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Harmonic Oscillator Calculations 

A The Bargmann Transform 

For many calculations involving 1-0 harmonic oscillator wave functions, it is 
useful to introduce the Bargmann transform through the kernel function 

A(k, x) = ~exp(-~e +..fikx - ~X2), 
IT4 - -

(1) 

where k is a complex number. Given a square-integrable function, 1/J(x), its 
Bargmann transform, F(k), is given by 

where 

F(k) = [: dx1/J(x)A(k, x), 

1/J(x) = ~f d 2ke-kk* A(k*, x)F(k), 
IT 

and the integral is over the 2-D complex k-plane; i.e., with k = a + ib, 

f d2k == I"" dajOO db. 
-00 -00 

(2) 

(3) 

(4) 

Now, from the definition of A(k, x) and the generating function definition for the 
Hermite polynomials, with s = k /./2, 

A(k,X)=.E( Hn(x) e iX2)~=L1/Jn(X)~. 
n=O In!2n .fif J"ii! 11=0 v'nf 

(5) 
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66 5. Harmonic Oscillator Calculations 

We therefore see 

kn 

Vn"!' 
has Bargmann transform (6) 

We can transform a scalar product from x-space into k-space, or from k-space 
into x-space: 

~f dZke-kk' F*(k)Fz(k) 
rr I 

= ~ f d 2ke-kk" f dxl/!(I\X)* A(k*, x) f dX'o/(2)(X')A(k, x') 

= f dXo/(I)(X)*1jJ(2)(X), (7) 

where we have used, again with k = a + ib, 

~ f d2ke-kk' ACk*, x)A(k, x') 

~ I fCXl d +/2a- ··r~l2 1 fX db iJ2b(x'x) 
~ ~- ae e 1 ~ e 
~ -00 rr -00 

= e-[("~·')f_l_fX db'eib'(XXi = 8(x' - x). (8) 
2rr -DC 

In the last step, we have used 

f(x)il(x) = f(O)il(x). (9) 

Eq. (7) thus permits us to evaluate a scalar product either in x -space or in k-space. 
At times, the latter may lead to the easier integral. 

B Completeness Relation 

The delta-function property of the integral of eq. (8) is also useful to prove the 
completeness ofthe set of harmonic oscillator eigenfunctions o/"ex). An arbitrary 
I-D square-integrable fUIIction, lJ.I(x), can be expanded in a generalized Fourier 
series in oscillator eigenfunctions, l/!nex), 

CXl 
\lI(x) = I:>no/n(X), 

n=O 

with coefficient, en, evaluated by the Fourier inversion theorem 

en = foc dx'lJ.I(X'), l/!:(x'); 
-00 

so 

'''' foc \lI(x) = L -00 dx'lJ.I(x')l/!n(X)l/r;~(X'). 
n=O 

(10) 

(11) 

(2) 
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This requires 

oc 

L 1/In (x) 1/1; CXI) = 8(x - Xl). (13) 
n=O 

This is the completeness relation we want to prove. Substituting eg. (5) into the 
left-hand side of eg. (8), we get 

(14) 

Doing the integral in polar coordinates, with k = pe i ¢, 

J d 2ke-k*kk*n k m = 1:00 dPpep2pn+m127f dcpei(lli-n)¢ 

= focc dppe 'P' ntm2 0 'Tr' 0 10 p nOnm ="n.Onm· (15) 

Combining eqs. (8) and (14) leads to the needed completeness relation given by 
eq. (13). 

