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Time-Dependence of State Vectors, 
Algebraic Techniques, Coherent States 

Before examining the time-dependence of state vectors it will be useful to 
recapitulate and summarize the postulates of quantum theory. 

A Recapitulation: The Postulates of Quantum Theory 

I. The state of a physical system is specified by a vector, 11/1), of the infinite­
dimensional Hilbert space. (We assume (1/111/1) = 1.) 

II. Every physically observable quantity is described by a hennitian operator, 
A. 

III. The only possible result of the actual measurement of this physically ob­
servable quantity is one of the eigenvalues of the corresponding operator, A. (a) If 
an is a nondegenerate eigenvalue of A (part of the discrete spectrum of A), with 

(1) 

the probability a measurement of the physical observable, A, of the system specified 
by the state 11/1) will yield the value an is given by 

(2) 

(b) If am is a degenerate eigenvalue of A (again part of the discrete spectrum of 
A), with 

with i = 1, 2, ... , gam' (3) 
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the corresponding probability a measurement of the observable A will yield the 
value am is 

i=glil/i 

P(am ) = L l(a~~)11/I)12. (4) 
i=1 

(c) If A has a continuous spectrum (or if part of the spectrum of A is continuous), 
with 

Ala) = ala), (5) 

the probability a measurement of the physical observable, A, will yield a value 
between a and a + da is given by 

P(a)da = dal(aI1/l)1 2 (6) 

for the system specified by the state 11/1). Note: In the basis in which A is diagonal 

A = Lla~i))an(a~)1 + f dala)a(al 
n.l 

(7) 

and 

(1/IIAI1/I) = L>nl(a~i)11/I)12 + f daal(ai1/l)i 2 

n.l 

= ~::>nP(art) + f daaP(a). 
n 

(8) 

The operators 

""Ia(l)) (a(i), 
~ m ml, or dala)(al, 

are projection operators onto am or a, respectively. 
IV. Immediately after a measurement of the physical observable, A, the state of 

the system is specified by a new state vector. If the system was originally specified 
by the state vector 11/I}, and if the measurement of A performed on the system 
specified by 11/I} yielded the specific value am, immediately after this measurement, 
the state of the system is specified by the new state vector 

Li la~))(a~~)i1/l) 
JL} l(a~;(l11/l)12 

For a nondegenerate all, on the other hand, the new state vector is simply I all ). 

The measurement of A disturbs the system! In the case of the two successive 
polarization filters of Chapter 17, after passing through the first filter, the state of 
the system was specified by 1m}. If a measurement of the polarization along the 
new direction z' then yielded the value Ao<, the particle comes (Jut of the second 
apparatus in the state la). 
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B Time Evolution of a state Io/} 

If at time to the state of the system is specified by 11/I(to»), what is the state of 
the system at a later time, t; i.e., what is 11/I(t»)? If a measurement is made on 
the system of some observable A (or B, etc.), the time-evolution of the quantum 
system is noncausal. The measurement of A (between times to and t) disturbs the 
system. The measurement process itself must be taken into account. If we enlarge 
the system to include the whole measurement apparatus, this larger system would 
have to be studied, and it may not be practical to consider this larger system. For an 
isolated system (undisturbed by an observer and his apparatus in the time interval 
from to to t), however, the evolution in time from 11/I(to») to 11/I(t») is completely 
causal (though we are still tied to the probability description). The time evolution 
is given by 

Ii d - i d"i- 11/I(t») = H(t)11/I(t»). (9) 

The Hamiltonian will often not be an explicit function of the lime, but we have 
here allowed for the possibility of an explicit time-dependence. We can also think 
of the 11/I(t») being produced by the action of a unitary operator acting on IV/(to») 

so 

11/I(t») = V(t, to)11/I(to»), with U(to,to) = 1, 

fi d 
- -;-U(t, to)11/IUo») = H(t)U(t, to) I 1/I(to)}, 

I dt 

and because this is valid for any arbitrary 11/I(to»), 

Ii d 
- -;-V(t, to) = H(t)V(t, to). 

I dl 

This equation has the solution 

ill f I I Vet, to) = 1 - - dt H(t )V(t , to). 
Ii to 

(10) 

(11) 

(12) 

(13) 

If H is an explicit function of the time, it may be difficult to do the integral. If H 
is not an explicit function of the time, the equation for U can be integrated and 
yields 

Vet, to) = ef,(t-to)H. (14) 

V is unitary if H is hermitian, Ht = H. The operator fl is then the generator of 
this unitary operator, which now gives a shift in time or a "time-ITanslation." Recall 
the operator Px was the generator, G, for a space translation in the x-direction. 
Now the time shift, (t - to), has taken the place of the space shift, C1, of Chapter 
18. For an H, which is not an explicit function oftime, 

(15) 
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The description given here is the so called Schrodinger picture of quantum theory, 
in which (a) the state vectors 11/1) change with time, but (b) all physical observables 
A, such as p ~ , or x, or functions of r, p, such as H (p, r), are assumed to have no 
explicit time dependence. 

An alternative point of view was taken by Heisenberg and is known by the name, 
the Heisenberg picture. Now, (a) state vectors are assumed constant in time, but (b) 
the physical observables are taken to vary with time. To make the transition from 
the Schrodinger picture to the Heisenberg picture, consider the expectation value 
of an operator, O(p, r), where we use the subscript, S, to designate this operator, 
not explicitly a function of t, i.e., 0 = Os, similarly for the time-dependent or 
Schr6dinger state vector I J/t (t») = I J/t s)· Then, 

(1/I(t)1 0 11/I(t») == (J/tsIOs:1/Is) 
= (J/t(to)IU'(t, lo)OU(l, to)IJ/t(to») == (1/IHIOuI1/lf{), (16) 

where the subscript H now stands for Heisenberg. The time·independent state 
vector is 11/I(to)) IJ/tH), and the time-dependent Heisenberg operator, Off, is 
given by 

Note, 

Off = UT(t, to)OsU(t, to). 

lidO u (hdU') '( lidU) -iTt = --iTt OsU+U'Os '-iTt 
= --U'HOsU + U'OsHU 
= _cut H U)(U i OsU) +. (Ut OsU)(U t HU) 
= -HOH + OHH, 

(17) 

(18) 

where we have used Off = UiOSU and that the Hamiltonian operator, H, com­
mutes with U, which is a function only of pure numbers and the operator H itself. 
Thus, U t HU = HU;U = H. The time dependence of Off is then given by the 
equation 

hdOu 
- -:--d = lOu, Hl. 

