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Shape-Invariant Potentials: Soluble
One-Dimensional Potential Problems

Having seen and used a number of examples, let us now look at the factorization
method in a more general way. For the factorization method to work, we must have

[0+(m)O_(m) + L(M)|usn = A, ey

([—i + k(x, m)] [—d— + k(x, m)} + ﬁ(m))ux,n = Allim, (2
dx dx

2
(f L m) — K m) + z:(mn)um =
dx

d?_
(—EP + Vix, m))u:‘\m = A, 3)

where the potential function V(x, m) is expressed in terms of k(x, m) and its first
derivative is expresscd by a prime. We must also have

(O (m+ DOm + 1)+ L(m + D] = Atyn- (4)

Eqgs. (1) and (4) are the two conditions, I and II, of eq. (17) of Chapter 7, which
must be satisfied for the factorization method to work. Now, shifting the index m
to (m — 1) ineq. (4)
[O_(m)O;(m) + L) m—1) = Mtaim—1
d d
= |—=+k(x,m)|| = +k(x,m)| + L) }ttspm—1) = Aitim—ry (5)
dx dx
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2
( d +[kz(x,m)+k'(x,m)+£(m)})u;(m,1)

dx?
2
:(—‘Jx—z‘ +Vix,m— 1))l¢).(m-1) = Al)(m-1), 6)
where
Vx,m) = k*(x,m) — k'(x, m) + L(m), (7)
V(x,m—1)=k*(x, m) + k'(x, m) + L(m), (8)
or
Vix,m)— V({x,m— 1) = -2k'(x, m). )]

In general, of course, this equation will not be satisfied for arbitrary k(x, m). The
factorization method works only if this condition is satisfied. Iterating this equation
form — 1, m —2,...,downtom = 1, we are lead to the relation

Vix,m)— Vix,0) = [k*(x, m) — K (x, m) + L) — k*(x, 0)

n=m

+ k' (x,0) — L(0)] = ~22k’(x, n). (10)

n=|

Infeld and Hull studied the question: Whatkind of k(x, ) can satisfy this equation?
Trying first a Taylor series in m

k(x, m) = ko(x) +ky(x)m + - - -, (n

they found the potential collapses to a constant independent of x (hence, a trivial
unimportant case), if terms quadratic in m or higher powers of m are included.
Nevertheless, the possible functions ko(x) and & (x) lead to a number of interesting
equations. Similarly, trying Laurent serics in m

k_1(x)
k(x,m):---+T+k0(x)+k1(x)m+---, (12)

they again found inverse quadratic and higher inverse powers of m lead to potentials
independent of x and, hence, trivial. With the inverse first power in m, however,
they found a number of new interesting cases.

It would of course be much nicer if we could immediately answer the question:
Given a potential, V' (x, m), can we find solutions for the Schridinger equation by
the factorization method, or, what is equivalent: Can we find expressions for its
eigenfunctions and eigenvalues in simple analytic form? Because this question has
no simple general answer, we shall be content to follow the backward approach of
Infeld and Hull, and starting with a set of possible k(x, m) discover quite a number
of soluble problems. Recall again that the factorization method involves nothing
more mathematically challenging than the integration of a first-order differential
equation and the taking of first derivatives in the laddering process.
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A Shape-Invariant Potentials

If the potentials V (x, m) and V(x, m — 1) are related as of eq. (9), the following
is true.

1. The factorization method works.

2. The spectrum of allowed eigenvalues, A, for the potential V(x, m — 1) is the
same as that for V (x, m), except the eigenvalue, A = L(m 0 ), does not exist in the
spectrum for V(x, m — 1), because u,,,  does not exist, assuming for now we
are dealing with a case for which L{#m) is a decreasing function of m. This follows
because the eigenvalue A does not change when we shift m to m — 1 in equation
.

3. The potentials V(x,m) and V(x, m — 1) are said to have the same shape,
because the dependence on x is the same, and only the value of m is replaced by
m — 1 (“Shape invariance” of the potential).

Now, had we written equation (I) of the factorized form with m replaced by
m — 1, and then shifted m — 1 to m — 2 in equation (II), we see the equation for
V(x, m — 2) has the same spectrum as that for V (x, m — 1), except the eigenvalue
A = L{my;, — 1) is now missing. Thus, we can have a whole set of potentials
with the same shape, all with the same spectrum, except the lowest eigenvalue of
V(x,m) is missing in V(x, m — 1), the lowest eigenvalue of V(x,m — 1), and
hence the two lowest eigenvalues of V(x, m) are missing for V(x, m — 2), and so
on. Thus, the spectrum for V(x, m — n) is the same as that for V(x, m), except
the lowest n eigenvalues of V (x, m) are missing in the spectrum for V(x, m — n),
provided the factorization is such that the eigenvalues are given by A = L(mpin),
that is, cases for which £(m) is a decreasing function of m. Similar arguments can
be made for the other case, i.e., if £(m) is an increasing function of m. In that case,
settingm — m-+1inegs. (3) and (6), we see V(x, m+ 1) has the same spectrum of
A values, now with A = L(mmax + 1), except A = L(mpyax. + 1), which exists in the
spectrum for V(x, m) with eigenfunction u; . , does not exist in the spectrum
for V(x, m + 1), because u; ,, 11 does not exist. Similarly, in the spectrum for
V(x, m + n), the cigenvalues A = L(Mmax. + 1), LMmax. +2), -« ., L(Max. + 1)
do not exist. The lowest eigenvalue for V(x,m + n) is A = L{my +n + 1),
which is also the n'" eigenvalue for V(x, m).

