26

Fine Structure and Zeeman
Perturbations in Alkali Atoms

We shall now look in detail at the fine structure (magnetic spin orbit + Thomas) and
Zeeman perturbation terms; i.e., we shall diagonalize the first-order Hamiltonian,

HY =

2,4 7
meeo (Zeft‘s(r))(g . Z) +hw (L, +128;). M)

-
in the 2(21 + 1) degenerate subspace of a particular / sublevel of the valence n in
an alkali atom. The fine structure term is of order 10~ %eV, and the Zeeman term
would be of this order of magnitude only for very strong fields, of the order of
~ 20 tesla, but both terms are smalil compared with the zeroth-order separation
of different / substates. (In Na, these terms were of the order of 1 — 2eV.) Matrix
elements are easy to calculate in the [nlm;m,) basis. Nonzero matrix elements are

{nlmymg|L, + 28, |nimpmg) = m; + 2m;. (2}
writing L - § = (LS. + L_S;) + LoSo,
(nlm;msllj : g]nlm,mi) = myms,
{(nl{m; + D{m, — DL - S|nim;m,)
= 30 - m)U+m+ Dis +ms)(s —mg + 1),
{nl(m; — )(m, + DL - S|nlm;m,)
= %‘/(l +m)(l —my 4+ (s — m)s +m; + 1), 3)

with s = 3. Now, if we introduce

J=L+S, with J =Lg+ S, 4)

where J, has eigenvalue m; = m; + m,, all terms of our H" do not change the
quantum number m ;. (In passing, lowercase letters are usually used for single-
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particle angular momentum quantum numbers.) Because the values m; =1 + %
andm; = —(I + %) can each be made in only one way, whereas all other possible
m ; values can be made in two ways, the full 2(2/ + 1) matrix of H" will split into
2 (1 x 1) and 2/ (2 x 2) submatrices. It is best to convert to m; and m, = :(:% in
the matrix element expressions, so, e.g.,

(nl,m) = (m; ¥ %), m, = :i:%iz . S’[nl,m, =(m; %), mg = ¢%) -

Latm + e Fm+ D=1 o+ b —m, ®)

In addition, we introduce the radial matrix element integral

mclat

3 /Odrf | Ru(r)I?

This number is common for all matrix elements of the full 2(21 + 1) x 221 + 1)
matrix of H". The general 2 x 2 submatrix for a given m; is

H.. H,_

H., H_)
where we have used the subscript + for the state with m, = -5, andm; = m; — 3,
and the subscript - for the state with m; = —1, and m; = m; + . In the mairix,

eff (r)

= ﬂnl - (6)

Hop = $Bulm; — 3) +hwy(m; + 1),

H, =H_,= ’3"’ [<l+ - ]
H__= h%ﬁnl(mj 2) +th(m] - i)- (7)
The 2 x 2 energy determinant leads to
E = (o + Ho) £ V(Hyr = Ho 7 + 4H. P, @®)

or

EY (—E—szm,)i \/ﬂ (4 3P+ Gon)? + 2mBuGior). ()

For the 1 x 1 submatrices with m; = £(/ + %), the energies are given by the
diagonal matrix elements

1
EV = Bz thorl +1). (10)
With no external magnetic field, i.e.,icw; = 0, we have
l
Ey = +Bu with (2l +2)—fold degeneracy
1+1
= - ,,1( +D with 2/—fold degeneracy. (an

These two levels correspond to the j values j = (I + %) respectlvely With

~ 8. S) (12)

e - -

J=L+S, so L-S=3iJ-J-

l‘u
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L - § has eigenvalues
G+ -1+ -3],

leading to the eigenvalue +3/ for j = (I + }), and the eigenvalue —1(I + 1) for
i=a=5.

For the weak-field case, iw; <« B, the energies are (expanding the square
roots to first order)

I 1

(1) ; 3 P i
Em, == ﬁnli +ﬁwLm] (1 s C,Z?:X:]*)), for ] = (l + 3),

: (d+1 .
EW = g, I 11— . fi =@1-1. @13

il B > +hwpm; TR, or j={(-3) (13)

For the huge field case, conversely, withfiw, > B,
ED =hoy(m; £+ 1y + %imj - %’-’. (14)

These energies are shown as a function of the external field strength, By, (orfiw, ),
for an ] = 2 state in Fig. 26.1.

