Chapter 3
Portfolio Selection with Spectral Risk
Measures

S.F. Huang, H.C. Lin and T.Y. Lin

Abstract In this chapter, a portfolio selection problem with spectral risk measure is
considered. The spectral risk measure is a general family of coherent risk measures
and is capable of reflecting investor’s risk preference. A multivariate conditional
heteroscedastic model with vine copulae is employed to describe the dynamics and
dependence of the underlying asset returns. The technique of linear programming
is used to accurately and quickly determine the optimal asset allocations. Simu-
lation studies are conducted for investigating the impacts of the magnitude of tail
dependence among the underlying assets and the degrees of risk aversion on the per-
formance of the optimal portfolio. An empirical study is conducted by using the stock
prices included in the FTSE TWSE Taiwan 100 Index. Numerical results indicate
that the optimal portfolios have different reactions to different economic situations.

3.1 Introduction

In modern portfolio selection theory, the mean-variance (MV) portfolio optimization
procedure introduced by Markowitz (1952; 1959) plays a crucial role in optimal asset
allocations and investment diversification. In the MV procedure, investors attempt
to maximize their portfolio expected return for a given level of portfolio risk, or
equivalently to minimize the risk of investment with achieving a given amount of
expected return, by determining the investment proportions of various securities
(Markowitz 1952, 1959, 1991; Merton 1972; Kroll et al. 1984). The traditional MV
portfolio problem uses standard deviation as the measure of risk and assumes that the
returns of the underlying assets are independent and identically distributed (i.i.d.).
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Recently many other risk measures are more commonly used by traders in reality,
for example, the value-at-risk (VaR), the expected shortfall risk (ES) and a general
class of coherent risk measures, called the spectral risk measure (SRM). Thus, the
optimal portfolio selection problem with risk constraints rather than standard devia-
tion attracts more attention for practical implementation (Acerbi and Simonetti 2002;
Krokhmal et al. 2002; Chabaane et al. 2006; Huang and Lin 2017). Consequently,
assessing the impact regarding the selection of different risk measures on portfolio
allocation is of particular importance for asset managers.

When returns are Gaussian distributed, which is parameterized through the first
two moments, one could therefore well rely upon the MV framework and the choice
of a risk measure is purposeless (Hirdle et al. 2014). The empirical study of Adam
etal. (2008) based on the monthly returns of 16 hedge funds from January 1990 to July
2001 further showed the robustness of portfolio allocation with respect to the choice
of risk measures even the samples are non-Gaussian distributed. Consequently, it
seems that the risk managers do not need to worry about the choice of risk measures
for portfolio allocation regardless of the Gaussian assumption if the asset returns are
assumed to be i.i.d.. However, many empirical studies show that hedge fund returns
often exhibit autocorrelation, and have significant negative skewness and excess
kurtosis (Giamouridis and Vrontos 2007; Harris and Mazibas 2010, 2013). This
motivates us to consider portfolio selection problem without the i.i.d. assumption
for asset returns. Furthermore, we investigate the impacts of trader’s risk attitude on
the performance of optimal portfolios under assuming the asset returns following a
multivariate time series model.

To model the autocorrelation and conditional heteroscedasticity of each underly-
ing asset, we consider the following model:

Xi,t = .fi,t(Xi,tfls ai,t)7
aiy = 0itEiyt, (3.1)
Oip = hit1(0is, €558 =0,..., 1 = 1),

where X;, is the log return of the ith asset at time ¢, f;, is a function of X; ,_; =

(Xio0, Xit,-.., Xjy—1)anda;,fori =1,..., p, h;,_; is an F,_| measurable func-
tion with F;_; being the set of information from time O up to time # — 1 and ¢;,,
t=0,1,...,areii.d. innovations with zero mean and unit variance for the ith asset

at time ¢. In addition, assets on the financial markets usually exhibit dependence.
For example, the stock prices of two companies which have a complementary rela-
tionship may both increase or decrease simultaneously by public good or bad news
(Zhang et al. 2015). Recent studies indicate that pair-copula decomposed models
represent a more flexible way to construct multivariate distributions than standard
multivariate copulae. Therefore, we model the joint distribution of ¢; ,,i = 1, ..., p,
by a vine copula function. Vine copulae are able to model complex dependency pat-
terns by using a cascade of bivariate copulae (see Aas et al. 2009; Brechmann and
Schepsmeier 2013 and the references therein).

