The Exterior Potential and the Electrocardiogram

In Chap. 6 we assumed that the potential outside a nerve cell
is zero. This is only approximately true. There is a small
potential that can be measured and has clinical relevance.
Before a muscle cell contracts, a wave of depolarization
sweeps along the cell. This wave is quite similar to the
wave along the axon. Measurement of these exterior signals
gives us the electrocardiogram, the electromyogram, and the
electroencephalogram.

In Sect. 7.1 we calculate the potential outside a long cylin-
drical axon bathed in a uniform conducting medium. Section
7.2 shows that the exterior potential is small compared to the
potential inside the cell if there is enough extracellular fluid
so that the outside resistance is low. Section 7.3 uses a model
in which the action potential is approximated by a triangular
pulse to calculate the potential far from the cell. Section 7.4
generalizes this calculation to the case of a pulse of arbitrary
shape.

An unusual feature of heart muscle is that the myocardial
cells remain depolarized for 100 ms or so, as described in
Sects. 7.5 and 7.6. This means that the potential difference
outside the cell is much larger than for other cells, giving
rise to the electrocardiogram described in Sects. 7.7 and 7.8.
These two sections discuss electrocardiography and some
factors that contribute to the signal. They make no attempt
to consider advanced techniques such as orthogonal leads
that are used to reconstruct the electrical activity of the heart
from potential difference measurements on the surface of the
body. Rather, they are much closer to the way clinicians think
about the electrocardiogram, and they can provide a basis
from which to learn more complicated techniques.

Section 7.9 talks about improved models that take into
account the interaction between the inside and outside of
cells and the anisotropies that exist in tissue resistance. Sec-
tion 7.10 discusses the problem of stimulation: for measure-
ment of evoked responses, for pacing, and for defibrillation.

Section 7.11 discusses the electroencephalogram.
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7.1 The Potential Outside a Long Cylindrical

Axon

When studying the action potential in Chap. 6 we assumed
that the potential outside the axon is zero. Now we calculate
the exterior potential distribution if the axon is in an infinite
uniform conducting medium.! We will discover that for the
case studied here the exterior potential changes are less than
0.1 % of those inside. If the exterior medium is not infinite,
the exterior potential changes are larger, as is discussed in
Sect. 7.9. This model also applies to a muscle cell that is de-
polarizing before contraction. We will adapt these results to
a group of heart (myocardial) cells that depolarize together,
leading to a wave of depolarization propagating through the
tissue.

Consider a single axon stretched along the x axis. Divide
space into three regions as shown on the left in Fig. 7.1: the
interior of the axon (the axoplasm), the axon membrane, and
the surrounding medium. Imagine that the current inside the
axon is constant to the left of a certain point and zero to
the right of that point, as shown on the right in Fig. 7.1b
Since the axoplasm obeys Ohm’s Law, the interior poten-
tial decreases linearly with x as shown in Fig. 7.1a. Where
the current is zero, the interior potential does not change. At
the point where the interior current falls to zero, conserva-
tion of charge requires that the current passes through the
membrane and flows in the exterior conducting medium, as
stated in Eq. 6.47b. Figure 7.1c shows the axon with current
flowing in the left part of the axon and then flowing into the
surrounding medium.

Now consider how the current flows in the surrounding
three-dimensional medium. Suppose that the surrounding or
“outside” medium is infinite, homogeneous and isotropic and
has conductivity o,. Suppose also that the axon stretched

I Other textbooks examine this problem in greater detail (Gulrajani
1998; Malmivuo and Plonsey 1995).
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Fig.7.1 An axon is stretched along the x axis. a A plot of a portion of [

the interior action potential at one instant of time. b A plot of the interior
current, proportional to the slope of the interior potential because of
Ohm’s law. ¢ Schematic representation of the axon, showing current
flowing along the axon and into the exterior conducting medium at the
point where the interior current falls to zero

B

A

Fig.7.2 A point current source is at the center of a sphere. The path of
integration to calculate the potential difference between points A and B
goes first from A to B’ and then from B’ to B

along the x axis is very thin and does not appreciably change
the homogeneous and isotropic nature of the extracellular
medium, except very close to the x axis. If a current i,
enters the surrounding medium at the origin, the current
density j is directed radially outward and has spherical sym-
metry. The current density at distance » has magnitude j =
io/47r?. The magnitude of the electric field is E = j/o, =
iy /475(707'2. This has the same form as the electric field from
a point charge, for which the electric field is E = ¢ /4meqr?.
We speak of i, as a point current source.

We can use the expression for the electric field to calculate
the exterior potential. The point current source is shown as
the dot in the center of the sphere in Fig. 7.2. To calculate the
potential difference between points A and B, it is easier to
integrate Eq. 6.16 along a path from A to B’ parallel to the
direction of E, and then along B’ B where the displacement is

Fig. 7.3 The potential of Fig. 7.1 is extended to the left in a region of
constant (depolarized) potential. The interior current is plotted below
the potential. The electric field or current-density lines are plotted at the
bottom. The current to the right on the axis is current within the axon;
the other lines represent current in the exterior conducting medium

always perpendicular to E. The potential change along B'B
is zero. Therefore,

v(B) —v(A) = —/ E, dr = —/ —zdr
r

ra . 4mo,r

o 1 1
_41'[00 B ra)’

Only a difference of potential between two points has mean-
ing. However, it is customary to define the potential to be O at
ra = oo and speak of the potential as a function of position.
Then the potential at distance r from a point current source
i 18

o

dno,r

The analogous expression for the potential due to a point
charge g is v(r) = g /4meor.

We do not yet have a useful model, because the potential
cannot rise forever as we go along the axon to the left. Let us
assume that the potential levels off at some point on the left,
as shown in Fig. 7.3. (This will turn out to be a very good
model for the electrocardiogram, because the repolarization
of myocardial cells does not take place for about 100 ms,
so the cells are completely depolarized before repolarization
begins.) Define the location of the origin so that the depolar-
ization takes place between x = 0 and x = x,. The potential
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Fig. 7.4 The action potential is approximated by a triangular wave
form. In this piecewise-linear approximation, the depolarization and
repolarization are both linear. a The interior potential. b The interior
current

change is shown at the top, and the current along the inside of
the axon in the middle. The current exists only where there
is a voltage gradient between x = 0 and x = xp. Its mag-
nitude is i; = Av;/R = Av,-oinaz/xg. This current flows
out into the surrounding medium at x = x» and back into
the axon at x = (. Such a combination of source and sink of
equal magnitude is called a current dipole. (A pair of equal
and opposite electric charges is called an electric dipole.) The
lowest part of the figure shows lines of j or E. The current is
to the right inside the axon (along the axis) and returns out-
side the axon. The potential at any exterior point is due to
two terms: one from the source i; at x = xp and the other
from the sink —i; at x = 0. If r; is the distance from the
observation point to x and rg is the distance to the origin,
then

Avioima® (1 1\ Avioa® (11
e () e (R
To estimate the exterior potential from a nerve impulse,

we can approximate the action potential by a triangular po-
tential as shown in Fig. 7.4a. The potential is zero far to the
left. It rises by an amount Av; between x = —x; and x = 0.
It falls linearly to zero at x = x». The current is plotted in
Fig. 7.4b. In the region just to the left of the origin it is

Av;o; na?

i = (7.3a)

X1
(It is negative because it flows to the left.) To the right of the
origin it is
Av;o; na?

i = (7.3b)
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Fig. 7.5 The axon of Fig. 7.4 is stretched along the x axis. There are
current sources at x = —x and x = x2, and a current sink at the origin.
The distances from each source or sink to the observation point P are
shown

Figure 7.5 shows the surrounding medium. There is a
source of current i; at x = —xj, a source i at x = xp, and
a sink — (i1 + i») at the origin. The potential at observation
point P is calculated by repeated application of Eq. 7.1:

1 131 i1+iy iy
v= - - +=).
47mo, \r o )

Equations 7.3a—7.3c can be combined to give

Av;o;a? (1/x1
v = -

(7.3¢)

40, r ro r

I/x1+1/x2 + l/XQ) a4

Equations 7.3 and 7.4 are valid at any distance from the axon,
as long as we can make the piecewise approximation of the
action potential shown in Fig. 7.4.

7.2 The Exterior Potential is Small

Let us use Eq. 7.2 for the rising edge of the action potential
to estimate the potential outside the axon when it is in an
infinite conducting medium. We evaluate Eq. 7.2 close to the
surface of the axon where the potential will be largest, say
at x = 0. In that case r; is approximately x». However, rg
is not zero. It can never become smaller than ro = a, the
radius of the axon. (The potential would diverge if the model
were extended to r = 0.) We will use an approximate value,
ro = a, and call the height of the action potential Av;. Then

Av,-o,-az 1 1
v0)= —[———-). (7.5)
do,x2 Xy a
Since 1/x7 < 1/a, this becomes
Avjoia
v(0) ~ ———. (7.6)
40,x7
Close to x = xj the potential is
Av,-oiaz 1 1 Av;oia
vx)=—"—"- (- ——|) % —. (7.7)
do,x2 a x» do,x2



188

7 The Exterior Potential and the Electrocardiogram

The potential difference between these two exterior points is

o; a
Av, = v(x2) —v(0) = — —Avj;.

7.8
o, 2x2 (7.8)

If the conductivities were the same inside and outside, the
ratio would be Av,/Av; = a/2x;.

The ratio of exterior to interior potential change is pro-
portional to the ratio of the axon radius to the distance along
the axon over which the potential changes. From Fig. 6.42
we see that the rising part of the squid action potential has a
length xo &~ 1cm. If @ = 0.5 mm (a quite large axon), then
the ratio is 1/40. For a smaller axon, the ratio is even less.

The same result can be obtained by another argument. The
resistance between two points is the ratio of the potential dif-
ference between the points to the current flowing between
them. Inside the axon, j and E are large because the current
is confined to a small region of area ma?. The resistance in-
side is R; = x»/ma’o;. The same current flows outside, but
it is spread out so that j and E are much less. The resistance
between two electrodes in a conducting medium is related to
their capacitance (Sect. 6.19). Equations 6.86 and 6.99 can be
used to show that two spherical electrodes of radius a spaced
distance x, apart (x > a) have a resistance R, = 1/2mno,a.
The voltage ratio is

Av, R, 1 na2ai o a
Av;

0, 2%’

R; 2mo,a x>

the same result as Eq. 7.8.

7.3 The Potential Far from the Axon
In most cases measurements of the potential are made far
from the axon—far compared to the distance the action po-

tential spreads out along the axon. If point P is moved far
away, Fig. 7.5 looks like Fig. 7.6. The lines rq, r¢, and r, are

To P
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Fig.7.6 The observation point P is far away compared to distances x;
or x». The lines to P are nearly parallel

nearly parallel. If point P is located at distance ro from the
origin at angle 6 with the x axis, then

A rg—xpcos0, r;p~rg+ xpcosf. (7.9)

Consider the potential in Eq. 7.2 due to the leading edge of
the action potential. (We will argue later that this is a useful
model for the electrocardiogram.) Substituting Eqs. 7.9 in
Eq. 7.2 gives

Avia,-az
V=

1 1
(ro[l — (x2/ro)cosf] %) '

You can verify by a Taylor’s-series expansion or long divi-
sion that

do,x0

1
—— =14+x+---, (7.10)
1—x
so that
Avia,-az
’UZ—2 0s 6. (711)
doory

This is a very important result that will form the basis for our

model of the electrocardiogram:

1. The exterior potential v depends on Aw; but not on x5,
the length of the depolarization region. This is because
increasing x, decreases the strength of the current at the
same time that it increases v because the source and sink
are further apart.