Finally, we need to find the eigenvectors as linear combinations of the two states
withm, = +4,m; = (m; — }), 10 be denoted by +, and m; = —3, m; = (m;+3),
to be denoted by -. In particular, for the special case with By = 0 (hence, Aw; = 0),
we get

ﬂnl

(5m; =5 = EVles +

With E{) = +B,l/2, for the state with j = (/ + §), we get

e, JUFi+m)

Bu

At mp@ - mpe =0 (19

RO S S (16)
- \Al + % —m j)
This equation leads to the normalized coefficients
(+1+m, (+—m)
cy = (_,"_2___J_), c. — S__h_._l__ a7n
@+1 Q2+1)

With £, = —8,,{ + 1)/2, i.e., for the state with j = ({ — %), we get in the same
way

+1—m) [+ 1 +m))
PR - S LS b B L (18)
@+ \/ @+

In this special case, we have calculated the transformation coefficients from a basis
|rimsm;) that are eigenvectors of the four commuting operators

i
Lt
.

L L, L.,
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Bhuy+8  2he +B/2 e,

m,

Asymptotic
Paschen—Back
Values

—> B,

m=—1/2 0-B72—
1!'3.=+1/2 0-B/2

—> huw,

~ T,

—3hw, + 8 —2hw, +ﬁ/2 —hw, B

FIGURE 26.1. Magnetic field splitting of an alkali atom > D level.

to a basis |nlsjm ;) that are eigenvectors of the four commuting operators
L-L, S-S, I, I
that is, we have calculated the transformation coefficients

{Imismgllsjm ;).
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These are known as angular momentum coupling coefficients or Clebsch—Gordan

coefficients. For the specific case with s = %, these coefficients are given by

. . 1
i=a+d i=0-h
Grz+m)  [ariom)
@iD RIFD
(l+é“m]) (l+%+m,)
Q@i+1y QI+

We shall study this type of transformation coefficient in 2 much more general way
in the next chapter.

my = -+

N

Bofe—

m, = —

Problems

29. For a Hamiltonian (with parameter A < 1),
H=H9+iHD +2H?® 1 )’HO,
(a) derive expressions for
3 0),,.(3
EY and QU@
for a nondegenerate state, |n).
(b) Specialize the result of (a) to the Hamiltonian
H=HY v,

Use the Wigner-Brillouin expansion for this case, and verify the result of (a) as
applied to this simpler case.

(¢) For the Hamiltonian of (b), prove the second-order shift of the ground-state
energy is bounded by

| (OP1V210®) — (0@ V]0®))? |
ED BN

“n=1

2
|EQ | <

Note, Eﬁo < Q.
30. The vibrating-rotating diatomic molecule. The Hamiltonian for a vibrating—
rotating diatomic molecule is given by

K 32 A 1 8 ,nga 1 82
2p9r? 2ur?

SN
Sin6 30 30 | sinlg 3¢

B 32 B J-D
= V) 4+ [ D)
= (r)+2ur2( A )

Assume V(r) can be approximated by the quadratic term

) + V(@)

2 .
Vo) =5 ), Mm(r—n):JQKL

Hw



248 Problems

If the 1/r? term of the angular part is expanded as
1 (1 _2(r*re)+3(r_re)2 n
Fe

3 ey
e

72 rz

the above Hamiltonian can be written as

0 0
H Ii\sxb)ratorjL H( t)zlt0r+)‘-H(l) +)\.2H(2)+ T
where
0) 2 ©
ny =S (g ) - (57)
with

2
HOniM) = (ﬁa)(n +3)+ w)l JM).
2ur?

€

(Note: We have used capital letters, J,and J,M,in place of the /, m, used earlier for
the diatomic molecule rigid rotator. This is in agreement with the convention that
lowercase letters are reserved for the single-particle angular momentum quantum
numbers, whereas capital letters are used for the angular momentum quantum
numbers of many-particle systems.) Take the parameter of smallness, A, as

B 1
2urtfio’
so the vibration—rotation interaction terms are perturbations, with
N - o
HO = 2f (J j) H® = A 6x* CAR)) .
2 ’ 2ur? K2

[To investigate the smallness of the parameter, A, take the HCl molecule as a typical
example. For HCI, (with Cl isotope 35),iw = hc(2989.74cm 1), 2 /(Zp,rez) =
hc(10.5909cm ™), so A = .06.]

