation by (JMkq|J'M'), and, keeping M’ fixed, sum over
all possible values of M and ¢ = (M’ — M), the orthogonality relation,

x (jimikigi|jim}) (40

> (IMkqlI'M' =1,
M)

will pick out the reduced matrix element for our coupled tensor operator
(L Uk () x VERQFE L)
~JRIT+1)
R LA PR VAl VoY)
VRi+1D 2+ D
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X DY imajamal I MY (jim' jim))| 1 M) g1 kagalkg)

my.miq1-92

x (imikigljim') (famakaga| jym)) (I Mkq|J'M'). (41)

The m sums over the product of the six Clebsch~Gordan coefficients is over all
m’s except that M’ = m, +m, + g, + g» is fixed. This is precisely the m sum of
eq. (33) which yields a single unitary 9-j transformation coefficient. Thus,

LM IR Q) x VE@QPF I 2)
GHIUE LY alvE L) (Jl J2 J)

_ ko ke k
Jei+ D Jei D y

g

Ji ]é J’

(42)

This “grand result” illustrates the full power of the angular momentum recoupling
theory and shows how the 9-j transformation coefficients can be put to good use. In
special cases, the 9-j transformation coefficients will collapse to a 6-j U coefficient.
For example, if the tensor operator acts only in the subspace of type (1), then
V;; — 1, and we can set k; = 0. Eq. (38) then tells us

AT IS O A1)
NerEn
= VW sty Gk i, @)

V@ii+1D

where we have also used

(Rl2) = 8,34/ 23 + 1)

An example of this would be the matrix element of an electric dipole moment
operator, which is independent of spin variables, in an |[/s]jm ) basis

(s AT Es1) A
Ve +D Var+1D

Another special case would be the case of a scalar operator, with & = 0, hence
k; = ki, and J' = J. We leave it as an exercise in the symmetry properties of
the 9-j symbol to show our general result of eq. (42) then collapses to the result
already derived in eq. (28). Recall (U* - V) = (— D)F[(2k + 1)]% [U* x V"]g.

Although tabulations of 9-j symbols are not readily available, computer codes are
easy to construct. For tabulations of 6-j symbols, see the references to tabulations
at the end of Chapter 28. For algebraic expressions for 6-j symbols with at least
one j < 2, see the references at the end of Chapter 28.
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G An Application: The Nuclear Hyperfine Interaction
in a One-Electron Atom Revisited

In Chapter 33, we calculated the nuclear hyperfine interaction in a one-clectron
atom with the use of a few Wigner coefficients by making judicious use of the
Wigner—Eckart theorem. In particular, we calculated the nuclear hyperfine splitting
of a one-electron py, state, where our nucleus had a nuclear spin I = % as in
hydrogen, and we also quoted the result for the partner p,/, state. We can now
repeat this calculation in a much more general way by making full use of the
angular momentum recoupling machinery of this addendum.

The nuclear hyperfine interaction for a hydrogenic s-state, with ! = 0, was given
in Chapter 33 as

mctatm 8w . -
Hyfim = ~—gr—(5 - D). 45
h.£.int 5 M813(S )8(r) (45)
For a hydrogenic state with ! 5 0, conversely, it was shown to be
mciat m | R N
Hypim = ————=gi| 5{(-D~V8x([¥" xs'] -I)}|, (46)
2 M r?

[see egs. (5) and (14) of Chapter 33]. If we define the needed hydrogenic integrals
via
2,4 2,4

Brisll =0 = "5 T [ d iy @ 50 = " 0 2 R o001,
2,4 o0
fris #0 = "5 gy [ ar ka5, @)

then we have an effective hyperfine interaction Hamiltonian that can be written

g = fues |0 D= VE2@Y x 1 - 1Y for 1£0;
Hytim = Bips G- D), for [ = 0. (48)

All terms in these electron-nuclear spin interactions are of the form (U*=1(1) -
V*=1(2)), where the space (1) is that of the electron and includes both electron
orbital and electron spin variables, whereas the space (2) is that of the nuclear
intrinsic variables characterized by the nuclear spin vector, I. We will of course
need the coupling scheme I+5 = J for the electron variables, and we will assume
the fine structure splitting is much greater than the hyperfine structure splitting, so
jisa good guantum number. Finally, we will couple electron ] with the nuclear
spin, I, to resultant total angular momentum, F: j+ I = F. All of the needed
matrix elemenls are then given in terms of electron reduced matrix elements, the
nuclear spin reduced matrix element, and a single 6-j symbol by formula (28) of
this chapter. For example,

