
30 
The Clebsch-Gordan Series 

For a system built from state vectors, Ii!ml} and Ihm2} express the angular 
momentum-coupled state vector Iid2im} for the rotated system in terms of the 
uncoupled state vectors, also in the rotated system 

l(jlhjm)rot.} = L 1(jlml)rotJI(hmz)rot.}(i!m lhm2Ijm} 
ml.(ml) 

= "'I)jlhjJL}D£*", 
J1. 

= L L liU.Lt}lhJL2}D£\*"'I D£2;:'l(jlmthm2Iim). (1) 
ml.(m2)J1.I.(/L2) 

Now, expanding 

IiIJLdlhJLz} = Llilhi'JL}(jIJLthJL21i'JL), 
j' 

(2) 

left-multiplying by {jlhj JLI, and using the orthonormality of the coupled vectors 
(jlhj JLI and iii hi' JL), we get (after complex conjugation of this equation, using 
the reality of the Clebsch-Gordan coefficients) 

D£m = L L D£\mID£22m2{j\mthm2!jm}(j\JLlhJL2UJL}. (3) 
ml.(m2)/LI.(J1.2) 

This relation is the so-called Clebsch-Gordan series. This relation could be used 
in a build-up process to calculate the D functions for i = ~ from the known D 
functions for j = 1 and j = !, and so on for D functions of higher j values. 
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Finally, from the inverse of the process used here, we get the second relation 

D~\ml D!,2,m2 = L))~m (jl fn lhfn2Ijm}(jllLlhlLzljlL)· (4) 
j 

A Addition Theorem for Spherical Harmonics 

Let us replace the angular momentum eigenfunctions 1{!jm(r, e, cfJ, a) by the 
spherical harmonics, Y1m (11 ¢) and use the general rotation relation 

Y'nzel1', ¢I) = 2>1,(11, cfJ)D;lm(a, {3, y)*. (5) 
J-l 

Suppose we have two particles, with position vectors ri = CrI, 111, ¢I) and 1'2 = 
(r2, (h, ¢2), (see Fig. 30.1), we first note 

LY/~,(Oj, ¢I )Yim(112¢2) = I, (6) 
In 

where I is a rotationally invariant quantity, depending only on the relative position 
of the two particles. 

Ly,;"CI1;, ¢;)Y'm(I1~, ¢;) = 
m 

LLYI~ (111, ¢1)D~m(a, {3, Y)Y{v(112, ¢2)D;,m(a, {3, y)*. (7) 
m J-lV 

Now, using the unitarity of the D functions, 

LD~mD:)~, = 8/"", (8) 
m 

we have 

To evaluate the invariant, choose the Xl, yl, z' coordinate system, such that 11; = 0; 
Le., choose the 21 axis along 1'1 . Then, 

(10) 

so 

I C21 + 1) . I (21 + I) 
I = \.··~-4 - YIO((J? = e12 , 0) = 4 p/(cos el2 ), 
,rr" rr 

(11) 

and 

(12) 

That is, this invariant is expressed in terms of the Legendre polynomial, expressed 
in terms of the angle 012 between the two vectors 1'1 and 1'2. 
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By renaming e2, 4h = e, l/J, and (;II , l/Jl = {3, ct, and (;112 = (;I', i. e., by thinking of 
a single particle located at ;2 == (r, (;I, l/J) relative to the x, y, z coordinate system, 
while ;2 == (r, e', l/J') relative to the x', y', z' coordinate system, we can rewrite eq. 
(11) as 

(13) 

Comparing this equation with 

flOW, l/J') = LYtm(e, l/J)D;':o(ct, {3, 0), (14) 
m 

we get 

t ~ DmO(ct, {3, 0) = Y (2l+1) flm({3, ct). (15) 

Also, using the unitarity of the D~m' and writing the inverse to the Euler rotation 
transformation (ct, {3, y) as (-y, -{3, -ct), 

I 1* ~* DOm(O, {3, y) = DmO(-y, -{3, 0) = Y (2l+1)Y1m (-{3, -y) 

m~ 
= (-1) Y "(2t+T/1m({3, y), (16) 

so 

~ Dbm(O, {3, y) = (_I)m y (2l+1)f1m ({3, y). (17) 

B Integrals of D Functions 

We shall evaluate the following very useful integral: 

1= 121r 1" 121r dad{3 sin {3dyDh* Dj, Di> /L3m3 /L,m, /L2m2 o 0 0 

= f f f dQQfJyD(;3*",3D~'.ml D£~m2· (18) 

