
36 
The WKB Approximation 

Although this perturbation technique (due to Wentzel, Kramers, and Brillouin) has 
practical value essentially only for 1-D problems (or for problems separable into 
one-dimensionalized problems), it is of considerable interest through its connection 
with classical physics and the "old" (pre-1925) quantum theory. It is not only of 
historical theoretical importance, however. It can be very useful for problems 
involving quantum-mechanical tunneling. 

For a one-dimensionalized Schrodinger equation, we have 

d 2 u 2J.t 
dx 2 + fj2(E - V(x»u(x) = 0, (1) 

or 

d 2u p2(X) 
dx 2 + /i2u(x) = 0, (2) 

where P(x) is the "local" (x-dependent) momentum of the particle. Thus if V(x) 
were constant over a small range of x values, P would be the momentum of the 
particle in this range of x values. The WKB technique uses Fi as an expansion 
parameter; that is, it uses an expansion in powers of Fi that should therefore be 
valid in the classicallimitFi --+ O. In particular, solutions are sought of the form 

'S( ) f. (SO(X)+IlSI (x)+Il 2 S2(X)+"') 
u(x) = e" x = e , (3) 

so 

(4) 
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u" = [--Ii~(Sb +nS; +1i2S~ + ... )2 + ~(S~ +IiS;' +rz2S{ + .. . )}kS(X). (5) 

Substituting this relation into the Schrodinger equation, and picking off terms of 
order ~, of order ~, and of successively smaller order in powers of Ii, we get (first) 

Ii " 
from the term of order ir: 

dSo - = ±P(x), 
dx 

Next, the term of order ~ leads to 

leading to 

(6) 

80 (x) = ±lx d~ P(~). 
const. 

(7) 

, i 8~ i d , 
S=--=--!nS 

I 2 Sf 2dx 0' o 
(8) 

or 
·s 1 

ell == ___ . 
-./P(x) 

(9) 

In the next approximation, terms of order 1 in the powers ofh development lead to 

is;' - (S;)2 - 2SbS~ = 0, (10) 

so 

1 (.(<!.r..)) 1 lX (dPf 
dx· di: d~ 82 = -- -?- - - "-3-' 

4 P~ 8, cons!. P (0 
(12) 

or 

1 ",ti.1I l1x ",2(dV)2 
82 = - dx 3 - - d~ ds 5 • 

4 [2",(E - V(x»]2 8 cons!. [2",(£ - V(~»l' 
(13) 

The second approximation function, S2(X), is usually neglected. We see, from its 
specific form, that this may be justified, provided V (x) is a mildly varying function 
of x, Le., I ~~ I is small, and provided x is not near a classical turning point for which 
we would have (E - V (x» = 0, hence, a zero in the denominator of the function 
82 (x). Assuming S2 can be neglected, we still have to consider two different types 
of solutions. 

1. For (E - Vex»~ > 0, for classically allowed regions, we have oscillatory 
solutions 

C l1x 
u(x) = f"il7::\ cos( - d~ P(~) + a), 

v P(x) Fi x, 
(14) 

where we have assumed x > X2, X2 is a left classical turning point (see Fig. 36.1), 
and C and a are integration constants. 
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2. For (E - Vex)~ <: 0, for classically forbidden regions, we have exponential 
solutions. These solutions are best put in the form 

or 

A 
u (x) = !'TDT:::\T e 

v iP(x)1 
for x > Xl, (15) 

A 'J"dtIP( ) B I "'d p·t u(x) = ---e+.' <; t; i +. e-,j, ~ ,,)1, for X < X2. (16) 
.JIP(x)1 ..jIP(x)1 

Even to this order, the WKB solutions blow up at the classical tuming points. 
As x -+ Xl, or X -+ X2, P(x) -+ 0, and the WKB solutions go to 00. The exact 
solutions, however, have no remarkable behavior or singularities there. We need 
an expression that gives a continuous u(x) valid for all regions. We need to relate 
the integration constants, C, a, from the oscillatory solutions to the A, B from 
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the exponential solutions. In square well problems, we had a similar situation, in 
which we used boundary conditions at discontinuities of the potential to find C, a 
as functions of A, B. Unfortunately, it is precisely at the classical turning points, 
where UWKB breaks down and becomes invalid (see Fig. 36.2). The problem was 
solved by Kramers through his connection formulae. In the vicinity of the classical 
turning points, Xl, X2, a good approximation to an exact solution can be found and 
this approximation can be used to make the connection between the exponential 
and the oscillatory WKB approximate solutions. For this purpose, it is sufficient to 
consider ~~ to be constant over a small range of X near X = X I , or near x = Xl, and 
use the exact solution for this straight-line potential of fixed slope to fit onto the 
oscillatory solution on one side and the exponential one on the other. The details 
involve Bessel functions with index n = ± *. The details of the derivation will be 
given in an appendix. 