I t 
(19) 

This relation is known as the Heisenberg equation. Even in the Schrodinger picture, 
we sometimes introduce artificially an explicit time dependence, so Os = Os(t). 
In that case, the corresponding equation would be 

In the Heisenberg picture, the kets and bras are time independent. We shall take 
matrix elements of eq. (19) (assuming that ~~ ecce: 0) in the energy representation, 
i.e., between eigenstates of the Hamiltonian, In), assuming for the moment H has 
only a discrete spectrum. Then, eq. (19) leads to 

Ii d 
- -;- -d (niOf/(t)lm) = (nIOf{(t)lm)(Em - En), (21) 

I t 
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(22) 

(23) 

where we have named the integration constant (n 101m), which is time independent. 
The Heisenberg matrix elements, Onm == (nIOlm), are thenjustthe (nIOslm). Eq. 
(23) was essentially the starting point in Heisenberg's thinking. He started with the 
Fourier time analysis of the classical quantity, 0, and replaced the nth overtone of 
the classical W with the two-index Bohr quantity Wnm = (En - Em)/li. Similarly, 
he replaced the nih Fourier coefficient, On. in the Fourier time expansion with a 
two-index quantity he interpreted as the nm lh matrix element of 0, (nIOlm). 

C The Heisenberg Treatment of the One-Dimensional 
Harmonic Oscillator: Oscillator Annihilation and 
Creation Operators 

Let us now briefly foHow Heisenberg's analysis of one of his simplest examples, 
the I-D harmonic oscillator. Again, we introduce scale factors to transform the 
physical coordinate, momentum. energy, and so on, to dimensionless x, Px, ... , 
Xphys. = x.jli/mwQ, Pphys. = px../hmWQ, H phys . = HhwQ, so 

Introduce the two operators 

, 1 
a' = ····"j::::(x - ipr)' 

-v2 . 

From the commutation relation, [p x, xl = - i, we get the commutator 

[a, at} = 1, 

and the Hamiltonian can be expressed as 

1 ( ,. ") (" I ) Ii = - a' a + aa' = a' a + - . 
2 2 

(24) 

(25) 

(26) 

(27) 

It will be useful to name the operator a t a = N. Then, we have the family of three 
commutation relations 

[N, a] = -a, (28) 

These relations should be compared and contrasted with the standard angular 
momentum commutation relations 

(29) 
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The commutator algebra of a, at, N, is known as the Heisenberg algebra. Note, 
in particular, the difference from the angular momentum [or SO(3)] algebra in the 
last entry. If the eigenvectors of the operator, N, are named In), and its eigenvalues 
Nn , these In) are also the eigenvectors ofH, because H = N + !, 

Nop.ln) = Nnln), and 

or 

(1) a'aln) = Nn In), (2) aatln) = (Nn + 1)ln). 

Acting with a on (1), and using aa T = N op. + 1, we get 

or Nop.(aln)) = (Nn -l)(aln)). 

Similarly, acting with a T on (2), we get 

aTa(aTln)) = (Nn + l)(aTln)), 

Eq. (32) tells us 

either (aln) = consLI(n - 1»), 

Similarly, eq. (33) tells us 

either (a'iln}) = const.'I(n + 1»), 

or (aln) = O. 

or (a" In) = 0, 

(30) 

(31) 

(32) 

(34) 

(35) 

where I (n ± 1») are shorthand notation for the eigenvectors of N op. with eigenvalues 
(Nn ± 1). Now we take the diagonal matrix element of the operator, Nop. (note the 
similarity of the procedure for the angular momentum algebra!), 

Nn = (nlaTaln) 

= ~)nlaTlk)(klaln) 
k 

= L)klaln) 12 
k 

~ O. (36) 

Thus, Nn is positive definite. Now, if (a In) exists, repeat this process by taking the 
diagonal matrix element of Nop. between states I(n-I»). We conclude (Nn -1) ~ O. 
We can repeatthis process j times to conclude(Nn- j) ~ O,if(aln- j+l) f=. O.If 
Nn is positive, however, an integer j will eventually come, which is big enough such 
that(Nn - j) would be negative unless we hit a state Inmin.}, such that (a Inmin.)) = O. 
For this state, eq. (31) tells us Nnmm = O. Now, if we act on this state, with 
eigenvalue Nnmm = 0, n times in succession with a'f , we get a state with eigenvalue 
(0 +n), i.e., with Nn = n. Also, continued operation with at leaves the eigenvalue 
of Nap. positive, no upper bound to this discrete set of eigenvalues exists. Thus, 

I 
En = nWQ(n + 2:)' (37) 
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All that remains is the job of calculating the matrix elements of x and Px' From 
eq. (36) 

Nn = n = LI{klaln)1 2 

k 

=Wn - 1)laln)12, (38) 

where we have assumed the states for this one-degree-of-freedom problem are 
nondegenerate, so there is just one state, with k = (n - 1). Except, for an arbitrary 
phase, we have determined the matrix element of the operator, a. Choosing the 
simplest (positive, real) value for this matrix element, we have 

(en - 1)laln) = Jri. 

Hermitian conjugation gives us 

(nlaTI(n - 1») = Jri, or 

(39) 

(40) 

a T is an oscillator quantum creation operator, and a is an oscillator quantum 
annihilation operator. Now, using 

i ~ 
and Px = -(-a +a'), 

./2 
(41) 

we also get 

{mlpxln} = ~( -i8m(n-I)Jri + i8m(n+I).Jn+r). (43) 

These relations are of course results we have obtained before; but the Heisenberg 
method of calculation required no knowledge of wave functions or differential 
equations. As before, we can build more complicated operators from powers of x 
and Px, and then express any operator in Heisenberg (time-dependent) form 

OH(t) = L)n}{nIOlm}{mlek(En-Em)l. (44) 
n.m 

For x and P x, we could write the Heisenberg (time-dependent) form of these opera­
tors in terms of the Schrodinger (time-independent) oscillator quantum annihilation 
and creation operators, a and aT, as 

XH(t) = ~ (ae-iW()1 + at e+iW()'), 

1 ( " . +" ) (Px)H(t) = .j2 -iae-tw()' + iaTe tw()' , (45) 

where we have used eq. (44) to get the time dependence, but have subsequently 
left off the unit operators, Ln In}{nl = 1 and Lm Im)(ml = 1. 
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D Oscillator Coherent States 

Remembering the physical displacement and momentum coordinates of the har­
monic oscillator are related to the dimensionless x and Per of the last section 
by q = .JIi/mwox and P = .JIimWopx, we can express the time-dependent 
displacement and momentum operators through eqs. (41) and (45) by 

/;£( . ,.) q(t) = -- ae-lW(l1 + aT e+1W01 , 
2mwo 

/;£( . ..) p(t) = mwo --- _iae- lW01 + ia'e+/ Wo1 . 
2mwo 

(46) 

If we compare this with the classical solution for the harmonic oscillator, q (t) = 
qo cos(wot + ¢), with 

(q e-i</> q eit/J ) 
q(t) = Te-iWo' + Te+iWO' , 

( ) . a -iwol +. a -iwot ( q e-i</> q e i</> ) 
P t = mwo -l---e l--e 

2 2' 
(47) 

we are led to the idea that it might be very useful to replace the eigenvectors, In), of 
the harmonic oscillator hamiltonian (or the oscillator quantum number operator), 
with eigenvectors of the operator, a (or alternatively aT), if we want to study the 
transition from the quantum oscillator to the classical oscillator. Moreover, we 
might expect the eigenvalue of the operator, a, to be given by a complex number, 
where the square of the absolute value of this number is related to the energy or the 
number of oscillator quanta, and the argument of this complex number is related to 
the classical phase. The new oscillator representation in terms of the eigenvectors 
of the oscillator annihilation operator, a, might be particularly useful ifthe physics 
of interest involves a statistical distribution of states with different numbers of 
oscillator quanta, particularly, if the average oscillator excitation number is large, 
as in the classical limit. Later, when we quantize the electromagnetic field (see 
Chapter 60), we shall write the hamiltonian of the electromagnetic field 