Show that the [nJ M), with (FlnJ M) = ¥,(x)Y;4(0, ¢), are “proper” zeroth-
order eigenvectors, and find corrections to the zeroth-order energies, including
terms of order A>(%/2ur?).

Warning: We have taken as our zeroth-order Hamiltonian both the soluble vi-
brator and rotator Hamiltonians. Because their coefficients differ by the factor, A2,
second-order perturbation theory will here give both terms of order A%iw) and
terms of order A>@*/2ur?2).

31. A diatomic molecule rigid rotator with a permanent electric dipole moment
along the molecule axis is placed in a nonuniform electric field, £, so the zeroth-
order rigid rotator solutions are perturbed by
2

. = . . . A
AHD = — @Y € = 2k sin® 0 sin 2¢, with & = )\(21

For the states with J = 0, and / = |, find the perturbed energies correct to order
A2(#%/21,), and show how the J = 0 — J = 1 absorption transition is split by this

); A< 1.
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perturbation. Give the relative intensities of the Stark fine structure components
of this transition. (Calculate relative intensities only in dominant, zeroth-order
approximation.)

32. A diatomic molecule rigid rotator with a permanent electric dipole moment
is placed in a uniform electric field in the x-direction, so

}\H“):—ﬁ(el‘)‘gt <el)f,'|su'163c05¢

Because the Stark energy is independent of the direction of the electric field,
you know the result for the second-order energy correction (see Chapter 23). To
test yourself on your knowledge of perturbation theory, find the second-order
corrections for the energies of the J = 1 states by using the above H") and a
zeroth-order basis in which J? and J., perpendicular to the direction of 5 are
diagonal. This method is admittedly the bard way to do an easy problem. The
|7 M) are now not proper zeroth-order eigenvectors, because the above H‘) now
connects states with different M. Also, Y now does not remove the zeroth-order
degeneracy in first order. We are therefore dealing with case (3), as enumerated
in Chapter 23. Hint: The best way to solve such a problem is with the use of our
formulae for three nearly degenerate (or exactly degenerate) states and diagonalize
the 3 x 3 H’-matrix for J = 1 which to order A? is effectively disconnected from
states with J' £ J.
33. For a slightly asymmetric rotator, with

H=HO4+iHY = Ha +b)P2 + 12c~a —b)Pl+ La—b)(P P, + P P'),
use the parameter of smallness, A < 1,

(a—-b)

[ — M (1) __ _l - - ? 7 7 7
T Q@c—a—by with AH™ = 3(2c —a — H)MP P, + PLP7).

Note,
A0 ) ] 2
Ejx = 5[((1 ) + 1D+ Q2c—a—-bK ]

To order A2, zeroth-order states with K = 0 and |K| > 3 can be treated by
nondegenerate perturbation theory. These states effectively belong to case (1), as
enumerated in Chapter 23. For these states, find E ;¢ correct to second order as
general functions of J and K. For states with | K| = 1 and | K| = 2, use degenerate-
level perturbation theory. Show, in particular, states with [K| == 1 belong to case
(2), as enumerated in Chapter 23, but states with | K| = 2 belong to case (3). For
the latter, therefore, use the treatment for two nearly (or exactly) degenerate levels
to find the energies correct to order A%. Use the results of problems 20 and 21
to expand the exact expressions for these energies in powers of A for states with
J = 2 and J = 3 to compare with the perturbation theory results. Also, verify
your perturbation theory results give the correct values for J = 1.

34. Two identical diatomic units on opposite ends of a long-chain molecule are
constrained to move on identical parallel circles of equal radins, but are almost
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free to rotate on these circles of equal radius, so they are subject to a Hamiltonian

3? 32
VIR

o9 ' 0¢?

where 1, is a constant and Vy = A(i?/21,), with A < 1, so the V, term can be
treated as a perturbation. The zeroth-order solutions are

2
H=HY9 4280 = _ + Vo cos(¢) — ¢2)
= — 21 4] 1 2}

mymy

hz
0 2 0 i 5
Emims = 57 Ig(m%+m2), with wﬁl,)mz(qm,fpz)— elmdr gtz

with
m =0,+1,42,..., my=0,+1,%2,....