To evaluate this integral, let us use eq. (4) 

D£'.m, D£22m2 = LUlmd2m2Ijm}{jlJ.Ld2J.L2IjJ.L}D£m (19) 
j 

and the relation 

Dh* = (ei/L3Qdh ({3)eim3Y )* = e-i/L3Q d h ({3)e- im3Y (20) 
JL3m3 1i3m3 f.L3 m3' 
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where we have used the reality of the d function. In addition the d functions have 
the property 

(21) 

For the values of J = ! and j = 1, this equation follows by inspection, (see 
Chapter 29). For values of j 2: ~, this equation foHows from the build-up relation, 
eq. (3), and the fact that sign change under the transformation m; -+ -m; in the m;­

dependent Clebsch-Gordan coefficient is balanced by the same sign change under 
the transformation fLi -+ - fLi in the fLi -dependent Clebsch-Gordan coefficient. 
Our integral can then be transformed into 

1= f f f dQapyD~3~'JD~\mID~22m2 = L(Jlmt12m2IJm}(JlfLlhfL2UfL) 
J 

X ( __ l)IL3-m J f f f dQapy D~Mvm3 D£m· (22) 

Using the Clebsch-Gordan series Once more on the product of two D functions in 
our integral, we obtain 

1= L2':)Jlmlhm2Ijm)(JlfLlhfL2IJfL)(-1)1L3- m3(jfLJ3 - fL31i'fL - fL3) 
j j' 

x (Jmh - m31i'm - m3) f f / dQapy D{-MJ,m-m3' (23) 

Now, we can use explicitly 

/ / f dQa,~y Dx,{M = 102
11: dae iMa 10 lIT dye iMy 10" d{3 sin {3dlvtM 

= 2rr8M02rr8MO 1" d{3 sin {3d(;o({3). (24) 

We also use 

L 4rr [;Jf-_. 
doo({3) = (2L + 1) YLO({3, ---) 

to get 

and 
1 

Yoo =--
.j4JT 

(25) 

where we have made use of the orthonormality of the spherical harmonics. Thus, 
in eq. (23), we must have j' = 0, fL - fL3 = 0, and m - m3 = O. This result 
simplifies two of the Clebsch-Gordan coefficients. From the symmetry property 
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(123) -Joo (3 - 21) of the Clebsch-Gordan coefficients, we get 

(27) 

Similarly, 

(28) 

With all of thesc relations, we get our final very simple result 

!!!dQ IF" Dil DJ) = 8n2 (j1l.L dlIL2IhIL3) (jlmlhm2U3m3) . 
af3y 1'3m, /llml Ii·,m, (2h + 1) 

(29) 
A special case follows from the above by setting h = IL2 = m2 = O. This leads 
to the orthonormality integral for the D functions 

!!! ,8n2 

dQaf3yD[;nD~'m' = (2j + l/jj'O/l/l'Omm" (30) 

Another important special case follows by setting ILl = 0, IL2 = 0, IL3 = 0, and 
now setting j; = Ii, where Ii denotes the angular momentum quantum number is 
an integer. Using our result, 

we get as a special case of the above 

(" r 10 dOt 10 df3 sin f3 YI: m3 Yl lml Yl,flI, 

Ic2ll + 1)(212 + 1) 
= V ~ (2[3+ 1)4n -(llm,12m2i I 3m3)(I,OhOI130). (31) 

We could also write this formula as 

! f j e2l + 1)(210 + 1) f ! , 

(nl m IY/ Inlm) = ,J-_··················--(lm1omoll m ) (LOloOII 0). 
omo V (21' + 1)4n 

(32) 

In earlier chapters, we worked hard to calculate these matrix elements for the 
special case with lo = I. Now, everything follows from a knowledge of Clebsch­
Gordan coefficients. Egs. (31) and (32) tell us in particular these matrix elements 
are zero, unless I, la, l' satisfy the triangle condition of angular momentum addition, 
i.e., unless l' = Ii -101, il -101 + 1, ... , (1 + 10). Also, these matrix elements are 
zero unless I + to ~ [' = even integer. This parity selection rule follows because 

(33) 

a special case of the symmetry property 

(jl -~ mlh - m2Ih-- m3) = (--1)JI+h-hUlmlhm2Ihm3). (34) 
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Because the parity of the spherical hannonics, Ylm , is given by (-1 i, operators 
of odd parity can connect levels of even parity only to levels of odd parity and 
vice versa, whereas operators of even parity must preserve the parity of the states. 
In terms of the polar and azimuth angles, e, ¢, the space inversion operation can 
be achieved by the transformation e, ¢ -+ (n - 8), (¢ + n). The parity of the 
spherical hannonics follows from 

Y1m(n - a, ¢ + n) = (-liy/mca, ¢). (35) 

The result of eq. (31) or (32) can be generalized to a much wider class of 
operators, which transform under rotations in our three-space like the spherical 
hannonics. These operators are named spherical tensor operators and will be the 
subject of the next chapter. Their matrix elements between the appropriate angular 
momentum eigenstates can be shown to have a form similar to that of eq. (31). 