H = r).w(aLak/1 +~) 
i.ll 

in terms of an infinite number of oscillators with annihilation and creation op­
erators, ak/1 and a! . These operators are interpreted as photon annihilation and k/1 _ 
creation operators, where the v~ctor k is the wave vector, corresponding to the 
circular frequency w = kc = Iklc, and J.L is a polarization index for the photon. 
The generalization of the single-mode coherent state to be studied in this section 
to the multimode coherent state of the electromagnetic field will be useful in the 
study of optical beams whose proper quantum-mechanical description is given 
by a statistical distribution of quantum states with different numbers of oscilla­
tor quanta. (The seminal papers by R. J. Glauber on quantum optics and optical 
coherent states are all reprinted in an introduction to coherent states by John R. 
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Klauder and Bo-Sture Skagerstam, Coherent States. Applications in Physics and 
Mathematical Physics, Singapore: World Scientific, 1985.) 

For the single-mode harmonic oscillator, two slightly different definitions of the 
coherent states can be found in the literature, to be denoted by Iz}, where z is a 
complex number giving the eigenvalue of the oscillator annihilation operator. In 
the first definition of the coherent state 

Izh = ez*a'-zaIO} = V(z)IO), (48) 

where 10), the "vacuum state," is the oscillator ground state and V(z) is a unitary 
operator, because 

V(Z)T = e-(z*a'-za) = V(-z) = V(Z)-l. (49) 

The noncommuting operators, A == z*aT and B = -za, have a very simple 
commutator, [A, B] = zz*, a c number commuting with both A and B. In this 
very special case, when 

[A, [A, B]] = 0 and [B, [A, Bll = 0, (50) 

we can write the operator relation 

e(A+B) = e-t[A,BleA eB, (51) 

as can be shown by direct verification. Note the so-called normal order of the 
operators on the right-hand side, with creation operators, aT, sitting to the left of 
annihilation operators, a. The above result leads to 

(52) 

because a 10) = O. For some purposes, a somewhat simpler second definition of 
the coherent state may therefore be useful 

(53) 

which differs from the definition Iz) I by the simple c number function, e-zz*/2. This 
second definition may be a particularly useful definition for generalized coherent 
states, such as the angular momentum coherent states to be introduced in the next 
section for which the commutator algebra no longer satisfies the simple relations 
of eq. (50). To avoid confusion, we will denote the complex number z in the two 
different definitions by two different symbols 

1 * • t , * '""' (a*)n 
Izh == la) = e-'" "e" a 10) = e-"2" " ~--In), 

n=O v'n! 
• , (z*)n 

Iz)n == Iz) = eZ a 10) = ~ v'n! In). (54) 

Both are eigenvectors of the oscillator annihilation operator, a, with eigenvalue 
given by the complex number a* or z*. 

ala) = a*la), 
alz) = z*lz}. (55) 
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This follows, for the type II coherent state, from 

_, ' Cz*aTt (z*ai)n-l _. T 

alz) = ae- a 10) = a L--IO} = z*L 10} = z*e'- a 10}. (56) 
n=O n! n=1 (n - I)! 

For the type I coherent state, the c number, e-aa* /2, is merely carried along in the 
analagous derivation. 

The coherent states la} (or Iz}) then give us another continuous representation 
of an arbitrary state vector 11/I} of a physical system. Besides the. discrete oscillator 
quanta representation, (n 11/1), we already have two continuous representations, the 
coordinate representation (x 11/1) and the momentum representation (p x 11/1 ), where 
the operators x and Px have a continuous range of eigenvalues from -00 --+ +00. 

We can now add the coherent state representation (aI1/l), where a is a complex 
number, 

a = ~ +i17 = pei 4>, 

and ~ and 17 range from -00 --+ +00, and p ranges from 0 --+ 00 and fjJ from 
0--+ 21r. Unlike (xI1/l) and (PxI1/l), however, which are orthonormal, continuous 
representations of 11/1), with 

(x' Ix) = o(x' - x), 

the scalar product (a'la) does not lead to o-functions. Instead, 

-.. 1Ia'11 _11<>12 cia' =e 2 e 2 e , (57) 

so (a' la) is a complicated function of a and a', even though (a la) = l. Also, 

(z'lz) = ez'~', with (zlz) = e1d =I 1. (58) 

The coherent states, however, are complete. In fact, with relations (57) or (58), in 
place of the Dirac 0 functions, the coherent states are overcomplete. The complete­
ness can be seen from the existence of the unit operators. For the type I coherent 
state, the unit operator is 

1 f 1 /"" /00 Ii"" 127r 1 = - d2ala)(al = - d~ d17la)(al = - pdp dfjJla) (al· 
1r 1r _"" -DC 1r 0 0 

(59) 
With the use of eq. (54), this unit operator transforms into 

1 f . 00 DC (a*)" am 
1 = -;; d 2ae-aa ~~ v'nf ,Jrnfln)(m l 

1100 e- p" n+m+112][ = I::- dp P dfjJei (m-n)4>ln)(ml 
n.m 1r 0 In!m! 0 

[DC e-p " pn+m+! 00 ["" e-p1 p211+1 
= t,;210 dp v'fl11nT onmln)(ml = ~2 10 dp n! In)(nl 
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00 

= z)n)(nl, (60) 
n=O 

where the completeness relation, Ln In) (n I 
Chapter 5, eq. (13), via 

1, was in fact proved in detail in 

00 00 

L (x'ln)(nlx) = L1ftIl(x')1ft;(x) = 8(x' - x) = (x'ix). (61) 
n=O 

For the type n coherent state, conversely, the unit operator requires the Bargmann 
weighting factor, e-zz' , so 

00 

= Lln)(nl, (62) 
n=O 

as above. 
The type II coherent state realization (z 11ft) of an arbitrary state vector is simply 

the Bargmann transform of 1ft (x): (Z[1ft) = F(z). 

where 1ft (x) = (x 11ft) is the coordinate representation of 11ft), so 

(zl1ft) = f dxA(x, z)1ft(x) = F(z), 

(63) 

where A(x, z) is the Bargmann kernel function with the simple expansion in terms 
of the real1ft"ex) [see eq. (5) of chapter 5], 

We therefore again have two possible forms of the scalar product of two state 
vectors 

(64) 

The complex k of Chapter 5 has here been renamed z, because k for the multi­
mode electromagnetic oscillator is reserved for the wavenumber of the mode. Note, 
further, the natural appearance of the Bargmann measure, e-z.c: lTC, in the scalar 
product. Finally, the coherent state realizations F(z) = (zl1ft) are analytic func­
tions of z: We have mapped the coordinate functions, Ln 1ft" (x)en, into analytic 
functions, Ln (zn 1.J1lT)en, in a 2-D complex domain. 