2. The potential falls off as 1/r2 instead of 1/r as it would
from a point source.

3. The potential varies with angle, being positive to the right
of the transition region and negative to the left.

It is convenient to define a vector p that points along the
axon in the direction of the advancing depolarization wave
front (the region along the axon where the potential rises).
It is called the activity vector or current-dipole moment for
reasons discussed shortly. Its magnitude is

p = na’o; Av;. (7.12)

The exterior potential is then (dropping the subscript on r)

p-r

= o (7.13)

Vector p has units of A m. Its magnitude (apart from the
conductivity) is the product of the cross-sectional area of
the axon and the difference in potential along the axon be-
tween the resting and completely depolarized regions. It is
called the current-dipole moment because it is the product
of the current and the separation of the source and sink. (The
electric-dipole moment is the product of the magnitude of the
charges and their separation, with units C m.)
Equation 7.11 can also be written in the form

na?cosf 1 o;
—— — Avj;.

v =
«) r?2  4mno,

(7.14)
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Fig.7.7 When the observation point is not so far away, or when a com-
plete nerve impulse is being considered, the law of cosines must be used
to relate 1 and r; to rg

The quantity wa”cos6/r? is A2, the solid angle® sub-
tended at the observation point by a cross section of the
axon where the potential changes. The quantity 4w is the
maximum possible solid angle. In terms of the solid angle

AS2 o;
v=———Av;.

7.15
4 o, ( )

Now consider an entire pulse, one where the potential
rises and then returns to the resting value. If the approxi-
mation of Eq. 7.10 is applied to Eq. 7.4, the result vanishes.
It is necessary to make a more accurate approximation, one
that takes into account the fact that the vectors ry, rg, and r;
are not exactly parallel. Figure 7.7 shows the geometry. We
use the law of cosines to write [remember that cos(mt — ) =
—cosf]

1/2
rL=ro [1 + (2x1/rg) cos O + xlz/rg] ,

5 2712
rmn=ro [l — (2xp/rp) cos b +x2/r0]

When these are inserted in Eq. 7.4 and a Taylor’s-series ex-
pansion is done to second order in both x/rg and x3/rg, the
result is

B 21a? o; Av; (x1 +x2)3 cos?6 — 1

v = _
47r3 o, 2 2

(7.16)

The constants have been arranged to show that the term
Av; (x1 4 x2)/2 is the area under the impulse when v is plot-
ted as a function of x. The angular factor as written with its
factor of 2 in the denominator is tabulated in many places as
the Legendre polynomial Py(cos®).> The exterior potential

2 The solid angle is defined in Appendix A.

3 You can learn more about Legendre polynomials in texts on differen-
tial equations or, for example, in Harris and Stocker (1998). See also
Eq. 7.29.
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Fig. 7.9 The potential far from the axon as a function of time as an
impulse travels from left to right along the axis. The potential from the
complete pulse has been multiplied by a factor of 10 in order to show it

now falls off more rapidly with distance, as 1/r3. The angu-
lar dependence, shown in Fig. 7.8, is symmetric about 7t /2.
This shows the angular dependence as one moves around the
impulse at a constant distance from it.

This is a very different situation and a very different curve
from the potential measured at a fixed point outside the axon
as an impulse travels past. In the latter case r as well as 6 is
changing. This behavior is discussed in Problems 8 and 9.
The results are shown in Fig. 7.9. The potential from the
depolarization is biphasic; that from the complete pulse is
triphasic, being positive, then negative, then positive again.

For a single axon in an ionic solution the exterior con-
ductivity is usually higher than in the axon, so o; /o, = 0.2.
The conductivity of tissue is considerably less than the con-
ductivity of an ionic solution, and the ratio becomes greater
than one. For the electrocardiogram it will be more appropri-
ate to use 0, = 0.33S m~! (muscle) or 0.08S m~! (lung),
in which case o; /0, is 6 or 25. We will use an approximate
value of 10.

7.4 The Exterior Potential for an Arbitrary
Pulse

We have derived the results of the previous sections for an
action potential that varies linearly during depolarization and
repolarization, a piecewise-linear approximation. In general
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the action potential does not have sharp changes in slope. We
will now consider the general case and find that the results
are very similar. For depolarization alone, we will again have
a potential depending on the dipole moment. For a complete
pulse the potential will depend on the area under the pulse
curve.

Again, the axon is stretched along the x axis in an in-
finite, homogeneous conducting medium. Consider a small
segment of axon between x and x + dx. If the current en-
tering this segment at x is greater than the current leaving at
x + dx, the difference must flow into the exterior medium.
From Eq. 6.47b,

diilx,1) ,

di, = —di; = — 5
X

We can write Ohm’s law for the axoplasm as

. 2 av;
ij(x,t) = —ma“o; —.
dax

(7.17)
The current into the exterior medium from length dx of the
axon is

32’1},'

. 2
di, = ta“o;—= dx.
ax2

(7.18)
It is proportional to the derivative of the current along the
axon with respect to x and therefore to the second derivative
of the interior potential with respect to x. A small current
source di, generates a potential dv at some point in the
exterior medium given by
dv = o

dro,r

(7.19)

If the radius of the axon stretched along the x axis is very
small, the axon’s influence can be replaced by a current dis-
tribution di,(x) along the x axis. The potential at any point
R is obtained by integrating Eq. 7.19:

di,
R) = .
v(®) /4n00r

Vector R specifies the point at which the potential is mea-
sured, and r is the distance from the measuring point to
the point on the x axis where di, is injected, as shown in
Fig. 7.10. Combining this with Eq. 7.18 gives

(7.20)

(7.21)

Although it is difficult to integrate Eq. 7.21 analytically,
the integration can be done numerically. Figure 7.11 shows a
computer program to carry out this integration for a crayfish
lateral giant axon immersed in sea water. The axon radius is
60 um. The conductivity ratio is o;/0, = 0.2. The action
potential was measured by Watanabe and Grundfest (1961).
Clark and Plonsey (1968) showed that it could be well repre-
sented by a sum of three Gaussians, with v; = 0 taken to be

v(R)

dx X

Fig. 7.10 The potential v(R) is obtained by integrating the potential
due to current di, from each element dx of the cell

the resting value. Since only 3%v;/dx? enters into Eq. 7.21,
the reference level does not matter. The representation (with
v inmV and x in mm) is

vi(x) = 51" 1&=54/125P (7.22)

+ 726—[(}(—6.6)/1.876]2 + 186—[(}(—8.6)/3.003]2.

This function corresponds to an impulse traveling to the
left. It can be differentiated to obtain an analytic expression
for 9%v; /dx2. If the potential is being measured at exterior
point (xg, yo), the value of r which is used in Eq. 7.21 is
r= [(x —x0)% + yg] 1 2. The program allows four values of
yo to be used. The smallest is taken to be a, the radius of the
axon.

The results of calculating the exterior potential at yo = a
are shown in Fig. 7.12. The interior potential, shown in (a),
has a peak value of 114 mV. The potential on the surface of
the axon (b) ranges from + 0.04 to — 0.07 mV. In general the
exterior potential is less than 0.1 % of the interior potential.
(This would be different if the extracellular fluid were not
infinite.) The original calculation by Clark and Plonsey used
much different mathematical techniques (see Problem 30);
however, the results are very similar. The results of their
more accurate calculation are plotted in Fig. 7.13.

The approximation that the observer is far from the axon
can also be applied to the general case. The physics is ex-
actly the same as in the previous section for the triangular
pulse, except that now the pulse has an arbitrary shape so
current passes through the membrane at all points along the
axon where the second derivative is nonzero. The calculation
requires making the same type of approximations in order to
evaluate the integral (Eq. 7.21). Referring to Fig. 7.10, we
again use the law of cosines to write

r(x) = R [1 —2(x/R) cos 0 +x2/R2]1/2 .

We need to use this in Eq. 7.21. As in the previous section,
we make a Taylor’s-series expansion of 1/r. To second order
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//program ClarkAndPlonsey;

/*This program integrates our approximate
equation for the extracellular potential.
Original calc. by J. Clark and R. Plonsey,
The extracellular potential field of the
single active nerve fiber in a volume
conductor. Biophys. J. B:B42-864 (1968)*/
/*The nerve pulse is a series of Gaussians
used by Clark and Plonsey to fit data of
Watanabe and Grundfest, J. Gen. Physiol.
45:267 (1961)*/

/*This program uses Romberg integration
function gromb, from the Numerical Recipes
in €, 2nd ed.*/

#include<stdio.h>

#include<stdlib.h>
#include<math.h>
#include "nr.h" //N.R. in C header file

/*Global Variables*/

double x0,y0; //coordinates of obs point

float f(fleat x)

/*Calculates integrand d2v/dx2 div by r
Uses common variables x0 , y0--

Observation point in meter*/

double xx, r, div, temp;

dzv = 0;

XX = (x-0.0054)/1.25e-3;

temp = (2*%*51/(1.25e-3*1.25e-3))
*exp(=(Xx*xx));

d2v = d2v+temp#*(2*xx*xx-1);

xx = (%-0.0066)/1.876e-3;

temp = (2*72/(1.B76e-3*1.876e-3))
*exp(-(xXx*xx));

d2v = d2v+temp* (2*xx*xx-1);

xx = (x-0.0086)/3.003e-3;

temp = (2*18/(3.003e-3*3.003e-3))
Fexp(-(xx*xx));

div = d2v+temp* | 2¥xx*xx=1);

r = sqri((x0-x)* (x0-x)+y0*y0);

return d2v/r;

H

void main()

{

const
double SigRatio = 0.2,
//Interior/exterior conductivity
a = 6.0e-5; //axon radius in m

float
xstart, xfinish,//limits of int.;
double
y¥[4],//Calculate at four distances
potential, xx //Exterior potential

Tra b} /iTra brane potential
int ij
FILE *ofp; /foutputfile Pointer

if (!{ofp = fopen("Plonsey.out”,"w")})

//Open output file

{
printf("cannnot open output file\n");
exit(l);

}

xstart = 0.0;

xfinish = 0.02;

fprintf(ofp," x \t v "¥r

printf(" x v " )i

for (i=0; i<d4; i++)

{
¥yIi] = pow(2,i)*a;
fprintf(ofp,"\t¥9.3e",y[i]);
printf(" %9.3e ",y[i]);:

}
fprintf(ofp, "\n\n");
printf{"\n\n");
for(x0 = 0.001; x0 < 0.012; x0 += 0.00025)
{
xx = (x0-0.0054)/1.25e-3;
Transmemb = Sl%exp(-xx*xx);
xx = (x0-0.0066)/1.876e-3;
Transmemb = Transmemb+72*exp(-XxX*xXxX);
xx = (x0-0.0086)/3.003e=-3;
Tra b = Tr. b+1B8*exp (-XX*xXX);
fprintf(ofp,"%9.3e\t%10.3e",x0, Transmen
b);
printf("%9.3e %10.3e
for (i=0; i<4 ; i++)

{

", %0, Transmemb) ;

¥0 = y[i];
Integral = gromb(f,xstart,xfinish);
//H.R. in C function Call

potential=Integral*a*a*SigRatio/4.0;
fprintf(ofp,"\t%10.3e”,potential);
printf("%10.3e ",potential);

}

fprintf(ofp,"\n");

printf("\n");

}
fclose(ofp);

Fig.7.11 The computer program used to calculate the exterior potential by integrating Eq. 7.21 for the problem first solved by Clark and Plonsey
(1968). The program uses Romberg integration procedure gromb from Press et al. (1992)

the result is

Lel(ie 2 9+1x2(3 20-1)). (723
rNR RCOS 2R2 COS . .