B A Specific Example

As a very specific example, consider a 1-D Schrédinger equation for a particle
moving in the domain 0 < x < g under the potential

= 00, x <0, x>a, (13)
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)+ —2 ) = Euix) (14)
N /104 ———u(x) = FEu(x),
2m dx? sin” (%)
or, with
TX A2 Rt
Tx - . —V i 15
a 9, E E(Zmaz) Vo 0<2ma2) (15)
dzu Vg
_ — eu(®), 16
267 + Sinzeu eu(@) (16)

to be compared with our factorizable equation
du  [mf— ]

— o ————U = AU = €U. 17

de? sin? @ an

Now, we let
m? — 31
sin® @

In order to work in the m region near my,;,, we shall choose the negative root for

My
/ 1
my = — Vo+2=~—!mgl. (19)

(We will subsequently investigate the region of m values near the positive root to

1
Vo(8, mg) = , with V + i me. (18)

m — 1Y, and with my, = mg = —|mg|, we get the lowest eigenvalue, Ay = €,
3 g B

1 1 1 1
ho = L(mg) = (mo — =Y = (Imol + = =/ Vo +~ + =)*.  (20)
2 2 4 2

The eigenfunction for the ground state of V; is obtained from

du 1
O_(mo)usom, = 7 + (o — 5)0019u(6) =0, (21)
with the solution
L
Uigmy = N (sin(8))? ™. (22)
This is a square-integrable function, with mg = —[mg|. The companion potential

V@, mog—1) = V(8, (—|mp| — 1)) has ground-state eigenvalue L = (—|mg| — 1 —
$)* = (Imo| + 1 + $)2. Let us name this potential V,, its ground state eigenvalue
A1, and note that this is the first excited state, A, for the potential Vy. Similarly, the
n' h—companion potential V{8, mg—n) = V(0, (—|mp| —n)) has lowest eigenvalue
Ay, where we name this potential V,:

1 1
AH:Mm—n—Ef:Umm+n+§ﬁ (23)
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This is the ground state for the potential V, and the n'" excited state for V;. The
ground state wave function for the potential V, is

r 2 .
A E 1(""0{ +n 4+ 2) Sin(|m0|+n+%)(9) — Nn Sin(|m0|+n+%)(9)’

a ')l (Imol +n+1)

(24
where we have now included the normalization factor explicitly. Recall
H N r(Hre + 4
f dosin® 8 = B(A,a + 1) = et ;)
0 - B [ +1)

where B is the Beta function expressed in terms of I" functions. To get the eigen-
function for the first excited state of the potential V,_,, with this energy A,, we
need to act with the normalized step-up operator O (my — n + 1),

Oilmol —n+1)
VI = Limg —n + 1)]

k]

Anlrzg n)s (25)

Uj, mg-—n+1) =

with
1
An = (mol +n4 20 Limo—n+ 1) =(mol +n— % (26)
Finally, to get the eigenfunction for the n'" excited state with this energy A, in the

potential V;), we need to act n-times with such step-up operators (laddering along
the horizontal A,-line in Fig. 11.1):

Ui,my(0) = O4(=imo)) - - - Op((—=lmol —n + DO (~Imo| —n + 1)
x N, sin("+7+2)g)

(—%—ﬂmm+%nme) (—%—Umd+n—%km9)
/O = (ol + £ VW — (mol + 0 — 372]

(—%—ﬂmﬂ+n~pr)
x N, sinmolFm+2) gy, Q7N
= (mol +n = 21

In Fig. 11.1, a family of shape-invariant potentials of this (1/sin®6) shape are
shown, where we have chosen my = —1.1, so the strength of V is (—1 1) — '}i =
0.96, leading to potentials V|, V,, V3, V, with strengths of 4.16, 9.36, 16.56, 25.76,
respectively. The energies given by eq. (23) are shown in the figure.

In particular, if we had tried to continue the laddering process of eq. (27) one
more time from mo = —1.1 to an mo = —0.1, we would be led to a potential of
strength (—0.1)% — % = —0.24, of the opposite sign from the potentials shown,
i.e., a repulsive potential, with no bound states. Therefore, the process has to stop
at V. No connection can exist from the problem with negative m values to the
branch with positive m values, as for the 6 equation for the spherical harmonics.