Enumerate all states with zeroth-order energies, £ < 5¢2/21,), and find their
degeneracies. Indicate which states belong to cases (1), (2), or (3) of degenerate-
state perturbation theory, and find the perturbed energies for the above states correct
to order A2 /21,). [An alternative method of solution: Make use of the symme-
try of the Hamiltonian to find the proper zeroth-order wave functions as linear
combinations of the above ¥, . and show that these proper zeroth-order wave
functions reduce the calculatlon of the degenerate states to case (1) automatically.]

Solution for Problem 34

The Schrodinger equation in the dimensionless quantities, € = E/¢/21,) and
A = Vo/®i2/21,), has the simple form

92 3’
- ( 7t )llf(¢1,¢z)+ Acos(gr — D)V (@, ¢2) = €Y1, ¢2), (1)
d¢7  9¢;

with zeroth-order solutions
1 .
YOG ) = 50 with €P = (mltmd). @)

The needed matrix elements of H'") = cos(¢, — ¢») are extremely simple in this
basis. The only nonzero matrix elements are

((my + Dmay = DIHC|mimy) = 5,
((my = D)(my + DIHP|mmy) = 3. 3)

All other matrix elements are zero. Note: H'! is diagonal in the quantum number

= (m; +m;), so this quantum number is conserved to all orders of the perturba-
tion. We list in the table below the possible quantum numbers m, m,, M, as well
as the perturbation type and the total degeneracy number, g., for all states with
€ < 5. Degeneracies of 4 and 8 are common to most of the € for this problem.
Because HP, however, does not connect states of different total M, most of the
states of this system are effectively doubly degenerate or nondegenerate.

Among the states with a single m, m,-combination for a fixed M are the states
with ¢® = 2and M = +2, or M = —2, as well as the ground state. Also, a
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double action with H'" on a state |mm>) can convert it only to states with
my,my = my,my=(m +2),(my—2) or my,my or (m —2),(my+2).

Therefore, states such as the pair of states withe® = 5, M = +1, withm,, mp =
+2, ~1,0r —1, +2, with Am,, Am, = —3, +3, are unconnected through second
order and can thus effectively be treated as if they were nondegenerate (if only
corrections through second order are significant). These states are therefore listed
as belonging to type (1), using the characterization of degenerate states given in
Chapter 23. For type (1) states, the m, m, basis is effectively the proper basis,
and the states can be treated as if they were nondegenerate.

€® g om my M type eV g m my M type
0 1 0 0 0 4 4 42 0 +2 3
1 4 +1 0 +1 (@ 0 +2 +2 (3
0 +1 +1 (@ 20 —2 @
10 -1 (2 0 -2 -2 (3)
0 -1 =1 (& 5 8 42 +1 +3 (@)
2 4 41 41 42 (D) F1 42 43 Q)
+1 -1 0 3 -2 =1 =3 @
rrrrr 1 +1 0 3 -1 -2 -3 (2
1 =1 =2 () 12 -1 41 1)

-1 42 +1 (1)
2 +1 -1 (1
+1 -2 -1 (D

Doubly degenerate states with a Am,, Am; = +1, 1, conversely, have their
degeneracy removed in first order. For such states, diagonalization of H‘" to find
the V) will also yield the proper linear combinations of the zeroth-order eigenvec-
tors to carry forward the higher order perturbations. Such states are characterized
as type (2) according to the catalog of Chapter 23.

Finally, doubly degenerate states witha Am,, Am; of £2, 52 have their degen-
eracy removed only in second order. Such states are best treated by transforming
the 2 x 2 Hamiltonian matrix H intoanew H' = UHU", as in Chapter 24 [see,
in particular, eq. (12) of Chapter 24]. These are states characterized as typc (3) in
Chapter 23.

