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Example 1: The Slightly Anharmonic
Oscillator

In Chapter 15, we discussed the diatomic molecule, a complicated many-body
system. At low energies, however, we can neglect specific treatment of the elec-
tron degrees of freedom. The electron cloud can in first approximation be taken as
the source of a potential binding the two atomic nuclei into a nearly rigid, vibrat-
ing structure. The position of the atomic nuclei of the diatomic moelecule in 3-D
space can be described by the three coordinates: r, the radial distance between the
two atomic nuclei, and 4, and ¢, the two angles describing the orientation of the
molecule axis in our 3-D space. The electron cloud gives rise to a potential (see
Fig. 22.1) with a deep minimum at r = r,, where r, is the equilibrium distance
between the two nuclei. For very small values of r, the potential becomes strongly
repulsive and rises to 00. For very large values of r, the potential approaches a con-
stant value of V. If we can raise the energy above this value, ie., if £ > Vi,
the molecule will dissociate into two atomic fragments. For E € V. , however,
the potential will be nearly parabolic and can be expanded abour the value r = r,,

Vir) — v 1/d*V . 1 (dV 3 :
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The Schrédinger equation for the wave function ¢ (r, 6, ¢) = u(r)Y,,,(0, ¢) sepa-
rates approximately (for the vibration—rotation perturbations, see problem 30) into
a radial equation describing the vibration of the molecule and an angular equation
describing the rotation of the molecule (see Chapter 15). The 1-D radial equation
can be described by the Hamiltonian

B 9

H = T + V(). (2)
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V(r)

Te
FIGURE 22.1. Diatomic molecule potential function.

For low-energy vibrational excitations, V(r) can be approximated by the first few
terms of the above Taylor expansion. Then, if we replace the vibrational coordinate,
(r — r.), by a dimensionless coordinate, x,

A
(r—rJd= [—nx, (3)
o

the vibrational Hamiltonian can be rewritten as
1. 42
H =l (51— + X7+ Aax 4+ hex), 4
25 dx?

with

U (K \[/dV 1 [k \[d'V
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In most molecules A; <« 1, and A, =~ order (i3;). Thus, we can write the
Hamiltonian of eq. (4)

H = H(U) + AH(” + XZH(z)
= HO £ hworsx® +Hwgrsx’. (6)
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The zeroth-order Hamiltonian is the simple 1-D harmonic oscillator Hamiltonian.
Its eigenvectors are all nondegenerate, so we can use the machinery of stationary-
state perturbation theory for an arbitrary nondegenerate state |n). We merely need
to calculate the matrix elements of the two operators x° and x*. These operators
follow by matrix multiplication from the simple (known) matrix elements of x.
Calculating first the matrix elements of x2, we can use these together with the
matrix elements of x to evaluate all needed matrix elements. We list some of the
needed results, as follows:

(n—2x*n) = 1/n(n — 1)
(n+20x%n) = 33/(n + D(n +2)
(nlx’In) = (n + )
(mx*n) = 0; for m+#n,(n+2); )

(n = 3(x’|n) = 1/ In(r — D(n - 2)/2]
(n+3x°n) = 1/I(n + D(n + 2)(n + 3)/2]
{(n —1|x%|n) = 3n/[n/2]

(n+ 11x°[n) = 2(n + DY + 1)/2]

(mlx3|n) = 0; for m#@=L3), nLl). (8

Through second order, we shall only need the diagonal matrix element of x*. This
matrix element has the value

(nlx*n) = 2(n* +n + §). ©

The terms cubic in x have no diagonal matrix elements. Therefore, H" has no
diagonal matrix element, and E{" = 0. The first correction to the energy is given
by the second-order term

0 1145, (0)y 12
VED = O HOnO) +3 :W”
n 5 5
k#n (Er(z ) E,E ))

KO A i’ [nO)
Hwo(n — k)

k#n
A2 9°  9(n+ 1)
= Miwos(n* +n+3) + —3"1"1100(—w + ( Rl

8 F1 1
nn— Dn -2 +1 2 3
+ ( X )+(n ¥+ 2)(n + 3) ‘ (10)
+3 3
The final result gives
AZE® :ﬁwo[g)\4(n2 1+ ) — 22(30n% + 30n + 11)}. (n

We will also need the corrected state vectors. Often, it is sufficient to know these
vectors to first order. For the slightly anharmonic oscillator, we have (to first order),

— |n©@ 0, k012 In )
In) = In )“3(;"‘ 0 H
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V/**___—-—t_
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o NS +3)n+2)n+ 1)
Ui 62
3n/n 3n+ DJ/(n+1)
—_ o _ no . 2
+in—1 )2ﬁ [((n+ 1)) el ) (12)