The negative and positive m values are connected only in two special cases: if my
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O.(-1myl-2+1)

R

21.16 A,

12.96 |4, 16.56

6.76 A,
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FIGURE 11.1. The family of shape-invariant 1/ sin® @ potentials, with mg = —1.1; m =

M min — +oc-

is integer or %—integer. For an arbitrary value of Vj, it remains to be shown that

the positive root, mg = +,/ Vg + }1, gives the same spectrum of eigenvalues and

cigenfunctions. In the region of positive m values, L(m) = (m— %)2 is an increasing
function of m and A = L(muax + 1). The shape-invariant partner potentials are

Vo0, mo), V18, mo + 1), ..., Va(®, mg + n), with mupax. = mo = +,/ Vo + } for
Vo and m .. = mg + n for V,,, so A, which is the ground-state eigenvalue for V,
and the n™ excited state for Vj, is given by

Ao=(mo+n-+3Y  with mg>0, (28)

in agreement with eq. (23). Now the ground-state eigenfunction for V,, is given by

d
O (mo+n+ D, mgrn = (‘;15 + (mg +n + %)COtg)u}&",mg-{»n =0, (29)
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leading again to
Wrympin = Ny sin® o+ +9(9), (30)
and the n" excited state for V; is given by
Ur,my = O-(mo + 1)+ - O_(mo +n — 1)O_(mo + n)uz, (me+n)
(% + (mg + %)cotQ) (f—é +(m0+n—-%)cot9)

[hn = Omo + 1771 T — O +n = 3771

(3% + (mp+n— %)cotB)
X Uy, (motn)e 3

Jl — Omo 1 — 2]

Except for an overall phase factor (—1)", this function agrees with eq. (27), so the
positive branch of m values gives exactly the same results as the negative branch
and does not lead to anything new.

C Soluble One-Dimensional Potential Problems

1. The Péschi-Teller Potential.

All of the factorizable equations we have met so far lead to soluble 1-D potential
problems. One of these potentials is the so-called Poschl-Teller potential, which
leads to the 1-D Schrodinger equation

LR du) u(x) = Eu(x), (32)
2m  dx? cosh?(x/a)
or introducing dimensionless quantities
a’ R R
- dzlf) - ;;%;u(z) = eu(z) = hu2), (33)

where the case V > 0 leads to an attractive potential. With

V=Iil+1, o I=-1x /v,
Chapter 9 tells us
d
0s = F-- +lItanhz, with L) = —1% (34
Z

This equation corresponds to an L(/) of case 4 of Chapter 7 with allowed negative
values of € = X only for positive values of I = Iy, Ui, + 1), - -+, Umin. +72)5 - - -,
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and for negative values of I = lpnax , (max. — 1), + -+, Umax. — ), .. .. If we choose

the positive branch, with = —1 + /V + 1,

z:zmm_+n:—%+,/v+§. so with € = LUmin),

we have
2
€ =hn = Llmin) = = =P ==(yV+i-@+ D). 69
with shape-invariant potential partners Vo(z, lo), Vi(z, lo — 1), ..., Valz, lo — 1),

where now [y = —% +4V+ % Now a maximum possible value of 7 = Ay
exists, however, for which (ly — nyax.) is such that

(lo — Amax )0 — Aimax. + 1) > 0; but 0 < (o — npmax ) < 1.
In that case,
(to — Grmas. + 1) (Io = Gt + D +1) <0,

and this implies the potential V(z, lp — (nmax. + 1)) is repulsive and therefore has
no bound states. The condition 0 < (Iy — 7max.) < 1 determines ny.,. through

nmax.‘(“%fvv"{‘%fnmax.'*‘%s or

Pimax. (Bmax. + 1) €V < (Bmax. + D(Aimax. + 2).
ForO0 <V < g_ Nmax. = 0, and therefore only a single bound state with ¢y =

—(—3 + 4/ V + )" exists, but always at least this one bound state exists, even as
V —> 0. Note the similarity in this regard between the Poschl-Teller potential and

the square well potential with V = —V; for |z] <a,and V = Ofor [z] > a (see
section B of Chapter 4).
Finally, u;, ;... =(,—n) i determined from
=W lo-n) = —[(fo — n)tanh z]uy gy = 0, $0
dz

N, I'tlg —n+1) 1
Ui, lo—n) = - 1 s (36)
(cosh z)lo~ al’(3)I'(ly — n) (cosh z)o~"

where this is the ground-state eigenfunction for the potential, V,(z, ly — n), with

& = —(JV+ 1 — (n + 3))?, which is also the energy of the n™ excited state

for the potential, V, = —V/(cosh? z). The normalized eigenfunction for this n"
excited state of V is again given by
O+ () O llo—n+2)
”A,.t’u e s > =
\/{-(zﬁ — )2 + 12 VI(=Uo —n)? + (lo — n + 2)?]
Oills—n+1)
- o (37

o o —nt 1
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Finally, the negative branch of allowed [ values, with [ = —i=JVv+ 1,ie., with
1 < 0, gives no additional eigenvalues or eigenvectors. In this case, | = lhax, — 1,

and & = L(lpw. + 1) = —( +n+ 1> = —(—/V + § + n + 3)%, in agreement
with the result of eq. (35) for the positive branch of allowed [ values. Except for
a possible overall phase factor, the eigenfunctions again agree with those of the
other branch. We could again show this explicitly as in the previous example, but
also we note: Because we are dealing with a 1-D eigenvalue problem, we do not
expect degeneracies for the general ¢,.