For states of type (1), we get the second-order corrections, €@, via

© © 0] (@
(€mims = €y 4 1yomy 1)) (Emimr = €omy 1)z 4 1))

c@ _ 10m 4 Dma — DIH Y mymy)|? . [{(m1 ~ Dz + DIHD mimy)|?

Thus, for the state with ¢©@ = 0,
) 1 i
@ 1( + ) -
NO-2) ©0-2)

For the state with ¢ = 2, M = +2; and similarly for M = —2,

Pl

ISE

6‘2):3‘*((2i4)+(2i4)):- "
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For the state with €@ = 5, m,, my = +2, ~1, M = +1 (similarly for the other
state with M = +1, and the two states with M = —1),

i |
@ _ 1 - 4L
€ _4((5—13)+(5~1)) ti

For states of type (2), we first diagonalize H'". For example, for the states with
€® =1, M = +1, the 2 x 2 matrix for (H) — WD) is

+10 0+1

F10 [~ ]
041 1~ )

with eigenvalues and eigenvectors, given by

eV =43 M =+1,(H) = (1+10)+10+ 1),

V=31 IM=+1()=5(+10) -0+ 1),

where, now,

mmy HOIM = +1, ()
@=3 mim) [ HIM = +1, (£))]

e (1-€9 ) ’ @
172y myny

and the primed sum excludes the states with €/ = 1. For the M = +1 state,

therefore, m)m/, can only take the values mm), = +2, —1 [with only the +10

piece of |M = +1(&)) contributing to the matrix element], and m\m}, = —1, +2,

[with only the 0 + 1 piece of |M = +1(&)) contributing to the matrix element].

Thus,

1 1

@ _ _
(1-35) 16’

1
142

12
+H:2—ﬁ|

with the same result for the two states with M = —1. The 2 x 2 matrix (HV —e)),
has exactly the same form for any pair of states of type (2), so €'V = +] for all
type (2) states. For states with €@ = 5, M = +3, we have
1 1 1 1 1
@) 2 2
€ = | | + |+ | = ——.
N R I R W LN IS S T
Finally, for states of type (3), the matrix for H' = UHU" with zeroth-order
basis states |mm,) and |(m; — 2)(m; + 2)) now has the matrix elements

m | H O \mymy) |2

0 0 ’
(e,(,,,)m2 — € ,)m:)

mny

(mymy|H' |mym;y) = Z

T
my

(myma|H'|(m) — 2)(ma + 2)) = ((my — 2)(ma + 2)|H'|mim3) =
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(muma| H O |(my — Dma + D) {(mi = D(ma + DIHD|(m) — 2)(ms +2))

© © ’
(€mims = €gm, —1y(my+1)

,;<m;m;m<i>s(m1 — 2)(my + )
(€(0> (0) ) ’

myy m oy

{1 =2)(ma + 2| H'{(my = 2)(ma+2) = »

[
mlmz

@ _ 0
where the primed sums again exclude the states with € miom, = € ,(m)mz

For states with €@ = 2, M = 0, therefore, the matrix (H'® — ¢@) is

11 141
1 1 1 (2) 11
+]-—1 Z(Q——_+ZZ~_)_6() Zm
1 1 1 1 ] 2
-1+1 fe=) a5+ ) — €@

+1-1 —-141

i 2 1
+1—1(1—2‘—I€() : 3 2))
~1+1 L L

with eigenvalues and eigenvectors

5

€@ =7 IM=0H) = H(+ LD+ L+,
1

€¥=—rn  IM=0) =50+ 1L -1) — [~ 1,+1).

Finally, for type (3) states with € = 4and M = +2,(or M = —2), we also have
€? = +5/24, —1/24, with similar (+) eigenvectors.