Let us examine some further properties of the coherent state 10'). From eq. (54), 
(n 10') = e- ~a'a (0'*)" 1.J1lT. The probability of finding the oscillator in the nth level 
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in the coherent state la) is, therefore, 

(65) 

The expectation value of the oscillator quantum number operator in the state la} 
is 

(66) 

so the probability 

(67) 

is given by the familiar Poisson distribution. We also have the expectation values 

{alxla} = !i«ala + aTla} = !i(a* + a) = h~, 
(alx2Ia) = ~(al(aa +aTaT +ZaTa + 1)la) = ~[(a* +a)2 + 1], 

(alpxla) = -i!i(ala - aTla) = -i!i(a* - a) = -hT], 

(alp;la) = ~(al(-aa - aTat + Zata + 1)la) = ~[1- (a* - a)2], (68) 

so 

In the coherent state, la), we therefore have 

and, thus, 
Ii 

!1p!1q = 2' 

(69) 

(70) 

where dimensionless x and Px have been converted to physical q and p. The 
coherent state is therefore a state with the minimum possible uncertainty, despite 
the seemingly complicated probability distribution, Pn(a), spread over a range of 
states In} about the most likely n =< N >= lal 2 • To understand this, we note 
that the unitary operator, U(a) = e(a*a' -au), shifts the operators, a and aT, hence, 
x and p x, according to 

U(a)aU-1(a) = a - a*, U(a)aTU-1(a) = aT - a, (71) 

where we have used 

(Xl (aa _ a*ai')n 00 (aa _ a*a"y-l 
?;[a, n! ] = -a*~ (n -1)! 

Eq. (71) thus leads to 

U(a)xU-1(a) = x - !iCa + a*) = (x - hn 
U(a)pxU-1Ca) = Px + i!f(a* - a) = (Px + hT]). (72) 

U(a) is a displacement operator shifting coordinate, x, and momentum, Px, 

x ~ x - hm(a), Px ~ Px + h~(a). 
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Also, the eigenvalue equation, ala) = a*la), leads to the following simple 
differential equations in coordinate and momentum space: 

~(x + ~)(xla) = a*(xla), 

i ( d) * r;; -d + Px (pxla) = a (Pxl a ), 
",2 Px 

with solutions 

so 

(xla) = Ne-~(x-J2a'f, 

(Px la) = N' e- i (px+ i .J2a')2, 

2 I 
with N = e-ry /n 4 , 

~2 1 
with N' = e+ /n 4 , 

(73) 

(74) 

(75) 

The minimum uncertainties for the coherent state can now be understood because 
these are the probabilities for the space and momentum distributions of a displaced 
oscillator in its n = 0 lowest state, with a displacement +~ffi(a) in coordinate 
space and - ~':J(a) in momentum space. Moreover, such an oscillator wave packet 
will move with time without change of shape (see problems 10 lmd 11). This is the 
motion of a coherent wave packet. 

Just as state vectors can be given in the coherent state representation, (all/t), 
physical quantities represented by operators, 0, can also be given in the coherent 
state representation. In the oscillator quantum number representation, we mul­
tiplied an operator, 0, by unit operators on the left and on the right to yield, 
o = Ln.m In) (nl 0 1m) (mi. Similarly, we could represent 0 by 

0= :2 f d 2a f d2f3la)(aIOlf3)(f3l, (76) 

where la) and 113) are coherent states. Using eq. (54), we have 

0=_1 fd2afd2f3e-1(laI2+ltlI2)la)L(~(nIOlm}P-=-)(f3l. (77) 
n 2 n,m JnT -v'W 

The operator, 0, in this form is two-sided, made up of operators, la) (131, involving 
two different coherent states. In our earlier continuous representations, such as the 
coordinate representation, e.g., operators were expressible in terms of functions 
of a single x and its derivative. In coordinate representation, e.g., an operator, 
O(x, Px), which is a function of the basic operators, x and Px, was expressible as 
O(x, 1 J-), where we were able to use 

! ux 

, ,1 a 
(x IO(x,Px)lx}=8(x -x)O(x,-;--), 

I ax 
so 0 becomes expressible as a function of a single x and its derivative through 
the 8 function relation, (x'lx) = 8(x' - x). Because this relation does not exist in 
the coherent state representation, the analagous operator relations must be handled 
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with some care. For the harmonic oscillator, an operator, 0, can be expressed as 
a function of the basic operators, a t and a, O(a t, a). We want to express such an 
operator as a function of z and 818z. We have purposely chosen z in place of Ct 

because a type II coherent state will be somewhat simpler for this purpose. For 
type II coherent states, z-space realizations of state vectors, (zll/t), are given by the 
Bargmann transforms, F(z) = LnCnZn 1.JnT. The scalar product in the complex z­
space involves the Bargmann measure, e-zz* Ix. In this scalar product, the operator 
818z is the adjoint of the operator z. Given two Bargmann-space functions, 

we have (using the orthonormality of the zn ;.JnT) 

~fd2ze-ZZ* F;(Z)(~Fb(Z») = La;bn+1l(n + 1) 
x 8z n=O 

= ~ f d 2ze-zz* (ZFa(Z») * Fb(z). (78) 

Also, from 

we have 

and 8 ( zn ) (Zn-I) - - -.;n 
8z .JnT - .J(n - I)! ' 

(n'lzln) = l(n + I)On'(n+l) = (n'latln), 
, 8 ~ , 

(n I-In) = ynon'(n-I) = (n lain). 
8z 

(79) 

(80) 

The z-space realizations of the operators, at and a, are therefore 

~ 8 
y(a')=z and y(a)=-. 

8z 
(81) 

A more complicated operator, such as x 2 = !(aa + atat + 2aTa + 1), e.g., has 
the z-space realization 

1 82 a 
Y(X2) = - (-2 + Z2 + 2z- + 1). 

2 az az 

Finally, with 

(zll/t) = (Olezall/t) = F(z) 

(zll/t'), with Il/t') = Oll/t), is given by (OlezaOIl/t), which we want to write in 
the form y(O)F(z), where yeO) is to be determined as a function of operators, z, 
and alaz. For this purpose, we rewrite (zIOIl/t) with the use of the unit operator, 
e-zaeza = 1, as 
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= (01(0 +z[a, 0] + ~~ [a, [a, 0]] + ... )ezaIVr), (82) 

where we have used eq. (23) of Chapter 16 (renaming iE == z) for the expansion 
of eza Oe-za . In particular, with 0 = a, we have 

leading to 

Similarly, with 0 = aT, we have 

a 
yea) = -. az (84) 

(zla TI1fr) = (OI(aT + z)eza l1fr) = (Olze za l1fr) = z(zl1fr), (85) 

where we have used (Ola T = (a 10) T = 0, leading again to 

y(aT)=z. (86) 

E Angular Momentum Coherent States 

Because we can make an analogy between the operators 

of the oscillator algebra and 

of the angular momentum algebra, 

it is possible to define angular momentum coherent states in analogy with the 
oscillator coherent states. Again, we will distinguish between two slightly different 
definitions. For the type I coherent state, using a complex variable a, we define 

lah == la) = eot*L-aLlf, M = -f). 