{[Us)iITFMrIQ - DIllLs]j NF M)
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— s IS T {; L } , (49)

with similar expressions for matrix elements of the operators (s Dand ([¥2xs']'
I). The reduced matrix elements of the electronic operators, [, 5, and [Y 2xs! ]‘; in

the |[/s]jm ) basis of the [+5 = f—coupled scheme are all given through formula

(42) of this chapter. For example,
J
11]. 50
J2ji+ 1D VI + 1D J/2s + 1) j (50)

L= . - I

(UsljlsliiZs]j) LI (slslls) U (0

!
Because we are interested in the reduced matrix clement of 5 mainly for states
with orbital angular momentum, / = 0, the needed unitary 9-j coefficient, with
all zeros in the first column, corresponds to a 1 x 1 unitary transformation and
thus has the value, +1. The reduced matrix elements for the unit operator and the
angular momentum vector operator are given for any angular momentum basis by

egs. (4) and (7) of Chapter 32. Thus,

Wi =Y ED,  (slsls = V@B T s+ D =/%:

s0, with [1s]j = [04]}

(SIS,

(044151041 = /2.

Similarly,

wstjiiusl) __@ilin i (13
V2i+D V2+D Vs )\ j
= VIt + DUGLL jb), 51

where we have used eq. (38) to convert the unitary 9-j coefficient with one zero to
a unitary Racah coefficient. This can be read from tables of 6-j symbols. For{ = 1,

this U coefficient has the values: \/g for j = 2, and \/g for j = 5. Therefore,

= Ot~
—

UMY =23 @il =2/

Finally,
YRR oy A LG L RCIL LT P
! Jarrn V2 o\p 1)
NG

where the reduced matrix clement of Y2 was given in Chapter 32. It has the value
(LY 5 1
— = [ —{1020}{0) = ——= for [ = 1.
JCI+ D 4 V2T

The unitary 9-j coefficients above can be given in terms of 6-j symbols through
eq. (36). For/ = 1,and both j = 3 and j = 3, the sum over Jy34 in this relation
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collapses to a single term: J;34 has the unique value % The above 9-j U coefficients
have the values —1/(3+/5) and +(2/3) for j = 2 and j = }, respectively. Thus,

(R xs'TH313) = o= (LI x s3] = — o=

With these electron reduced matrix elements, together with the nuclear spin
reduced matrix element,

I = QI+ DIT + 1), (53)

the nuclear hyperfine interaction in a one-electron atom is then given by, first for
the case [ # 0,

({51 11F M| cine IUSTITIF M) = Prnss /1 + DI +1)
x [ s s1)y — VB (Us1 Y x 51 lis1)

% (wl)j+l+F {.} ;‘ .; } , (54)

and for the case, [ = 0, with j = %,

{((Us)jI1FMp|Hytin [IUs]jI1F MF) = ﬁ{l._f,s.v‘ @I+DIT+1)

e NOTPT Tl I B S |
x ([Us1jlsNls1iy=1) {1 7 1}. (55)
Forthe cases,/ = landl = 0, with / = %, we will need the 6-j symbols
3 3 3
(il 1115
3 2 3 2410 3 I 3 6+/2
{% 1 %]_1 {% ! %}-l
I 3 0 52
so,with/ = 1, and both / = { and s = §,
({1 IV F Mg | Hging \IS] TTF Mp) = +3nes. for j=3, F=2,
(L) IIF M e |Hnsin |11 TIF ME) = —3Bnes. for j=2, F=1,
([[1s)j NN F Mg |Hy ind (ST ITF Mp) = +3Bhgs. for j = 5, F=1,
(M1 NNFMe|Hnpin \[(S1/ITF ME) = —2Bnss for j =3, F =0,(56)

and for [ = 0 states,

([[0s1s 11 F My | Hy ro [[[Os)s TVF Mp) = + 3B ¢ for F =1,
([[0s)sTVF M| Hygin JIOSISTTF Mp) = —380 ¢ for F=0. (57)



