38
The Two-Electron Atom

The indistinguishability of identical particles in quantum mechanics plays a very
important role. In macroscopic, classical physics we can tag our particles (by
painting infinitesimally small labels on them!) so we can distinguish those labelled,
1, 2, etc., even though they have exactly the same mass, internal constitution, etc,
The impossibility of such a tagging procedure plays a very fundamental role in
quantum mechanics.

Consider one of the simplest systems with identical particles, the two-electron
He atom, with Hamiltonian
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where only the last term is dependent on the spins of the two electrons and de-
pends on these through their Pauli & vectors. This fine structure term will include
one-body spin-orbit and Thomas terms, two-body spin-magnetic moment-spin-
magnetic moment interactions, and so on, and can be treated as truly small
perturbations on the zeroth-order terms including the Coulomb repulsion term,
e?/r1». Even with all fine structure terms, however, the Hamiltonian has a strictly
valid symmetry. It is invariant under the interchange of the particle indices, 1 and
2.

H(7\, P, G1; P2, P2, 02)) = H(F2, P, G2 71, Pi, 01)
S s o o o -1
:PIZH(rhpl:dl,r23p2962)P12a (2)

where the operator Py, = 1“1‘21 exchanges the indices 1 and 2 on all electron vari-
ables. Py, commutes with the Hamiltonian, H. The eigenfunctions of the operator
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Py are the symmetric and antisymmetric functions

1 P W o
YO = =Y (r, 01172, 52) + Y (ry, 02371, 6],

V2
a 1 .o .
Y = :/—“2[1[’("1,01;1”2,02)‘l//(rz,oz;fl,ol)], 3
with eigenvalues +1 and —1, respectively, for the operator Pj,. Thus. it seems

that every cnergy level of the two-electron H must be two-fold degenerate to
all orders in perturbation theory, because the energy eigenfunctions can be either
symmetric or antisymmetric. Even more, any linear combination of the symmetric
and antisymmetric functions will have the same energy. Thus,

U= e, with les)? + leal? = 1, 4

is an equally acceptable energy cigenfunction of our H. This function, however,
leads to a tremendous dilemma. For this last W, with arbitrary ¢; and c,, the
probability one electron is at position ry, with spin alignment oy, and the other
electron is at position ry, with spin alignment o/, is given by
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We must add the probability the electron we have labeled 1 is at 7y with spin
alignment given by &y, and electron 2 is at the primed position with primed spin
alignment, to the probability the electron we have labeled 2 is at position o with
spin alignment given by gy, because we cannot distinguish electrons 1 and 2. Also,
this probability, a physically measurable quantity, seems to be dependent on ¢;
and ¢,. Because ¢, can vary between 0 and 1, it seems this physically measurable
quantity has an essentially arbitrary predicted value. Consider, in particular, the
special case in which both electrons are situated at the same position, 7y, and both
have the same spin alignment given by &y. In this case ¥@ = 0, so in this case
this probability would be 2|c,|?|¢*?|2. Because ¢, can vary between 0 and 1, this
probability could secmingly be anything between 0 and a maximum of 2|y“|%,
The way out of this seeming dilemma is furnished by nature herself! An additional
property of nature exists, first discovered empirically. The states of a system of #
identical particles are either all totally symmetric or all totally antisymmetric.

The totally symmetric states are symmetric under any pair exchange and hence
under any number of pair exchanges or any permutation of the n particle indices.
This symmetry holds for systems of identical particles with integer spins; that is,
s =0, 1, 2, - - -. Such particles are known as Bose-Einstein particles or as bosons.

The totally antisymmetric states change sign under any pair exchange and, hence,
any odd permutation of the particle indices involving an odd number of pair ex-
changes, while they do not change sign under even permutations of the particle
indices, involving an cven number of pair exchanges. This case applies to sys-
tems of identical particles with %—integral spin, s = % %, % -+ -. Such particles are
known as Fermi-Dirac particles or as fermions.
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Because electrons have s = ;, they are fermions and belong to the antisym-
metric case. The antisymmetry, however, applies to the total wave function. A
two-electron system could have a two-particle orbital wave function symmetric
under the pair exchange operator applied to orbital states, provided it is multiplied
by an antisymmetric two-particle spin function, or vice versa. Because our Hamil-
tonian is spin-independent in first approximation (where we can neglect spin-orbit
and spin magnetic-moment-spin magnetic moment interactions), we would expect
a product of purely orbital and purely spin functions to be a good approximation.
Let us look at the two-particle spin function first. Let us, in particular, couple
the two single-particle spins 5 to resultant two-particle spin, S. Later, we shall
specialize to the electron case with s = % For the moment, let s be arbitrary.