Assume that X; ,,fori =1,...,pandt =0, 1, ..., follow model (3.1) and con-
sider the following portfolio optimization problem:
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mcax m(e) = Cl,zEr(Xl,H-l) + Cz,th(Xz,z-H) +-+ Cp,rEt(Xp,tH),

P
subject to ¢; > 0, Zci,, <land p;(v) <L, (3.2)

i=1

where ¢, = (ci4, .. ., cp,,)T with ¢; ; being the holding position of X; ;, ¢, > 0 is the
no short-selling constraint, Z,":l ¢y < 1 is the budget constraint, E,(-) denotes the
conditional expectation given F;, p,(v) is the value of the time-r SRM with level v,
which reflects the degrees of risk aversion, and L is a pre-specified upper bound of
risk. The main reason that we employ the SRM as the risk measure in this chapter
is its link to investor’s risk preference. The SRM is not only a general family of
coherent risk measures (for example, the ES is a special case of the SRM), but also
can reflect the degrees of risk aversion of investors since the generator of the SRM
can be obtained by a trader’s personal utility function. More details of the definition
and properties of the SRM are introduced in Sect.3.2.

Although model (3.1) is capable of depicting the dynamics of the underlying
returns better than the traditional i.i.d. assumption, the corresponding computation
of determining the optimal asset allocations in (3.2) becomes complicated. Harris
and Mazibas (2013) considered a portfolio selection problem with the ES being the
risk measure and employed an AR(1)-EGARCH(1,1) model to depict the marginal
dynamics of the return process for each underlying asset. Moreover, they used copulae
to model the dependence between the underlying assets. Since the linearization of the
optimal portfolio selection problem under this realistic but complex model is difficult
and not available yet in the literature, the method based on Monte Carlo simulation
is proposed to obtain the optimal asset allocations. However, the simulation based
method could be time consuming and the simulation biases could lead to wrong
decision, especially when the optimal solution occurs on the boundary.

In the literature, linear programming (LP) is widely used in portfolio selection
under the i.i.d. assumption. LP is a fast algorithm to obtain accurate estimates of
the optimal asset allocations, especially when the optimal solution occurs on the
boundary. Due to the principal that potential return rises with an increase in risk, the
optimal solution of the portfolio selection problem usually occurs on the boundary
and thus LP is a suitable technique for solving it. For example, Markowitz (1952)
used LP to solve the MV portfolio selection problem. Rockafellar and Uryasev (2000)
considered portfolio selection problem with ES and proposed a linearization to select
the optimal portfolio by LP. Recently, Huang and Lin (2017) proposed a linearization
scheme to approximate the original portfolio selection problem and then obtain the
optimal asset allocations by LP when the SRM is used as the risk measure.

In the simulation study, we conduct several scenarios to investigate the accuracy of
the proposed LP for obtaining the optimal allocations, the effects of the magnitude of
tail dependence and the degrees of risk aversion on the performance of the optimal
portfolio. We also conduct empirical studies by using the underlying stock prices
included in FTSE TWSE Taiwan 100 Index. Our empirical results indicate that the
optimal portfolios have different reactions to different economic situations.
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The remainder of this chapter is organized as follows. Section 3.2 reviews some
backgrounds including coherent measures of risk, utility functions, SRM and vine
copulae. The LP of Huang and Lin (2017) for solving (3.2) with model (3.1) is
introduced in Sect.3.3. Simulation studies are presented in Sect.3.4. Section3.5
demonstrates empirical results by using the stock prices included in the FTSE TWSE
Taiwan 100 Index. Concluding remarks are given in Sect. 3.6. Computational details
are presented in the Appendix.

3.2 Backgrounds

3.2.1 Coherent Measures of Risk

Let G be the set of random portfolio returns, p be a risk measure, which is a mapping
from G into R, and X denote the return of an asset.

(A1) Translation invariance: If A is a deterministic portfolio with guaranteed return
«, then for all X € G we have p(X + A) = p(X) — a.

(A2) Subadditivity: Forall X and Y € G, p(X +Y) < p(X) + p(Y).

(A3) Positive homogeneity: For all A > 0 and all X € G, p(AX) = Ap(X)

(A4) Monotonicity: For all X and Y € G with X <Y, we have p(Y) < p(X).

(AS5) Law invariance: For any portfolio returns X and Y with distribution function
Fx and Fy, respectively, if Fx = Fy, then p(X) = p(Y).

(A6) Comonotonic additivity: For any comonotonic random variables X and Y,
p(X +7Y) = p(X) + p(Y).

A risk measure satisfying (A1)-(A4) is called coherent (Artzner et al. 1999).
Unfortunately, the popular risk measure, VaR, is not coherent since VaR fails to
comply with the subadditivity property and thus does not provide good incentives
with respect to portfolio diversification. In addition, it is not in general continuous
with respect to the confidence level . Consequently VaR is sensitive to small changes
in « when it is applied to discontinuous distributions (Acerbi and Tasche 2002). On
the other hand, Dhaene et al. (2004) showed that the ES is a coherent, law invariant
(A5) and comonotonic additive (A6) risk measure. Thus, the ES can be treated as a
coherent extension of the VaR.