Problems 

39. Calculate the Clebsch-Gordan coefficients, (j1m11mzl.im), for the three val­
ues, m2 = +1,0, -1, and j = 01 + 1), j], (jj - 1), as functions of jj and m. 

Calculate first the coefficients Ujmlj - mil - m2} with m2 = 0, +1 from the 
known coefficients with m2 = -1. [See eq. (20) of Chapter 27 for the latter.] 
Then use symmetry properties of the Clebsch----Gordan coefficients to relate these 
coefficients to Ujm 1lm2Ijm). 

3 , 
- - j 

40. Calculate Dtm(a, /3, y) from a knowledge of dJ,ml (/3) and df-l-2m2 (f3) and the 
Clebsch-Gordan series. 

A beam of particles with spin s = ~ is polarized by a filter so the particles are in 
a state with ms = +~, with respect to the beam axis. If there are N (particles/cm2 
sec.) in the beam, how many particles will pass through a second filter set for 
ms = + 4, but with its axis rotated about a direction perpendicular to the beam 
through an angle of 300? 

41. The 2-D isotropic hannonic oscillator and the D functions. 
The eigenvectors In,n2} of the 2--D isotropic hannonic oscillator Hamiltonian 

can be expressed in terms of oscillator creation operators 

t!l(.) t!l(") ax = V '2 x - Ipx ; a y = y 2: Y ----- lpy , 

by 
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where ai are 2 x 2 Pauli spin matrices, satisfy standard angular momentum 
commutation relations, such that, if we define 

with 

Show that the Inln2} are eigenvectors of the operators J...2 and Ao, lAMA}, with 

A = !(nl + n2), MA = !(nl - n2). 

We therefore have 

and 

e-iPA2 a;IO} = ~)!MA}dt._! (.8) = (-a; Sin(~) + a; cos(~ »)IO}. 

If we now rename 

A~i, 

we have 

or 

MA 

so nl = i + m; n2 = i - m, 

e-ipA'lim } = L)im'}d~,.m (.8) 
m' 

(a; cos(~) + a; Sin(~)r+m (-a! sin(~) + a; COS(~»)j-m 10} . 

.j(j + m)! .j(j - m)! 

Use this expression to derive a general expression for the d function: 

(j + m')!(j - m')! (~l)j-m-a(j + m)!(j - m)! 

(j + m)!(j ~ m)! ~(m + m' + a)!(j ~ m' - a)!a!(j ~ m ~ a)! 

( . .8 )Zj-za-m-m' ( .8 )2a+m+m' 
x sm( 2" ) cos( 2" ) . 
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42. Show that the Hamiltonian for an electron in a uniform external magnetic 
field, Bo• in the z direction, with Ax = -1 Yphys. Bo, Ay = 1 Xphys. Bo• can be written 
in terms of dimensionless x and Y, defined by 

as 

where 

Xphys. = x J ;~;~, Yphys. = yJ Ii , 
mWL 

fI( .) ax = y 2" x + Ip" , 

!Ie .. 
a y = V 2" Y + IPy), 

with 
lelBo 

WL = -2--' me 

are I-D harmonic oscillator annihilation and creation operators. Use the commu­
tator algebra of the operators, A+ = a;ay• A_ = a;ax , and Ao = 1(a;ax - a;ay) 
(see problem 41) and standard angular momentum theory results to find the energy 
eigenvalues for H(x, y). In particular, find the degeneracy, gn. for the nth level, 
with energy En. 

For this pm]'ose, use a basis in which the operators j\2 and A2, rather than the 
conventional A 2 and A 3 , are diagonal. Also, the full energy includes a contribution 
from the free particie motion in the z direction, 

1i2k2 

Etatal = En + --, with k = 0 ~ 00, 
2m 

whereli 2k2 gives the eigenvalue of p~. Also, try to give an explanation for the value 
of the degeneracy, gn, in terms of the possible classical orbits of the electron. 