The expression for v(R) becomes

2 X2 92
. 1 2 8 .
v(R)Zw[—/ Y dx +
X

cos® [*2 92y;
/ Ui xdx
X

4no, | R Jy, 0x% R> J,, 0x?
3cos?0 —1 [*2 3%y ,
+ dx | . 7.24
2R3 /x] ax2 x} (7.24)

There are three integrals that we must evaluate. Take lim-
its of integration x; and x, to be points where dv;/dx = 0.
The first integral is dv;/dx which vanishes at the end
points. The second integral can be integrated by parts. Since
dv; /dx = 0 at the end points the second integral is v; (x1) —
vi (x2). The third integral is integrated by parts twice and is

. Ox ax |y, X

(7.25)

X2 82 X Ju; X2 X2
/ _vzlxz dx = |:x2ﬂj| -2 [xv(x)]ﬁf—l—Z/ vi(x)dx.
X

The first term of this vanishes because of the way the end
points were chosen.

We now apply these results to Eq. 7.24 in two cases. The
first is the case of depolarization only, which is useful in con-
sidering the electrocardiogram. Set up the coordinate system
so the origin is someplace in the impulse where dv; /dx = 0.
The total change in v; is Av;. Then x1 = 0, v;(x1) = Av;,
v; (x2) = 0. The first nonvanishing term of Eq. 7.24 requires
only the second integral:

nazcri cosf

R) = L0 C08T
v(R) 4mo, R?

Av;. (7.26)

We obtained this result in a special case as Eq. 7.11.

In the second case we consider the complete pulse, and we
take x| to the left of the pulse and x, to the right. The first
integral in Eq. 7.24 still vanishes. Now the second integral
also vanishes because v; (x1) = v; (x2) = Vregt and Av; = 0.
It is necessary to use the third integral, Eq. 7.25. The first
term in Eq. 7.25 vanishes. The second and third terms must
be considered together. Rewrite the potential in terms of de-
partures from the resting potential: v; (x) = Urest + Vdepol (X).
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Fig. 7.12 a The transmembrane potential used for the calculation in

the program of Fig. 7.11. The impulse is traveling to the left. b The
exterior potential along the axon calculated by the program for yy = a

10

Fig.7.13 The exterior potential for the same problem calculated using
the more accurate method of Clark and Plonsey (1968). The smallest
distance from the axon is y=0.5 mm

The second term in Eq. 7.25 is —2vpegi(x2 — x1). The third
term of Eq. 7.25 is

X2
2/ 'Udepol(x) dx + 2(x2 — X1)Vrest-
x

1

Adding these gives

[vi (X) — Vrest] dx.

(7.27)

2na’o; 1 3cos?0 —1 [
4mo, R? 2 /x,
Again, we saw a special case of this as Eq. 7.16.

Note the progression in these results. When we are look-
ing at one corner of a depolarization pulse, we have a current
source or sink, and the potential is proportional to 1/R
(Eq. 7.1). We do not find this situation in physiology because
the potential would have to keep rising forever. When we
consider the entire depolarization portion of the wave form,
the potential is proportional to 1/R2, as in Eqs. 7.11 or 7.26
(We will find that this is a good model for the electrocardio-
gram because the repolarization does not commence until the
entire heart is depolarized*). When the entire pulse is con-
sidered, the potential is proportional to 1/R> as in Eq. 7.16
or 7.27. This is a good model for nerve conduction. The po-
tential is considerably less in this case because of the 1/R>
dependence.

This is an example of a technique called a multipole ex-
pansion. Generally, defining £ = x/R, one can make the
expansion

1
(1 —2&cosf +EH1/2

=Py+E&P +52P2+53P3 + -,
(7.28)

where the P, are functions of cos 6 and are called Legendre
polynomials. The first few Legendre polynomials are

Py=1,
P = cos0,
Py = 3(3cos?6 — 1),
P; = %(500330 — 3cos6).

(7.29)

All of these calculations are based on a model in which the
current flows parallel to the axis of the axon, passes through
the membrane, and then returns in the extracellular conduct-
ing medium. This model is called the line approximation. It
is, of course, impossible for current inside the axon to pass
out through the membrane if it always flows parallel to the
axis of the axon. It is possible to do an exact calculation in
which j has a radial component as well as one parallel to the
axis of the axon. (See Sect. 7.9 for a description of how this
is done.) Trayanova et al. (1990) have compared the exact
solution with two approximations, one of which is the line
approximation. The line approximation is quite good if the
radius of the axon is much smaller than the distance along
the axon over which the depolarization takes place.

4 This is not strictly true. Atrial repolarization begins before the
ventricular depolarization is complete.
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Fig.7.14 Depolarization and repolarization of cardiac cells based on a model by Luo and Rudy (1994). Panels on the left show the depolarization.
Panels on the right show the entire action potential. Note the factor of 100 change in scale of the current density on the lower two panels.
Electrotonus (the dashed line) is important during depolarization but is almost nonexistent during repolarization. Compare this with Fig. 6.42. The

calculations were performed by Sunil Kandel

7.5 Electrical Properties of the Heart

We saw in Chap. 1 that the heart is divided into a right side
and a left side (see Fig. 1.34). Each side consists of an atrium
and a ventricle. The ventricles are primarily responsible for
pumping the blood. They are relatively large chambers with
thick walls. The smaller atria contract first. The atria fill the
ventricles with blood before the ventricles contract. The two
chambers on each side are connected by one-way valves: the
tricuspid valve on the right and the mitral valve on the left,
so that blood cannot regurgitate back into the atrium when a
ventricle contracts.

The right and left atria are electrically connected: if the
right atrium contracts, so does the left atrium. The right and
left ventricles are similarly connected. The electrical connec-
tion between the atria and the ventricles occurs only at the
AV node, as discussed below.

There are many similarities between myocardial cells and
nerve cells: a membrane separates extracellular and intra-
cellular fluids; the concentrations of the principal ions are
about the same; except for a small amount of charge on the
membrane, the extracellular and intracellular fluids are elec-
trically neutral; and selective ion channels are responsible for
the initiation and propagation of the action potentials. There

are also major differences: myocardial cells in mammals are
about 100 wm long and 10 um in diameter. The interiors of
neighboring cells are connected through gap junctions, so
current and ions flow directly from one cell to another (Del-
mar and Sorgen 2009). This continuum of cells is called a
syncytium. There are also important differences in the details
of the ion currents. We continue for now to use the simple
model of long, one-dimensional cells. Refinements to this
model are discussed in Sect. 7.9.

In the resting state, the potential inside an atrial cell
is about —70mV, while that in a ventricular cell is about
—85mV. When a cell depolarizes, the action potential lasts
for 100-300 ms, depending on the species. A “typical” ac-
tion potential is shown in Fig. 7.14. There are variations in
pulse shape between species and also in different parts of
the heart. The initial rapid depolarization is caused by an in-
ward sodium current (phase 0 on the curve) and takes about
1 ms. This is sometimes followed by a rapid fall (phase 1) not
prominent in Fig. 7.14, caused by a transient outward potas-
sium current. This current is small in endocardium (near
the inside of the heart) but is prominent enough in the epi-
cardium (outer layers of the heart) so that there can be a
“spike and dome” shape to the potential (George 2009). This
is followed by a Ca?* influx that maintains the plateau (phase
2) of the action potential. The “slow” potassium channels
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finally open (Oudit and Backx 2004), and potassium efflux
causes repolarization (phase 3). During phase 4 the original
ion concentrations are restored.

The heart can beat in isolation. If it is removed from
an animal and bathed in nutrient solution, it continues to
beat spontaneously. With each beat, a wave of depolar-
ization sweeps over the heart, and it contracts. The wave
is initiated by some specialized fibers located in the right
atrium called the sinoatrial node (SA node). As was men-
tioned in Sect. 6.18, the SA node does not have the usual
sodium channels, and the depolarization is due to calcium.
The shape of the SA node potential is much more like
Fig. 6.48 than Fig. 7.14. In humans the SA node fires about
60-100 times per minute; this rate is increased by the sym-
pathetic nerves to the heart (which release norepinephrine)
and decreased by the parasympathetic nerves (which release
acetylcholine). Devices that produce such periodic firing
are common in physics and engineering. They are called
free-running relaxation oscillators.

Figure 7.15 shows how the depolarization progresses
through the heart. Once the SA node has fired, the depolar-
ization sweeps across both atria (a, b). When the atria are
completely depolarized (c) there is no depolarization wave-
front. The atria are separated from the ventricles by fibrous
connective tissue that does not transmit the impulse. The only
electrical connection between the atria and the ventricles is
some conduction tissue called the atrioventricular node (AV
node). After passing through the AV node, the depolarization
spreads rapidly over the ventricles through the conduction
system—a set of specialized muscle cells on the inner walls
of the ventricles—(d, e), and finally through the myocardium
of each ventricle to the outer wall (e, f, g). The conduction
system consists of the common bundle (or bundle of His),
the left and right bundles, and the fine network of Purkinje
fibers. The AV node will spontaneously depolarize at a rate
of about 50 beats per minute; it usually does not because it
is triggered by the more rapid beating of the atria. In well-
trained athletes, the resting pulse rate can be so low that the
AV node fires spontaneously, giving rise to what are called
nodal escape beats. These are physiologic and no cause for
concern.

There is a difference between depolarization, which prop-
agates as a wave, and repolarization, which is a local phe-
nomenon. Sodium conductance increases as the transmem-
brane potential rises during depolarization. As the potential
rises at some point on the advancing wave front, electro-
tonus increases the potential further along the cell, as can
be seen in the left panels of Fig. 7.14, where the contribution
from electrotonus is shown by the dashed line. This causes
the sodium conductance to rise at that point, resulting in the
propagation of the signal at speeds of about 0.2 —0.5 ms~!.
During repolarization electrotonus contributes almost noth-
ing to the repolarization, as can be seen in the panels on the
right (note the factor of 100 difference in the current density).

(g) 2

Fig. 7.15 The wave of depolarization sweeping over the heart. Atrial
and ventricular muscle are not connected except through the AV node.
a Depolarization beginning at the SA node. b Atria nearly depolarized.
¢ The AV node is conducting. d Beginning of depolarization of the left
ventricle. e, f Continuing ventricular depolarization. g Ventricular de-
polarization nearly complete. (Reprinted with permission from Hobbie
1973, Copyright © 1973, American Association of Physics Teachers)

Normally, depolarization progresses through the my-
ocardium in an orderly fashion (Fig. 7.15). It is followed by
repolarization, and after a brief refractory period the heart is
ready to beat again. During the refractory period the cells do
not respond to a stimulus. It is possible in abnormal situations
for a wave of depolarization to travel in a closed path through
the myocardium. This closed path, called a reentrant circuit,
can surround an obstacle such as scar tissue, the aorta, or the
pulmonary artery. It can also surround an area that simply has
different conduction properties. If the time to travel around
the reentrant circuit is greater than the refractory period, the
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wave can continue to travel on the closed path. Reentrant
excitation is thought to be responsible for several kinds
of heart disease, including most life-threatening ventricular
tachycardias (rapid heart rate). Another type of reentrant ex-
citation is spiral waves that occur because of the nonlinear
nature of the myocardium (Gray 2009; Such nonlinear be-
havior will be discussed in Chap. 10). It is also possible for a
reentrant wave to leave behind a refractory state that blocks
normal conduction.