Through second order, therefore, the five lowest zeroth-order energy states of
our problem are split into 11 energies, with

€=0— 127 ge =1,
e=1+4r— 7 xz g =2 with M = +1,
e:—.lw-k—%kl, 8 =2 with M = +1,

e=2-12% g =2 with M =42,

e=2+ 4% g.=1 with M =0 (+),

€ =2— 327, ge=1 with M =0 (-,

€ =4+ 17, g =72 with M =42,

€=4- 5% g =2 with M = +2,
e=5+1k— 2% g =2 with M =43,
e=5-1a—%2, g =2 with M =43,

€=5+54% ge=4 with (M =£1)% (5)

Although the matrix elements of our H(V were extremely simple in the {mm2)
basis, the method seems to be somewhat complicated because we had to pay
attention to the perturbation type. Note, We could have written, however, a general
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matrix for the transformed Hamiltonian, H' = U H U, for which the 2 x 2 matrix
for the general case would split into two 1 x 1 matrices for states of type (1) (see
c.g., the states withe'¥ = 5, M = +1). Also, by including the off-diagonal matrix
elements of H", the full 2 x 2 matrix for /' at once gives both the eigenvalues
through second order and the eigenvectors as the correct linear combination of the
zeroth-order state vectors. For example, for the most general case of type (2), the

. © :
2 x 2 matrix for (H' — €, ,, /1)) is

(my + Dmy my(m; + 1)

H— 01y = (my + Dm — A2 Ia
mi(m; + 1) I -t )
wherc we have used the fact that e,(,? I)(ml oy e(‘,‘;’] “lym 12y = —41s independent of

m1. The above matrix leads to the eigenvalues :t%k — %AZ, with eigenvectors
S (0my + Dmy) & my(my + 1)),

as seen in the special cases above.

Similarly, for the most general case of type (3), the 2 x 2 matrix for (H' —
)

Emym, 12)) 18

(mi +2my; my(m, +2)

(H' — cO1) = (m; + 2)m, +%)LZ %Az
mi(my +2) \ +gA? +547 )
h . () (] & ©
where we have used the fact that €, . o) — €, 1) 43, = —6and €,
e((,?,i {1y, 11y = +2, are both independent of m;. Diagonalization of this matrix

leads to eigenvalues, (1 =+ §)A%, with eigenvectors
imimy +2)) £ |(my + 2)m)),

as seen in the special type (3) cases above.
The general 2 x 2 matrix for (H' — ¢

miomy +n))» With r > 3, will factor into two
1 x 1 matriccs

(my +nmym, m(m, +n)

(my +nym, (-h%)»za%n 0 )

my(my + n) 0 +§A2(n?1_”

(H/ . 6(0)1) —

again in agrcement with our special case above, with 6(7034 > =3, withn =3.In

this case, the degeneracy is not removed through second order. The proper linear
combination of zeroth-order state vectors would be discovered only in higher order
of perturbation theory
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Alternative Method: Symmetry-Adapted Eigenfunctions

Although the diagonalization of the H’ matrices is extremely simple, the ques-
tion arises: Is there a simpler way of discovering the proper linear combination of
zeroth-order state vectors that would automatically reduce the problem to nonde-
generate perturbation theory. In general, degeneracies (unless “accidental”) arise
because of some underlying symmetry. Sometimes, of course, this symmetry may
be very sophisticated and not so easy to discover. Therefore, if we have used
the wrong coordinates for our Schrodinger equation (which are not “symmetry
adapted™), we may have missed some of the simplicity of the problem. Conversely,
if we start with symmetry-adapted or proper zeroth-order wave functions or state
vectors, the perturbation problem may be reduced to nondegenerate perturbation
theory, in spite of the degeneracies of the zeroth-order problem. In our simple
example, we have not at all made use of the fact that the perturbing potential is an
even function of the relative coordinate, (¢, — ¢»). It will therefore be useful to
transform from the “single-particle” coordinates, ¢, ¢, to the relative coordinate
(¢1 — ¢»), and a “center of mass” coordinate, ®, via the transformation

¢ = (¢1 — ¢, D = 1(d + o). (6)

‘We have made the Jacobian of this transformation equal to one. In the new variables,
the Schrodinger equation is

2

[— (2;52‘ + %821)2) -+ A cos qb}[/((b, D) = e (g, D), @))]
with zeroth-order solutions

v O, ) = Elj;e"'"“’e“”“’ and €@ =2m® + IM2. ®
From the inverse of the above transformation, we have

(M1 + mag) = 5(my — m2)p + (my + m)® = mg + M®. )]

Thus, m = %(m; — my) and M = (m, + my),
So now m=0+1 +1,+3 +2, ... and M =0,+1,42,....