YGELRN = D Ym, ()W, G2 (s, sme, [SM). (6)
Mg g,
Now, act on this ¥ with the operator P},, where the superscript s indicates we
permute indices only on spin functions

PLUGHL N, = Y Wy, (52)¥m,, Gi)smy, sm,, |SM). %

Mg, s,

Now, in the sum over the indices, m,, , mg,, let us rename the dummy indices,
m;, <> my,, and let us then rewrite the product of the two single-particle spin
functions in reverse order, to obtain

POUGLEDN, = D Vm, GV, Go)lsmy,smy | SMs). (®)

Mgy Tisy,

Next, we make use of the symmetry property of the Clebsch-Gordan coefficient

{smgsm, | SMs) = (— ¥ ™S (sm, sm,, |SMs) 9)
to obtain
PLY G Sy, = (=D UG )iy, (10)

Thus, with s = %—integer, so 2s = odd integer, two-particle spin functions, with
§ = 0,2,---, even integer, are anlisymmetric, whereas two-particle spin func-
tions, with § = 1,3,-.-, odd integer, are symmetric. For the special case of
electrons, with s = %, the two-particle state with § = 0 is antisymmetric, whereas
the two-particle states with § = 1 are symmetric. The antisymmetric two-particle
spin states, with § = 0, must now be matched with a symmetric two-particle

be matched with antisymmetric two-particle orbital states. For two-electron states
with n,l, # nylp, we can always construct both a symmetric and an antisymmetric
two-particle orbital state of good two-particle orbital angular momentum, L, M,
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where the upper sign refers to the orbitally symmetric and the lower sign to the

np = n and [, = I, = [, we can rename the indices m, <> m, in the second term
of this equation because they are dummy summation indices. With n, = n, = n,
and /, = I, = I, therefore, the symmetric and antisymmetric two-particle orbital
states of good orbital angular momentum L, M; become

Wnl;nl(;:l ’ ?2)/1{/1,4 - Z hﬂjfnlm[i (;l)wnlmb(;'})[l :t (‘ 1)2!-[‘] (lmalmblLML) (]2)
Mo hip

Because 2] = even integer, in this case, symmetric two-particle states survive only

for states with even L [upper sign in eq. (12)], whereas antisymmetric two-particle

states survive only for states with odd L [lower sign in eq. (12)]. Thus, in two-

S = 0 and L = even integer, or § = 1 and L = odd integer. For a two-electron
configuration of type (np)? in a two-valence electron atom, the only possible energy
states are

! | 3
So. Dy, and Py,

in standard spectroscopic notation, where S is identified through a left superscript
(28 + 1), L is identified by the spectroscopic letter, a capital letter because the
state is not a one-electron state, and the possible J values are given by a right
subscript. In the He atom, the ground state with n,l, = npl, = 10, i.e., with
ground-state configuration (15)%, must be a pure singlet state with L = 0, § = 0,
i.e., a 'S, state. Excited states with configurations such as (1s, 2s) or (15, 2p) have
both a singlet and a triplet component, with L = 0 and L = 1, respectively, as
shown in Fig. 38.1. Because only the small fine structure terms in our Hamiltonian
have a spin dependence, the singlet and triplet states are almost unconnected. In
addition, electromagnetic transitions between singlet and triplet states are forbid-
den in zeroth (electric dipole approximation), because the transition operator is
spin-independent. Thus, the singlet, S = O state atoms, the so-called para-helium
atoms, and the triplet, S = 1 state atoms, the so-called ortho-helium atoms, essen-
tially form a mixture of two gases; transitions from singlet to triplet states being
extremely rare. Finally, configurations such as (2s)? or (2p)? are not included in
Fig. 38.1 because they can be expected to lie above the first ionization threshhold.

A Perturbation Theory for a Two-Electron Atom
To get a very rough idea of the energy spectrum for He (or once ionized Li,

twice ionized Be, etc), let us neglect all spin-dependent fine structure terms in the
Hamiltonian of eq. (1) and, even further, try to consider the Coulomb repulsion
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FIGURE 38.1. He atom spectrum.

term, e®/r1,, as a first order perturbation. In eq. (1), the variables ry, r, are the
physical coordinates. Let us again introduce dimensionless ry and r,. Because we
will now find it useful to separate the Z dependence of the various terms, let us
make the substitutions

7 LR H pe? 13
Fphys.;i = Eﬁrh phys. = “hTHv {(13)
where all quantities without the subscript, phys., such as 7| and 7, are now
dimensionless quantities, i.e., physical quantities given in atomic units. Then,

1 o 1 1
H=HOHD = zz(—-vf VR —) +Z—. (14
2 ry 2 oS ri

With energies given in units of ue*/h?, we get the dimensionless zeroth-order
energy

1 1
E® = -22(o= + 5 ), (15)
2n2 an;)

and the first-order corrections (albeit very rough corrections!) to this energy would
be given by the diagonal matrix elements of H'V. If, for the moment, we use the
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the two-electron system are

1
—=(lab) + |ba))|S = 0, Mg = 0),
7 ) :
1
V2
where the notation assumes the orbital quantum number, a or b, which appears
first in the ket, refers to the particle with label 1 and that which appears second
refers to particle with label 2. Because our H) = Z/ry, is spin-independent, no
off-diagonal terms connect S = O states to § = 1 states. The spin states simply
furnish a spin-space orthonormality integral. No spin dependence of the matrix
elements exists. Thercfore,

(lab)y — 1ba))|S = 1, M), (16)

EO = %([(amH(”lab) + (balH(“[ba)] + [(ablH(”Iba) + (baIH(”lab)D.