3.2.2 Utility Function

When a consumer or an investor exposed to uncertainty, a risk-averse investor might
choose to accept with a low but guaranteed payment, rather than choosing an invest-
ment with high expected returns but also with high risk of losing money. Let U (x)
be the utility function of a risk-averse investor, where x denotes the wealth. The
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aversion to risk implied by a utility function U(-) is to be assumed as a form of
concavity (Pratt 1964). The more the curvature of a concave function U (x), the
more the risk aversion is there. Hence, a more risk-averse investor prefers a more
conservative investment. In the following, three popular utility functions are briefly
introduced through the absolute risk-aversion, denoted by A(x) = —U"(x)/ U’ (x),
and the relative risk-aversion, abbreviated as R(x) = —xU"(x)/U’(x), (Leroy and
Werner 2001):

1. Constant Absolute Risk-Aversion (CARA): If A(x) is a positive constant which
is independent of wealth x, then we call the corresponding utility function being
CARA. For example, the negative exponential utility function defined by U (x) =
—e " is a CARA utility.

2. Constant Relative Risk-Aversion (CRRA): If R(x) is a positive constant R which
is independent of wealth x, then we call the corresponding utility function being
CRRA.If R = 1, then the utility function of CRRA can be writtenas U (x) = In x,
forx > 0, whichis called logutility. If R # 1,thenU (x) = ’%, forx > 0, which
is called power utility.

3. Hyperbolic Absolute Risk-Aversion (HARA): If autility function satisfies A(x) =
—U"(x)/U’'(x) = 1/(ax + b), which is a hyperbolic function of x, then it is
called HARA. In particular, the HARA encompasses the CARA and CRRA cases
since it reduces to the CARA if a = 0 and reduces to the CRRA if » = 0. In
general, if ab # 0, the utility function of the HARA can be written as

log(x — x;), ifa=1,
Ux) =1 (x—x)' %

— g otherwise,

for x > xy, and U (x) = —o0, for x < x;, where R* = 1/a and x;, = —b/a.

3.2.3 Spectral Measures of Risk

A general class of coherent risk measures, called spectral risk measure (SRM), is
defined by

1
My(X) = — / (0 F (p)dp, (3.3)
0

where Fy (p) = inf{x|Fx(x) > p} and ¢ € Z'([0, 1)) is called the risk aversion
function of the risk measure M4(X). In addition, ¢ is said to be an “admissible” risk
spectrum if it is non-negative, non-increasing and fol ¢(p)dp = 1. SRM is a coherent
measure of risk if ¢ is an admissible risk spectrum (Acerbi 2002). In the realm of
spectral measures, an investor can optimize a portfolio in a more articulated way

by expressing her subjective risk aversion via the function ¢ (Acerbi and Simonetti
2002).
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Acerbi (2002) further mapped any rational investor’s subjective risk aversion (or
utility preference) onto a SRM. For example, if we consider the exponential utility
function defined over random outcomes x by U (x) = —e™"*, where v > 0, then the
risk aversion function ¢(-) is defined by setting ¢(p) oc e~"”. To satisfy the constraint
Jil d(p)dp = 1, we have ¢(p) = 2 where 0 < p < 1.

Additionally, since the ES can be expressed as

1 « 1
ES(X) = _E/ Fy (p)dp = —/ brs,(p)Fx (p)dp, for0 <a <1,
0 0

where ¢rs, (p) = iI{ p<a} With I,y being an indicator function, thus the SRM defined
in (3.3) can be expressed as a weighted average of expected shortfalls (Acerbi 2004).

3.2.4 Vine Copulae: C- and D-Vines

Traditionally, traders evaluate the performance and risk of a portfolio under the
multivariate Gaussian assumption. However, many empirical studies found that this
assumption is not adequate for financial data (Danielsson et al. 2006; Morton et al.
2006; Giamouridis and Vrontos 2007). Copulae help to release the Gaussian assump-
tion and offer a general class of joint distributions. It uses a copula function to link the
marginal distributions of individual asset returns to depict the dependence structure.

Copula has recently become increasingly popular in many fields of applications
for constructing multivariate distributions (Choros et al. 2013, 2014). It establishes
the link between the univariate margins and the multivariate distribution functions.
The main concern in practical implementation is how to identify an adequate family
of copulae. A rich variety of bivariate copula families is well-investigated in the
literature (Joe 1997; Nelsen 2006). However, the choice of adequate families for
higher dimensions is more challenging. Standard multivariate copulae such as the
multivariate Gaussian, Student-# and Archimedean copulae lack the flexibility of
accurately modeling the dependence among larger numbers of variables. In stead of
generalizing the standard multivariate copulae by increasing the complexity of their
structures, vine copulae propose to model multivariate dependency by using and
benefiting from the rich variety of bivariate copulae as building blocks (Joe 1996;
Bedford and Cooke 2001, 2002; Kurowicka and Cooke 2006).