The above exponentials, ¢/™?, however, are not yet symmetry adapted. We need
to replace them with functions that are even or odd functions of ¢, viz., with

1 os .
Vi) = = for m=0. v (@) = "\/';“5 for m=14,1,3,2,...
sin mg
Vo) = = form =5 1,3,2,

(We have now restricted the quantum number m such that m > 0.) Because our
perturbing Hamiltonian is independent of &, it again conserves the quantum num-
ber, M. Because it is an even function of ¢, it cannot connect even functions to
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odd functions. The only non-zero matrix elements of H" are now, first form > 0,
but excluding cases for which (m — 1) < O:

((m + 1), even| HV|m, even) = ((m + 1), odd|H" |m, odd) =

1
{(m — 1), even| H"V|m, even) = ((m — 1), odd|H"|m, odd) = z (10)
The additional special cases are
(1, even|H"|0, even) = (0, even| H"'|1, even) = %,
(%, even]H(”I%, even) = +%,
(3,0dd|HV[3, odd) = —1. (1

All full matrix elements must be diagonal in M. Nondegenerate perturbation theory
now gives

€m=0.even, M — E(O) — %)\,2 + e,
m=}.even M = P+ %}L - %AZ 4.,
€m=Loddm = €@ —la— L.
€m=|.even.M = 6(0) -+ %)_2 e,
Em—toddm =€V — LA7 4.
Em=4.even M = @+ %Az(nz_n +.-- for n>3,

€m=2.0dd M = €O 4+ [11)\2("2'71) 4 ... for n > 3. (12)

€

In particular, the eigenvalue for m = 1 for the even case gets contributions from
off-diagonal elements with m = 0 missing for the odd case. It is also easy to show
that A% terms contribute only to the energies of states with m = § and m = 3,

with contributions F 33 A° for the even (odd) states with m = 1, but +-1-2% for

the even (odd) states with m = %

35. Anatom of mass M in a long complicated molecule is constrained to move on
acircle of radius, r,, but is essentially free to move on this circle, with Hamiltonian

B 82
21, 897"

HY = with I, = Mr2,

with zeroth-order energies and eigenfunctions

ﬁ2
EY =om’,  and  yP@)=

1 ime
€ s
2
withm = 0, £1, 2, .. .. If this free rotational motion is perturbed by a potential
of the form

ﬁz
V(¢) = Vycos(2¢), with Vy = AZI , and A 1,

e

find corrections to the energy good through order A2(:%/21,). Pay particular at-
tention to the |m| values that may require special treatment. [Footnote: In this
case, some |m| values belonging to cases (2) or (3) will exist. We could again
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have reduced all calculations to case (1) by making use of the symmetry of the
Hamiltonian to find proper symmetry-adapted zeroth-order wave functions.]

36. (a) For the hydrogen atom, Z = 1, find the perturbation corrections to the
energy to order, mc?a®, caused by the magnetic spin orbit, Thomas (l §) term,
and the relativistic mass correction to the kinetic energy, but no external magnetic
fields, as a function of n, [, j, and show

E r 5, 1 a2[ 1 , 3]1‘
= suctet| -5+ | b )
T pked nt  nl (j+%) 4n

that is, show the states with the same j but different / are still degenerate. Here,
« is the fine structure constant. Use the results of problem 18 1o get some of the
needed matrix elements. Show |rijm ;) are the proper zeroth-order states and use
these for the calculation. [Footnote: For the states with = 0, j = (I + %) = %,
your method of calculation may not be rigorously correct, because it will involve
a factor ({/I) = (0/0). The rigorous derivation of this case will have to wait for
Dirac theory, Chapter 74, and the SO- called Darwin term.]

The helium nucleus, unhke the proton, has no nuclear spin, hence, no nucledr
magnetic moment and no so-called hyperfine perturbation terms. In this case,
find the additional first-order energy perturbation caused by a uniform external
magnetic field, By, assumingficw; <« mc?e®. Forthe special case, n = 2, calculate,
in addition, corrections of order ¢iw,; )?/mcle®.

