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Applications of the WKB
Approximation

A The Wilson—Sommerfeld Quantization Rules of the
Pre-1925 Quantum Theory

To show how the WKB approximation is used, let us first derive the energies for
a potential with one minimum, with a single left and a single right turning point.
In region I, with x < x, the solution must be restricted to one with a decreasing
exponential only. In region [,

A L= dEIP(EY
ui(x) = e 5 /72 dg &I %))
VIP(x)]
This relation will connect in region II, where x > x,, onto the oscillatory solution
() = e [lfxdsP(S) ”] @
UpX) = ———= COS§| — - — 1.
P(x) ﬁ X2 4

This formula can be rewritten as

2A 1o 4 1= b4
oo (i [ g0 -3) - ([ eero-D)] o

In region /', with x > x;, we must again have a purely decreasing exponential
solution

wypr{x) =

B Y
Up(x) = ———p # e HIPO, @

[P (x)]
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364 37. Applications of the WKB Approximation

This relation will connect in region II, with x < x;, onto

2B I b4
urr(x) = N6 COS[E/X d§P(&) — Z:l )]
Now, comparing the two expressions for u;,(x), these match, if |A] = |B|, and if
1le dEP(E) — = = nr. ©)
Aty 2

We can rewrite this as
L[ 1 1
L / dEP(E) = —— f dEPE) =hin + 1), )
T Jy, 2n 2

where ¢ is used to indicate the integral over one complete classical cycle of the
classical orbit, starting at x,, proceeding to x;, and then back again to x,. This
quantity, using a generalized momentum, is known as the action variable, and
usually denoted by J in classical mechanics. It is a function of the energy, E.

1 1
IE) = o f dEPE) =hin+ 3). @®

This is the Wilson—-Sommerfeld quantization rule, a generalization of the Planck
quantization rule, which goes all the way back to the birth of the quantum theory.

For the simple 1-D harmonic oscillator, e.g., with £ = m, and V(x) = jmawgx’,

1 o 1 +xo
sy = 1 [ e fome — o) = Zmon [ e fesg 69

Xg —Xo

1 , (72 2, 1 , E
= —mwoxg dpcos® ¢ = —mwox; = —, 9
w — 2 wo

where we have used, £ = %mwf;xg, in the first step, and have used the substitution,
& = xp sin ¢, in the integral. Thus, for the 1-D harmonic oscillator

J(E) = £ =k + 1), (10)
(O] 2

giving the exact quantum-mechanical result, £ = Awo(n + %). For other simple

problems, the integrals for J(E) are a little more challenging but can be done in

closed form. For the hydrogen atom, e.g., with V(r) = —Ze2/r +RAI+ 1)/ 2ur?,

leading to

Zezﬁ rrrrr — 1
J(E) = NeTs) —RJIU+ 1) =H(n, + 5 an
or
Ze /i 1
—— Y =h(n, + = + I+ 1)). 12
TR (n 3 ( ) (12)
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This WKB result is to be compared with the exact quantum-mechanical result,
which could be put in the form

Zet i 1 I\
e e — = 1
R R+ 5 +y/U+37), (13)

so the WKB expression for the energy, E, goes over to the exact result in the limit

(P +1)—> (+ 3 = (® +1+ 1), certainly valid in the limit of large quantum

numbers, {, for which the classical orbit description begins to have some meaning.
Similarly, for the 3-D harmonic oscillator,

E  AJITFD) _ 1

E)= - A(n, + =), 14
J(E) Jeog 5 (n, + 2) (14)
leads to
Ewgp =hwo(2n, + 1+ /11 + 1)), (15)
which again leads to the exact result
3
E =hwo(2n, +1+ 5), (16)

if, again, {{{ + 1) is replaced by (I + %)2, valid for large values of /.

B Application 2: The Two-Minimum Problem: The
Inversion Splitting of the Levels of the Ammonia
Molecule

In the vibrational spectrum of the ammonia molecule, NH3, one degree of freedom
exists, which corresponds to the motion of the N atom relative to the H; symmetrical
triangle. This degree of freedom can be approximated by z, the distance of the N
atom above (or below) the H; plane. The potential, V(z), has the the symmetrical
double minimum form shown in Fig. 37.1. Classically, the N atom would lie either
above the Hj plane and undergo a vertical oscillation about its upper equilibrium
configuration at z = +z,, or alternately it might lie below the H; plane and
undergo an oscillation about its lower equilibrium configuration at z = —z,.
Quantum mechanically, of course, the N atom can tunnel from the upper minimum
to the lower one, leading to a doubling of the vibrational energy levels, with one
eigenfunction being an even function of z, the second an odd function of z. We
have already seen the energy splitting, A E, is related to the frequency with which
the N atom tunnels back and forth from one minimum to the other. The reduced
mass for this degree of freedom is 3mymy /(Bmy + my).