Vine copulae are flexible graphical models for describing multivariate distribu-
tions by decomposing a multivariate density into a series of bivariate copulae, or
called pair-copulae, where each pair-copula can be chosen independently from each
others (Aas et al. 2009; Brechmann and Schepsmeier 2013). This decomposition
allows for an enormous flexibility in modeling asymmetries and tail dependence
of a large number of variables. Aas et al. (2009) proposed a method for statistical
inference of pair-copula decomposed models. Brechmann and Schepsmeier (2013)
established an R package, called CDVine, which provides functions and tools for
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statistical inference of canonical vine (C-vine) and D-vine copulae, where the C- and
D-vines are two successful and popular vine copula families in many applications
(see Brechmann and Schepsmeier 2013, and the references therein). In the follow-
ing, we employ the multivariate distribution with 4 variables as an example to briefly
illustrate the 4-dimensional C- and D-vines.

There are 12 different 4-dimensional C-vine forms and 12 different 4-dimensional
D-vine forms, and none of them are the same. The 4-dimensional C-vine structure
is generally represented as

f1234(x) = f1(x1) - f2(x2) - f3(x3) - fa(xa)-
cia{F1(x1), Fa(x2)}eis{Fi(x1), F3(x3)}craf{ Fi(x1), Fa(xq)}-
o3 {F (2 | x1), F(x3 | x)}eaap {F (2 | x1), F(xq | x1)}-
a2 F(x3 | x1, x2), F(x4 | x1, x2)} 34

and the 4-dimensional D-vine structure is represented as

f123a(x) = fi(x1) - f2(x2) - f3(x3) - fa(xa)-
cia{F1(x1), Fa(x2)}eas{Fa(x2), F3(x3)}csa{ F3(x3), Fa(xa)}-
ciplF(xy | x2), F(x3 | x2)}coas{F (x2 | x3), F(x4 | x3)}-
crapa3{F (x1 | x2, x3), F(x4 | X2, x3)}, (3.5)

where X = (x1, X2, X3, X4), f1234(X) is the joint density of (X, X», X3, X4), fi(x;) is
the marginal density of X;, F;(x;) is the distribution function of X; fori = 1, 2, 3, 4,
F (x5 | x1) is the conditional distribution function of X, given X, ci2{F|(x1), F2(x2)}
is a pair copula density of X and X», co31{F (x2 | x1), F(x3 | x1)} is the conditional
pair copula density of X, and X3 given X; and so on. The details of the deviation of
(3.4) and (3.5) are given in the Appendix.

The C- and D-vine trees help us to easily memorize the decompositions of (3.4) and
(3.5). For example, the corresponding structure of a 4-dimensional C-vine including
3 trees is shown in Fig. 3.1a. In the first tree, the dependencies of the first and second
variables, of the first and third, of the first and fourth, and so on, are modeled by
pair copulae. That is, if we assign the orders 1,...,4 to the four random variables,
then the pairs of (1,2), (1, 3), (1,4), ... are modeled by bivariate copulae. In the
second tree, (2, j | 1) denotes the conditional dependence of the second and the jth
variables given the first variable, for j = 3, 4, and a bivariate copula is employed
to model each conditional distribution. In the third tree, we denote the conditional
dependenceof (2,3 | 1)and (2,4 | 1) by (3,4 | 1, 2) and again model the conditional
joint distribution of (3, 4 | 1, 2) by a bivariate copula. By comparing the C-vine trees
with the decomposition given in (3.4), the pairs shown in the C-vine trees are exactly
the same with the components of the pair copulae in (3.4). Similarly, Fig. 3.1b presents
the corresponding 4-dimensional D-vine trees to (3.5).
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Fig. 3.1 a A 4-dimensional C-vine tree. b A 4-dimensional D-vine tree

3.3 Methodology

Rockafellar andUryasev (2000; 2002) proposed a scheme of linearization of the opti-
mization problem (3.2) with the ES under the assumption of i.i.d. returns. In the fol-
lowing, we present their technique with the ES in our notation. First, rewrite the ES:

1
ES(x,t = _EZ(YH—I | _Yt+1 > fa,t) = g(x,l + EEI(_Yt-H - fa,t)Jr’

where Y, = 25:1 Cm.t Xm.1+1 18 the portfolio return at time ¢ + 1 and &, is the
corresponding VaR of Y, with respect to « level at time 7 4+ 1 conditional on F;.