C A Second Useful Application: The matrix (x)nm 

As a second example, we will use the Bargmann kernel to calculate the following 
useful integral i: dx 1/1; (x)x 1/Im (x) =< 1/1;, x1/lm >= (x)nm. (16) 

With m = n this integral would be needed to calculate the expectation value of x 
in the nth eigenstate. Because in that case the integrand is an odd function of x, 
this expectation value is zero. The particle is equally likely to be in the right half 
or the left half of the x domain. For general n, m, the two-index quantity defined 
as (x)nm in eg. (16) will be shown to be a matrix in Chapter 6. For general n, m, 
we can evaluate the needed integral by considering the integra] i: dxA(/*, x)xA(k, x) (17) 

as a function of the arbitrary complex parameters k and [* in two ways 

J CC lM k'" JOO 
dxA(i*, x)xA(k, x) = L-'''- dx 1/1; (x)x1/lm (x) 

-Xl n -fo! yIni!oo 11,f 

1 l*kjoo _[t"",L(I'+k)]' 1 "kjOO '( I 1 ) . fl = -e dxxe ' J2 = -e dx x + --(1* +k) e- x 

.fii -00 fi -00 ,,12 
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1 * . /'k 1 (l*!l+lkll + l*"k"+l) 
---------(l + k)e = -2: . 
./2 ./2 n=O n! 

= _I (2: ~~Il~ + 2: 1*lI kll+1). 
./2 n=l (n - I)! ,,=0 n! . 

(18) 

The only surviving terms arc those in which the powers of k, viz., m, differ from 
n by ± I. Therefore 

I: dx1/f,;(x)x1/fm(X) = 0 for m # (n ± 1) 

-_____ . . _1 (n -2+ 1) V for m=(n+l) 

-- fri2 "or V 7. " m = (n - I). (l9) 

Problems 

9. For the I-D harmonic oscillator, calculate all nonzero matrix elements of q2, p, 
and p2 (for the nonzero matrix clements of q, see eq. (19) above). For a general 
state 

lJ!(q, t) = 2:en 1/f,,(q)e-kt--n {, 

n 

calculate < q >, < q 2 >, < p >, < p2 >, I:1q, and I:1p as functions of the en. Try 
to determine values of en for which the product (l:1p)(/'<..q) is a minimum. (Hint: 
Try eo = 1, all other en = 0.) For the special case 

1 
Co = ./2' 

calculate < q >, < q 2 >, and /'<..q as functions of the time, t. For this special case, 
also calculate S; that is, calculate as a function of q and t the probability per unit 
time and unit area normal to the displacement, q, that the particle is streaming in 
the direction of q. 

10. A particle of mass, m, in a !-D harmonic oscillator potential has a probability 
density amplitude at t = 0, specified by the initial value 

that is, by the n = 0 eigenfunction displaced by a distance qo. Calculate peE,,), 
the probability the particle is in an energy eigenstate with energy En at t = 0 as 
a function of Xo = qo/ JIi/mwo and n. [Check that PeEn) -+ 8,,0, as qo -+ 0.] 
Calculate IJ! IJ!* at a later time, t, and discuss the motion of the particle. Note: You 
may be able to sum an infinite series by using the generating function definition 
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of the Hermite polynomials, Hn (x), or the Bargmann kernel expansion 

11. Repeat problem 10 for the case when 

that is, by the n = 1 eigenfunction displaced by a distance qQ, or for the case when 

\lI(q, t = 0) = Vrn(q - qo) 

for arbitrary n. 

Solution for Problem 11 

a. The case n = 1: Let us write \II at t = 0 in terms of the dimensionless x and Xo 

2(x - xo) _1(x_t)2 r;; _1 x2 e - ~ (-91J\J2x ~---
\II (x, 0) = ,e 2 -0 = v2(x -xo)e 4 0 ----,,---

v'2H4 H4 

_lx2 Xo _1(2~Vrn(X)(xo)n = hex - xo)e 4 0 A(-, x) = hex - xo)e 4 0 L-=-- ---= , 
v'2 n=O 0z! --12 

(1) 

where we have used the expansion of the Bargmann kernel function, A_Ck, x), with 
k = xo/v'2, in terms of the normalized Vrn(x). If we further use 