#(z), to be either even or odd functions of z. Thus in the central exponential region,
region I, with —z, < z < +z, we would expect u(z) to be either a hyperbolic
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FIGURE 37.1. The NH; inversion potential for the coordinate, z.

cosine or hyberbolic sine type function,

eTils APl 4 i fs dEIP(C)\]. (a7

A
wie = WP(z)l[

We will find it convenient to use

‘/uzdc---:/LdC---ﬁ-/zd{n- to rewrite
0 0 z

A
RN ]!

+ o ot dEIP@ i [ dclP(;)z:I

or Jo2 dTIP@) =4 [ deI P&

— ___:4— _l67% 2471 PE) + Qe+ﬁlf::? deiP(g)) , (18)
e

NIZON

where we have named

0 Ee“,l,f.fzdi'll’(()i_ (19)

Forenergies, E, far below the maximum of the central potential hill this exponential
quantity, O <« 1. Now the function u, for the central exponential region is in a
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form in which we can make the connection to region I, the upper oscillatory region
of our potential. With the connection formulae for a left turning point, this would
connect onto

A 1 f*
wii () = 57?6(_ o{ fng(c)~—]:thos[ﬁ/ d;P(cH%D

A 2 d 1 dr P T
Wiin (—cos[/ ¢ (C)-]:FQSIH[ﬁ]z ¢ (C)—Z])

2;}% co{( [ drP(C) — A) ia] (20)

Il

Q° 2y?
where  tand= =, and R= |Q%+ (~) . @
2 Q
Also, tan é == §, because we expect 07 <« 1. It will be convenient, for purposes of
making the connection to the right exponential region, with z > zi, to reexpress
this WKB solution for the oscillatory region II as

1 1 Zi
wi(2) = 2W°Os([/ qP(;)——ia] [h/ ch(c)—%D. 22)

Finally, in the exponential region I’, with z > z;, the solution must be an expo-
nentially decreasing function as we penetrate further into the classically forbidden
region,

B LS dg| Pl
ulr(z) = € TRy . (23)
| P(2)]
This solution connects onto an oscillatory solution in region II of the form
@ = —m 1/ dep@) -2 24)
= cos| - —— 1.
Uiz P(Z) i . § 4
We get a match with the earlier form for u;;(2), if 12B| = %iAR[, and if
e
—f diP(L) — — i § =nm, (25)
ﬁ' 22
or
1 21 1 M
—f diPE)=hn+3)F —. (26)
nJ, i1

The left-hand side gives the action integral J(E) for the upper potential minimum
at the energy E appropriate for the even (or odd) solution for the full problem.
If the energy, E, is far below the central potential maximum, the potential in the
vicinity of the potential minimum between +z, and +z; can be approximated by
a parabola, with J(E) = E /wg. With E = E© + AE, we get

3
I(F)—J(E(°>)+(aé) AE 4 =h(n + §)+ZI—AE+~-- .
0
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Therefore, eq. (26) can be put in the form

. AE A
J(E) =h(n+3)+ — =h(n + 3) F —. (28)
wo b3
With § = tan§ = 5 07, this equation leads to
ﬁ(x)() 2
AE =T—0Q°, 29)
2n

where the upper (lower) signs refer to the even (odd) solutions. The even functions
lie at lower energies. Finally,

1722 4, _ Lt
0? = e "2t AIP@I _ p=i ) 45RO (30)

is a function of E. However, for energy levels far below the central potential
maximum, the energy splitting is very small compared with E = hawo(n + 1),
so we can express the energy splitting of the n" vibrational state by

fiw h +32 g/ T
AE, = MEgs = AEoen = —2 Q) = = Ze HEAVHTOED )

We have seen previously the exponential,

+22
e, with G= [ dey2u(vV Q) — E), (32)

is related to the probability the N atom turmel through the central potential maxi-
mum. In Chapter 6, we showed the frequency with which the N atom tunnels back
and forth from one potential minimum to the other is given by

AE Y
= je-c_

Viunneling — E}E (33)

T
The factor, vy, the oscillator frequency in a single well, gives the frequency with
which the N atom hits the potential barrier. The probability the N atom tunnel
through the barrier is thus given by e ¢ /7. The factor ¢~ is known as the Gamow
factor, because Gamow first discussed the tunneling phenomenon in connection
with a decay in a heavy nucleus (see also problem 8).