The inverse sin®0 potential, V/ (sin2 ), and the Poschi-Teller potential,
—-V/ (cosh? z), are special cases of the general factorizable case, for which the
1-D Schrédinger equation can be written as

dZ
(~— + V(z, m))u(Z) = du(z), with
dz?
b*m+c)(m+c+ 1)+ d* +2bd(m +c + %)cosb(z +p)

V(z, m) = 38
(z. m) sin® b(z + p) 38)
and with
d
O+(m) = $21—z +(m +c)bcotb(z + p) + m,
L(m) = b*(m +¢)?, (39)

where b, ¢, d, and p are arbitrary constants. For example, the Poschl-Teller poten-
tial is obtained by settingb = —i,¢ = 0,d = 0, p = (im)/2. Other specializations
of this general case are listed by Infeld and Hull; see also problem 16, which treats
the 6 equation for the symmetric rigid rotator.
2. One-Dimensionalized Hydrogenic Potential.
The factorization of the radial equation for the hydrogen atom leads to a
factorizable Schrodinger equation for a 1-D hydrogen-like potential
K* d*u _ A B
e 2D 4 V(ou(x) = Eu(x), with Vx)=—-——+— for |x| =0,
2m dx? x x?
(40)
where we set V = oo for x < 0 and V(x) has a minimum for positive values of
x =2B/Aif both A > 0, B > 0. With dimensionless quantities

e F(-—h2 ) 1= g
= B = N il )
¢G*/mA) mA? K>
the Schrodinger equation becomes

2
<4d__wg+l(l+l)

Zz)mﬁﬁm@:mm, with (4D

1 2mB 1

I =+ =+

- 42
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The results of Chapter 10 tell us
04(1) = ;:—Z + (2 - %) with £() = 112 (43)
From Chapter 10, we also know this equation will have bound states with A =
2e < 0. For the branch of L£{I), which is an increasing function of [, i.e., the
positive branch with lo = —J + \/(EmB) /i* + 1, the allowed / values range from
Imaxs Umax. — 1 oo Umax, — 8), .., and A = L(la. + 1), 50, with A, = 2¢,,
1 1 1

6 1) 1 1)? B L 1 2
(bnax. + D @ n+ D) [+ +m+ )]

The shape-invariant partner potentials are Vo(z, L), Villo + 1), ..., Vi(z, lo + 1.
The ground-state eigenfunction of V,(z, [y + n), with eigenvalue ¢,, is given by

d + o+n+1) 1 ) 0
. - U ny =
dz z (o +n+ 1)) Pnletm

(45)

Oy + 1+ Dusgoany = ("

leading to a normalized
2 (lo+n+3) 1 ; . A
) = - | S o/ 7(/0—;;‘1,\_ 46
Hhnlortn) [(lo+n+ 1)] TRl +2n+3)° ¢ (46)

The ground-state eigenfunction of Vy(z, [y) is obtained from this equation by setting
n = 0. The eigenfunction of the n™ excited state of Vo, with €,, is again given by

" _ O g+ 1 O g+n—~1)
B Ml — Lo £ D1 D — Lo 7 = D]
O_{lg +n)

(47

O = Lo T et

For an arbitrary value of Iy, not equal to an integer or %-integer, and a fixed Iy, ,
an n value will exist such that Il + 1) = (nax. — m){Umax. — 7 + 1) becomes a
negative quantity. Because the generalized hydrogenic potential remains attractive
even for this case, the value of the integer, n, can go to arbitrarily high values, and
an infinite number of bound states exist. The values for (I + 1) are positive for
all positive integers » in the shape-invariant partner potentials, V,(z, Iy + n). The
action of the n stepdown operators, O_,on u;,, (o Produce an eigenfunction of the
form, z'o* 1P, (z)e” @ | where P, (z) is a polynomial of degree n. This function
is square-integrable over the interval, 0 < z < oo, for all positive integers, n.
Because a second branch of allowed £({) values for negative values of [ exists, with
I=—5—2mB/ + { = ~(o+ D and ! = lnin., Umin. + 1), ..., Ui, + 1) - -,
we again need to examine the possibility this branch would lead to new eigenvalues.
For! < 0, £(I} is a decreasing function of /. Therefore, now, with A = 2¢,,

1 1 1
26 = Llmin) = =7~ = — == > (48)

2 — 2
foi, = m) [-4- JomBp> 1§ - q
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exactly the same result as that already obtained for the positive [ branch. Both the
eigenvalues and eigenfunctions obtained from this negative [ branch, thus, do not
give anything new.
3. The Morse Potential.

Another 1-D potential leading to a factorizable Schrodinger equation is the
Morse potential (see Fig. 11.2),

V(x) = D(e7*/9 — 2¢ /), (49)

2 2

[j_j_ + D(e™ Y — 26‘(“'/“))]u(x) = Eu(x). (50)
2u dx?

D gives the classical ionization or dissociation energy. The potential has a min-

imum value, Vy,;,, = —D, at x = 0. For £ > 0, a continuous spectrum exists.

The particle can proceed to x — +oo. With the introduction of dimensionless

quantities,

2ua? 2ua’
c=2 e=EEL 2 =p™L this function leads to
a h h
d*u 2 2. 1.
- + (8% " +28(m + Z)e ulz) = eu(z) = du(z), (1)
dz? 2
where the parameter, m, with
m+ 1
mt3) _ 1, (52)
é
has been introduced to put the equation into factorizable form, with
d -
O, (m) = Tt Be™ + m), and L(m) = —m”. (33)
z

Note, —6 — % = —/(Qua’DH*) — % and hence, m, is a patently negative quantity.
For m < 0, the above L(#n) is an increasing function of m. For bound states, with
A < 0, a maximum possible value of m = m,, exists. The allowed m values are

M = Mpax.s Mmax. — 1), -« (Mmax. — 1), ..., With
Ay = € = Lo + 1) = —(m+n+ 1) = ~(=8+n+3)’
=87 +28(n+ 1) —(n+ 1) (54)
S0

E D+2 hZD( +1) " ( +1)2 (55)
n = — — b n+ =)
2pLa2n 27 2ua? 2

For the case & >> 1, the last term, quadratic in (n + %), will be much smaller than
the linear term, and the excitation energy is that of a slightly anharmonic oscillator,
with

"D

B (56)

E, + D ~ha(n + 3), with fiw = 2
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Vix)

-D

FIGURE 11.2. The Morse potential.