7.6 The Current-Dipole Vector of the Heart as
a Function of Time

Each myocardial cell depolarizes and repolarizes during
the cardiac cycle. These cells are short—about 100 um in
length—but are interconnected. We apply our axon model
by noting that a current i; flows within each cell during de-
polarization and a return current, which could be ignored in
our axon model, flows in the surrounding tissue. We assume
that each cell as it depolarizes has a current dipole moment,
and that these can be summed.

The total current-dipole vector at any instant is then the
sum of the vectors for all the cells in the heart. This sec-
tion considers how the total current-dipole vector changes
with time as the myocardium depolarizes and then repolar-
izes. Initially, all the cells are completely polarized (resting)
and there is no net dipole moment. The cells begin to depo-
larize near the SA node, and a wave of depolarization sweeps
across the atria. For each myocardial cell, the dipole vector
points in the direction that the wave of depolarization is trav-
eling’ and moves along the cell with the depolarization wave.
These vectors for all the cells that are depolarizing constitute
an advancing wave that moves across the heart.

The potential at the point of observation can be calculated
by applying Eq. 7.13 for each cell. Vector r is the vector
from the cell to the point of observation and is different for
each cell. However, we will assume for now that the obser-
vation point is so far from the heart that all points in the
myocardium are nearly equidistant from it. This is a terri-
ble assumption; later we will be more realistic. It allows us
to speak of the instantaneous total current dipole moment,
which is the sum of the dipole moments of all depolarizing
cells at that instant.

The locus of the tip of the total dipole moment during the
cardiac cycle is shown in Fig. 7.16 for a typical case. The x
axis points to the patient’s feet, the y axis to the patient’s left,
and the z axis from back to front. The small loop labeled P
occurs during atrial depolarization. The loop labeled QRS

3 If one takes into account the anisotropies in the conductivities of my-
ocardial tissue discussed in Sect. 7.9, the depolarization does not travel
in the direction that p points. We ignore this for now.

Fig.7.16 The locus of the tip of the total current-dipole vector during
the cardiac cycle. The z axis is perpendicular to the x and y axes and
the subject’s chest and comes out of the page
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Fig.7.17 The three components of the total current dipole vector p as
a function of time

is the result of ventricular depolarization. Ventricular repo-
larization gives rise to the “7T wave.” Atrial repolarization
is masked by ventricular depolarization. A plot of the x, y,
and z components of p is shown in Fig. 7.17. These compo-
nents are typical; there can be considerable variation in the
directions of the loops in Fig. 7.16.

7.7 The Electrocardiographic Leads

We turn next to how the electrocardiographic measurements
are made. We model the torso as an infinite homogeneous
conductor and continue to assume that every myocardial cell
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Fig. 7.18 Geometry for calculating the potential difference due to p
between points A and B

is the same distance from each electrode. Both assumptions
are wrong, of course, and later we will improve upon them.

The potential at r from a current dipole p is given by
Eq. 7.13. The potential difference between two points at po-
sitions r; and rp, each at a distance r from the dipole, is
therefore (see Fig. 7.18)

p-(r; —rp)

ey, 1) = — =3
o

Denoting r; — r; by R, we have

p-R
V= —7. (7.30)
4o,r3
The potential difference between two electrodes separated
by a displacement R and equidistant from the current-dipole
vector p measures the instantaneous projection of vector p
on R
If the depolarization can be described by a single current-
dipole vector, only three measurements are needed in princi-
ple, corresponding to the projections on three perpendicular
axes. The standard electrocardiogram (ECG) records 12 po-
tential differences using nine electrodes. There are many
reasons for this. The body is not an infinite, homogeneous
conductor, and the relationship between cellular dipole mo-
ments and the potential is more complicated than our model;
to convert the three perpendicular components to the instan-
taneous values of p would require a mathematical reconstruc-
tion; and the electrodes are not far away compared to the
size of the heart. With 12 recorded potential differences, it is
fairly easy to interpret the electrocardiogram by inspection.
The first three electrodes are placed on each wrist and
the left leg. The limbs serve as extensions of the wires, so
that the potential is measured where the limbs join the body.

(Left
shoulder)

Fig.7.19 Vectors connecting the three electrodes for a typical patient.
The limbs are extensions of the leads of the electrocardiograph machine

This is a major correction to our crude model that the heart
is in an infinite conducting medium. If the subject were im-
mersed in a conducting medium such as sea water, movement
of the arms would change the size of the ECG signal be-
cause it would change R. In air, however, movement of the
arms does not change the size of the signal. The simplest
correction to explain this is to say that R for the two arm
electrodes goes from shoulder to shoulder. These three elec-
trodes measure potential differences between three points
located approximately as shown in Fig. 7.19. The dimen-
sions are for a typical adult. The three potential differences
are called limb leads 1, 11, and III:

[=vp —wa,

I = ve — va, (7.31)

Il = ve — vp.

In the approximation used here, the voltage difference I is
proportional to the projection of p on Ry, and so forth. These
leads measure the projections of p on the three vectors Ry,
RH, and RIII of Fig. 7.19.

It is customary also to combine these three potentials in
a slightly different way to obtain projections of p on three
other directions. These combinations are called the aug-
mented limb leads. They contain no information that was not
already present in the limb leads, but the six signals are easier
to interpret by inspection. The combinations are

1 1
aVR =vy, — 5(’03 +vc) = _E(I+II)’



7.7 The Electrocardiographic Leads

197

Fig. 7.20 The six directions in the frontal plane defined by the limb
leads and the augmented limb leads. The angles are for the same subject
as in Fig. 7.19

1 1
aVL =vp — E(,UA +vc) = E(I — III), and (7.32)

1 1
aVF =ve — S(va +vp) = S(1+ 11D,

These are proportional to the projections of p on vectors Ry,
Rpg, and R of Fig. 7.20. The subscripts refer to the fact that
the vectors point toward the left shoulder, right shoulder, and
foot, respectively.

The six lines in Fig. 7.20 are spaced approximately every
30° in the frontal plane. Many texts argue that the leads are
spaced exactly every 30° and that the triangle of Fig. 7.19
is an equilateral triangle (Einthoven’s triangle). While the
directions are not far from 30 °, this assumption is not re-
ally necessary. Physicians often want to know the direction
of p at some point during the cardiac cycle, or the average
direction of p during the Q RS wave (ventricular depolariza-
tion). With six directions measured, this can be determined
by inspection.

These six leads measure projections in the frontal plane.
It is also necessary to have at least one projection in a plane
perpendicular to the frontal plane. It is customary to place
six leads across the chest wall in front of the heart; they
are called the precordial leads. Their locations are shown in
Fig. 7.21. The potential difference is measured between each
precordial electrode and the average of vy4, vp, and ve. A
lead therefore measures the projection of p on a vector from
the center of triangle A BC to the electrode for that lead. This
fact is not obvious, and in fact is true only if differences in
1/r? are neglected. To see that it is true with the appropriate
approximation, pick an arbitrary point O and from it con-
struct vectors R4, Rp, R, and Rp to the points A, B, and C

Back

Front

Fig. 7.21 The location of the precordial leads and the directions of
the components of p which they measure. Reprinted with permission
from Hobbie 1973. Copyright 1973, American Association of Physics
Teachers

Fig. 7.22 A perspective drawing of the vectors used to calculate the
potential in a precordial lead. Reprinted with permission from Hobbie
1973. Copyright 1973, American Association of Physics Teachers

of Fig. 7.22 and to the precordial electrode at D. The desired
potential is

vA +vp + ve

—

It can be calculated using Eq. 7.30 for each term:

1 ‘R 1 ‘R ‘R
v = p3D__ P3A_|_ _I_P 3C '
410, R 3 Ry R,

D
So far, the location of O is arbitrary. If it is picked to be at
the center of the triangle, then R4 + Rp 4+ R¢ = 0. (This is
the definition of center.) Since R4 &~ Rp ~ R, the term in
large parentheses vanishes. The desired potential difference
is then

UV =Up —

p-Rp
3
Ry

I p-Rp
v=—--—*
4mo, R3

In this approximation, each precordial lead measures the pro-
jection of p on a vector from the center of the triangle ABC
to the electrode. The amplitude of the signal will be larger
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Fig.7.23 A normal electrocardiogram. The large divisions are 0.5 mV
vertically and 0.2 s horizontally. Reprinted with permission from Hob-
bie 1973. Copyright 1973, American Association of Physics Teachers.
The electrocardiogram was supplied by Prof. James H. Moller, MD

than for the limb leads, because Rp < R4. Some of the pre-
cordial leads are quite close to the heart. The assumption that
r is the same for all parts of the myocardium is not valid.
Because of the factor 1/ r2, the greatest contribution to the
potential comes from the closest regions of myocardium. A
lead is said to “look at” the myocardium closest to it.

7.8 Some Electrocardiograms

A normal electrocardiogram is shown in Fig. 7.23. When p
has its greatest magnitude during the Q RS wave, it is nearly
parallel to Ryy. There is almost no signal in aV L, which is
perpendicular to Ry.

Compare this to Fig. 7.24, which shows the electrocar-
diogram for a patient with right ventricular hypertrophy, an
enlargement and thickening of the right ventricle. Because
of the greater right ventricular muscle volume, p points to
the right during the QRS wave, so that the QRS signal is
negative in lead I. Lead aV F shows that there is very little
vertical component of p during the QRS wave. The precor-
dial leads V7 and V; show the strongest signals, because the
right ventricle faces the front of the body. In this case an ex-
tra lead V4R has been used, which is symmetrical with V4
but on the right side of the body.

The electrocardiogram in Fig. 7.25 is from a patient with
left ventricular hypertrophy. The thicker left ventricular wall
causes the QRS dipole to point to the left. As a result, lead
I has an abnormally high peak, aV L is large and positive,

Fig.7.24 The electrocardiogram of a patient with right ventricular hy-
pertrophy. Reprinted with permission from Hobbie 1973. Copyright
1973, American Association of Physics Teachers. The electrocardio-
gram was supplied by Prof. James H. Moller, MD

aVR aVL aVvF

V4R Vi V3 Vs Vy Vs Vg

N/2 N/2 N/2 N/2

Fig.7.25 The electrocardiogram for a patient with left ventricular hy-
pertrophy. Reprinted with permission from Hobbie 1973. Copyright
1973, American Association of Physics Teachers. The electrocardio-
gram was supplied by Prof. James H. Moller, MD

V5 is negative, and V4, Vs, and Vg have very large positive
peaks. These last four leads are shown at half scale.

A fault in the conduction system known as a bun-
dle branch block causes the depolarization wave to travel
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Fig.7.26 The electrocardiogram for a patient with right bundle branch
block. The electrocardiogram was supplied by Prof. James H. Moller,
MD

through the myocardium rather than over the conduction sys-
tem. Since the speed of propagation in myocardium is slower
than that in the conduction system, the depolarization takes
longer than usual. An electrocardiogram for a patient with
right bundle branch block (a block in the bundle for the right
ventricle) is shown in Fig. 7.26. The effect is most striking
in leads that are most sensitive to the right ventricle: precor-
dial leads 1 and 2. In V] the early part of the QRS wave has
the usual biphasic, up—down pattern as the left ventricle de-
polarizes. This is followed by a large and prolonged vector
pointing to the right, as the right ventricle slowly depolarizes.
Lead V, shows a strong and prolonged bipolar signal as the
right ventricle depolarizes.