Then, the optimization problem (3.2) with the ES can be rewritten as

14
max  E,(Y,41) subject to ¢¢ > 0, ZC’"J <1, and

[URIWI AP

m=1
fa,t + %Z;zlzl' <L,
Zi >0, (3.6)
Zi + &aur > —Y;, fori=1,...,t,

by incorporating z;’s to extend the set of unknown parameters. In (3.6), the objective
function and the constraints are now linear functions of the unknown parameters
{cer, €ars 215 --vs 20} and thereby a LP technique can be used to obtain c;.

However, many empirical studies show that the return processes of the underlying
assets in financial markets usually exhibit autocorrelation, negative skewness, kur-
tosis, conditional heteroscedasticity and tail dependence (Giamouridis and Vrontos
2007; Choros et al. 2013, 2014). It is of particular importance for asset managers
to incorporate these features of the financial time series data when creating an
investment or hedging portfolio. In order to model the autocorrelation and condi-
tional heteroscedasticity, we assume that the mth underlying return process X, ,,
m=1,..., p, follows (3.1) and the joint distribution of (g, ..., €, ) is modeled
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by a C- or D-vine for depicting the multidimensional dependence among the underly-
ing assets. Model (3.1) includes various financial time series models which are widely
used in the market. For example, the ARMA-GARCH and ARMA-EGARCH mod-
els are two particular cases being commonly discussed in the economic, statistical,
and financial literatures (see Bollerslev 1986; Nelson 1990; Duan 1995; Brandt and
Jones 2006; Harveya and Sucarrat 2014).

Huang and Lin (2017) extended the i.i.d. scenario of Rockafellar and Uryasev
(2000; 2002) to a more realistic situation as illustrated in (3.1) and linearize the
nonlinear optimization problem in (3.2) with SRM. In particular, if we employ the
ES, which is a special case of the SRM, as the risk measure, then the optimization
problem (3.2) can be rewritten as

P
max  E;(Y;y), subject to ¢ > 0, ZC””’ <1, and
1

h
[N SIS TS 1

1 t

L > _Zzzlcm,zﬂm,z + f:t + to Zizl Zis

7z >0 (3.7)
Zi = _é.;,t — ki, fori=1,...,1,

where 1, = B/ (Xpp.141), ki = 251:1 Cm,tOm,1+1Em,i»> & ; 18 the corresponding VaR
of k41 with respect to « level at time 7 4 1 conditional on ;. From comparing the
expressions of (3.6) and (3.7), one can find the following three major changes:

1. The Ist term on the right-hand-side of the 1st inequality in (3.7) stands for the
autocorrelated part.

2. On the right-hand-side of the 3rd inequality in (3.7) since the m-th summand of ;
includes the conditional volatility o,, ;4, thus x; reflects the effect of conditional
heteroscedasticity.

3. The role of the i.i.d. returns X,, ; in (3.6) for each fixed m is replaced by the i.i.d.
innovations €, ; contained in &; in (3.7).

3.4 Simulation Study

In this section, we conduct several simulation scenarios to investigate the accuracy
of the LP, the effects of the magnitude of tail dependence and the degrees of risk
aversion on the performance of the optimal portfolio.
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3.4.1 A 2-Dimensional Case

First, for the purpose of demonstration we concentrate on p = 2.

1. Generate observations of the mth underlying return process from the following
AR(1)-EGARCH(1, 1) model, m =1, 2,

Xm,t = ¢m,0 + ¢m,1Xm,t71 + Am,t,
At = Om.,t€m,t> (3.8)
log Uyzn,; =ky + Gy log U,%,,;71 + Apllem, -1l — E(|5m,z—1 D]+ Lymi—1,

where (€1, €2,/) are i.i.d. samples from a bivariate ¢ distribution with zero means,
unit variances, correlation p, and v; = v, = v. In particular,

24/v =2 [(v + 1)/2]
v—DIw/2)J/7
2. Solve the optimization problem defined in (3.1) and (3.2) for ES and SRM cases,

where o = 0.05 for the ES and the generating function ¢(-) for the SRM is set to
be ¢(p) =107 /(1 —e %) for0 < p < 1.

E(lem,l—l |) =

The expected returns (on the upper panel) and the values of risks (on the lower panel)
of portfolios with different holding weights, ¢, of the 1st underlying asset under the
model (3.8) are presented in Figs.3.2 and 3.3 with ES and SRM, respectively.