Problems

52.In certain quark models, a linear confinement potential is used for heavy quarks,
such as the charmed or b quarks, for which nonrelativistic quantum theory is
approximately valid. The one-dimensionalized radial wave equation for such a
quark would be
d*u m
ol h-Z(E = Ve (r)u(r) =0,
with

Verr (r) = &r, for r = 0, k = positive constant,
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Verr.(r) = 00, for r <0, sou=0 for r <Q.

Find the WKB approximation for the energy, E,, as a function of m, k,A. The
boundary condition at r = 0 leads to a WKB solution near » = 0 of the form

A 1 £
uwgp(r) = \/P_(r_)sm[ii—fo dr'P(r’)],

53. Show that the WKB connection formulae can be converted to the form
A

— +} [2dEPE)
Wy = e hJx > Urg
v P(x)
A (1 win ~L[TAEIPEN | I +b[LdEIPE)
Uy = ———1| ;e3¢ Fln FpeTig iln
VTP
i i i A iiraere
for the right/left running wave solutions \/T)_(_)e*ﬁ * ,
X

in region I, with a similar relation at the boundary x = x; (see Fig. P53).

Use these connection formulae to calculate the transmission and reflection coef-
ficients for a wave incident on a potential barrier of arbitrary but smooth shape, with
incident energy, £ < Vpax . In particular, show that the transmission coefficient,
T, is given by

Transm. Flux 4D N2 1
- (DZ + 4) ’

54. For the one-dimensionalized potential of the shape shown in Fig. P54,
demonstrate for arbitrary energies in the continuum, £ > 0, but £ < Vi,
the solutions in general will satisfy |u;v |2 3> |us, |2. Show also that for the special
values of £ = E,;, for which

1o
—~ f dx2u(E, = V@) ~i(n + 1),
Ty

Inc.Flux

Reflected flux Vx)
’ f |
: Viax \ | _—
t
!

Transmitted flux

i

|
Incident flux | |

i

|

{

I

FIGURE P53.
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FIGURE P54.

the situation is reversed, and for these energies, |u; 112 > |u;v|?. Estimate the
width, AE, of these virtual bound or quasibound states (or resonances) in terms
of wy, the approximate circular frequency in the well, and the penetrability factor

0% = o o A 2VEO=E)

55. A symmetrical X,Y, molecule, such as C;H, (cthylene), has one degree
of freedom, ¢, which corresponds to a highly hindered internal rotation of one
essentially rigid C H, unit relative to the other on the circle, as shown in Fig. 4.3
of Chapter 4. The wave equation separates approximately, so the hindered internal
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rotation can be described by a one-degree-of-freedom Schridinger equation,
2 g2y

——— VY = Eu(¢),

27 492 (P)u(p) (#)

withl = L L/ + L), =1L = 2myr)2,, In Chapter 4, this problem was solved

in a square well approximation. Now, we shall choose a more realistic potential

that can be approximated by (see Fig. P55),

V(¢) = Vo(l — cos2¢),
7 3r

with minima at ¢ = 0 and 7 and maxima at ¢ = Z. %, .... The constant,
Vo, can be expected to be very large compared with the lowest allowed energy
eigenvalues. In that case, the energy levels occur in closely spaced multiplets. The
average position of a multiplet can be approximated by the quadratic approximation
for V(¢), e. g. V(¢p) = V()igi near the potential minimum at ¢ = 0,50 E =
E, =hwo(n + %), with wy = /(4Vy/1). In particular, show how the splitting into
multiplets depends on the energies, iwy, and the penetrability factors
Q = ¢ HFWVTT@E
Use the fact that solutions of the form, (A/+/[P])cosh(...) in the classically
forbidden region I (see Fig. P55), must connect onto solutions of the form,
+(A/+/TP]) cosh(...) in the region ¢ — ¢ + 2, i.e., region V in Fig. P55,
whereas solutions of type (A/+/[P|)sinh(...) in region I must connect onto so-
lutions of the form £(A/+/[P])sinh(...) in region V, in order to preserve both
probability density and probability density current.
Try to generalize your result for the energy splitting for the potentials

V(¢) = Vo(1 — cos Ng), with N =3,4,....

