8

Spherical Harmonics, Orbital Angular
Momentum

We are now in a position to calculate the full angular functions for the general
central force problem, using the laddering techniques for the 6 equation to construct
the full set of angular functions ©(8) via the normalized step-down operators.
Because the eigenvalue A = Ao + % is a function of m,., = [, we will replace
the index A by the integer [. [Recall that A = LM + 1) = (I + 5)*.] The full
angular functions are the spherical harmonics
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To get the standard (universally accepted) phases for the spherical harmonics, we

need to multiply the normalization coefficient in the starting function u;;, with
Mmax = [, by the phase factor (—1)
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In addition, we need to multiply the normalized step-operators O_(m) and O, (m +
1) of egs. (37) and (39) of Chapter 7 by a phase factor (—1). Thus,
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Setting u;,,(#) = +/sin 68, (8) in this equation, this becomes
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Finally, putting
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¢
we obtain
Yin-1(6, ¢) = e’ [_i +i cotﬁi.]Ylm(B, ®). (6
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Similarly, using the normalized, standard-phase step-up operator —O, (m + 1),
Yigns1y(0, @) = i [+i + i cotﬁﬁ—-] Y@, ¢). (D)
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A Angular Momentum Operators

It will now be useful to express the operators converting the Y, into Y,1 1y in
terms of dimensionless angular momentum operators, such as
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Transforming to spherical coordinates

x = rsinf cos ¢, y=rsinfsing, z =rcosé, e
and using
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we get
Le gy 10 (1
S
(L,+iL,) & 3 . 9
AT S Ly = e e — th— 12
P +=e ae+1c068¢ , (12)
and
(- ., 1 1 a8 . 2 82
=L+ (L. L_+L_ L. )= | — — G — o e — ). (13
e ot (L ) smo a6 05t aaagr ) Y



94 8. Spherical Harmonics, Orbital Angular Momentum

Hence, the spherical harmonics are simultaneous eigenfunctions of the operators,
(L-L),and L_, with

N é: Ylm(ea ¢) :ﬁmYlm(ga ¢)’
(L - L)Y (6, ) =h* Ao Y1 (0, ¢) =Ll + 1)Y,,,(0, $). (19

In addition, egs. (6) and (7) can be put into the form

L Y = U+m){—m+ DY), (15)
LY =~/U—m)I +m+ DYy, (16)

The ¥;,,(6, ¢) form an orthonormal complete set over the surface of the unit sphere.
Thus, the matrix elements of the operators L., are

Yoms L _Yim) = 80i8mim—1yy/ U+ m)I —m + 1), (17
Yoms LiYim) = 80i8mmin/( — m)(I +m + 1), (18)

and
(Yim', LoYim) = 8pi8pymm. (19)

These matrix elements can also be used to obtain the matrix elements of L, and
L.,.

kA
<Yl’m’a Lx YIm) - E(Yl’m'a (L+ + L*)Ylm)

h
= b5 Smimi i/ L —m)I +m + 1)

+ 8-V +m) —m + 1)). (20)
Similarly,
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The infinite-dimensional matrices for L, L, and L, thus factor into (2/ + 1) by
(21 + 1) submatrices. As a simple, specific example, the submatrices for/ = 1 are
(in units of z),
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0 :f 0
I B =t
L=1% % %]
i
0o % 0

+1 0 0
Z:(O 0 0),
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where rows and columns are labeled in the conventional order, m = +1, 0, —1.
Because the spherical harmonics form a complete orthonormal set, we can
translate the operators L into the following functional forms. For example,

o0 m=-{

Li =) Y Yisy@ 9,0, 9T - mU+m+1). @)

1=0m=-—{

In our method of constructing the (2/ + 1) spherical harmonics for a particular
!, we have started with the eigenfunction with m = mp,, — I, and we have then
used the normalized step-down operators, O0_(m), to calculate the remaining 2/
eigenfunctions. Alternatively, we could have started with m = mp,, and laddered
with O, (m + 1). A third possibility would be to start with the spherical harmon-
ics with m = 0 and use successive application of L4 to calculate the spherical
harmonics with £m.
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Now, because
(L)' = —(L), (25)
WE 8C¢
Yiem(8, 6) = (= "V}, (6, ). (26)

remark, the three operators L,, Ly, L, are all hermitian, and hence,

Li=1L; L =1L, %))