A The Kramers Connection Formulae 

At a left turning point (see Fig. 36.1), x = X2, a decreasing exponential solution 
connects onto an oscillatory solution according to 

I 'JX2dtIP(")1 2 [If"' Jr] ---c=--,--e- h x , " *+ --- cos - d~ pen - - , 
.JI P(x)1 .J P(x) Ii Xl 4 

(17) 

whereas an increasing exponential solution connects onto an oscillatory one 
according to 

I +.'.J"2 d~IP(~)1 1 [1 fX Jr J 
.JiP(x)Te " '(--0> :::rpt~) cos Ii X2 d~ P(~) + 4" . (18) 

At a right turning point, x = Xl, the decreasing exponential solution connects onto 
an oscillatory solution according to 

IIJ'dCIP(t)1 2 [If x, Jr] --===. e " XI' , *+ -- cos - d~P(~) - - , 
.JIP(x)1 .J P(x) Ii x 4 

(19) 

whereas the increasing exponential solution connects onto an oscillatory one 
according to 

1 +!. r d~IP(n 1 [ 1 fXI Jr J 
.JI P(x)1 e n XI . *+ .J PC:;) cos Ii x d~ P(~) + 4" . (20) 

B Appendix: Derivation of the Connection Formulae 

In the vicinity of a classical turning point (let us choose a left turning point X = X2), 

let us assume the potential function varies smoothly so the function Vex) can be 
approximated by a straight line over the region where the WKB approximation 
is not valid. Thus, for the left turning point, x = X2, we will assume UWKB(X) is 
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a good approximation for x < X2 - ~ (in the exponential region I), and again 

for x > X2 + ~ (in the oscillatory region II). We will also assume in the region, 
X2 - ~ < x < X2 + ~, the potential V (x) can be approximated by a straight line, 
so in this region 

2 2J.L dV 
where c = fiZl dx Ix=x2' 

The strategy is then the following: Find an exact solution to the equation 

u" + c2ex - X2)U(X) = 0, 

(21) 

(22) 

valid in the region near x = X2 (where the WKB solution blows up), and continue 
this solution into region II where it matches the oscillatory WKB solution for x - X2 
sufficiently large and also continue it to the left into region I where now for X2 - x 
sufficiently large it matches the exponential WKB solution. It will be convenient 
to introduce new dependent and new independent variables for eq. (22). 

In particular, in region T, for x < Xl, introduce 

11~ f~ 2 1 Y = fi x d~IP(~)1 = c x d~J(X2 -~) = "3C(x2 n_ x),. 

Similarly, in region II, for x > X2, introduce 

Y = - d~ P(~) = C dl;J(1; - X2) = -c(x - X2)'. 
I fX fX 2 J 

h ~ ~ 3 

These relations lead to 
du 

dx 

1 du 
-C(X2 - x)2 dy' 

du ,du 
- = +c(x - Xl)'-, 
dx dy 

for region 1, 

for region II. 

This process transforms the equation u" + clex - X2)U = 0 into 

2 (d2
U 1 du ) ±C(Xl-X) -+--+u =0. 

dy2 3y dy 

(23) 

(24) 

(25) 

(26) 

(27) 

for regions I (upper signs) and II (lower signs), respectively. Now we will make 
the further change of dependent variable, 

, 
u(y) = y'v(y), (28) 

in both cases, leading to the new equations 

- d1v dv [ - (1 )2J l- + Y- + +y2 ---- -3 v(y) = 0, 
dy2 dy 

(29) 

where upper (and lower) signs again refer to regions I (and II). This equation is 
the Bessel equation with index n2 = (t)2 of the variable y for region II, and the 
variable i y for region L Thus, 