37. The perturbed hydrogen atom in stretched parabolic coordinates: Stark
effect.

In stretched parabolic coordinates, we showed in problem 6 (H©® — ¢)y = 0
can be rewritten as

2 1/ 18 om 173> 138 m?
(—2€)——7t =l =t - — —
(u? + v?y Bly wap  u? 4\3v?  vovy W2

2./(—2¢
———2“(- rrrrr —2)—6 ¥ = 0. hH
(u* +v?)
For the hydrogen atom perturbed by a uniform external electric field, £, we have
(u? — v ) eag
H=HY43z=H®  \—_Z with A = ——
2./(=2¢)’ (me* hi?)

all in dimensionless units, so
(HO +2HD —e)yyr =0

becomes

(20—t 2 1(8_2+18 +m2 132+1a
(2 + v 4\0u?  udp 4u? 4\ 3v? v v
mz] 2./(=2¢)

4,2 (u? + v2)
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+AHWY —e)w =0. )
Show, from the results of problem 26, we can rewrite this as
1 (n?* +v?)
T+ Ty — +AHY 2 )y = 0, 3
( SV &5 220 )V ®
2 2 A 4 4
with  ag0W ) A mv) 4
2(—2¢) 4 (-2¢)2
To carry through the perturbation formalism, expand
1
e=c¥ el 422D 4= o f A F XD ()
1
1 - n
V26 V1= 2xn2e® Z 20 n%e® 1
=n 4+ eV + 22 [ne@® 4 %ns(e(”)z] +---, (6)
— = an® + A% 4 D
(—2¢)?

and show eq. (3) can be rewritten as
((T3 ST - n)+ k[%nB(u“ SN n3e<”] + Az[}‘(u“ — 1*)3ne®
— e — 3 ()] + - ) ('"(0)> + Aln®) + 22n®) - ) =0 ®
in analogy with the standard perturbation expansion
((H(O) _ Er(:O)) + X(H(]) _ E;(zl)) + )\2(H(2) _ E’(12)) 4 .. >
x (m“’)) + AjnY) + 2% n®) +) =0. 9)

In eq. (8), the notation |n¥) is shorthand for |mn;n,) (see problem 26) with
n=(m|+n +n+ 1)

Express ;(u* — v*) in terms of the operators, T3, 7., T, and 75, T, T”.

(a) Derive the expression for the first-order Stark energy

M= Znn, —ny).

2

(b) For the nondcgenerate ground state, withn = 1, (m = n; = ny = 0), find
the second-order Stark correction; i.e., calculate eflzz)[.

(¢) States with |m| = (n — 1) (arbitrary n) can also be treated by nondegenerate
perturbation theory, and find €'® for such states as a function of .
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[Footnote: The evaluation of E? by standard perturbation theory, using eq.
(1) in the conventional [n®) = |nim) basis, would have required an infinite sum
over discrete states with n’ £ n and an integral over the continuum states of the
hydrogen atom, even to obtain the simple ground state, n = 1, result of (b).]

38. The Stark effect in the hydrogen atom for degenerate levels (arbitrary n, m)
in stretched parabolic coordinates.

(a) Using the parallel between

HO - 1+ 1, EQ - n,

HO — Lu* —vhn?, EYN — nPell erc,,

found in problem 37, make the parallel of the unitary transformation U HU' = H',
such that the (n — |m/)-fold degenerate states for fixed n and m (taking m > 0
without loss of generality) are “unhooked” from states with n’ # n to within
second order in A (cf., Chapter 24).

(b) Show that sums such as

3

3 3 (m(ny + k)(ny — k)| HS mn' nb) (mn)nly | H 1mn )

ot
ny ny.n's#n (n n)

with & = +1, 42 are zero, so, effectively, to second order in A, we can get e,(12>
from the diagonal matrix elements of H/; in the |mn n,) basis. Note: In the above,

1 i :
He(ff, = 3(u* —vhn’,
(c) Calculate the Stark energy corrections, €, €2, as functions of m, n;, n,,

s Sp e

for an arbitrary excited state of hydrogen. In particular, show
E,(ll) = )\%n(nl - nz),

and

R

4
@ _ -Az%(sct(n% +n3 —ning) + 17(ny + ny) + 18

+17m(ny +ny + 1) + 4m? — 27(n, — nz)z),

or

@ on' 2 2 2
€ = —A E(Un —3(rn; —ny)" ~9m +l9).

n



