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Spherical Tensor Operators

From the previous discussion, it is clear it would be advantageous to give vectors,
such as 7, not in Cartesian component, but in spherical component form. Recalling
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it will be useful to write the vector 7 in terms of the spherical components
(ryq, Fo, r—1), with

rp=—Gtiy),  ro=z, ro =45 —iy). M

Note, in particular, the differences betweenr,; andr, = (x+iy),andr_;andr_ =
(x — iy). Before generalizing this vector result to higher rank tensor components
in spherical form, let us look at second rank tensors, T;;, in Cartesian component
form. Write the general second rank tensor in terms of a symmetric, traceless part,
Sij, an antisymmetric part, A;;, and the trace ), Tyq.

T = (%(Tij +Tji) — %&jZTaQ) +3(T; = T + %aijZTaa
o o

=8 + Aij + 38 ) _Tues 2
o
where S;; = §;; and ), See = 0, and A;; = —A ;. Under this decomposition of
the nine components of the tensor, the 9 x 9 rotation matrix O;; g that gives the
rotated tensor components T}, in terms of the original 7,5 via

T/ = OijupTup 3)
a.f
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will split into three submatrices. The five independent components of the traceless,
symmetric tensor, S;;, transform only among themselves. The three components
of the antisymmmetric tensor, A;;, will transform only among themselves, and
the trace of the tensor is a rotationally invariant quantity. The five independent
components of §;; transform like the five components of a spherical harmonic,
Y3, The three components of A;; transform like the three components of a vector.
We can see this at once if we build the tensor 7; from two vectors (x, y, z) and
(X,Y,Z), with Ay = (xY — yX), A3y = (2X — xZ),and A3 = (yZ ~ z¥),
where these are the z, y, and x components of the vector product 7 x R. The trace
of the tensor transforms like the spherical harmonic Yoo, We have thus succeeded
in finding second rank tensor components that transform like spherical harmonics,
with{ = 2, 1, and 0. As we go to higher rank tensors, this type of decomposition
will become more difficult. For example, the 27 components of a third rank tensor
will have 10 totally symmetric components. These components could be split
further into seven components that transform like spherical harmonics, with = 3,
and three components that transform like the three components of a spherical
harmonic, with { = 1. A single, totally antisymmetric tensor component exists,
which is rotationally invariant; i.e., it transforms like a Ygo. The 16 remaining
components of mixed symmetry could be split into two sets of five components
that ransform like spherical harmonics with/ = 2 and two sets of three components
that transform like spherical harmonics, with{ = 1.

A Definition: Spherical Tensors

The set of (2k + 1) components of a spherical tensor Tq" with g = +k,(k —

1),..., —k and k = integer or %—integer are a set of (2k + 1) operators that under
rotations transform like the components of an angular momentum eigenfunction,
Vkq- Recalling O, = ROR™,

k
(T, = R, B, V)Tf R (o0, B, y) = D TEDS (e, B, y). )

v=—k

B Alternative Definition

The components of a spherical tensor can also be defined through their commutator
relations with the components of the total angular momentum vector of the system
on which the tensor components act. In particular,

(o, T} = qT},
Ve, T =V Fq)e£q + DT} L, (5)

where this definition essentially just involves infinitesimal rotation operators in
place of the finite rotation operators of eq. (4). Let R correspond to an infinitesimal
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rotation about the z, x, y axes. For example, with
R =¢ "%, and with o <1, (6)
we get
RI}R™ = (1 —ial +-- )T} (1 +ial. + ) =T —iald, /1 +---
= Zpﬁ;fqu = 8,,(1 —iag +--)TF, @)
v

where we have used
Dy; = (kvie " |kq) = 8,4(1 — iag +--2), ®

thus leading to the firstrelation, [ /;, T;] =g Tq" . Similarly, combining infinitesimal

rotations about the x and y axes, we are lead to the remaining two relations of eq. (5).
We can use these relations to show the r; of eq.(1) are spherical tensor components
of rank k = 1. We can build higher rank spherical tensors from spherical vectors
like these by a build-up process.

C Build-up Process

If V51 and U}2 are spherical tensors, T, defined by

Tq" = Z v U;‘j(kxmkzqzle), ©)

q1.(42)

are spherical tensors of rank k. This relation follows from

RT!R™' =Y RVSR'RUZR ' tkigikagalkg)

q1.92
= vy Uy D otk
q1-9297.45
=22V, Uy (Z(qulkzqﬂkq}(k1QIkzqz|jQ)>(qu;kﬂﬂjq/)l);:;
a9, q192
= ZZV"‘ U"Z( ]k) (kigikaq31iq') D,
I a9
= _V, Ui tkigikagiikq’) Dy, = ZT"D’;:,. (10)
%

We shall often also use the shorthand notation
Ty = Z VEUR (kigikagalkq) = [VF x USRS (11)
q1.(q2)

Let us now use this build-up process to construct tensors from two vectors cach
of spherical rank, / = 1. Let us choose the coordinate vector of eq. (1), with
rq = (Y41, 7o, 7—1), and as our second vector, the momentum vector with spherical
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components p, = (p4+1. po. p-1), and let us construct the spherical tensors

Tf =) roPallqlglkg), (12)
4142

withk =0, 1, 2. With k£ = 0, using

1
{Ig11 — 1100} = -—ﬁ(“l)l—q‘, (13)

we get
1 UL
To0 = “ﬁ;(-—l)qrﬂ'l’*q = ‘ﬁ(’” - P)
1
= ——= (30 + 0)pe — i) + 50— V)P +ipy) +2p:). (14)

V3

Note,
F-p =) (~1rlp,. (15)
q

We can now generalize this scalar product to the more general scalar product of
two tensors of rank %,

(T*- 1% = Z(—l)'"T,,’;Tfm. (16)

n

We shall continue by constructing next the coupled spherical tensor operator,
constructed from the vectors 7 and p to make the spherical tensor of rank [ = 1,

o 1 141
Tq =[r'"xp ]q. a7
T}, = (1110[11)r41 po + (1011{11)ro pyy
= %rﬂpﬂ + (-ﬁ)”opﬂ
= 30+ inp+ Sape +ip) = B (- B +iLy)). (8)
In general,
r' x pll = %Lm, with m = +1,0, —1. (19)
Also, in general,

V! x U'L,, = 3(VoUy — ViU,
W' x Ul = —z—k(wu —V_Uy),

V! x U'LL; = 5(VoU- ~ V_Uy), (20)
where V, = (V, +iV,), V_ = (V. — iV,). Note again the difference from
the spherical components V| = ——ﬁ Veand V| = +% V_. Finally, we build a

spherical tensor of rank/ = 2 from two vectors. The resuits for the five components
are

V' x U'R, = iV, Uy,
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(V! x U'T}, = =3(VoUy + V4 Uo),
1
V! x U'R = ———[%(V+U_ +V.UY —2V0U0],

V6
V! x U'E, = §(VoU- + V_Uo),

V' x U, =3V_U_.

@