For the type II coherent state, using the complex variable z, we define 

IZ)n == Iz) = ez'J~lf, M = -f). 

(87) 

(88) 

A generic If, M) has been used for the angular momentum eigenvectors, and 
the oscillator ground state, 10), has been replaced with the angular momentum 
eigenvector with the lowest possible eigenvalue of fo, M = -J, so Llf, M = 
- f) = 0 in analogy with a 10) = O. For the type I coherent state, it will be useful 
to relate the complex number a to the real angle variables () and 4J, via 

() ... 
-a = -e''I', 

2 
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where e, cp are polar and azimuth angles giving the standard orientation of a unit 
vector r I r in our 3-D world. With this choice of parameterization of the complex 
variable, ex, the type I coherent state becomes 

lex) = e-iIJ(-sin¢Jx+cos¢J,) 1M = -f) 
= e-iO(n·i)IM = -f), (89) 

where ii is a unit vector in the x, y-plane making an angle cp with the y-axis and 
(~ - cp) with the negative x-axis; i.e., ii is a unit vector in the direction of the y' 
axis after a rotation about the z-axis through an angle cp. We shall return to the type 
I coherent state in chapter 29 after studying rotation operators in our 3-D world in 
greater generality. 

For the type II coherent state, we can expand Iz) in terms of angular momentum 
eigenstates If M), via 

2J *n 

Iz) = ez'LIM = -f) = L~(J+tIM = -f) 
n=O n! 

,-----

(2f)! 
(2f _ n)! 1M = -f + n). (90) 

An arbitrary state vector 11/1) in the subspace of Hilbert space appropriate to our an­
gular momentum operator, J, can now be specified through its z-space realization, 
(zI1/l), 

2J zn (2f)' 
(zI1/l) = (M = -flezJ-11/I) = ?;.Jnf (21 _ ~)! (M = -f + n11/l) 

2J n 

= ?;~Kn(M = -J +nI1/l). (91) 

Except for a new numerical factor, Kn, we have expanded the coherent state in terms 
of the orthonormal z-space oscillator basis. The orthonormality of the zn 1.Jnf 
requires the Bargmann weighting function e-zz' In in the complex z-plane. We 
will therefore find it convenient to use the unit operator in the Bargmann form 

I! 2 __ , 
I = -; d ze--- Iz) (zl 

for z-space scalar products. We have thus mapped the angular momentum states 
onto oscillator states in the complex z-space realization. The oscillator excitation, 
however, is now limited to n S 2f. Also, the angular momentum coherent state 
Iz) is not an eigenvector of the operator L because of the additional n-dependent 
numerical factors, K. 

To get the z-space realizations of operators, we use 

(zI011/l) = (_flezJ- 011/1) = (_JI(eZL Oe-ZL)eZL 11/1) 
2 

= (-fl (0 + z[L, 0] + ~! [L, [f_, 0]] + .. . )eZL 11/1), (92) 
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where we have used the abbreviation, 11, M = -1} == 1- 1}, for the stateoflowest 
possible M. Let us choose 0 = L, 10, h in tum to get the z··space realizations 
of the angular momentum operators themselves. 

a 8 
(zILllfr) = (-lILezJ-lfr) = (-ll-eZL Ilfr) = -(-lle"-llfr) 

8z 8z 
8 

= 8z (zllfr), 

8 
(zllollfr) = (-11(10 + zL)eZL Ilfr) = (-11(-1 + z- )eZLllfr), 

8z 
a 

= (-1 + z a)(zllfr); 

(zll+llfr) = (-11(1+ - 210z - Z2 L)eZLllfr) = (-ll(2Jz- Z2 :JezLllfr ) 

= (2Jz - Z2 :J(Zllfr), (93) 

where we have used (-1110 = (101- l})T = -l(-JI, and (--JIJ+ = 0, via the 
hermitian conjugate of L 1 - J) = O. We have thus found z-space realizations of 
the operators, J_, Jo, J+, 

8 
r(L) =-, 

8z 
a 

r(Jo) = (-J + z-), 
8z 
a 

r(1+) = z(2J - z-). 
8z 

(94) 

It is easy to verify these r( Ji ) satisfy the angular momentum commutation rules, 
which of course is just a check of our arithmetic. In addition, 

r(J2) = Ur(J+W(L) + r(L)r(J+)] + r(10)2 = J(J + 1). (95) 

r(1+), however, is not the adjoint of r(L) with respect to the Bargmann measure, 
where, as we have seen, aj8z is the adjoint of z. This is related to the fact that 
our z-space realization of the angular momentum operators is a nonunitary one. It 
is the reason why we have used r (Ji) for the above z -space realization of the J i , 

reserving y(Jd for the unitary one. To calculate matrix elemtmts of an operator, 
0, through its z-space realization, built from operators Z and 8jaz, we see from 
the expansion of (zllfr) of eq. (91) that such a r(O), acting on the nth term of 
the expansion will in general create Bargmann space orthonormal (zn' j M) not 
multiplied by the proper Kn,. To attain the proper (Kn,zn' j #!), we can multiply 
the resultant obtained from the action of r(O) by (K;;,J x K n,) = 1 and thereby 
transform the nonunitary form of the operator, r(O), into a unitary form, to be 
denoted by y(O), where 

(96) 

thus making y(O) unitary. The operators, K, are merely the command: Multiply 
an orthonormal Bargmann space function zn jv'nf by the appropriate factor, Kn. 
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For the most general, 0, eq. (95) can be put in the form 

yeO) = K-1r(0)K = (y(ot»)T = (K-Ir(ot)K)T = Kt(r(ot»)\K-1)t, 
(97) 

or, via left-multiplication by K and right-multiplication by K';', 

(98) 

For the specific operator, 0 = 1+, of the angular momentum algebra, eq. (96) 
becomes 

y(l+) = K-1r(h)K = (y(L»); = K;(r(L»),(K-1yc, (99) 

and eq. (98) becomes 

z(21 -z~)KKj = KKt(~)t = KKtz. (100) 
dZ dZ 

In eq. (91), the factor K" was evaluated from the known matrix elements of 1+ 
acting n times in succession on the state I I, - 1). If we had not had prior knowledge 
of these matrix elements, we could now evaluate these by using eq. (100) to first 
evaluate (K Kt)n' In particular, both the operator z and the operator r(1+) = 
z(21 - Zd/dZ) convert a z-space function, z", into a z-space function, Z"+I, so eq. 
(100) becomes 

z(21 - n)(K K T)" = (K KT)n+IZ. 