The parameters in (3.8) are settobe p = 0.5, v = 10, ¢; o = 0.01, ¢ o = 0.0105,
¢l,l = 002, ¢2,1 = 00199, k] = k2 = —0.3, A] = A2 = 01776, G] = G2 =0.95
and L; = L, = —0.05, and the upper bound L of the ES (or SRM) is set up to be
the value of the ES (or SRM) of the portfolio with ¢; = ¢, = 0.5. Figure 3.2 plots
the results of the ES case and Fig. 3.3 presents the results of the SRM with 7 = 250
on the left panel and 7" = 500 on the right panel. The red dashed lines in the lower
panel denote the predetermined upper bound of the risk. If the value of the risk of
a specified c; is below the red dashed line, then we plot the corresponding point in
green, otherwise we mark the point in blue. The red circles on the upper panel denote
the optimal solution calculated from the LP, which are close to the optimal selection
of ¢; shown in Figs. 3.2 and 3.3, especially we increase the number of observations
T to 500. This phenomenon confirms the accuracy of the proposed method in this
2-dimensional case.

3.4.2 The Impacts of Tail-Dependence

In this section, we investigate the impacts of tail-dependence under bear or bull
markets. Consider the case of 10 assets, where assets 1-5 are independent and assets
6-10 have nonlinear tail dependency. We employ a 5-dimensional D-vine to model
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Fig. 3.2 The expected returns and the values of the ES of portfolios with different holding weights
c of the 1st underlying asset under model (3.8), where the numbers of observations are a 7 = 250
and b 7 = 500. @ XFGexp_rtn_ES_2d
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Fig. 3.3 The expected returns and the values of the SRM of portfolios with different holding
weights ¢ of the Ist underlying asset under model (3.8), where the numbers of observations are a
T =250and b T = 500. @ XFGexp_rtn_SRM_2d

the joint distribution of the dependent assets 6—10. In particular, we employ bivariate
Clayton and Gumbel copulae to describe the nonlinear tail dependency between
assets 610 in the first tree of the D-vine for bear and bull markets, respectively, where
the copula parameters are randomly chosen from a U (3,5) random variable. By using
the same settings as in Sect.3.4.1, except for setting ¢; o = 0.1, fori =1,...,5,
and (¢; 0, ¢i.1, ki) = (0.11,0.02, —0.28), fori =6, ..., 10, to enlarge the expected
returns of the assets in the bull market case, the optimal allocations are solved by the
proposed LP method with ES under the bear and bull markets, separately.

We compute the sums of the weights of the assets 6—10 under bear and bull markets
separately. The average of the holding proportions of assets 6—10 in the optimal
portfolio based on 100 random replications is around 37% for the bear market and
is around 90% for the bull market. These values reveal interesting and reasonable
phenomenon. In a bear market, since the lower tail dependence of the assets 6-10
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are modeled by a D-vine with Clayton copulae, the prices of the assets 6-10 tend
to decrease simultaneously. In practice, diversification strategies are employed by
investors in tough economic times. Hence, the independent assets 1-5 are more
attractive to investors than the lower tail-dependent assets 6—10 in bear markets. On
the contrary, the upper tail dependent assets have higher chance to be selected in the
optimal portfolio than the independent assets in bull markets since the assets with
upper tail dependencies tend to increase simultaneously.

3.4.3 The Impact of the Degrees of Risk Aversion

In this section, we investigate the performance of the optimal portfolios with different
degrees of risk aversion, where each asset return process is assumed to follow an
AR(1)-EGARCH(1,1) process. Consider that an investor plans to construct a portfolio
by solving (3.2) with 30 assets subject to his personal risk attitude with a HARA
utility function U (x) = log(x + b), where b € (—1, 0). Let ¢ be a positive constant
satisfying max(0, b) < € < 1 + b and set the generating function ¢(p) of the SRM
to be

-1
og57 0<p<e—b,
OP) =1 _1oa(h + b (3.9)
M,E_bfpfl,
7

wheren = bloge — (1 + b) log(l + b) 4+ (1 + b) — € > Oand breflects the degrees
of risk aversion of an investor.

Figure 3.4a presents boxplots of the optimal expected returns obtained by solv-
ing (3.2) with a generating function of the SRM defined in (3.9), where b =
—0.2, —0.3, —0.5, £ = 10~* and the number of replications is 100. Figure3.4b
presents the corresponding utility functions, where other parameters in model (3.8)
are set to be the same as in Sect.3.4.1. In Fig.3.4b, the solid lines are the tangents
at x = 0.7 for the 3 utility functions. Since the slope of the tangent line in the case
of b = —0.5 is larger than the others, thus investors having the utility function with
b = —0.5 are more aggressive than those with b = —0.2 and —0.3. Figure 3.4a indi-
cates that less risk-averse or more aggressive investors have larger expected returns
than conservative investors.