For arbitrary N, show that the energy multiplets are made up of (N+1) levels, with
(N-1) two-fold degenerate states and two nondegenerate states, now crowded into
the same AF, viz.,

valid for N = 2.

For very large N, we have effectively bands of very finely spaced discrete allowed
energy values, the Bloch bands of condensed matter physics.

Caution: For N = 2, all solutions are either symmetric or antisymmetric with
respect to reflections in the plane ¢ = 37 /N = 37 /2, in region I of Fig. P55, if
they are made to have either symmetry, or antisymmetry with respect to reflections

regions near ¢ = 3w /N, 5m/N,...may notbe simple for the doubly degenerate
states. For such doubly degenerate states, a linear combination of symmetric and
antisymmetric (or even and odd) functions may also be acceptable solutions even
if the solutions are made symmetric or antisymmetric with respect to reflections
in the plane ¢ = 7w /N.
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dy; \,/ X ,

0 ¢, b, n b, b, 21 &, ¢ 3n
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+ cosh /\ -sinh \/ -cosh )
/\ + cosh /\ -sinh )
+ cosh /.\ + cosh /\ + cosh J/. ¢

0 ¢, b, &, b, 21 b, ¢ 3n

ug ($)

+ sinh

u’ (9)

u_(¢)

FIGURE P55. The hindering potential V (¢) for the X, Y, molecule and the four cigenfunc-
tions u_(¢) (lowest E) u”(¢), u(#) (degenerate doublet) and u, (¢) (highest E) for the
n = 0 quartet.

Solution for Problem 55

The Case N = 2: We will start the process of finding the allowed solutions by
assuming the solutions in the first classically forbidden region, near ¢ = 3 (region
I of Fig. PS5), must be either an even or an odd function of (¢ — %). Thus, in region
L

u(qb)——A——coshvl—
T SP@ k

Vo

fT d¢’ [P(d))i) for even u;,

ur(p) = sinhl([ d¢’|P(¢’);) for odd uy. (N

A
|P ()] 7
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We shall continue these WKB solutions to region V, near ¢ = ’; +- 21, where we
will require uy = Zuy; i.e., even functions must end up as even functions, odd
functions must end up as odd functions, so the probability density and probability
density current are single-valued functions in the 3-D space. Let us, however, start
with exponential functions in region I:

Wl = U r#fjaoren L 1 ipmagipen
«/IlPl , Qo «/QP
) ~5 [74¢1P@)] 11 [P PG
u 1 7 = Q—-—-—e ile , (2)
AL JTP]

where ¢, gives the right boundary of the classically forbidden region I, and where
we have used

¢ &2

f a1p@) = [ as1p@)1 - [ dg1p@,
5 ¢

and where @ is defined through

192 g ’
0= H %dml’((ﬁ)\.
We shall now use the WKB connection formulae to connect these solutions to the
oscillatory solutions, valid in region Il for ¢; < ¢ < ¢s:

@, 2 1
Uy Q \/W COS( [ d¢ P(¢ ) - _)
«_, 2 1 oy
U «/P@ co%(h/ de¢ P(¢)+Z). 3)

In the cosine functions, we shall now use
1 ¢ ' ’ 1 ¢] / ! l ¢3 7 7
-/ d¢P(¢):E d¢'P(d')— - | d¢' P(@),
s ¢2 fiJe

and relate the integral over the complete oscillatory region to the action variable,
J(E),with E = EO + AE, where E® is the solution for a single oscillatory well
of approximately parabolic shape, with E© = fiwy(n + 3), and AE is the shift in
this energy level caused by the presence of the potential hills. With AE « E©®,
we then have

,ll' fd) 4y P@) = = (1®)

Tk (J(E(O)) + (82 )E(O)AE) = %(ﬁ(n + %) + cngE)

Substituting this equation into eq. (3), we have

(+) i 1 . 1 é ' N if- _ _ T AE
up ' —» chos(ﬁ d¢' P(¢") ik o )
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ur) — Q

JTAE)' @

1 7
cos( | do'P@)+ 7 — (n D — e
¢

1
v P(9)