(7
Now, use
(ba|HV|ba) = (ba|P},' PuH'" P Ppslba)
= {ab|P, H P, lab) = (ab|HY|ab), (18)
with a similar relation for (ba|HV|ab), so
EY = (ab|HV|ab) + (ab|H"V|ba) = D,y + X,p, (19)

where D, stands for the direct integral in which the order of the quantum numbers
ab is the same in both bra and ket, whereas X, stands for the exchange integral in
which the order of the quantum numbers ab is exchanged in the ket relative to the
order in the bra. The upper sign (+) refers to the singlet or S = 0 states, whereas
the lower sign (-) refers to the triplet S = 1 states. Because our H) = +Z/r,
is a positive (repulsive) interaction term, we can expect both D,;, and X, to be
positive numbers. Thus, we would expect the triplet states to lie somewhat below
the singlet states, as shown in Fig. 38.1. This is a special case of Hund’s rule. In a
many-electron atom, we would expect the state with the largest possible number
of electron pairs coupled to spin 5 = 1 to lie lowest in energy. Thus, the lowest
state should be the state with highest possible total spin §.

Finally, our final energies are spin-dependent, even though our Hamiltonian was
spin-independent, the spin dependence coming from the symmetry of the two-
electron orbital functions. The antisymmetric two-particle orbital functions have
a smaller probability of bringing the two electrons close together. Hence, in these
states, the Coulomb repulsion term between the two electrons is less effective. The
resultant apparent spin-dependence of the Hamiltonian could be taken into account
by introducing an effective spin-dependent Hamiltonian,

(1 +ad-a2)

5 ; (20)

1
H(Sb) - Dab — Xan

where we have used

Ph=35(1+6-0)=3(1+45-5)=11+2[SS+ 1D -3 -3D, @D
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which has eigenvalue +1 for an S == 1, or spin-symmetric state and eigenvalue
—1 for an § = O or spin-antisymmetric state.

To actually carry out the direct and exchange integrals, we will expand 1/r1; in
spherical harmonics

1 1
I — r2| /r1 +r? = 2rir; cosby

oc rk

= Z kz P (cosBy3), for rp <ry,
=071
e ¢} rk

= «k 7 Pr(cosb12), for r <nr. 22)
k=0"2

We shall further use the addition theorem for spherical harmonics
P(cos Bi) = Z (01, 61)Yiy (62, 6. (23)

The direct term, D,,, is made up of terms of the form

> 2 p2
ZZZ(Zk A drr; Rnaza(”l)

k=0 g

r k o] rk
2 1
X l:f a!rzr7 T+>Rnn’b(”)+f drary = nb,b(r2)]
r.

2

//dQ Yl (ma—-a](gla (p ) (817¢ )Yl mu(91¢1)
% ffd92yzh<rnb+q)(92, @)Yy (02, 2)Y 1,1, (G2, 902), 24

weighted by the appropriate Clebsch—Gordan coefficients for the coupling [I, x
{,]L M. The angular integrals will in general greatly restrict the number of terms
in the k£ sum. For the low-lying states of He, in particular, with one of the n,l, or
nplp, = 10, in general just a single k term will exist. For the He ground state, for

] f AQ3H(6, $)Yiy (6, )¥oo (0, B) = 080 (25)

1
NZvS
so the energy, £, which is here given by the direct integral, gives

= n P B o0 1
ED =z f drlrfRfD(rl){ / drory —Ri(r2) + / dryri— R%O(rz)] 26)
0 0 ry 3]

With Ryg(r) = 2¢77, and

1
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and

o
jf drydrye? ::__[32’(2r-+ I)] : (28)

T

we get

(- = - y=122. (29)

Thus, including this “first-order” correction term, the He atom ground-state energy
would be (in atomic units pe® fi%)

5
E:E@+Em:—#+§1 (30
with Z = 2, 3, . .- for He, once ionized Li, - - -. For He, therefore, we get
5
E~r —4+ i —2.75. 3

This result compares with the experimental value of —2.90351. Considering the
highly approximate nature of our calculation, this is not a bad result, but clearly
improvements are necessary. This need for improvement will lead us to our final
perturbation technique, the variational method. Before we discuss this perturbation
technique, we need to make a few remarks about » identical-particle systems, with
n>2.