((n+T) In 
xVrn(x) = V 2-2---Vrn+I(X) + V ZVrn-l(X), 

the ahove yields 

\II (x, 0) = e-~X6 ( ---hxo t Vrn(x) ( ~ )n 
n=O ~ v'2 

+ f= Jen + l)~'!'±!(x) ( ~)" + f= Jfi Vrn-I(~2 (--:':!!- )") 
,,=0 ~./2 n=l ~./2 

= e-ix6f=(-hxo Vrne:f ( ~ r 
n=O --In. v'2 

(2) 

+ n Vrn(x) (~)n-l + ~ Vrnex) (~)n), 
~..j2 v'2 # v'2 (3) 

where we have shifted indices n ---) (n - 1) and n ~ (n + 1) in the last two sums 
above. (The second sum is proportional to a factor n and thus begins at n = 1.) 
We have therefore expanded our \lI (x, 0) in terms of the Vrn ex) 

with en = ej;J (~rl (n ----ix~). \II (x, 0) = LCnVrn(X), (4) 
n 
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At a later time, we have 

n 

(5) 

We can now sum these infinite series, using the expansion of the Bargmann kernel 
function, through 

f: 1/In(x) e = A(k, x) = ~e-~k'+v'2kx-4x' 
n=O v'flf 11:" 
~ 1/In(x) kn-1 = dA(k, x) = (-k + '2 )A(k ) 
~n q dk Y L.X , X , 
n=l yn! 

now with k = (xoe- iWot / v'2). This yields 

X --------------~l-------------
11:" 

__ i 1"'012(x - Xo cos wot) _1(x-xocosWot)2 -ixo sinWoI(x- 1 Xo cos "'01) =e 2 1 e 2 e 2 . 

v'211: 4 

Therefore, 

(6) 

(7) 

2 (x - Xo cos wot)2 ()2 2 
!IV(x,t)! =2 e-x-XOCosWot =!1/I\(x-xocoswot)!; (8) 

fi 
that is, the probability density is that of the n = 1 state, but it oscillates about the 
origin with the oscillator frequency, (wo), with amplitude Xo, and without change 
of shape. 

Our derivation so far has made use of some simple properties of harmonic 
oscillator eigenfunctions, [see eq. (2)], and the expansion of the Bargmann kernel 
function in terms of the 1/1 n (x), or, what would be equivalent, the generating function 
definition of the Hermite polynomials. 

b. The case of arbitrary n: To generalize ourresultto a function IV (x, 0) = 1/In (x­
xo) with arbitrary n, it may prove more convenient to work with the Bargmann 
transform of 1/In(x - xo): 

Fn(k) = i: dx 1/1" (x - xo)A(k, x) = i: dx I 1/111 (x')A(k, x' + xo) 
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where we have used the reality and the orthonormality of the harmonic oscillator 
eigenfunctions. To obtain the expansion coefficients, e~), 

(10) 

it is sufficient to expand Fn(k) in powers of k and use the k-space orthonormality 
relation 

1 f 2 -kk* km k*l 
- d ke ~ No = 8ml • 
7r vm! vI! 

(11) 

For this purpose, therefore, we expand 

(12) 

so 

( ) II! 2~ n! m! (XO )n+m-2a en = ---_e-4x0L..,(_1)n-a _ 
m .Jnf R a=O a!(n - a)! (m - a)! .fi . 

(13) 

For the time-dependent function, we then get 

(14) 
m 

and we could perform the m sums via 

m! k m d a 

~(m - a)! t/lm(x) R = dka A(k, x), 
x e-iWfjt 

now with k = 0.fi (15) 

For small values of n, where the a sum contributes only n + 1 terms, this method 
works well, as you could again verify for the special case, n = 1. For arbitrary 
values of n, particularly for large values of n, we could use the summed form of 
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the Bargmann transform, FnCk). From the above expansion in powers of k, 

If W(x,O) has Bargmann transform 

then W(x, t) has Bargmann transfonn Fn(k, t) = e-~wot Fn(ke-;<llot). 