7.9 Refinements to the Model

Our model for the potential outside a nerve or muscle
cell has been a long single conducting fiber in an infinite,
homogeneous medium. We will consider four ways to extend

and improve the model. The first is to recognize that current
must also flow radially inside the cell. If it did not, it could
never leave the cell. At the same time we will abandon the
assumption that the presence of the cell along the x axis
does not perturb the current outside the cell. The third im-
provement is to recognize that the conductivity may depend
on position. This is particularly important outside the cell,
where there are muscle, fat, lungs, etc. Finally, the conduc-
tivity at a given point may depend on which direction the
current flows—for example, parallel or perpendicular to the
cells.

In order to make these refinements to the model, we must
develop a different formulation of the problem. Consider
some region of space containing a conducting material de-
scribed by Ohm’s law. The electric field is related to the
potential by Eq. 6.16b: E = —grad v = —Vv. If the material
is isotropic and obeys Ohm’s law, then from Eq. 6.26

j=0E=—oVu. (7.33)
We now apply the equation of continuity or conservation of
charge, casting Eq. 4.8 in terms of the electric current density
j and the electric charge per unit volume, p:

% _ _v.j (7.34)
vl Jj- .
Combining these two equations gives
ap .
— =div(o grad v) = V- (6 Vv). (7.35)

ot

Leaving the conductivity inside the divergence term allows
the conductivity to depend on position. If the conductivity is
the same everywhere it can be taken outside the divergence
operator to give

ap V2 9% n 9% n 9%
— =oVv=0|l—+—+—).
ot 0x2  9y? 972

We can write this in cylindrical coordinates, which are more
useful for modeling a cylindrical cell stretched along the z
axis. From Appendix L, assuming that the potential does not
depend on the angle ¢, we have

ap 5 10 v
—=ocVv=0o|-—(r— )+
ot rdr \ or

These are very general equations, applicable to any volume
of space where the material is homogeneous and isotropic
and obeys Ohm’s law. They were derived using Ohm’s law
and the conservation of charge. Equation 7.36a is actually
the same result we had in Eq. 6.51. This is demonstrated in
Problem 29.

(7.36a)

9%v
972

} . (7.36b)
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7.9.1 The Fiber Has a Finite Radius

Now we can make the first two improvements: we relax the
assumption that the fiber radius is very small. Except at the
cell membrane, where charge on the membrane capacitance
is changing as the membrane potential changes, dp/dt = 0.
If we assume that the transmembrane potential vy, is known,
then Eq. 7.36b can be applied separately to the extracellular
and the intracellular fluid for a long straight fiber to deter-
mine the potential everywhere outside (or inside). This was
first done by Clark and Plonsey (1968). In the extracellular
and intracellular fluids, Eq. 7.36b becomes

1 2

_i ravo(r, 7) n -0, (1, 2) _0, r>a

r or or 972

19 raw (r,2) N 8%v; (r, z) _o, (7.37)
ror ar 372

vm(2) = vi(a, 2) —vo(a, 2).

With v, known, these equations were solved for the potential
distribution inside and outside the cell. This is the calculation
that was done to obtain Fig. 7.13. The result of this type of
calculation has been compared to the line-source model by
Trayanova et al. (1990).

7.9.2 Nonuniform Exterior Conductivity

To make the next improvement, consider an extracellular re-
gion in which the conductivity is not uniform. In a region
without sources, the potential obeys

V. (0,Vv,) =0. (7.38)
Often, the conductivity is assumed to be “piecewise” ho-
mogenous, with a different value assigned to each kind of
tissue. Within each tissue the potential then obeys Laplace’s
equation, V2, = 0. At the boundary between tissues,
the potential and the normal component of the current are
continuous.

When the different tissues have realistic and irregu-
lar boundaries, special techniques are needed to solve
Laplace’s equation. One important technique is the finite-
element method (Miller and Henriquez 1990); another is the
boundary-element method (Gulrajani 1998).

A typical application, which serves as the basis for non-
invasive electrocardiographic imaging, is to measure the
potential at the body surface and then calculate the poten-
tial on the epicardium (the outer surface of the heart; Rudy
and Burnes 1999; Stanley et al. 1986). One cannot calculate
the potential inside the heart unless the sources are known,
but finding the potential on the epicardial surface is possible.

7.9.3 Anisotropic Conductivity: The Bidomain
Model

The final improvement recognizes that the cardiac tissue is
generally not isotropic. If it is still described by Ohm’s law,
then we can write j = ¢ - E where ¢ is a matrix or tensor. In
Cartesian coordinates

Jx Oxx Oxy Oxz Ey
Jy = | oyx Oy Oy Ey (7.39)
Jz Ozx Ozy Ozz E;

This is a compact notation for
Jx = 0xxEx +0xyEy + 0y E7,

with similar equations for j, and j,. It can be shown that the
conductivity matrix must be symmetric, so there are actually
six conductivity coefficients, not nine. It is often possible to
make some of the matrix elements zero by suitable choice of
a coordinate system and suitable orientation of the axes.

Problem 29 shows that for a small cylindrical region of
isotropic axoplasm of length 4 and radius a, the cylindrical
surface of which is surrounded by cell membrane, the total
charge Q within the axoplasm changes according to

99 _ i 2n 2 _ % i  oman (cmﬂ +jm),

ot at ot at
or
Uy, ) na’h 821),- oia 8211[
Cm tim =570 = 5
ot 2mah  0x 2 ox

This can also be written as

0V . 821),-
B (me + ]m) = Uiﬁ7
where B = 2nah/na*h = 2/a is the ratio of surface area
to volume of the cell. Our cell was cylindrical. With other
geometrical configurations, such as a cubic or a spherical
cell, B would have a different value, but it always has the

dimensions of (length)~!. In the general three-dimensional
anisotropic case, the equivalent equation is

v .
B (Cm a_tm + Jm)

zero, except at the cell membrane

= diV(gi gradvi) =V-. (E,V 1}[) .

(7.40)

Both o; and v; are functions of position. The left-hand side
is zero except at the cell membrane. The main theme of this
chapter has been that current that stops flowing inside the
cell must flow outside the cell. We can write an analogous
equation for the region outside the cell:

vy, ~
—p (CmT + ]m) =V (0,V ). (7.41)

zero, except at the cell membrane
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Fig. 7.27 The interior of myocardial cells (shaded) is connected to
adjoining cells by gap junctions. The bidomain model assumes that in a
small region of space (large compared to a cell) there are two potentials:
the interior potential and outside potential that are functions of position
and time

Myocardial cells are typically about 10 pum in diame-
ter and 100 pm long. They have the added complication
that they are connected to one another by gap junctions, as
shown schematically in Fig. 7.27. This allows currents to
flow directly from one cell to another without flowing in the
extracellular medium. The bidomain (two-domain) model is
often used to model this situation (Henriquez 1993; Hen-
riquez and Ying 2009). It considers a region, small compared
to the size of the heart, that contains many cells and their
surrounding extracellular fluid. It simplifies the problem by
assuming that each small volume element contains two do-
mains, intracellular and extracellular. Think of the volume
element as the entire region shown in Fig. 7.27. There are
two potentials in each small volume element: v;(r, ¢) and
vo(r, t). These potentials are averages over the intracellular
and extracellular domains contained in the volume element.
The transmembrane potential is the difference between these
two potentials: vy, (r, 1) = v; (r, t) —v,(r, t). Charge can pass
between the two domains, but the total charge within a vol-
ume element is conserved. If the current densities in each
domain are j; and j,, then the divergence of the sum is zero:
V - (ji +Jo) = 0. The divergence of each current individually
passes through the membrane or charges the membrane ca-
pacitance. The anisotropic analogs of Egs. 7.40 and 7.41 are
now

Jv, Lo -
B (cma—;" + jm) =div(o; - gradv;) =V - (0; - Vv;),

0V . .~
-B (Cm p + Jm) = div(o, - grad v,)
=V.-(o,-Vv,).
(7.42)
The quantity S is the membrane surface area per unit volume
of the entire bidomain—both intracellular and extracellular
volumes. For example, if we consider that the cells are all

cylindrical of length 4 and radius a, then the surface area of
a cell is 2mah. If the fraction of the total volume occupied
by cells is f, then the total volume associated with this cell
is Ta’h/f, so

p=2L.

a

The membrane current j, can be modeled by either a pas-
sive membrane (Ohm’s law—electrotonus) or with one of the
models for an active membrane.

Anisotropy plays an important role in the bidomain
model. To see why, consider a solution to Laplace’s equation
in a monodomain—a two-dimensional sheet of homoge-
neous, anisotropic tissue with straight fibers. If the x direc-
tion is chosen to be along the fiber direction (the direction of
greatest conductivity), then Laplace’s equation becomes

(7.43)

821)0 821)0
Oox —F= Opy ——— =
o 9x2  9y2
Now define a new set of coordinates x’ = x and y' =

V/Oox/0oyy. You can show that in these new coordinates
Laplace’s equation becomes

3% 8%

— + — =0.

9x"? 9 y/2
We have removed the effect of anisotropy by rescaling dis-
tance in the direction perpendicular to the fibers. If you try a
similar trick with the bidomain model

32v; 82, CI .
Oix 912 iy P =8 cmW + jm (7.44a)
821)0 821)0

Uy, .
—-B (cm— + ]m) ,  (7.44b)
ot
you can find a new coordinate system that removes the effect
of anisotropy in either the intracellular space or the extra-
cellular space, but in general you cannot find a coordinate
system that removes the anisotropy in both spaces simul-
taneously (Roth 1992). Only in the special case of equal
anisotropy ratios (ojx/0iy = 0ox/00y) Will the equations
simplify dramatically. But the anisotropy ratios in the heart
are not equal. In the intracellular space the ratio of conduc-
tivities parallel and perpendicular to the fibers is about 10:1,
while in the extracellular space this ratio is about 4:1 (Roth
1997). Anisotropy plays an essential role in the electrical
behavior of the heart, especially during electrical stimulation.

7.10 Electrical Stimulation

The information that has been developed in this chapter can
also be used to understand some of the features of stimu-
lating electrodes. These may be used for electromyographic
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studies; for stimulating muscles to contract called functional
electrical stimulation (Peckham and Knutson 2005); for a
cochlear implant to partially restore hearing (Zeng et al.
2008); deep brain stimulation for Parkinson’s disease (Perl-
mutter and Mink 2006); for cardiac pacing (Moses and
Mullin 2007); and even for defibrillation (Dosdall et al.
2009). The electrodes may be inserted in cells, placed in or
on a muscle, or placed on the skin.

A pulse of current is sent to the stimulating electrode.
The current required to produce a response depends on the
shape and size of the electrode, its placement, the kind of
cell being stimulated, and the duration of the pulse. For a
given electrode geometry the shorter the pulse, the larger the
current required for a tissue response. For very long pulses
there is a minimum current required to stimulate that is called
rheobase. The strength-duration curve was first discovered
by Weiss in 1901. He expressed it in terms of total charge in
the stimulating pulse. A description of the strength-duration
curve and its history has been given by Geddes and Bourland
(1985). They also describe some techniques for making accu-
rate measurements. The strength-duration curve for current
was first described by Lapicque (1909) as

1
i=iR(1+7C),

where i is the current required for stimulation, ig is the
rheobase, ¢ is the duration of the pulse, and #¢ is chronaxie,
the duration of the pulse that requires twice the rheobase
current.

