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Further Interpretation of the Wave
Function

Consider a quantum-mechanical system with a Hamiltonian that has a discrete
spectrum only, with allowed energies, E,, and eigenfunctions, . In general, the
state of this quantum system can be specified by a wave function

V(1) =Y cat¥n(P), e i 5 M

describing a system for which the energy is not uniquely specified. If it is a single
particle,

<W W o>=]= Zc;’z‘(:n < Yy, Y > -;‘—Zc;cm < Y, Y > e BB (9
n n#m

Because < ¢, ¥, >=0forn # m,

< W W >= Y e, (3)
Similarly,
<E>=<W, HY >=) e, En, @
n
< EF >=< U, H* >= ) "|c,’EL. &)
n

It is natural to interpret |c, | as P(E,), the probability the particle be found in the
state with energy E,. Without a coupling of our system to an outside field, that is,
without an outside perturbation, these P(E,) are independent of the time.
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76 6. Further Interpretation of the Wave Function
A Application 1: Tunneling through a Barrier

As a simplest application, consider the NH; molecule system, where the motion of
the N-atom relative to the Hj plane is governed by the double-minimum potential
of problem 7. The lowest-energy eigenfunction was an even function of x; the first
excited state, at an excitation energy, A E, above the ground state (see Fig. 6.1), has
an eigenfunction that is an odd function of x, but otherwise almost identical with
the lowest-energy eigenfunction (see Fig. 6.2). If we actually make a measurement
of the position of the N-atom when the x-vibrational motion is not excited, we will
find the N-atom either above the Hs plane, x > 0, or below it, x < 0. Suppose at
t = 0 we make a measurement telling us the N-atom is above the Hy plane. Then,

L
V2

Note ¥, |c,|* = 1. At any later time,

W(x, 1 =0) = —=(Yoeven + Y0.04d) = YRight- ®

1 i i
Wx,1)= \/_j(wo.evene i Eovent + Yo.0a0€ "Eo‘m‘lt)

I . —i
- ﬁe 7 Bt (]IJO.even + ¢0,0dde A AE[)‘ (7)
In particular, when
hm
t=—, 8
N 3

1 .
Vix, 1) = Ee“ﬁa"“‘““'(lﬂoﬂm = Y0.0dd); W, O = Vel (9)

In this time, therefore, the N-atom has tunneled from the right potential minimum
through the barrier to the left potential minimum. In twice this time, we will again
find the N-atom in the right minimum. The N-atom tunnels back and forth through
the potential barrier with a frequency given by

AE
Viunncling = Eﬂ,’_ﬁ (10)
From the solution of problem 7, AE is proportional to the Gamow factor, e G,
with G = 2a+/[2u(Vo — E)/h*] for the square well barrier of width 2a. For a
more general V(x), this would be replaced by

+a
G= [ an/uwe - ey,

as will be shown in Chapter 37, where the Gamow factor, e, is the most crucial
part for the probability of tunneling through the barrier.

We end with a parenthetic remark: In the above discussion, we have used another
result of problem 7. The lowest-state eigenfunction for our symmetric potential,
with V(—x) = V(x), is an even function of x. This result seems to be universally
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FIGURE 6.1. The ground-state doublet of the NH; double minimum potential.

true for symmetric potentials, which can be understood in terms of the curvature of
the eigenfunctions. For two similar eigenfunctions of opposite parity, the function
of odd parity must have a node in the center at x = 0 and must therefore have a
somewhat greater curvature to “fit” into the potential, leading to a greater positive
value of the expectation value of the kinetic cnergy. It is, however, not completely
clear this property could be negated by the expectation value of the potential energy
for a “pathological” potential perhaps having a large contribution to < V > from
the region near x = 0. In fact, the double minimum potential of this section, in
which the central potential barrier is sufficiently infinite, is such a “pathological”
case for which the ground state wave function is a degencrate doublet of an even
and odd function. The ground-state wave function is no longer a pure even function
of x.
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FIGURE 6.2. The eigenfunctions ¥god¢ and ¥geen Of the ground state doublet and
Yright/lert = \/g (¥0.cven £ ¥0,000)-

B Application 2: Time-dependence of a general
oscillator < g >

The probability amplitudes ¢, can tell us the quantum mechanical expectation
value of any operator, O, through

<0 >= ZC:Cm < Y, Oy > ebEnEnd an
R.m

As a particular example, let O = g, the physical displacement coordinate of the
1-D harmonic oscillator. The two-index quantities (g ), =< ¥,, g, > for the
harmonic oscillator were nonzero only for m = n £ 1 (see Chapter 5). Thus,

Mg

'N [k . ‘
<g>=_[—x)= \/m;[c‘;cnq«/ﬁe‘w"‘ + chepv/n + 1e"“"“’]

hn . )
— E 5 [c,’fcn 1€ ¢t cqe “‘"”]
mda
K



C Matrix Representations 79

| kn . . .
= Z\/ [2Real(c}cy-1) cos wot — 2Tm(cjic,—1) sin wot |

2mcu0
hn
=y Ay cos(wot + n), (12)
- 2mawyg
where we have defined 2c’c,-; = A,e'®. If we use < g > to describe the

quantum-mechanical motion of the simple 1-D harmonic oscillator, the result is
very similar to the classical motion.