The shape-invariant partner potentials are Vy(z, mo), Vi(z, mo+1), ..., Vu(z, mo+
n), with mo = —(8 + 1), so

V(2. mo +n) = (sze“'zl +25(—8 + n)e"'Z). 57

This potential has the form shown in Fig. 11.2, with an attractive minimum, only
for n < §; and the number of vibrational states is therefore limited. A maximum
possible n value, nig,y. exists.

The ground-state eigenfunction of V, is given by

d

o T e 4 =54 1) [ ngen = 0, (5B)

O (mo+n+ 1)”,\,,(mg+n) = {

Ui y(mg 1y = Ny 1O 23, (59)

Successive action with the normalized step-down operators, O_(m), with m =
(mg +n), (mp +n —1),..., (mg + 1) yields the needed n™ excited-state eigen-
function of Vy. These u;, , are normalized in the interval —co < z < 4-o0.
Also, the u;, ,» are normalizable only for integers n such thatn < (8§ — %), which
determines, Amax. .

In the actual applications, the Morse potential is used for the relative motion of
the two atoms in a diatomic molecule, i.e., for the radial function of this two-body
problem. In that case, therefore, u is the reduced mass of the diatomic molecule,
and x = (r — r.), where, r, is the equilibrium value of the interatomic distance,
r. Thus, the eigenfunctions should apply to the interval, —(r./a) < z < +oc. For
realistic parameters for most diatomic molecules, however, the Morse potential
has such a large positive value at z = —(r,/a) that the Morse eigenfunctions are
effectively zero forz < —(r./a). The 1-D solutions found above for the full z-space
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Molecule Dops. 'h]_c Gi /zlLaz)obs. h{‘ 3 Nmax. Giw)obs, ;,Lc
H, 38,276 cm™! 118 cm™! 180 17  4395cm™!
HCI 37,257 cm™! 52.05cm™ 267 26 2990 cm™!
0, 41,758 cm™! 12.07 cm™! 58.8 58 1580 cm ™!

are therefore a good approximation for most diatomic molecules. The parameters
D, %*/2ua?), and 8 are shown for a few molecules in the table provided here.
The Dy, and @2 /21a%)ops. have been extracted from the observed vibrational
spectra, [G. Herzberg; Molecular Spectra and Molecular Structure. 1. Spectra of
Diatomic Molecules, D. van Nostrand (1950)]. The hw predicted by the Morse-
potential energy relation, eq. (55), has the values 4128 cm™! for Hy, 2728 cm™!
for HCJ, and 1407 cm ™! for O, in reasonable agreement with the values extracted
from the observed specira. (Molecular spectroscopists in general give (energy/hc)
in wavenumbers, cm™'.)
4. The Rosen—Morse Potential.

A similar potential is the Rosen—Morse potential, which leads to the 1-D

Schrodinger equation
W d*u 14
—— —— 1 4 2V,tanh u(x) = Fu(x 60
2t (- F2Yeh(D) Ju) = Bt (60

With dimensionless quantities,
X 2ua’ 2ua’ 2ua?
z=-. €=k m(m+1) =V, PERE qzvz—gz—

this equation leads to

’

d?u m(m + 1)
e (g

This potential has an attractive well with a minimum at zq, given by

o, +2aanh z)u(z) — eu?). 61)

V'Z q
tanhzg = —-— = ————, 62
anfizo = v, m(m+ 1) (62)

which has a solution only for
lg/m(m + 1) < L. (63)

The equation is factorizable, with
2

d
Oi(m):(q:d—Zertanhz-}—%), and  L(m)= —m -%5. (64)

Choosing the branch of L(m) with positive values of m, this L(m) belongs to case
4. The maximum of the function £(m) occurs at m = /[g|, where L(m) has the
value —2|q|, which is also the ionization or dissociation value of V (z). Thus, bound
states will exist if € < —2|g/|, and the requirement [A — £(m)] = 0, together with

the requirement of eq. (63) leads to an allowed branch of m values withm > /|g|,
where L(m) is a decreasing function of m, S0 m = Muyin , (Mmin. + 1), . . ., (Mmin. +
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n), ..., with

q2

(m —n)?

2ua?V. 32 2
:'(\[%Z_l“"("*%’) “(/—zuﬁi;mzwcnw)z' ©

The shape-invariant partner potentials are Vo(z, mq), Vi{z, mo—1), ..., Vu(z, my—
n), with mg = —1 + /(2ua?V,i*) + ;. The ground-state eigenfunction of
V(z, mg — n) is determined by

d q
—— + (mp — n)tanhz + ——— —)u o (mg—ny = 0,
(dZ (mg ) (mo — 1) I (mo—n)

e e, (66)

Hostmo=n) = N
and the eigenfunction of the n'™ excited state of V; is obtained from this function
by the action of n operators O, (m) with m running from (mg — n -+ 1) to mg.
Again, a maximum r value exists beyond which the potential V{(z, mg — n) ceases
to have an attractive minimum with bound states and square-integrable bound-state
eigenfunctions, so V; again has only a finite number of bound states.
5. The one-dimensional harmonic oscillator revisited.