Equation 7.45 provides an empirical fit to the experi-
mental data. We can develop a model to explain it using
information from Chap. 6. A nerve fires after a certain depar-
ture from the resting potential. Subthreshold behavior can be
modeled by electrotonus. Suppose that we inject a stimulat-
ing current into a cell at the origin. Equation 6.58 gave the
voltage along the axon for a current injected in the cell at the
origin after an infinitely long time: v — v, = vge ™ *I/*. The
solution to Problem 6.34 shows that the current injected is

(7.45)

ig = 2vg/Ar;. (7.46)
The quantities A and r; are defined in Chap. 6. The factor of
2 arises because current flows both ways along the cell. The
rheobase current is

Uthreshold

7.47
Ari ( )

iR=2
If we assume that the threshold voltage is independent of
pulse duration, we can use the curve for x = 0 in Fig. 6.31c
to relate the minimum current to the pulse duration. As long
as the pulse is applied, the voltage will rise along this curve.
When the current is turned off, the voltage will start to
fall. If the voltage reaches threshold, the cell will fire. This

4

3+ _|
£ o -

i/ig=1+0.228 T/
= L 1/2
ifig = erf (1)
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Fig. 7.28 The stimulus strength-duration curve plotted for the
chronaxie-rheobase model, Eq. 7.45 and for electrotonus, Eq. 7.49

curve is the solution of Eq. 6.55. The solution is (Chap. 6,
Problem 36; Plonsey 1969, p. 132))

v(0, 1) — v, =g erf(\/z),
T

where 7 is the membrane time constant, k€yp,,. The error
function is defined in Eq. 4.74 and is plotted in Fig. 4.21.
The current required for stimulation with an intracellular
electrode at the origin is therefore

(7.48)

2Uthreshold _ iR

P= arperf(Vi/t)  erf(J/1)T)

Chronaxie can be related to the time constant T by setting
i =2 R:

(7.49)

. iR
2ig = ————. 7.50
R et (Vic/7) (7.50)
From a table of values of the error function, we find
tc = 0.2281. (7.51)

Figure 7.28 compares the standard empirical curve, Eq. 7.45,
with this model. The curves are experimentally indistin-
guishable.

Equation 7.45 is also used for surface electrodes. Ta-
ble 7.1 shows some experimental values for rheobase and
chronaxie. The further the electrode from the tissue being
stimulated, the greater the rheobase current that is required.

An electrode that is transferring positive charge to the
medium is called an anode. One that is collecting positive
charge is called a cathode. If the stimulating electrode is
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Table 7.1 Comparison of values for rheobase and chronaxie for
different stimulations

Stimulation Rheobase  Chronaxie
(mA) (ms)
Intracellular, from Table 6.1, 6.7x107°% 023
Uthreshold = 15 mV
Myocardium, from good pacing electrodes 0.1
Motor nerves for inspiration, from 49 0.17
stimulation of chest wall (Voorhees et al.
1992)
Myocardium, from stimulation of chest 204 1.82
wall (Voorhees et al. 1992)
Anode
%_J Extracellular
/) A
|
Intracellular

Region of hyperpolarization

Region of depolarization

Fig. 7.29 A schematic drawing showing why there is a region of hy-
perpolarization near a stimulating anode (positive electrode) with a
region of weaker depolarization further away

inside the cell, a positive current leaving the electrode will
increase the positive charge within the cell and depolarize it.
Another way to say it is that current from the electrode flows
out through the membrane, so the inside of the membrane
will be made more positive than the outside. On the other
hand, an anodic electrode just outside the cell will send pos-
itive current in through the membrane near the electrode, as
shown in Fig. 7.29. This lowers the potential inside and hy-
perpolarizes the membrane near the electrode. Further away
from the stimulation point will be a region where current
flows out through the membrane, thus depolarizing the cell.
However, the outward current is in general spread out over
more membrane, so the current density and hence the depo-
larization is less than the hyperpolarization near the anode.
The situation is, of course, reversed for a cathodic electrode.
Figure 7.29 is conceptual; to draw the field lines accurately
would require taking into account the conductivities of the
extracellular and intracellular fluid as well as the membrane.

The electrotonus model also helps us understand another
effect that is observed: the virtual cathode. The point of
origin for a stimulus can be measured by placing sensing
electrodes in or on the heart at different distances from the
stimulating electrode and plotting the time required for the
depolarization wave front to reach the electrode vs. its po-
sition. Extrapolation to the time of stimulus gives the size
of the region of initial depolarization. Imagine a stimulating
electrode inside a one-dimensional cell. When the stimulus
current is just above rheobase, the region of depolarization

is very small and surrounds the electrode. As the stimulating
current is increased, the size of the initial depolarized region
grows. From Eqs. 6.58 and 7.50 we obtain

ZO)\'ri e_xvC/)‘

Uthreshold =

o .
chzkln(—lO ! ):Aln(l—o),
2Wthreshold LR

where xy. is the size of the virtual cathode.

Cardiac pacemakers are a useful treatment for certain
heart diseases (Jeffrey 2001; Moses and Mullin 2007; Barold
1985). The most frequent are an abnormally slow pulse rate
(bradycardia) associated with symptoms such as dizziness,
fainting (syncope), or heart failure. These may arise from
a problem with the SA node (sick sinus syndrome) or with
the conduction system (heart block). One of the first uses
of pacemakers was to treat complete or third degree heart
block. The SA node and the atria fire at a normal rate but the
wave front cannot pass through the conduction system. The
AV node or some other part of the conduction system then
begins firing and driving the ventricles at its own, patholog-
ically slower rate. Such behavior is evident in the ECG in
Fig. 7.30, in which the timing of the QRS complex from
the ventricles is unrelated to the P wave from the atria. A
pacemaker stimulating the ventricles can be used to restore a
normal ventricular rate.

A pacemaker can be used temporarily or permanently.
The pacing electrode can be threaded through a vein from the
shoulder to the right ventricle (transvenous pacing, Fig. 7.31)
or placed directly in the myocardium during heart surgery.
Sometimes two pacing electrodes are used, one in the atrium
and one in the ventricle. The pacing electrode can be unipolar
or bipolar. With a unipolar electrode, the stimulation cur-
rent flows into the myocardium and returns to the case of
the pacemaker, which is often placed in a pocket in the mus-
cle of the chest wall near the shoulder. The return current in
a bipolar electrode goes to a ring electrode a few centimeters
back along the pacing lead from the electrode at the tip. The
surface area of a typical tip is about 10 mm? (10~ m?). The
current density required to initiate depolarization depends on
the spatial distribution of the current and is approximately
100 A m~2. Thus, in this model the current is about 1 mA.°
The resistance of the tissue is typically 500 €2, so the voltage
is 0.5 V. After the pacing electrode is implanted, the size of
the voltage pulse required to initiate ventricular activity rises
because inflammatory tissue grows around the electrode. It
is conducting, but the myocardium is further away, and the

or

(7.52)

6 Acute implants of smaller electrodes where the electrode resistance
is low, as well as computer simulations, have shown stimulation with
currents as small as 18 pA (Lindemans and Denier van der Gon 1978).
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Fig. 7.30 A patient with 3rd degree AV heart block. (From Rardon et al. 2000. Used by permission)
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Subclavian
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Fig. 7.31 An implanted pacemaker or defibrillator. The battery and
electronics are in a sealed container (the “can”) placed under the skin
near the left shoulder. The electrode or “lead” is threaded through the
subclavian vein and right atrium into the right ventricle. (Image (©
Copyright by medmovie.com. Used by permission of medmovie.com)

inflammatory tissue effectively increases the size of the elec-
trode, thereby reducing the current density. After 6 months
or so, the inflammation has been replaced by a small fibrous
capsule, resulting in an effective electrode size larger than
the bare electrode but smaller than the region of inflamma-
tion. Electrodes that elute steroids have been used to reduce
the inflammation.

Pacemakers can also be designed to detect an abnor-
mal rhythm and apply an electrical stimulus to reverse it.
Fig. 7.32 shows a patient with ventricular tachycardia due
to a reentrant circuit (p. 194, 290) which has been corrected
by pacing very rapidly so that the refractory period prevents

" VT ONSET

ANTITACHYCARDIA
PACING

SINUS RHYTHM RESTORED

Fig. 7.32 The top strip shows the onset of ventricular tachycardia,
which persists in the next two strips. Very rapid pacing in the fourth
strip restores a normal sinus rhythm. (Source: Mitrani et al. 1995. Used
by permission)

the propagation of the reentrant wave.Ventricular fibrillation
occurs when the ventricles contain many interacting reen-
trant wavefronts that propagate chaotically. Fibrillation is
discussed in greater detail in Chap. 10. During fibrillation
the ventricles no longer contract properly, blood is no longer
pumped through the body, and the patient dies in a few min-
utes. Implantable defibrillators are similar to pacemakers,
but are slightly larger. An implanted defibrillator continually
measures the ECG. When a signal indicating fibrillation is
sensed, it delivers a much stronger shock that can eliminate
the reentrant wavefronts and restore normal heart rhythm
(Fig. 7.33).
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Fig. 7.33 Ventricular fibrillation has been induced in the electrophys-
iology laboratory. A pacemaker cardioverter-defibrillator detects the
ventricular fibrillation. A capacitor is then charged and applies a 24-
joule defibrillation pulse that restores normal rhythm. (Source: Mitrani
et al. 1995)

The bidomain model has been used to understand the
response of cardiac tissue to stimulation (Janks and Roth
2009; Trayanova and Plank 2009). This model explains a re-
markable experimental observation. Although the speed of
the wave front is greater along the fibers than perpendicu-
lar to them, if the stimulation is well above threshold, the
wavefront originates farther from the cathode in the direction
perpendicular to the fibers—the direction in which the speed
of propagation is slower. The simulations show that this is
due to the anisotropy in conductivity. This is called the dog-
bone shape of the virtual cathode. It can rotate with depth in
the myocardium because the myocardial fibers change orien-
tation. The difference in anisotropy accentuates the effect of
aregion of hyperpolarization (a virtual anode) adjacent to the
depolarization region produced by a cathodic electrode. This
hyperpolarization can shorten the refractory period of the
tissue, thereby creating new excitable paths through which
reentrant wave fronts can propagate (Wikswo and Roth 2009;
Ripplinger and Efimov 2009).

One of the fundamental problems with research in this
area can be seen in equations like Eq. 7.41. The variable
on the left is the transmembrane potential v,,. The vari-
able on the right is the potential inside or outside the cell.
Measurement of v, requires measurement or calculation
of the difference v; — v,. Experimental measurements of

the transmembrane potential often rely on the use of a

TOP OF HEAD b

Fig.7.34 The standard “10-20" arrangement of electrodes on the scalp
for the EEG. (Courtesy of Natus Neurology Grass brand products)

voltage-sensitive dye whose fluorescence changes with the
transmembrane potential (optical mapping) (Rosenbaum and
Jalife 2001).