C Matrix Representations

For the expectation value, < O >, of eq. (11), it is tempting to interpret the
two-index quantity, Opn =< ¥n, O¥, >, as the nm'® matrix element of an
infinite-dimensional matrix. (The set of numbers, O,,,, contain all experimentally
observable information about the dynamical quantity represented by the operator,
0.) To prove O,,, is a matrix, all laws of matrix algebra must be satisfied:

1) multiplication by a scalar (a complex number or “c-number”), A0:

< Yy, AOYy >= A0,,. (13)
2) addition of two matrices, O + Oy:
< Y, (O1 + O)Ym >= (O1)am + (O2)um- (14)
3} matrix multiplication, 0, 0;:
< Yy, OyO1 Y, >=17 (15)

To prove the law of matrix-multiplication, the new function obtained by acting
with O on ¥, can be expanded in terms of the v, in a generalized Fourier series

OvYn =) atr,  With & =<yi, 0¥ >= (0w,  (16)
k

SO

< Y 0201 >= Y < Y, Oa¥i >< Y, O1¥m >, an

k
ar

(0:01),,, = > (02),.(01),, (18)

k

This relation is the familiar law of matrix multiplication. The matrix elements,

Onm =< wno ()WM >= /dxw:(x)()l/fm(x),

were introduced here with the concept of the Schriodinger wave equation and the
use of the energy eigenfunctions of this wave equation. Heisenberg first introduced
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such matrix elements of dynamical quantities entirely without the concept of a wave
equation or a wave function.

D Heisenberg Matrix Mechanics

We are therefore now at a stage where we can make a short historical remark about
the Heisenberg derivation of the laws of quantum mechanics. Heisenberg did not
think in terms of a wave equation or in terms of a wave function. He started by
thinking about the laws of classical dynamics for a periodic (or more generally
a multiple-periodic or quasiperiodic system) in terms of a Fourier analysis of the
classical generalized coordinates, g. For a simple periodic system,

g =Y g.e"™,  with w = 2w, (19)

where g, is the Fourier amplitude for the n'" overtone of the classical fundamental
. (For a multiple-periodic system, nw would be replaced by nyw; +npwp +--- +
n s ¢, and the sum would be over f overtone indices, and the Fourier coefficients
would depend on f integers, gi = qn nyn;-)
Now, Heisenberg reasoned: Becausc the n'” overtone has to be replaced by a
two-index quantity, via the Bohr frequency relation,
En - Em

nw — 5 = Wy Bohr, 20)

the Fourier coefficient g, should also be replaced by a two-index quantity
40 >  Gum Heisenberg matrix. 20

Moreover, these g,,,, are the only observable (physically meaningful) quantities. In
addition, because matrices do not commute, the quantum mechanically meaningful
p and g matrices do not commute. In particular, Heisenberg introduced the Planck
constant into his matrix algebra with the simple assumption

Z(Pnk‘]km ~ Ynk pkm) = ﬁl".anm- (22)
k
In the limit,i — 0, p and g do commute as they should in the classical limit,
when /i becomes too small to matter. The genius of the Heisenberg approach is
contained in this Heisenberg relation, which we have already met in Section 3G
in the framework of the Schrodinger approach.

Using the p, ¢ matrix commutation relation, the relation between H(p, ¢) and
E, and the commutators [ p, H(p, g}l and [g, H(p, q)], which follow from eq. (22),
Heisenberg found the allowed energy values and the matrix elements of p and g via
matrix algebra for the 1-D harmonic oscillator and other simple dynamical systems,
without the use of a wave equation. The equivalence between the Heisenberg g,
and the Schridinger < ¥,, g¥, > was demonstrated by Schrodinger in 1926.
(Wolfgang Pauli in an unpublished letter to P. Jordan is reputed to have shown
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this equivalence even carlier). In these lectures, we shall give the Heisenberg
derivation for the energy eigenvalues, E,,, and the matrix elements g,,, and py,, of
the simple harmonic oscillator in Chapter 19 after we have gained some facility
in the calculation of matrix elements of dynamical quantities by both Schrodinger
and algebraic (Heisenberg) techniques.