On the right-hand side of the equation, the action of K K;' follows the action of 
the operator z and Zd/dZ(Zn) = n(zll). We therefore have 

(KK';') 
__ -,-,"--,-+_1 = (21 - n). 
(K KT)n 

Because the Bargmann state with n = 0 has the same normalization as the angular 
momentum eigenstate, 11, M = - 1), we have (K Kt)o = 1. Iterating the above 
recursion relation for K K", starting with n = 0, we obtain 

T (21)! 
(K K )11 = 21(21 - 1) ... (21 + I - n) = . 

(21 - n)! 

The hermitian operator, K K t, must have real eigenvalues. In our special case, K is 
the simple command: Multiply (zll /"fiJ) by an n-dependent factor. We can make 
this renormalization factor real without loss of generality, so K" becomes the real 
number 

(21)! 

(21 - n)! 
(101) 

We can therefore rederive the matrix elements of L, 10 , and h. Eqs. (94) and 
(96) lead to 

d 
(n -IILln) = (K-1),,_I(n -11-ln)KII = J(21 + I-n)n 

dZ 
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= JUt- 1 - M)U + M), 
a 

(nIJoln)n = (K- 1)n(nl(-1 +z-ln)Kll = (-I +n) az 
=M, 

a 
(n +- IIJt In) = (K~I)n+l (n + 11z(21 - z- )In)Kn az J (21 - n - 1)! fMM-~ ___ ~~~~~ 

= - ~~~~~~~~~(2J - n) = v(2J ~~~~~ n)(n ~+~ 1) 
(21 - n)! 

= Ju - M)(J + M + 1), (102) 

where the Bargmann space matrix elements 

1 J . z*n' zn 
(n'If(O)ln) = - d 2ze-zz C7ff(O) r::o 

J! vn'! vn! 

have been denoted by round parentheses and we have used M = - 1+ n to express 
all matrix elements in their standard form. 
Final Notes: 

(1). The technique used here to derive the matrix elements of the angular mo­
mentum operators can be used to derive the matrix elements of more complicated 
families of operators with more complicated commutator algebras. For coherent 
state techniques of such generalized coherent states, see, e.g., A. Perelomov, Gen­
eralized Coherent States and Their Applications. Springer-Verlag, 1986, or K. 
T. Hecht, The Vector Coherent State Method and its Application to Problems of 
Higher Symmetries. Lecture Notes in Physics 290. Springer-Verlag, 1987. 

(2). The technique used here, which involved a mapping of angular momentum 
eigenstates onto orthonormal harmonic oscillator z-space Bargmann eigenstates, 
z" / ,In!, is useful if we have no a priori knowledge of the numerical values of the 
K operator or the K KT eigenvalues. Alternatively, we could have used a different 
z-space measure to make the (zn / ,J,iT)K" into an orthonormal set in the complex 
z-space domain. This would have involved a change of measure 

1 -zz* (21 + I) 1 - e ---+ -'-----'- ----=-:--:: 
J( J! (l + ZZ*)21+2 ' 

as can be seen from the orthonormality integral 

(21+1)J 2 1 z*mK;'z"Kn d z -.~ .. ~~~-.. -~~~~~~~~.-------
J! (1 + ZZ*)2) +2 ,Jm! y'n! 

= (21 + 1) roo dppn+m+! (7r dq;ei(n-m)¢ K2~f\,,-~~ 
J! Jo (1 + p2)2.!+2 Jo .J;n!n! 
(21 + 1)(21)! (''' dpp2n+l 

= 811m n!(21 - n)! 2 Jo TI + p2)2);;'i = onm, (103) 

via the integral 

[00 dpp2n+l [00 dn:n 

2 Jo (1 + p2)21+2 = Jo (l + r)2J+2 = B(n + 1, 2J + 1 - n) 
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r(n + 1)r(21 + 1 - n) 

r(21 + 2) 

n!(21 - n)! 

(21 + l)! ' 
(104) 

where B(p, q) is the Beta function expressed by r functions and in terms of 
factorials because 21 must be an integer. 

Problems 

23. Given three hermitian operators, TJ , T2 , T3, with commutation relations 

[h Td = iTz. 

which differ from the angular momentum commutator algebra because of the minus 
sign in the last commutation relation! Show that the three Tj all commute with the 
operator 

y2 = Tl- T? - Tl. 

Again, note the minus signs and the difference from the angular momentum case. 
Convert the operators, Tj , to the new set 

and show these equations satisfy the commutation relations 

Again, note the minus sign in the last commutation relation. Solve the simultaneous 
eigenvalue problem 

y 2 lAm) = AIAm) = j(j + 1)IAm) = j(j + l)!jm), 
ToIAm) = mlAm) = mljm), (I) 

where we have named A = j(j + 1). (No implication exists that j be an integer 
or half-integer.) Show, in particular, that now: 

(l) If T3 has positive eigenvalues, a minimum possible, mmin. exists, such that 

LIAmmin.) = 0, m = mmin. + n, with n = 0, 1, 2, ... , ~ 00, 

where mmin. = (j + I). 
(2) If T3 has negative eigenvalues, a maximum possible mmax. = -lmmax.1 exists, 

such that 

m = mmax.-n = -(lmmax.l+n), with n = 0,1, ... ~ 00, 

where now mmax. = -(j + 1) and we assume j is positive. 
Find the nonzero matrix elements of T+ and T_, 

Um'ILljm} = U(m - l)ILljm), 
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and note the differences and similarities with the corresponding angular momentum 
case. 

Note: The angular momentum operators, lk' generate the group SO(3) (the 
special orthogonal transformations in three dimensions, with determinant = + 1), 
in the case when j are integers, or SU(2) (the special unitary transformations in 
two dimensions) and in the case when j are half-integers. The three operators, Tko 
on the other hand, generate the group SO(2,1). Note the two minus signs and the 
one plus sign in the operator y2. 

Solution for Problem 23: The SO(2,1 ) Algebra 

The various commutator relations follow from the given commutation relations by 
simple commutator algebra. For example, 

[h T2] = -T][T3, TIl- [h TdT] - T2[h Tz] - [h T2]Tz 
= -iT]T2 - iTzT] + iT2T] + iT]T2 = o. (2) 

We are interested in the simultaneous eigenvectors of the two commuting 
hermitian operators, T3 and y2, 

T 2IAm} = AIAm}, 
T3IAm} = mIAm}. (3) 

Let us consider the new vectors, T ± I Am}. Acting on either of these with both y2 
and T3 , we get (with the use of the commutation relations), 

T2(T+IAm}) = T+T2IAm) = A(T+IAm)), 

T3(T+IAm}) = T+T3IAm} + T+IAm} = (m + 1)(T+IAm)). (4) 

Thus, if lAm} is simultaneously an eigenvector of y2 and T3 , with eigenvalues 

A and m, either (T+IAm)) is simultaneously an eigenvector of y2 and T3 with 

eigenvalues A and (m + 1) or (T+IAm)) = O. Similarly, 

T2(LIAm}) = LTzIAm} = A(LIAm}), 

T3(LIAm}) = LT3IAm) - T_IAm} = (m - l)(LIAm}). (5) 