Now, expanding in the small quantity, (x AE)/{iwyg), we have
(+) E _ l/dj} ’ N z
u| _)Q\/?Td)_)( )[ os(; |, 40P@)-7%)
TAE 1 on
o cos(ﬁL d P(¢)+Z)J,
1 D) /
N O [cos(h i dé'P(¢) + )

+7tAE 1/¢3d VN s
i ([, 40P@) 7)) s)

We now use the WKB connection formulae to connect the oscillatory solutions for
¢ < ¢3 onto the exponential solutions for ¢ > ¢, valid in region III, to obtain

(=)
u; = Q

w L [e;f;’}d(p'u’@'nﬁzﬂAEe+,%jgd¢'|P<¢')\:|’

U

L O VIP®) heoy

u o (-1 e+h1j;;d¢'|p(¢')|+1”AEe~h1f;’3d¢’|P(¢'>\ . ©)
[P(®) 2 hax

Now using

¢ . E ,,L‘{’dlpl 1P 4 P
o HRAOPON _ kol a9 1P@)l i T 1RO ) S P

El

we get

u -—>

‘ 1P(@)] 0% hay

o, G i aeir@ O’ nAE -1} a¢/iP@)

uy  — — 3 — e ———p 2 .
VIP@) 2 hwo

@ . =D [9‘% LdoIP@) 2 TAE 'Lnf31d¢|P(¢)I}

N

For levels far below the potential barriers, we expect the penetration factor, @2, to
be such that % « 1. Also, the energy shift caused by barrier penetration should
be proportional to Q2. The quantity % Q? can thus be expected to be completely
negligible, so the negative exponential in the last expression can be neglected. If
wWe now name

1 ijh 4e1P@ _ e

JP@ s

and introduce the shorthand notation
_ TWAE
T HanQF
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the above equations give us the connection formulae
u%ﬂ - (1) [um 2ﬁu§;)],
u? = 1 [ -uiy . ®)

We can now iterate this procedure to connect the uIH onto the corresponding u(i)

inregion V, where the original ¢ has been incremented by 2r. This equation ylelds
u® = ([ - 28 — 286”) | = 142 - Dl - 28u(7),
u” = 1P [-ul + 28] = 2 —u{). ©)

Combining these formulae to make even or odd functions of ¢ in region 1, these
even or odd functions in region I would connect to a linear combination of even
and odd functions in region V, where ¢ has been incremented by 2n:

o [ 461P@)) = 4 )
» 1[@F - D + 6+ 280+ HES - 1)

- I;(¢) |:( g% — l)cosh( [fd¢'ip(¢/)l)

+2801 —E—ﬂ)smh( / d¢’ |P(¢)|):| (10)
and
1 B
Wsmh [ d¢' | P@))) = $(ul” — uf”)

= 1[286 - DG +uD) + @287 - D - ul))]
1 1
IP(¢)!{2;8(/9 1)cosh; ] 49/ P@)))
+ag* s} [ as1p@) an
hJjs ’

Thus, we see from eq. (10) ueyen () = Fueven(p + 27) only if 8 = —1, or if
B = 0.Fromeq. (11), uoqa(@) = Fugaa(@+27)onlyif 8 = +1,0rif 8 = 0. The
potential V(1 —cos 2¢) thus splits the zeroth-order energies E© = Hawg(n+ %) into
three closely spaced levels, one of them with AE = 0, being doubly degenerate.
The four values of AF are

AE = —Q"— with u6\'cn(¢) — FUgyenldp + 271),

AE = with ueven(dJ) - ‘ueven(¢ + 2m),
AE = with  uoaq(¢) — —toaa(d + 27),
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- 2ﬁw0 .
AE=+(Q - with  soaa(@) = +uoaa(P + 2). (12)

The four eigenfunctions for the case n = 0 are shown qualitatively in Fig. P55.
The four eigenfunctions are also either even or odd functions of (¢ — 37”); i.e., they
are even or odd with respect to reflections in the plane ¢ = %’, where the potential
again has a maximum. In particular, the eigenfunction u_ of the nondegenerate
level, with AE = — Q%iwg/m, is even with respect to reflections in planes through
any potential maximum, and the eigenfunction u of the nondegenerate level,
with AE = +Q%iwo/m, is odd with respect to reflections in planes through any
potential maximum. Conversely, the eigenfunctions ug for the doubly degenerate
level, with AE = 0, are alternately even and odd functions when reflected in planes
through successive potential maxima. Because any linear combination of the two
eigenfunctions u, is again an eigenfunction with the same eigenvalue, we would,
however, have to exercise care in using the symmetry with respect to reflections
in successive planes of symmetry of the potential.