3.5 Empirical Studies

We carry out our empirical investigation by using underlying assets stock price data
included in the FTSE TWSE Taiwan 100 Index. We selected 79 stocks from 100
underlying assets included in the Taiwan 100 Index, where the daily returns from 1,
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Fig. 3.4 a Boxplots of the optimal expected returns obtained by solving (3.2) with a generating
function of the SRM defined in (3.9), where b = —0.2, —0.3 and —0.5. b The corresponding utility
functions for b = —0.2, —0.3 and —0.5. @XFGexp_rtn_SRM

December 2004 through 3, July 2014 (2365 observations) are used for investigation.
This period includes a number of financial crises, for example, the subprime lending,
stagflation, the Lehman crisis, the Greek government-debt crisis as well as the U.S.
monetary policy-QE2. These events caused financial markets to have large volatility
variation. In the following, we divide the time period into three sub-periods for the
investigation: December 2004 to November 2007 (denoted by P1), representing rela-
tively favorable market conditions (737 observations), December 2007 to December
2010 (denoted by P2), representing more extreme market conditions (764 observa-
tions) and January 2011 to 3, July 2014 (denoted by P3), representing improved
market conditions (864 observations). We construct a self-financing trading strategy
by using the proposed LP method to daily rebalance the portfolio with the 79 stocks
for each of the three sub-periods. In particular, the FTSE TWSE Taiwan 100 Index
is used as our benchmark for comparison. In the following, we use P1 as an example
to illustrate the details of the investigation:

1. Let P, , and FT SE, be the price of the mth asset and FTSE TWSE Taiwan 100
Index at time ¢, where ¢t = 0O stands for the date of 1, December 2004.

2. Let V; denote the value of our portfolio at time ¢ and V;s0 be the same with the
value of FTSE TWSE Taiwan 100 Index on 5, December 2005. That is,

P
Vaso = FTSEpso = b'*? Zcm,ZSOPm,ZSO + Cash»s,
m=1

where Cashyso = FTSE»50(1 — Zf;:l Cm.250) 1s the amount invested in the
bank, b0 = FTSE»s Ztlv)z:l Cm,250/ ZZ:] Cm,250Pm’250 is a scalar such that
Vaso = FT SE»sp, ¢ 250 are obtained by solving (3.2) with ES of level o = 0.05
by the proposed LP method, and each underlying return process is modeled by
an AR(1)-EGARCH(1,1)basedon X,,; =In Py, —In P, ,_; fort =1, ...,250
andm=1,...,79.
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3. Attime r = 251, the value of our portfolio is Vas;- = 6@V 3P _ ¢, 550 Py 051 +
e’ Cashyso prior to adjusting the allocations, where rgqy is the daily riskfree
interest rate and is set up as 0.01/250 in our investigation. By using the data
Pt =1,...,251, we reestimate the dynamic models of each return process
and compute the updated optimal allocations, which are proportional to ¢, 2s;
obtained from solving (3.2) by LP, where the value of the updated portfolio,
denoted by V»s;+, is the same as V,5;-. That is,

P
Vasi+ = b®V Z Cm,251 Pust + Cashasy, (3.10)

m=1

where @D = Vos1- 3P 051/ D P Cmosi Puosi is a scalar such that
Vas1- = Vasy+ for satisfying self-financing, and Cashys;=Vas;- (1— Z,’:lz] Cm.251)
is the amount invested in the bank after the reallocation.

4. Repeat Step 3 until the end of P1.

Figure 3.5a—c plot the values of our trading strategy and the FTSE TWSE Taiwan
100 Index for P1, P2 and P3, respectively, where the black line is the values of the
Taiwan 100 Index and the upper bound L of the risk is set to be 0.02, 0.03 or 0.05.
In Fig.3.5a—c, the values of the self-financing portfolio with L = 0.05 (green line)
fluctuate more than those of L = 0.02 (red lines) and 0.03 (blue lines) no matter
which economic situation is since a more aggressive trading strategy (with larger L)
could gain more profits by taking more risks. In particular, the optimal portfolio tends
to be more aggressive (with larger L) in bull markets and be more conservative (with
smaller L) in bear markets. For example, during the financial crisis from December
2007 to June 2009 in Fig. 3.5b, the optimal portfolios with smaller L perform better
than those with larger L.