Thus, if lAm) is simultaneously an eigenvector of y2 and T3 , with eigenvalues 

A and m, either (T_IAm}) is simultaneously an eigenvector of y2 and T3 with 

eigenvalues A and (m - 1); or ( L I Am}) = O. To investigate these two possibilities, 

let us rewrite y2 

T2 = Tl- T]2 - Tl = T02 - ~(T+L + LT+) = T~ - T+L - To 

= Toz - LT+ + To, (6) 
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and (7) 

Now, let us take the diagonal matrix element of these two relations between states 
with the same A, m, assuming a state lAm) exists, viz., it leads to a square-integrable 
eigenfunction. First, 

(AmIT+LIAm) = (Cm2 - m) - A) 
= L(AmIT+IAm')(Am'ILIAm) 

m 

= LI(Am'ILIAm)!2 2: 0, 
m' 

(8) 

where we have used (AmIT+-IAm') = (Am'ILiAm)* and have summed over a 
complete set of intermediate states. We must have m' = (m - 1). By including a 
sum over states with m' = (m - 1), we have allowed for the possibility more than 
one independent state with that restriction exists. Similarly, we have 

(AmILT+IAm) = (m 2 +m)-A) 

= LI(Am'IT+IAm)1 2 2: O. 
tn' 

(9) 

We have the two patently positive quantities of eqs. (7) and (8) only if the two 
functions, f(m) = (m 2 -m)-A) or (Cm2+m) A) are equaltoorgreaterthan zero. 
The two functions ofm, (m 2 =fm), have minima atm = ±!, both with a minimum 
value of - ~. Unlike the corresponding operator of the angular momentum algebra, 
with its slightly different commutation relations, the operator, 7 2 , is no longer 
a sum of positive hermitian operators. Thus, the eigenvalue, A, could be either 
positive or negative. In particular, if A < -- i, the quantities [(m 2 =f m) - A 1 are 
positive for all values of m, positive or negative. Thus, all values of ±m are possible, 
and for any A, such that A < - ~, we have a continuous spectrum of allowed values 
for both A and m. Conversely, if A > 0, and if an eigenvalue, mo > ° exists, such 
that «m6 - mo) - A) > 0, the step-down action of n operations with T could 
eventually lead to an (ma - n) such that ((ma - n)(mo - n - 1) - A) < 0, and eq. 
(7) would lead to an inconsistency. A patently positive quantity on one side of eq. 
(7) would be equal to a negative quantity on the other side. Hence, our assumption 
of the existence of a square-integrable iAmo) must have been incorrect. If ma, 
however, is such that an integer n exists such that (ma - n) == mmin, so 

and [mmiIl_(mmin_ - 1) - AJ = 0, (10) 

an inconsistency never exists. If we name 

A = j(j + 1), (11) 

with j 2: 0, to be as close as possible to the language of the angular momentum 
algebra, the solution to [mmin(mmin ----- 1)---- AJ = ° gives us mrnin. = (j + I). Only 
the positive root has meaning in this case. Also, the quantum number j is only 
a language to give us the eigenvalue A. In this case, j may not be an integer or 
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half-integer. The actual values of mmin. = (j + 1) and A = j (j + I) will depend on 
the detailed properties of the operators 'J"2 and T3, i.e., on the specific nature of the 
physics of the problem. If the nature of the problem is such that the eigenvalues of 
'J"2 and T3 must all be positive definite, we are done. The spectrum is given by 

m = mmin., (mmin. + 1), ... , (mmin., +n), ... , ~ 00, 

m = (j + 1), (j + 2), ... , (j + 1 + n), ... , ~ 00, with A = j(j + 1). 

[The possible m-values can go to 00. This follows because for mmin. > 0, the 
quantity(m~in.+mmin.-A) = 2m min. > o and thus [(mmin.+n)(mmin.+n+I)-A] > 
o for any positive integer n, so the state (T+IA(mmin. + n)}) exists; i.e., the state 
IA(mmin. + n + I)} also leads to a square-integrable eigenfunction.] 

Let us next examine the possibility the operators 'J"2 and T3 are such that A > 0, 
butm < O. Now let us suppose some mo = -Imol exists; i.e., the state lA, -Imol} 
leads to square-integrable eigenfunctions. Now, if eq. (8) is satisfied for m = 
-Imol, i.e., ImolClmol + 1) - A> 0, the state with m = (-Imol - n) leads to an 
m(m -1) -A = (Imol +n)(lmol +n + 1) -A also> 0, so n actions with L would 
lead to another allowed state. However, n actions with the step-up operator, T+, 
would lead to a state with m = -Imol + n, for which the function [(m 2 + m) - A1 
of eq. (9) would lead to the value [(Imol - n)(lmol - n - 1) - A], which for large 
enough n could now be negative. Thus, eq. (9) would say that a patently positive 
quantity is equal to a function that can become a negative quantity for a large 
enough n. Now, a state lA, -Imol} can be an allowed state only if an integer n 
exists, such that m = (-Imol + n) == mmax. and 

so that (mmax.(mmax. + 1) - A) = 0, (12) 

where now mmax. must be the negative root of the equation: (mrnax.(mmax. + 1)­

j(j + 1» = 0; that is, mmax. = -4 - JA + ~ = -(j + 1). In this case, therefore, 
the spectrum of possible m-values is 

-00, ... , -(j+l+n), ... , -(j+2), -(j+l) = mmax., again withA = j(j+l). 

Now, however, for general A = j (j + I) > 0, the two branches of allowed m values 
are unconnected, so the commutator algebra of the T; does not lead to additional 
restrictions on A and, hence, j. In particular, j need not be an integer or a half­
integer. The physics of the operators T3 , 'J"2, dictate the nature of the eigenvalues 
m and A. Thus, for some physical applications for which the eigenvalues of T3 can 
be positive only, only the positive branch of allowed m values can exist. 

Let us now finally use eqs. (1) and (8) to find the matrix elements of the operators 
T ±. We shall look at the simple case, in which the states 

or 

are nondegenerate; i.e., the two relations 

LIAmmin.} = 0 and 
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are assumed to have only one allowed solution. This would of course be automatic 
if these two relations lead to first-order differential equations. In this case, action 
with T+ or L, respectively, would lead to a single (nondegenerate) state with the 
appropriate m value. Thus, all states in the ladder of either positive or negative m 
values might be expected to be nondegenerate, and the sums over m' in eqs. (8) 
and (9) would collapse to a single term with m' = (m - 1) or m' = (m + I), 
respectively. For branches of allowed m values, eq. (9) tells us 

l(j(m + 1)IT+lim)1 2 = m(m + I) - j(j + I) = (m - j)(m + j + 1). (13) 

This relation leads to no upper limit for positive m values with m :::: (j + I), but 
leads to a zero matrix element for m = -(j + 1) within the branch of negative m 
values. Similarly, eq. (8) leads to 

l(j(m - 1)ILljm)12 = m(m - I) - j(j + I) = (m + j)(m - j - 1). (14) 

Now, no zero matrix elements exist for the negative branch with m :::: -(j + 1), but 
this matrix element is automatically zero if m = (j + 1). As for the corresponding 
angular momentum problem, eqs. (13) and (14) do not fix the phases of these matrix 
elements. If we choose these phases such that the matrix elements of T+, T_ are 
real, we have 

(j(m + 1)IT+ljm) = .j(m - j)(m + j + 1), 
(j(m - 1)ILljm) = J(m + j)(m - j - 1). 