VI(Y) = A+l+lCiy) + A_l_l(iy) = A+I+l(Y) + A-Ll(Y) 
., 3 3 3 . 
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(30) 

or 

(3\) 

where the arbitrary constants, A+, A_, B I , B, must still be chosen to make u and 
its first derivative continuous at y = 0, (x = X2). We therefore need the behavior 
of the Bessel function near y '" O. From 

i v _ '" (_l)k I (~)"+2k 
nC ) - t;o k! r(n + k+ 1) 2 ' 

(32) 

we have near y = 0 

1 y ±l 
i q (y) = I ± ~ (y) = r (± ~ + 1) ( 2) 3 + ... (33) 

Therefore, near x = X2, after transforming back to functions of x, 

Now, the requirement 

leads to (35) 

whereas 

[~~: 1=x2 = [d;~I 1=x2 leads to BI = -At_ (36) 

Next, we want to continue these solutions to large values of y, far enough from 
the turning point, y = 0, so they may match the WKB solutions. For this purpose, 
we will attempt to use the asymptotic expansions of the Bessel functions, valid for 
large values of y. [Actual experience, that is, a look at the exact plots of in(y), 
shows y does not have to be very large for these asymptotic expressions to be 
surprisingly good approximations.] For inCy), as y -)0 large, 

# 1 n 
in(y) -)0 - cos(y - [n + -]-). 

ny 2 2 
(37) 

Thus, 

)'2 n n 
i l (y) -)0 - COS( v - - =f -) 

±.\ ny' 4 6' 
(38) 
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whereas 

l±l(Y) ~ _l_(e v +e-Ye-(1±~)i"'), 
, ,J2JfY 

(39) 

but for large values of y, e-Y is completely negligible compared wilh e+Y • The e-Y 

tenn comes into play only for the difference (/+l - Ll) for which the eY tenns 
3 , 

canceL For this difference, as y -> large, 

~ 
U I-I I) ~ _1_eY(e-5~7 - e -T) =,/ :ye-Y cos ~6' (4D) +, -, ,J2Jfy Y ". 

Otherwise, 

1 -l-

I±l ~ ~e v 
, -y2Jfy 

(41) 

Now, with the B± detennined from the boundary conditions at x = X2, we have 

In region I: (42) 

In region II: (43) 

Let us now for a first choice pick A+ = -A_. Then, 

l .4- f2 -v Jf 
u,(y) =----y J A-U+l (y) - l_l (y» ~ -I ,/ -e - cos -6 . (44) 

3 J yo V Jf 

Similarly, with this choice of constants, 

UIl(Y) -+ A~ fI(cos(y - ~ - ~) + cos(y - ~ + !!..») 
yi> V -; 4 6 4 6 

= ~-T- fI[coscy - ~)]2COS~. Y6V-; 4-- 6 
(45) 

Thus, with this choice of constants, viz. A+ = - A_, we get 

e Y 2 Jf 
in I I +-- u(y) ~ I cos(y - --) III U. (46) 

yi> yii 4 

Now, substituting the values for y for regions I and II, through eqs. (23) and (24), 
with (21), we can translate this equation into the connection fonnula 

jr~(X)1 e-kf:2 
dW(F,JI ~ ,J ;(X) cosU [< d~ P(O - ~ l (47) 

This relation gives us one of Ihe connection fonnulae for a left turning point. 
To get the second connection fonnula, choose A + = A _. Then, we have 

! A+ I 
u / (y) = Alf' (l + l + 1_ d ~ ;;c- ----, 2eY , 

-, 3 -y2Jf y6 
(48) 
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and 
I 

LiIl(Y) = A+y3(-J+l + J1) 
J J 

1 f2( rr rr rr rr) -+ A+ --,"y - - cos(y - - - --,-) + cos(y - - + -) 
yo rr 4 6 4 6 

AI (2 rr 
=~rv; cos(y + '4), (49) 

Thus, with this choice of constants, we are led to 

in I A~/~ei\ +- uCy) -+ 
yo rr 

A+ i2 rr 
--i / ...... cos(y +-) in II. (50) 
yo Y rr 4 

Substituting for the values of y in regions 1 and II, this relation translates into the 
second connection formula at the left turning point, X2, 

1 e+~f2d~IP(~)1 *+ -l-cos[~lX d~P(~)+ :!:.J. (51) 
,JIP(x)1 ,JP(x) fi x, 4 

Derivations for the connection formulae at a right turning point, Xl, go in 
precisely parallel fashion. 