Therefore, for us, 

W(X, t) = ~ f d 2ke-kk' A(k*, x)F~(k, t). (17) 

To do this integral, it will now be convenient to make the substitution 

so 

e-.J2k'*x+xxoe'--lwor e-~x2 -'0 I _I' t x2 [ k'" ] 
, e[J'ike "'0 le+~ __ 

IT~ ~ 

e 
x' 

= d 2k' e .k"k' """""""'_, __ 
e-i(n+ ~ )(1'0' f. e[ -, ~k'·2 t,J2k"(x-xo COs<vot)-1(X- XO cos WO!)'] 

I 
IT 7f 4 

k'n x [,._,]e- iXO &in(l.lot(x-~ cos (U(:.t) 

yin! 
= e- 1 n+, Wn' - d k'e- A(k*, (x - XQcoswot)) --. '( i) [1 f 2 k"k' , [ k'" ]] 

IT, ~ 
X e -ixo s.in (tJot(x --1- cos Wot) 

= l/fn(x - Xo cos wot)e· i (i1+})(»)O'e- iXo sin (UOr(> ",.~ coswo!)) (18) 

For arbitrary n, 

2 , 2 IW(x,t)1 = il/JIl(X-XOcoswot)l, (19) 

For arbitrary n, therefore, the probability density oscillates without change of shape 
about the origin with the oscillator frequency, (wo), and with amplitude Xo, if the 
initial state is the nth oscillator state displaced in the x-direction through a distance 
Xo. This extremely simple property is unique for the harmonic oscillator and does 
not follow for the energy eigenstates of more complicated Hamiltonians. Also, the 
use of the Bargmann transfonn greatly facilitated the proof for general, n. 
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12. The 2-D isotropic harmonic oscillator with Hamiltonian 

1 mw2 
H + _(p2 + p2) + _~O(X2 + i) 

2m x y 2 

has eigenfunctions 

1/f",f!,(X, Y) = 1/fn, (X)1/f",(y), 

with eigenvalues, En 1112 = n(l)() (n I + n 2 + 1). Show that H is invariant to rotations 

x' = x cos (j + y sin (j, 

y' = ~x sin(j + ycos(j, 

where () is a constant. Show by means ofthe Bargmann kernel that an eigenfunction 
in which only the x' degree of freedom is excited can be expanded in terms of the 
above 1/fn ,1!2; Le., find the expansion coefficients, C~~i2: 

1/fN(X')1/fO(y') = L>~~~21/f", (x)1/fn, (y). 
n In] 

13. For the conservation laws for the hydrogen atom, thc three components of 
the Runge-Lenz vector are 

~ 1 (~ ~ ~ ~ ) Ze2
4 R = - [p x LJ ~ Lx p] ~ -r. 

2~ r 

Show that they are hermitian when written in the above form. Also, show that they 
commute with the hydrogen atom Hamiltonian 

(j) . j}) Ze2 
IJ=--~-. 

2~ r 

In the above, Rand IJ are expressed in terms ofthe physical quantities, rphys., Pphys., 

fPhYS., and IJphys .. If these are expressed in terms of dimensionless quantities, r, p, 
L, 11, through 

4 

rphys. = aor, 

IJphys. 

Ii 4 

Pphys. =-- p, 
ao 

L phys. = liZ, 

the Runge vecto.! in physical units, as given above, can be expressed in terms of a 
dimensionless R by 

- 2 -R phys. = Z e R. 

Show that this dimensionless R can also be expressed as 

- -~ __ -+ .-+ r -+..,. .......... --0..., j' 

R = [p x L] ~ lp ~ .... = r(p· p) ~ p(r· p) - --. 
r r 
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Also, 

~ - ( 2) - - - -(R ·1?) = p. p - - (L· L + 1) + 1 = 2H(L· L + 1) + 1, 
r. 

and 