7.11 The Electroencephalogram

Much can be learned about the brain by measuring the elec-
tric potential on the scalp surface. Such data are called the
electroencephalogram (EEG). Nunez and Srinivasan (2005)
have written an excellent book about the physics of the EEG.
We briefly examine the topic here. The EEG is used to di-
agnose brain disorders, to localize the source of electrical
activity in the brain in patients who have epilepsy (Lopes da
Silva 2008), and as a research tool to learn more about how
the brain responds to stimuli (evoked responses) and how it
changes with time (plasticity). Typically, the EEG is mea-
sured from 21 electrodes attached to the scalp according to
the 10-20 system (Fig. 7.34). A typical signal from an elec-
troencephalographic electrode is shown in the top panel of
Fig. 11.39. One difficulty in interpreting the EEG is the lack
of a suitable reference electrode. None of the 21 electrodes
in Fig. 7.34 qualifies as a distant ground against which all
other potential recordings can be measured. One way around
this difficulty is to subtract from each measured potential
the average of all the measured potentials. In the problems,
you are asked to prove that this average reference recording
does not depend on the choice of reference electrode; it is a
reference-independent method.
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Symbols Used in Chapter 7

Symbol Use Units First
used
page

a Axon radius m 187

Cm Membrane capacitance per unit Fm™2 200

area

f Intracellular volume fraction 201

h Length of segment m 200

i Current A 186

ii,ip Current inside, outside axon A 186

iR Rheobase current A 202

Jsj Current density Am™2 186

Jm Current density through Am™? 200

membrane

PP Activity vector or current Am 188

dipole moment

q Charge C 186

T Resistance per unit length Qm~! 202

inside axon

rr Distance m 186

Time S 199

tc Chronaxie S 202

v Potential v 186

Vi, Vg Potential inside, outside axon \Y 200

U Potential across membrane \' 200

X,y,z,Xp, X1, Distance or position m 187

X2, Y0

Xve Size of virtual cathode m 203

C Capacitance F 200

E.E Electric field Vm! 186

P, Legendre Polynomial 189

0 Electric charge C 200

R Resistance Q 187

R,R Distance or position m 190

B Ratio of surface area to volume ~m™! 200

€0 Permittivity of free space N-! 186

m~2 C?

A Space constant m 202

0,0i,0, Electrical conductivity Sm™! 186

0 Charge density Cm™3 199

T Time constant s 202

0 Angle 188

& Ratio of x to R 192

2 Solid angle 189

Problems

Section 7.1

Problem 1. A single nerve or muscle cell is stretched along
the x axis and embedded in an infinite homogeneous medium
of conductivity o,. Current io leaves the cell at x = b and
enters the cell again at x = —b. Find the current density j at
distance r from the axis in the x = O plane.

Problem 2. An axon is stretched along the x axis. At one
instant of time an impulse traveling along the axon has the
form shown in the graph. The electrical conductivity inside

the axon of radius a is o;. In the infinite external medium it
is 0,. Find an expression for the potential at point (xq, yop).

Vo

-2b "o b

Problem 3. The interior potential of a cylindrical cell is

plotted at one instant of time. Distances along the cell are

given in terms of length b. The cell has radius a and elec-
trical conductivity o;. The resting potential is 0 and the
depolarized potential is vg. The conductivity of the external

medium is o,.

(a) Find expressions for, and plot, the current along the cell
in the four regions (x < 0,0 < x < 2b,2b < x <
3b,3b < x).

(b) Find the potential at a point (x, y) outside the cell in
terms of the parameters given in the problem. The point
is not necessarily far from the cell.

v(x)

0. vg)

(2b,v, 12)

(3b, 0)

Section 7.2

Problem 4. Modify the closing argument of Sect. 7.2 by
considering electrodes that are disks rather than spheres.
(Hint: The capacitance you will need is given in Sect. 6.19.)
Problem 5. Suppose an axon is surrounded by a thin layer
of extracellular fluid of thickness d. Use arguments based on
the intracellular and extracellular resistances to estimate the
ratio Av,/Awv; in this case.

Section 7.3

Problem 6. Starting with Eq. 7.4, make the Taylor’s se-
ries expansions described in the text, and use them to derive
Eq. 7.16.

Problem 7. What would be the current-dipole moment of a
nerve cell of radius 2 pm when it depolarizes? Would myeli-
nation make any difference? Does the result depend on the
rise time of the depolarization? If the impulse lasts 1 ms and
the conduction speed is 5 m s~!, how far apart are the rising
and falling edges of the pulse?

Problem 8. An axon or muscle cell is stretched along the x
axis on either side of the origin. As it depolarizes, a constant
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current dipole p pointing to the right sweeps along the axis
with velocity u. An electrode at (x = 0, y = a) measures the
potential with respect to v = 0 at infinity. Ignore repolariza-
tion. Find an expression for v at the electrode as a function of
time and sketch it. Assume that at + = 0, p is directly under
the electrode at x = 0.

. Observation Point

a

p

—

-+ X —

Problem 9. An electrode at (x = 0, y = a) measures the
potential outside an axon with respect to v = 0 at infinity.
A nerve impulse is at point x along the axon, measured from
the perpendicular from the electrode to the axon. At x + b
a current dipole points to the right, representing the depolar-
ization wave front. At x — b a vector of the same magnitude
points to the left, representing repolarization. Obtain an ex-
pression for v as a function of x, b, p, and a. Plot it in the
casea =1, b = 0.05.
¢ ELECTRODE

a

P P
[ -+ — |
- X-b »

- Xth —»

Problem 10. A dipole p located at the origin (0, 0, 0) is ori-
ented in the x direction. The potential v, (x) produced by this
dipole is measured along the line y =0,z = d.
(a) Find an equation for v,(x) in terms of x, d, o, (the
conductivity of the medium) and the dipole strength, p.
(b) Find an expression for the depth d of the dipole in terms
of the distance Ax, defined as the distance between the
minimum and maximum of v, (x, y). This is an exam-
ple of an “inverse problem,” in which you try to learn
about the source (in this case, the depth of p) from
measurements of v,,.
Problem 11. The solid angle theorem is often used to
interpret electrocardiograms. The relationship between the
exterior potential and the solid angle in Eq. 7.15 is a general
result: the potential is proportional to the solid angle sub-
tended by the wave front. Use this result to explain (a) why
a closed wave front produces no exterior potential, and (b)
why an open wave front produces a potential that depends
only on the geometry of its opening or rim.

Section 7.4

Problem 12. Run the program of Fig. 7.11 and plot the
potential for different distances from the axon.

Problem 13. Modify the program of Fig. 7.11 to calculate
the potential from a single Gaussian action potential and plot
the potential.

Problem 14. Let the intracellular potential be zero except in
the range —a < x < a, where it is given by

2
2(a+x) , —a<x<-—al2

a

Vi =

x\2

1—2(—) . —a2<x<a)2
a 2

2(a—x) , a/2 <x <a.

a

Plot v; vs x. Use Eq. 7.21 to calculate the exterior potential
at (xo, ¥o). You may need the integral

/% = sinh™! ()Zc)

Section 7.5

Problem 15. Suppose a wave front propagates at a speed of
0.25 m s~ ! and its refractory period lasts 250 ms. Calculate
the minimum path length of its reentrant circuit. Most reen-
trant wave fronts are somewhat slower and briefer than this,
so their paths may be shorter.

Section 7.7

Problem 16. Two electrodes are placed in a uniform con-
ducting medium 10 cm from a cell of radius 5 pm and
10 cm from each other, so that the two electrodes and the
cell form an equilateral triangle. When the cell depolarizes
the potential rises 90 mV. What will be the potential differ-
ence between the two electrodes when the cell orientation is
optimum? How many cells would be needed to give a po-
tential difference of 1 mV between the electrodes? Assume
oi/o, = 10.

Problem 17. Guess whatever parameters you need to predict
the voltage at the peak of the QRS wave in lead II. Compare
your results to the electrocardiogram of Fig. 7.23.

Problem 18. At a particular instant of the cardiac cycle,
p is located at the midpoint of a line connecting two elec-
trodes that are 50 cm apart, and p is parallel to that line. At
that instant the magnitude of the potential difference between
the electrodes is 1.5 mV. Upon depolarization, the potential
change within the cells has magnitude 90 mV.

(a) What is the magnitude of p?
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(b) If 0i/0, = 10, what is the cross-sectional area of the
advancing region of depolarization?
Problem 19. A semi-infinite slab of myocardium occupies
the region z > 0. A hemispherical wave of depolarization
moves radially away from the origin through the slab. At
some instant of time the radius of the hemispherical depo-
larizing wavefront is R. Assume that p = [ dp, that dp is
everywhere perpendicular to the advancing wavefront, and
that the magnitude of dp is proportional to the local area of
the wavefront. Find p. Assume that the observation point is
very far away compared to R.
Problem 20. Make measurements on yourself and construct
Fig. 7.19.
Problem 21. Experiments have been done in which a dog
heart was stimulated by an electrode deep within the my-
ocardium. No exterior potential difference was detected until
the spherical wave of depolarization grew large enough so
that part of it intercepted one wall of the heart. Why?
Problem 22. Prove directly from Eq. 7.32 that I — II +
IIT = 0. (It is sometimes said that the equilateral nature of
Einthoven’s triangle is necessary to prove this.)
Problem 23. Derive Eqs. 7.32.

Section 7.8

Problem 24. Estimate the lower limit for the duration of the
QRS complex by calculating the time required for a wave
front to propagate across the heart wall. Assume the wall
thickness is 10 mm and the propagation speed is 0.2 m s~
Problem 25. In an ECG recording, the width of one large
square corresponds to 200 ms. A normal heart rate is between
60 and 100 beats min~—!. The heart rate is usually measured
by counting the number of large squares between adjacent
QRS complexes.
(a) How many large squares are there for a normal heart
rate?
(b) In Fig. 7.30 determine the rate of the atria and of the
ventricles.
Problem 26. Consider Lead II of the normal ECG in
Fig. 7.23. The QRS wave and the T wave are both posi-
tive. Use a 1-dimensional model to convince yourself that
the QRS complex and the T wave should have opposite po-
larities. Why then is the T wave inverted? Find a way to
explain the inverted T wave by letting the action potential du-
ration vary between epicardium (outside) and endocardium
(inside). On which surface should the duration be longest?

Section 7.9

Problem 27. Ohm’s law says that j = oE. Draw what
j and E look like (a) in a circuit consisting of a battery

and a resistor; (b) for the current flowing when a nerve cell
depolarizes.

Problem 28. Obtain the values for 8 for a cube of length a
on a side, for a cylinder of radius a and length %, and for a
sphere of radius a.

Problem 29. Show that Eq. 7.36a is the same as Eq. 6.51 by
considering the interior of a single cell stretched along the x
axis as in Fig. 6.28. Consider the charge in a small cylindrical
region of axoplasm of length /4 and radius a, the cylindrical
surface of which is surrounded by cell membrane. Show that
the total charge Q within the axoplasm changes according to

0vy

00, op .
2 _ o
ar My o im

o, )
= 2nah (cma—tm + jm) ,

and that this can be combined with Eq. 7.36a to give

v, . nalh 8%y,
Cm = + Jm = man i ox2
o;d 321},‘
T2 a2

which is the same as Eq. 6.51, except that it is written in
terms of o;, a, and h instead of @ and r;.

Problem 30. Clark and Plonsey (1968) solved Eq. 7.34 for
a cylindrical axon of radius a using the following method.
Assume that the potentials all vary in the z direction si-
nusoidally, for instance v,,(z) = V sin(kz), where V is a
constant.

(a) Show that the intracellular and extracellular potentials

can be written as

v;i = Aly(kr) sin(kz)

vy = BKo(kr) sin(kz), (7.53)

where I, and K,, are modified Bessel functions obeying
the equation

19 [ dv 2 n? 0
——(r=—)- —Jv=0.
ror \U or r2

(b) Determine the constants A and B in terms of V, using
the following two boundary conditions: v, = v; — v,
and o;(dv;/dr) = 0,(dv,/0r), both evaluated at r =
a. You will need to use the Bessel function identities
dlg(kr)/dr = kI (kr) and dKo(kr)/dr = —kK(kr).
Clark and Plonsey used this result and Fourier analysis
(Chap. 11) to determine v; and v, when they are not
sinusoidal in z.