The 1-D harmonic oscillator Schrodinger equation

4
(v dx?

with dimensionless, x and €, is factorizable, with

+x2)u(x) = eu(x), (67)

0, = (q:d—d; +x), (68)

The only parameter, however, is the energy, €, itself, and the factors, O, are not
functions of €. Now,

1 0.0 _u(x)=2¢ — Dulx) =[—1+ 2elulx),
I 0_0,u(x)= 2+ Du(x) = [-1+ 2(c + DJu(x), 69)

are to be compared with

I 0.0 wm = [A— Lin)|um,

O O Oiupym =X — Lm+ Dlttn. o
Therefore, A has the single-fixed eigenvalue, A = —1, and the parameter, m, is
replaced by €, with L(e) = —2e. Because L(¢) is a decreasing function of €, an

€min. €Xists, with

A= 1= L€nin) = —2€min., 80 €min, == % (71)
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The allowed values of € are € = €pin, (Emin. + 1), - .., (€qin. + 1) = (-;— +n),....
Therefore, €, = (n + —;—). The starting eigenfunction is obtained from

d
O_u_i ¢y = (a +x)u*1.6mm. =0,
1 |2

U_1e,, = —e %, 72)
e
The excited-state eigenfunctions are obtained with the normalized step-up
operators

_d _4a
O+(n+1): ( dX+x) :( dx+X)a
VIET+ 26001 2+ 1)
SO
)= — ! ( d o0 73
u~l'€,!(x = m ‘;1; +x) e - ( )

Using the identities

(—~d~ +x) =¥ e‘%"z(——d— + x)e%"2 e 1Y = g2¥ _4 e 1%, (74)
dx B dx N dx ’

the normalized n'" eigenfunction becomes

() 1 %Xz( d)” _1,2 ‘%12
U1, X) = —F/————=¢€ —— 1 e i ¢
e NN dx
1,2 1,2
e " 2f d\ o e 2" Hy(x)
e e — e | = (75)
2"n!,/n[ ( dx) ] NN

where we have used the Rodriguez-type definition of the Hermite polynomial,
H, (x), [see eq. (75) of Chapter 4].

Finally, the radial equation for the 3-D harmonic oscillator can also be solved
by the factorization method. For details, see problem 15.

Altogether, Infeld and Hull list 31 generalizations or specializations of the
Poschl-Teller, hydrogenic, Morse, Rosen—Morse, 1-D harmonic oscillator, or 3-D
harmonic oschillator Schrédinger equations, which lead to eigenvalues and eigen-
functions in analytic form, where the eigenfunctions correspond to many of the
well-known functions of classical analysis. The question now arises: Do additional
potentials exist for which the 1-D Schrodinger problem can be solved exactly? This
question will be partially answered in the next chapter.

Problems

14. (a) Find the eigenvalues, €,, and the normalized eigenfunctions for all of the
bound states of a Poschl-Teller potential with dimensionless

Vo
b
cosh? z

V() =— with Vp =7.2.
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(b) A particle of mass & moves in one dimension subject to the Schrodinger
equation

R, d? mim + 1)
( dz’ sinh? z

where z is a dimensionless variable, restricted to z > 0, and m and v are dimen-
sionless potential constants. Find the conditions that must be satisfied by these
constants, so the potential has an attractive minimum for z > 0, and find an ex-
pression for the eigenvalues, £,, as a function of n. Does a maximum possible
value of n exist?

15. The 3-D harmonic oscillator. With u(r) = rR(r), and r = Ji/mwyp,
E = hwge, the radial wave equation for the 3-D harmonic oscillator (with [ =
0,1,2,...) takes the form

42 10+ 1
— J{ ( {2 )+pz}u(p) = 2eu(p).
dp P

Show that this equation is factorizable via

2Ha2 — 2vcoth Z)ll(z) e Eu(z)’

d { .

O.(h) = — 4:3’4"(——10) ;
o o

but the standard A must be interpreted as A = 2¢ + 2I; so O4(l) steps both [ and

€. Show that this equation is also factorizable via

- d )
OL(l) = (:Fd_ +{(—+ p)),
Y o
but now with A = 2¢ — 2[.
Use these results to show that

E =hoo(N +3), with N=0,1,2,...
and that the allowed [ values for a particular, N, are

=NN-2,N—4 . .  Nor 1), for N=even (odd).

the four normalized step operators, which convert normalized uy, into normal-
ized uy1 1, BNy ir1s Uy y1a41s and wxy g _1. Construct all normalized radial
eigenfunctions for N < 3

Find relations giving puy; as a linear combination of (i) ux 141 and uy_1 41,
and as a linear combination of (i) uy,; -, and uxy_ ;. Use these relations to
find matrix elements of the operators, p cos ¢ and p sin@e**? in the complete 3-
D oscillator basis, Yym. (The uy; and uy, with I/ # I, are not orthogonal to
each other in p-space, but the full energy eigenfunctions, ux;(0)Y;,.(8, ¢) form a
complete orthogonal set.)