(In particular, these equations satisfy (jm'IL Ijm) = (jmIT+ljm')*.) 

(15) 

Final remark: The operators lx = 11, lv = h, l z = h of the angular­
momentum algebra, which commute with the operator JZ = lIZ + 1] + 11 are the 
generators of infinitesimal rotations in three-space about the x, y, and z axes and 
thus connected with the group SO(3), the "special orthogonal group in three di­
mensions" (where the "special" means the 3 x 3 orthogonal rotation matrices have 
determinant + 1, leading to pure rotations and not including rotation reflections). 
The operators TI , Tz, T3, which commute with the operator, T = T3Z - T( - T22 , 

conversely, are related in a similar way with a 3-D space with two space-like and 
one time-like dimension and thus connected with the group SO(2,1). As for the 
SO(3) group, most of the properties of the group SO(2,1) follow from the matrix 
elements of the Ii, which are now known to us. 

Finally, the angular momentum operators, h are related to the ladder operators 
of case 3 C(m) of the factorization method, whereas the T ± of the SO(2,I) algebra 
are related to the ladder operators of case 4 C(m) of the factorization method. 

Problems 24--26 give some actual physical examples of the SO(2,1) algebra. 
The signs of A and m are usually dictated by the nature of the problem. 

24. The 3-D harmonic oscillator via the SO(2,1) algebra. For the 3-D harmonic 
oscillator, define dimensionless quantities, ;:, H, etc., via 

and H phys. =rulJoH; .... 
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Show that the three operators 

TI = ~(rz _ jiz) = ~(r2 + '\72), 

I ~ ~ .. , .. , i (. a 3) 
Tz = - - (r . p + p . r) = - r - + -

4 2 ar 2' 

where 

a2 2 a D Z,2 
'\72 = (ar2 + -; ar) - r Z- = .... p; r2 

[with Z,2 given in terms of 0, ¢-dependent operators through eq. (13) of Chapter 
8] are hermitian with respect to the conventional volume element and satisfy the 
SO(2, 1) commutation relations of problem 23. 

Note that, with 1/1 = R(r)Ylm(O, ¢), the operator '\72 is hermitian with respect 
to the usual measure, r2 sin e, 

Also, 

IJphys I Z 2 H = -- = z(r - '\7 ) = 2T3 = 2To 
liwo 

with known (positive) eigenvalues, (N + ~). Show that the functions 

, ; 2 

r'e 2r Y1mce, ¢) 

satisfy the equations 

so 

mmin. = W + ~) == (.it 1), 

where m and j refer to the quantum numbers as defined in problem 23. (m and j 
are ~-integcrs here!) 

Use these results to show 

E = liwn(l+ 2n + ;3.) 
. 2 ' 

and the dimensionless operator r2 is given by 

r2 = 2To + T+ + L. 

Find the nonzero matrix elements of r2 as functions of nand lorN and t. (Consult 
the results of problem 15.) 
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25. (a) For the 50(2,1) algebra with operators, L, T+, To, satisfying the 
commutation relations 

and 

with eigenvalues (1C')eigen = m = mmin. + n = (j + 1 + n), where n = 0, 1, ... , -)0-

00, show that coherent state z-space realizations of these operators can be given 
by 

a 
r(L) = 3z' 

a ruo) = j + 1 +zaz' 

, .J a 
f(T+) = 2U + 1)z + z"-. az 

Find the eigenvalues, K n, of the operator, K, which converts the above non unitary 
r(7;) into unitary y (7;) for this algebra, and rederive the general expressions found 
in problem 23 for the matrix elements of L, T+, To, in a Ijm) basis. 

(b) For the I-D harmonic oscillator, the oscillator annihilation and creation 
operators, ax, a;, expressed in terms of the dimensionless x and p x. are 

ax = ~(x + ipx) and a; =h(x - ipx). 

Show that the three operators 

satisfy the SO(2, 1) commutation relations 

and [TI , L] = -2To. 

Show that the two oscillator states, 10), and II) = a; 10), satisfy 

(1) : LIO) = 0, ToIO) = iIO), 

(2): Lll) = 0, Toll) = ~il), 

so mmin. = i for case (1) and mmin. = 1 for case (2). Use these results together 
with the results of problem 23, to calculate the matrix elements 

(n'la;a~ln), 

(n'laxaxln). 

26. For the hydrogen atom in stretched parabolic coordinates, J-L, I), if; (see 
problem 6), the following operators are useful 

1 ( i:J 2 1 a) m 2 J-L 2 

TJ = 4 a /.L 2 + ~ a jJ.. - 411.2 + 4' 

i (a ) 12 = 2: jJ. aIL + 1 , 
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T, = - v- + 1 , I i (a ) 
- 2 av 

TI=_!(~+!~)+m2 +v2 
3 4 av2 v av 4v2 4 . 

Show that both the Tj and the T; satisfy the SO(2,1) commutation relations 
of problem 23. Show that the operators are hermitian with respect to the scalar 
product 

100 dJ1'JLU~(IL)UAII) 
and with respect to the scalar product 

for the Tj , 

100 
dvvVtCV)V2(v) for the T;, 

Note: With 1fr(JL, v, ¢) = U(JL)V(v)<l>(¢), with <l>rn(¢) = eim</J l,/iit, the standard 
scalar product would have been 

Show how the Schr6dinger equation for the hydrogenic atom can be rewritten in 
terms of the operators, Tj , T;. For this purpose, rewrite the Schr6dinger equation 

(H - E)1fr = 0, 

or 

2,.j(=2"ij 
- ({;:2---~2) 1fr -- E 1fr = 0, 

by left-multiplying with ~n2(JL2 + v2 ) to gain 

-~ (a~2 + ~ a: + aa:2 + ~ aav + (;2 + ~~) a:~)1fr 
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1 2 2 1 
+-({L + \J )-.jI - VI = 0. 

4 J(-2E) 

Show 

or 

2 . 2 (m 2 -1) 
T = (T, - Td(T, + Td -IT2 - T2 = --4--

Similarly, 

where m is the eigenvalue of the operator 

I a 
i a¢ 

Show that for positive values of m: 

(T3 )eigen = ~ + ~m + nl, nl = 0, 1,2, ... , -+ 00, 

n2 = 0, I, 2, ... , -+ 00. 

Find the corresponding ranges for (T3 )eigen and (T{ )eigen, valid for negative values 
ofm. 

Find the energy, E, for the hydro genic atom as a function ofthe quantum numbers, 
m, nl, n2. 

In an Imnln2) basis, find expressions for the nonzero matrix elements of the 
dimensionless variables 

{L2 

(r + z) = '---, 
[ -2cJ2 

and 
v2 

(r ..... z) = '._-, . 
[-2E] 2 