The case for V() = Vo(1 — cos N¢), arbitrary N:

In this case, the maxima of the potentials will be centered about the angles

PG G ) (v )

- 20

Let us rename these regions with the index &, starting with £ = O for the starting
hill and ending with £ = N, for which we have incremented ¢ by 2. Egs. (8) and
(9) can now be put in the form

UQ even > (7])11 [“ﬁul,even -1+ ﬂ)ul.odd]g

H00ad = (=" ~Bit1.0aa + (1 = Bt cven |- (13)
uoeven = (— D[ @B = Ditz.cven + 281 + Ptz oaa |
uo0ia = (=17 [ @282 = Ditzas = 281 = Btz even | (14)

Tterating this once more, we have the connection into the next hill
UQ.even —> (__1)3n l:,B(3 - 4ﬂ2)u3.even - (1 + ﬁ)(4ﬁ2 - 1)”3.0(1(1]9
oot = (=1 BG = 482us 005 + (1 = BYAB? = Dtz xen |- (15)

Before iterating this into the k™ hill, it will be convenient to change the notation,
and rename B = cos «. With this notation, the above relations and the continued
iteration process give

UQ, even - (_1)"[_ COSCX¥ Uy even — (1 + cos a)ul.odd]s

U0.0dd — (_1)”[_ COSQ Uy odd T+ (1 - Cosa)ulﬂeven

s
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sin(2a)
Ug even —> (_]) [COS(ZO{) U3 even + (1 4 cos (Z) u2,ndd]s
sin
on sin(2o)
#0,0dd —> (-1 [cos(Za) U2.0dd — (1 —cosa)— u?,.evcn]’
sino
sin{3a)
o cven > (= 1)*"] = 008(3@) ws.even — (1 + cOs@) 3 0as -
sina
an (sm 3a)
Un.oda —> (—1) { cos(3a) u3ode + (1 — cosa) " uz,even],
......... )
Up even —> (— l)"‘"*”[COS(ka) Meeven + (1 + cOS @) ( a)uk,odd],
o

(sin ko)
Ho,0dd —> (—1)k("+”[008(k01) Bk odd — (1 — cosa) qin& """ uk,even]a

(Nw)

o ven = (=10 [cos(V@) iy, even + (1 + co8)>
sm(ch)

uN,Odd}:

Uy even s (16)

Up.odd —> (—1)N("H)[COS(N0!) UNodad — (1 — cosa)
where the last iteration must give
UN even = Ueven(P + 27T) = FUg even (),
or

UN.odd = Uoda(P + 27) = Zug oaa(P).

A single (nondegenerate) even solution exists if cosa = —1, and a single (nonde-
generate) odd solution if cos @ = +1. In addition, both an even and an odd solution
exists if

sin Nao = 0, cos N = +1, or
£
w=2  g=1,2,....,(N—1).
N

Recalling cos @ = (w AE)/ Q%ax), the final spectrum of allowed energies is

AE = —Q*—, with nondegenerate even eigenfunction,
4
2ﬁ(£)o . . .
AE =+4+Q 0 with nondegenerate odd eigenfunction,
AE = @722 oo s & ith £=1.2.....(N—1), all doubly d -
08 R F=1,2,..., , oubly degenerate.

For N = 3, which might apply to the X, ¥ molecule, each zeroth-order energy,
E®, is split into four levels with

hia hw
0 + 1 Q2 o 27w |

h N
(AE), = +03°2, = —ot
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The penetration factor, @2, may of course be so small for the ground state, n = 0,
the splitting may be unobservable (e.g., in C Hy).

The case of very large N is of relevance in solid-state physics, where periodic
boundary conditions are used. If we have a crystalline lattice with N repeat units,
we assume the (N + 1) unit is identical with the first. If N is very large, the
spacing of our multiplet of 2 + (N — 1) = (N + 1) sublevels can effectively be
replaced by a band of continuum states of width 2 Q% /7 . The penetration factor
Q? is a sensitive function of E?. For n = 0, far below the top of the potential
barriers, we may have Q} « 1, leading to a narrow band. For n > 0, Q2 may
grow dramatically with », leading to ever wider bands as the top of the potential
barriers is approached.