Find all nonzero matrix elements of the operator, p?.

Note: The above matrix elements of pcosf and psin8et’? give the matrix
elements of the dimensionless z and (x = iy). The corresponding matrix elements
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of the dimensionless p, and (p, +ip,) can be obtained by utilizing the commutator
relations
p. =ilH. z], (pr £ ipy) =i[H, (x £iy)],

together with the known matrix elements of the dimensionless H and z, (x & iy).
Use this technique to find the expressions for the nonzero matrix elements of p,.

Solution for Problem 15
With
d l
0.y = “’(:F% + (; - P)),

(where the extra overall minus sign in this definition is added merely for con-
venience to gain phases for the final matrix elements in best agreement with the
“standard” phases for the 3-D oscillator), we have the two basic equations

a’ 1
0,0 m=-L D 2o,
dp p*
&2 i+,
O-U+ 00U+ D =5+ 5= +p —C+3), ¢y

and

0, (1)O-Dusy = [2e — @2 = Dluzy = [& — LDJus,
O_(I+ DO+ Duyy = [26 — @+ Ny = [A — LT+ Dluse- (2)

These two equations are satisfied only if £L(/ + 1) — L({I) = 4, and have a proper
solution only if

L) =4l +c¢, A=2ec+2l+c+1, ¢ = a constant. (€))

We will find it convenient to choose, ¢ = —1 (this choice is quite arbitrary and
will not affect final results). With this choice,

Ly =@l-1), A= 2e +21. “4)

Because our / > 0, this £(!) is an increasing function of /. Thus, an /.. exists (to
be named N), Ipax. = N, with A = L(max. + 1) = (Qlmax. +3) = (4N + 3), and
therefore

2e = (2N + 3), Ey =hwo(N + 3). 5
The starting functions of u;;_ are given by

d N +1
(di AL p)uuv(p) =0, (©
0 P

where this first-order differential cquation has the solution

1,2
Ui =n(p) = Np¥tle 37, (N

0+(lmax. + 1)”)&!,,,” (,0) - O’
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o

with |\ [ dpp™ e = SN f dqn™ e = NPTV + 3) = 1.
0

@N + D!
[Note, ir(N+H=1N+hHv-1).. '%%‘/“:”_Wil V.

O_(1)changes! — (I—1),butbecause it keeps A invariant, and A = 2¢-+2/, it must
simultaneously raise ¢ by one unit, and hence, shifts ¥ — (N + 1). Similarly,
O4( + 1) simultaneously changes i — (I + 1), N — (N — 1). To obtain the
possible [ values for a fixed N, we first examine the action of the operators

0:() = (?% +(=+ p)),
with
0, (DO Wy, = (—3‘; l“; D@ -0y
= (2¢ + 21 — Duz; = [ — LWDuy,
0+ 10,0+ Duy, = (- % + [(—liﬁ 0P+ @+ 3) )y,
= (2e + 2 + 3)% =[A — LU + Duy,, (8)
which can be satisfied by
Ly = —(41 — 1), X = (2¢ —20). 9)

% — L(I) remains positive for all possible values of /, even as [ is increased
indefinitely. No new limits are set on / by the operators O... Also,

o_() changes [ — (/ — 1) and simultaneously N — (N — 1), and

O.( + 1) changes [ — ({ + 1) and simultaneously N — (N + 1).

Starting with the maximum / value for a particular ¥, /., = N, successive action
with O_ (1) followed by O_(I — 1), or equally well O_(/) followed by O_( — 1),
will change a state with quantum numbers, N, / to a state with quantum numbers
N, (I — 2), skipping states with N, (/ — 1). The four operators, 0., O, do not
change the parity of (N +/). For a fixed energy (fixed N), the possible / values are

I=N,(N-2),(N—=4),---,0 (or 1), for N =¢ven (or odd).

It will now be convenient to define the four step operators preserving the normal-
ization of the uy,;, which will be denoted by O. [Also, we will characterize the
radial eigenfunctions by the quantum nurabers, N, /; that is, we will replace the A
(or 1) with the quantum number N, which gives the energy eigenvalue, €.]

o_() . o.d+1

O (= rrm, O+ D= m,

with [A - L= Qe +20) — (4 - D= 2N +3 -2+ ).
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o029 _ 6,041y _2LLD

[x — L] h— LA+ 1]

with =[A—L(D]=Qe ~2)+ @ —1)= QN +3+2 - 1).
Thus,

1 d {
wn+ni-1y = O_Duy; = m(—% 5 + p)um,
d
dp

1 ¢+
Uy -y+n = Opl + Duyy = T —l)( - + p)um,
_ 1 d l
un-nu-n = O_Duy; = m(dp — + p)um,
- 1 I+
uninary = Oy + Duyr = m(*@ + _,O— =+ P)uNl-

Combining the first and third of these relations, we get
e UV - - 1) (10)

[(N+2-D +
Uy = —_— U . — -T-
PUNI ) (N+D=1) )