Problem 31. Starting with the bidomain equations, divide

Eq. 7.44a by o;, and Eq. 7.44b by o,,. Now subtract one

equation from the other. Under what conditions do the equa-

tions contain v,, = v; — v, but not v; and v, individually?
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Section 7.10

Problem 32. Verify Eq. 7.47.

Problem 33. Verify the values given for rheobase and
chronaxie in Table 7.1 that are based on Table 6.1.

Problem 34. An approximation to the error function is given
by Abramowitz and Stegun (1972)

erf(x) ~ 1 — (1 +0.278393x + 0.230389x>

—4
+0.000972x> + 0.078108x4) L x> 0.

Calculate erf(x) using this approximation for x = 0, 0.5,
1.0, 2.0 and oo. Using trial and error, determine the value of
x for which erf(x) = 0.5. (See Eq. 7.50.)

Problem 35. Find the equivalent of Eq. 7.45 in terms of the

charge required for the stimulation.

Problem 36. If the medium has a constant resistance, find

the energy required for stimulation as a function of pulse

duration.

Problem 37. A typical pacemaker electrode has a surface

area of 10 mm?. What is its resistance into an infinite

medium if it is modeled as a sphere? If it is modeled as a

disk? (You will have to use results from Chap. 6 and assign

a value for o,.)

Problem 38. Equation 6.51 is the cable equation for a nerve

axon. Assume that the axon membrane is passive (j, =

gm(vi —v,), where g, is a constant).

(a) Express the equation in terms of v,, and v, instead of v;
and v,, where v,,, = v; — v,.

(b) Divide the resulting equation by g,,, and then write the
cable equation in terms of the time constant ¢, /g,, and
the length constant 1/+/2mar; g,

(c) Putall the terms containing v,, on the left side, and terms
containing v, on the right side. The resulting equation
should look like Eq. 6.55, except for a new source term
on the right side equal to —A%d%v,/dx2. (Measure v,,
with respect to resting potential so v, = 0 in Eq. 6.55).
The negative of this new term has been called the acti-
vating function (Rattay 1987). It is useful when studying
electrical stimulation of nerves.

Problem 39. For this problem, use the activating function

derived in Problem 38. Assume that A and t are negligi-

bly small, so that v, simply equals the activating function.

Consider a point electrode in an infinite, homogeneous vol-

ume conductor at distance d from the axon. The extracellular

potential is v, = (1/47wo,) I /7.

(a) Calculate v, as a function of position x along the axon
(x = 0 is the closest position to the electrode).

(b) Assume that the axon will fire an action potential if v,
somewhere along the axon is greater than Vipreshold. Cal-
culate the ratio of the stimulation current / needed to

excite the axon for a cathode (negative electrode) and an
anode (positive electrode).

Problem 40. For this problem, use the activating function

derived in Problem 38. An action potential can be excited

if a stimulus depolarizes an axon to a value greater than

Vihreshold, and a propagating action potential can be blocked

if a stimulus hyperpolarizes to a value of v,, less than — Vyjock

(Vblock > Vihreshold)-

(a) For a cathodal electrode [v, = (1/47a,) I/r] calculate
the ratio of the threshold current to the current needed to
block propagation.

(b) Use two electrodes (one cathodal and one anodal) to de-
sign a stimulator that will result in one-way propagation
along the axon (say, propagation only in the positive
x direction, but blocked in the negative x direction).
For an application of such electrodes during functional
electrical stimulation, see Ungar et al. (1986).

Problem 41. For this problem, use the activating function
derived in Problem 38, and block by hyperpolarization de-
rived in Problem 40. The factor of A% in the activating
function implies that larger diameter axons are easier to stim-
ulate than smaller diameter axons. Sometimes you want to
excite the smaller fibers without the larger fibers (physio-
logical recruitment). Describe qualitatively how you can use
a single electrode and block in the hyperpolarized region
to obtain physiological recruitment. For a more complete
discussion, see Tai and Jiang (1994).
Problem 42. In second degree heart block, the wave front
sometimes passes through the conduction system and some-
times does not. Qualitatively sketch the ECG for a heart with
second degree block for at least five beats. Specifically in-
clude the case where every third wave is blocked. Include
the P wave, the QRS wave, and the T wave.

Problem 43. During sinus exit block the SA node functions

normally but the wave front fails to propagate from the SA

node to the atria. Sketch five beats of an ECG with all beats
normal except the third, which undergoes sinus exit block.

Problem 44. In sick sinus syndrome the SA node has a slow

and erratic rate. The AV node and conduction system func-

tion properly. You plan to implant a pacemaker in the patient.

Should it stimulate the atria or the ventricles? Why?

Problem 45. A patient with intermittent heart block has

an AV node that functions normally most of the time with

occasional episodes of block, lasting perhaps several hours.

Design a pacemaker to treat the patient. Ideally, your design

will not stimulate the heart when it is functioning normally.

Describe

(a) whether you will stimulate the atria or ventricles

(b) which chambers you will monitor with a recording
electrode

(c) what logic your pacemaker will use to determine when
to stimulate. Your design may be similar to a demand
pacemaker described in Jeffrey (2001, p. 132).
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Problem 46. The Lapicque strength-duration (SD) curve is
j 1,
Z =1+ 5,
IR t
the SD curve in terms of the error function is
i 1
i erf(/0.228/ic)’
and the SD curve derived in Chap. 6 Problem 37 is

i 1
P e e

(a) Plot all three curves for 0 < #/tc < 5. Use the equation
in Problem 34 to evaluate the error function.

(b) Find approximations for each curve for /¢ < 1. You
may need the Taylor’s series expansions ¢* ~ 1 4 x and
erf(x) &~ 2x/4/T.

(c) Discuss the physical assumptions that were used to
derive each curve.

Problem 47. Consider a pacemaker delivering a 2 — mA,

1 — V, 1 — ms pulse every second. Pacemakers are often

powered by a lithium-iodide battery that can deliver a total

charge of 2 ampere hours.

(a) What is the energy per pulse?

(b) What is the average power?

(c) How long will the battery last?

(d) Your answer to (c) is an overestimate of battery lifetime,
in part because the battery voltage begins to decline be-
fore all its charge has been delivered, and in part because
the pacemaker circuitry requires a small, constant cur-
rent. For this pacemaker, add a constant current drain of
5 1A and assume that the useful lifetime of the battery is
over when 75 % of the total charge has been delivered.
How long will the battery last in this case?

Problem 48. During stimulation of cardiac tissue through a

small anode, the tissue under the electrode and in the direc-

tion perpendicular to the myocardial fibers is hyperpolarized,
and adjacent tissue on each side of the anode parallel to the
fiber direction is depolarized. Imagine that just before this
stimulus pulse is turned on the tissue is refractory. The hyper-
polarization during the stimulus causes the tissue to become
excitable. Following the end of the stimulus pulse, the depo-
larization along the fiber direction interacts electrotonically
with the excitable tissue, initiating an action potential (break
excitation). (This type of break excitation is very different

than the break excitation analyzed on page 181.)

(a) Sketch pictures of the transmembrane potential distribu-
tion during the stimulus. Be sure to indicate the fiber
direction, the location of the anode, the regions that are
depolarized and hyperpolarized by the stimulus, and the
direction of propagation of the resulting action potential.

(b) Repeat the analysis for break excitation caused by a
cathode instead of an anode. For a hint, see Wikswo and
Roth (2009).

Problem 49. The signal measured during optical mapping,

V, is a weighted average of the transmembrane potential,

Vin(2), as a function of depth,

Vv =/ Vi (2w (z)dz,
0

where w(z) is a normalized weighting function. Suppose

the incident light that produces the fluorescence decays with

depth exponentially, with an optical length constant §. Then

w(z) = exp(—z/8) /8. Often a shock will cause V,,(z) to fall

off exponentially with depth, V,,,(z) = Vpexp(—z/A), where

Vo is the transmembrane potential at the tissue surface and A

is the electrical length constant (see Sect. 6.6.12).

(a) Perform the required integration to find an analytical ex-
pression for the optical signal, V, as a function of Vj, §
and A.

(b) What is V in the case § < A? Explain this result
physically.

(c) What is V in the case § > A? Explain this result
physically.

(d) For which limit do you obtain an accurate measurement
of the transmembrane potential at the surface, V = Vjy?

For additional analysis, see Janks and Roth (2002).

Problem 50. Consider a two-dimensional sheet of cardiac

tissue represented as a bidomain having unequal anisotropy

ratios: oy = 0ex = 0.2, 07, = 0.02, and 0,y = 0.08 S m~!.

Assume an insulated obstacle that current must go around is

at the center of the sheet. At any point in the tissue, current

will divide between the intracellular and extracellular spaces
according to their conductivities, with a larger fraction of the
current in the space with greater conductivity.

(a) If current is passed through the tissue in the x-direction,
determine qualitatively where the tissue is depolarized
and where it is hyperpolarized in the region surrounding
the insulator. Recall, depolarization occurs where cur-
rent passes from the intracellular into the extracellular
space, and hyperpolarization where current passes from
the extracellular into the intracellular space.

(b) Repeat this analysis if current is passed in the y-
direction.

(c) What would be the transmembrane potential if the tissue
had equal anisotropy ratios?

For additional analysis, see Langrill and Roth (2001).

Section 7.11

Problem 51. When measuring the EEG with electrodes dis-
tributed according to the 10-20 system, you obtain measure-
ments of the potential difference between the ith electrode
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(i = 1,...,20) and the reference electrode (i = 21). Show
that by computing the average reference v} = (v; — v21) —
(1/20) Z?ozl (v = v21) , the resulting values of v are inde-
pendent of the reference potential v;.

Problem 52. Consider a very simple model of the EEG: a
dipole p pointing in the z direction at the center of a spherical
conductor of radius R and conductivity o,. The potential v,
can be written as the sum of two terms: the potential of a
dipole in an unbounded medium plus a potential that obeys
Laplace’s equation

pcost
Vg = — + Arcos6
4mo,r?

where r and 6 are in spherical coordinates, and A is an

unknown constant.

(a) Use Appendix L to show that the second term in the
expression for v, obeys Laplace’s equation.

(b) If the region outside the spherical conductor is air (an
insulator), determine the value of A by using the bound-
ary condition that the radial current at the surface of the
sphere is zero.

(c) Calculate v, as measured at the sphere surface (r = R),
and determine by what factor v, differs from what it
would be in the case of an unbounded volume conductor.

Problem 53. Suppose you measure the EEG potential v; at

N locations r; = (xj,yj,z;), j = 1,---, N. Assume v; is

produced by a dipole p = (px, py, p;) located at the origin.

Define

2

DxXj + pyYj + Pz o
)3/2 vif oo

N
53
j=1 j

4o (sz +yi+45

which measures the least-squares difference between the

data and the potential predicted by a single-dipole model.

(Chap. 11 explores the least-squares method in greater de-

tail.) The goal is to find the dipole components py, py, p;

that fit the data best (minimize R).

(a) Minimize R with respect to py (set dR/dpy = 0) and
find an equation relating py, py, and p;.

(b) Repeat for py and p;.

(c) Write the three equations in the form Ap = b, where A
is a 3 x 3 matrix and b is a 3 x 1 vector. Find expressions
for the components of A and b.

(d) If we had not assumed that we knew the location of the
dipole, the problem would be much more difficult. As-
sume the dipole is at locationr,, = (x, yp, zp). Modify
R and then try to minimize it with respect to r,. Carry
the calculation far enough to convince yourself that you
must now solve nonlinear equations to determine r),.
Press et al. (1992) discuss methods for making nonlinear
least squares fits.
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