In practice, investors would not use a fixed L for selecting their optimal portfolio,
but rely on constructing the efficient frontier with various L instead. The discussion
of how to construct the optimal portfolio through the efficient frontier framework
is beyond the scope of this chapter. The objective of this chapter is to demonstrate
that the proposed LP is useful to obtain the optimal allocations under conditional
heteroscedastic models with more general risk measures than standard deviation. The

Fig.3.5 The values of the self-financing trading strategy and the FTSE TWSE Taiwan 100 Index for
a P1 b P2 ¢ P3 with different fixed upper bounds of risk. @ XFGTWSE100_strategy_fixedESlevel
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empirical study is designed to investigate whether the optimal portfolio would react
to different economic situations if we consider a more complex but more realistic
model. Please note though that we did not consider transaction costs in the daily
reallocation and also allow to hold fractional numbers of shares of assets. What we
have done is to provide an accurate and fast computational method for the investors
who use model (3.1) to depict the dynamics of the underlying assets and obtain their
optimal allocations of the assets by solving (3.2).

3.6 Concluding Remarks

In this chapter, we considered a portfolio optimization problem with the SRM, where
the dynamics of the underlying return processes are depicted by autoregressive and
conditional heteroscedastic models. The tail-dependence of the underlying assets
is modeled by a CD-vine copula. A linearization of the optimal portfolio selection
problem is used to compute the optimal asset allocations accurately and quickly. Sim-
ulation studies are conducted to investigate several interesting economic phenomena.
First, we demonstrate the accuracy of the LP method for solving the optimal portfo-
lio problem by using the case of two underlying assets. Second, we reveal that the
optimal portfolio tends to diversify the investing risk by selecting the independent
assets in bear market. Third, the less risk-averse investors achieve larger expected
returns than conservative investors. The empirical study indicates that the optimal
portfolio tends to be aggressive in bull markets and be conservative in bear markets.

Appendix

Derivation of (3.4) and (3.5)
To show the 4-dimensional C-vine, first note that

S123a(x) = fr(xp) f(xa [ x) f(xs | xp, x2) f(xa | x1, X2, x3), (3.11)

where X = (x1, X2, X3, X4), f1234(X) is the joint density of (X1, X2, X3, X4), fi(x;)
is the marginal density of X; fori = 1, 2, 3,4, f(x; | x) is the conditional density
of X, given X and so on. In addition, we have the following identities

f x| x1) = cnp{Fi(x1), F2(x2)} fa(x2),
f(xa, x3 [ x1)
S | x1)
e {F (x2 [ x1), Fxs | x1)}f(x3 | x1)
= co3{F (x2 | x1), F(x3 | x1)}eis{Fi(x1), F3(x3)} f3(x3),

fx3]x,x) =
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and

Sf(x3, x4 | x1, x2)
S x| x1, x2)
= g F(x3 | X1, x2), F(xq | x1,x2)} f (x4 | X1, X2)
S (x2, x4 | x1)
S x| x1)
= a2 F(x3 | x1, x2), F(xa | x1, x2)feaap {F (x2 | x1), F(xg | x0)}f(xa | x1)
= caapa{F(x3 | x1, x2), F(xq | x1, x2)}eaapn {F (x2 | x1), F(xq | x1)}
cia{F1(x1), Fa(xa)} fa(xa).

fxa | x1,x2,x3) =

= caf F(x3 | x1, x2), F (x4 | x1, x2)}

By substituting the above identities into (3.11), we have

f1234(X) = f1(x1) f2(x2) f3(x3) fa(x4)
ci2{Fi(x1), Fa(x)}eiz{F1(x1), F3(x3)}cra{ Fi(x1), Fa(x4)}
3 {F (x2 | x1), F(x3 | x)}eaan{F (x2 | x1), F(xs | x1)}
e F (x3 | x1, x2), F(x4 | x1, x2)}.
Therefore, (3.4) holds.

On the other hand, the 4-dimensional D-vine is obtained through the following
representation:

S1234(X) = fo(x2) f(x3 [ x2) f(x1 | X2, x3) f (x4 | X1, X2, X3). (3.12)

By using a similar argument to the derivation of the C-vine, we have the following
identities:

S(x3 1 x2) = ca3{Fa(x2), F3(x3)} f(x3),
fOer | x2,x3) = cizpdF(x1 | x2), F(x3 | x2)}f(x1 | x2)era{F1(x1), F2(x2)} f1(x1),
Sxq 1 x1, x0,x3) = crapa{F(xy | x2, x3), F(xq | x2, x3) o430 F (x2 | x3), F (x4 | x3)},
c34{F3(x3), Fa(xq)} fa(xq).

Therefore, (3.12) can be rewritten as

f1234(x) = fi1(x1) f2(x2) f3(x3) fa(xa)
cio{Fi1(x1), Fa(x2)}e3{Fa(x2), F3(x3)}caa{F3(x3), Fa(x4)}
ciplF(x1 | x2), F(x3 | x2)}coa3{F(x2 | x3), F (x4 | x3)}

cras{F(x1 | x2, x3), F(xs4 | x2, x3)}

and (3.5) holds.
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