Similarly, combining the second and fourth relation, we get

N-=-D /N+3+l

u +yf —U 1
3 w-nuen +yf (N +1)- (n

If we left-multiply the first of these equations with ufy . ),_,, and integrate over
p, and use the orthonormality of the uy; with the same [ value, we get

o0 o0
. 2 [(N+2-1D
./0 dpuiy 1y -1,PUNL = fo dpp”Riy i1y nP RNt = —

where we have used

pPUy; =

Both functions have the same [ value, viz., ({ — 1), and where we recall that the 1-D
unr(p) is related to the radial function, Ry(p), via un;(p) = pRwni(p), where we
also recall p is the dimensionless radial coordinate p = rpnys /+/fi/may. Finally, if
we combinc the dimensionless p with the angular functions, we get the components
of the (dimensionless) vector 71 z = pcosf; (x +iy) = psinfe™®?. With the
matrix elements of the angular functions given through eqs. (42)—(44) of Chapter
9, we have, e.g.,

(N+2—D 12 —m?)
thxy—n

(UN+1¢ Dms> PCOSOY N I) =
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NFi+h [ @-m)
—~1¥I--1ms 0 ml) = /_—— ’
(Y131 1ym» P COSOYnin) y ) \[(21 + 12— D
A (N30 I+ 1) - m?]
(Fw+10+1ms P COSOYN) = ﬁ (2 + D)2 +3)

/ (N =D |14+ D? - m?]

(V=131 > P COS Oy ) = v \/ —, (12)

2 Y@+ D@l +3)

where the similar matrix elements of p sin @e*'¢ differ only in the [, m dependent
square root factors coming from the angular parts [which now also change m to
(m £ DI

To get the matrix elements of p%, we can combine egs. (10) and (11)

, N+2-Df [N+2-D (N +3+D)
puN = ) 3 Uy + —‘_——“(N+2)I
[(N+1+D( [(N=1 N 1“ )
+ \/( = + )(\/( : LI \/(—%—)um). (13)

This equation leads to the matrix elements

(Yims 07 ¥nim) = (N + 2),
(Wvaaums 0°Unim) = 2/ (N +2 = D(N +1+3),
(Wov—2m> 07U wim) = 3/ (N — DN +1+ 1), (14)

Finally, to obtain matrix elements of p, and (p, =% ip,), we can use the
commutator relations

p. = i[H,z], (px ® lP;) = i[H, (x £iy}],

80, e.8.,
(Wnrm, p¥nim) = il(N'+ 3) — (N + DU Nrm 2¥nim), (15)

giving

W +2-D | @2 - m?)
(YN 1= P NIm) = lf 3 VaTna -1’

(N +1 +1) 12— m?)
1 + el -1’
KN+3+1 (@ + 12 —m?]
21+ 1)1 + 3)
[+ 12 — m?]

(N
Y-+ tms PYNIm) = —iy AT DA D (16)

As our last result, we shall obtain explicit expressions for the normalized radial
eigenfunctions for N < 3. The functions with ! = /.., = N are given through

(U(N-1)=~Dm> P2V NIm) =

(U N1+ Dms P UNIm) =
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eq. (7). Functions with lower / values can be obtained with actions of @_ or O_:

2 4 .12 25 L
Un=3j=3 = e‘ip = 4eA§p s
V=== TG 105"
2 3 2 24 12
UNeojmn = | —=p e 27 = 3675‘0’
eI’ 5y
2 2 P2 23 2 12
Un=1i=1 = pe = ple P,
F(%) KWz 3
2 7%p2 22 *lpz
UN=0]=0 = pe = —=pe 27
re) T
1 d 2
uy-3=1 = O-(Duy-z4-2 = i(_% - ; + p)uN =2.0=2,
2p* — 5pY)e 1",
15ﬁ( P30
1 1
un=21=0 = O-(Duy=y.= 1—5(—%—;+p)u1\/ A1

‘/ 20° —3p)e *".

16. The symmetric top rigid rotator. In problem 35, the Schrédinger equation for

the symmetric top rigid rotator, with A = B # C, led to the 8 equation via the
assumed form of the solution

oMo
3 01 -
Yrmk (P x) «/2—7r «/2_."'[

This 6 equation is one-dimensionalized via

usmg (@) = Vsin60 ;¢ (0)

to give
d* M?+ K> —2MK cos6
—— + i 0) = Au; [¢] N
( 27 s wimk (0) mk(0)
where
2 ﬁ2
E=—@G-1-K»+ =K

2A 4 2C
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Show that this equation can be factorized in two ways, via

d i K
OL(M) = (:FEE + (M — §)C0t9 — ;;;‘5)

or
d : M

where A = (J + %)2, with J = Mpa = K- Assume M and K can only be
integers, so J is an integer.

Convert the above to normalized M step- and X step-operators, which preserve
the normalization

f d6sin 0O k() = 1.
0

Find the normalized O, (9) with M = J, but arbitrary allowed X, and
© ;5 7(0) with K = J but arbitrary allowed M.

Find the normalized J step-operators that step J — (J 4 1), butkeep M and K
fixed. These operators will require new normalization factor ratios, ¢y .1 yx /CimK»
as for the corresponding spherical harmonic problem. Prove these ratios are
independent of K and, hence, can be taken over from the known case with X = 0.

Find all nonzero matrix elements of cos 8 and sin 8¢, sin §e*x:

(Vrmk,cosBY k),
(Yo sinBe Py px),

- i
(Yo, sin@e™ X i)