These corrected state vectors will be needed to calculate the corrections to the
transition probabilities. For a diatomic molecule, the electric dipole moment along
the direction of the molecular symmetry axis can be given by

(el) du ___ﬁ
W = et (5F) == e X4, (13)
dr /e g

where the dipole moment derivative is expressed in terms of an effective charge,
ecs.- Also, both the permanent electric dipole moment, ., and the effective charge
(which gives the strength of the dipole moment change during the harmonic os-
cillation) are zero for a homonuclear diatomic molecule, such as H,, O,, or N,.
Off-diagonal matrix elements of the electric dipole moment operator are given by

rrrrr 2 +3)

h
(mO QY = puaeerr | —— (mPlxn?). (14)
Hwo

This equation leads to the zeroth-order vibrational selection rule, An = +1 anda
zeroth-order transition probability given by the Einstein A

3 _
8wy o2 7] n
3hc® M pwy 2°
If first-order anharmonic corrections are included in the state vector, the vibrational
selection rule An = +1 is partially relaxed. For example, now transitions n —

(n — 2) may become possible. If we write the analog of eq. (12) for the bra ((n — 2)|
through first order

(15)

An——»(nal) -

((n—2) = ({(n =2+ u(«n -3 o= ?ﬁ(" =
3n— D= 1) N PR
,,,,, po2 vt L _ 50
( i 2«/5 + i aa 6\/5
Vi + Dan — 1))
- Do , 16
{(n + 1) 62 (16)

to first order in A3, the matrix element of {(n — 2)|x|n) gets contributions from
the zeroth-order component of |n) with the first-order components ((n — 1)¥] and
{(n + D) of ((n — 2)|, and from the zeroth-order component of {(n — 2)| with
the first-order components |(n — 3)@) and |(n — 1)) of |n), leading to

(el) A
((n — D n) = eesr. A3
My
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3(n — 1)«/(n— 1 «/(n+l)n(n-—l) '(n+1)
) (_ 2 o2V 2
w/n(n — 1)(n =) (n —2) 3nf n—1 )
2

= eefr. /mx3—ﬂ(ﬁ“—_15. an
pwy 2

This equation leads to the transition probability given by the Einstein A

8w (ao)’ , R X2n(n )

Weeff.;;;); 3 2 (18)

An-—»(n»Z) =
This transition probability is weaker by a factor of k% compared with the zeroth-
order allowed transition n — (n — 1).

A number of remarks are in order: (1) The formula given here for the transition
probabilities is for the true 1-D anharmonic oscillator. It therefore assumes the
diatomic molecule remains oriented in a specific direction in space, say, the x-
direction in a crystalline environment. In a free diatomic molecule, say, in a gaseous
sample in a microwave wave guide, the molecule is of course free to both rotate
and vibrate. To get the transition probabilities, we would need the matrix elements
of

(el) _

(el )
T ;

= u,sinf cos @, pi = p, sind cos ¢, p = p, cosd, (19)
with radial part, p,, given by eq. (13). The matrix elements given by egs. (14) and
(17) are just the radial (vibrational) part of the full electric dipole moment matrix
element. This must be augmented by the angular (rotational) matrix elements of
sin 8 cos ¢, sin 6 sin ¢, and cos 8. These matrix elements were actually evaluated
in Chapter 9. These matrix elements lead to the rotational selection rule, Al = 41

Therefore the actual transition in a free diatomic molccule involves both achange

number, Al = 41, leadingtoa v1branon~rotatlon rather than to a pure vibrational
transition.

{2): The actual numerical values of a vibrational transition probability, such as
that given by eq. (15), is very small, corresponding to inverse times of the order
of seconds or minutes, compared with an atomic electronic transition probability
corresponding to lifetimes of the order of 10~® seconds. Molecular vibrational
or vibrational-rotational transitions are thus usually too weak to be seen in
spontaneous cmission. They are easily observed, however, in induced absorption
processes, by placing the gaseous molecular sample in an electromagnetic beam of
the appropriate infrared or microwave frequency. The transition probabilities will
then be given by the Einstein B coefficients and the energy density of the incident
beam. Because the Einstein B coefficients are proportional to the Einstein A coef-
ficients, the results of this section will still be useful. Also, the induced cmission
probability for a transition » -» (n — 1) will be less than the induced absorption
probability for the transition(n — 1) — » if the number of molecules in the lower
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state, N, 1y, is greater than the number of molecules in the upper state, N,,, the
usual situation for a gaseous sample in thermal equilibrium.



