4 Dynamics of Atoms in Crystals

The physical properties of a solid can be roughly divided into those that are
determined by the electrons and those that relate to the movement of the
atoms about their equilibrium positions. In the latter category are, for
example, the sound velocity and also the thermal properties: specific heat,
thermal expansion, and — for semiconductors and insulators — the thermal
conductivity. The hardness of a material is also determined, in principle, by
the movement of the atoms about their equilibrium positions. Here, however,
structural defects generally play a decisive role.

The division of solid properties into atom dynamics and electronic prop-
erties is qualitatively easy to justify: the motions of atomic nuclei are, due
to their high mass, much slower than the motions of the electrons. If the
atoms are displaced from their equilibrium positions, then the electrons
adopt a new distribution (with higher total energy). The electron system,
however, remains thereby in a ground state. If the initial positions of the
nuclei are restored, then the energy expended is recovered in full and there
remains no excitation of the electron system. The total energy as a function
of the coordinates of all atomic nuclei thus plays the role of a potential for
the atomic motion. This approach is, of course, only an approximation.
There are also effects for which the interaction between the atom dynamics
and the electron system become significant (Chap. 9). The so-called ‘““‘adia-
batic” approximation to be discussed here was introduced by Born and
Oppenheimer [4.1].

Since the potential for the motion of the atomic nuclei is given by the
total energy and thus, in essence, by the properties of the electron system,
one might try initially to describe all the details of the electronic properties
and derive from these the potential for the atomic motion. Finally, one
could deduce from this all those properties of the solid that are determined
by the atomic motion. This approach is indeed possible, but for our pur-
poses in this text book it involves excessive mathematical effort. Fortu-
nately, it is possible to obtain many important predictions about the thermal
behavior of solids and their interaction with electromagnetic radiation with-
out needing to know the explicit form of the potential for atomic motion.
One simply needs a general formalism which enables equations of motion to
be formulated and solved for an arbitrary potential. We will deal with such
a formalism in the following sections. The concepts presented here will be a
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84 4 Dynamics of Atoms in Crystals

necessary prerequisite for an understanding of Chap. 5 in which we discuss
the thermal properties of solids.

4.1 The Potential

First of all we require a suitable indexing system to refer to the individual
atoms. Unfortunately, this is rather complicated due to the many degrees
of freedom present. As in the past, we number the unit cells by the triplets
n = (ny,n,n3) or m = (my,my, m3) and the atoms within each cell by «, . The
ith component of the equilibrium position vector of an atom is then denoted
by r,«: and the displacement from the equilibrium position by u,,; (Fig. 4.1).
We now expand the total energy of the crystal @, which is a function of all
nuclear coordinates, in a Taylor series about the equilibrium positions r,;
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The terms that are linear in u,,,; disappear since the expansion is about
the equilibrium (minimum energy) position. The summation indices n,m run

nth elementary cell
n= (n1, Ny, ng)

Fe=rh+1,

r,=n;a; + nya + nzaz

(0,0,0)

Fig. 4.1. Explanation of the vector nomenclature used to describe lattice vibrations in a
three-dimensional periodic crystal: The lattice vector r, extends from an arbitrarily chosen
lattice point (0,0,0) to the origin of the nth unit cell n = (n,n2,n3), from which the posi-
tions of the atoms « are described by the vector r,. The displacement from equilibrium of
atom « in cell # is then u,,. Thus the time-dependent position of this atom relative to
(0,0,0) is r, o+ u, o () Where 1, =r, + r,
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over all unit cells; «,f over the atoms in the cell; and 7,j over the three
spatial coordinate directions. Higher terms in the expansion will be neglected
for the time being. Equation (4.1) then represents an extension of the
harmonic oscillator potential to the case of many particles. The neglect of the
higher order terms in (4.1) is therefore known as the ‘““harmonic’ approxima-
tion. Effects that can only be described by the inclusion of additional terms
(e.g., the thermal expansion of solids; Chap. 5) are referred to as anharmonic
effects.
The derivatives of the potential
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are called ““‘coupling constants”. They have the dimensions of spring constants
and serve to generalize the spring constants of the harmonic oscillator to a
system with many degrees of freedom. The quantity —® /7y, s is thus the
force exerted on atom « in the unit cell # in the i-direction when the atom f in
unit cell m is displaced by a distance u,, 4, in the j-direction. For positive values
of ®™#7 the force acts in the direction opposite to that of u. We see that this
description allows for interactions between all atoms regardless of their
separation from one another. In simple models, one often includes only the
interaction between nearest neighbor atoms.

The coupling constants must satisfy a number of conditions that arise
from the isotropy of space, the translation invariance, and the point group
symmetry [2.2]. The translation invariance upon displacement of the lattice
by an arbitrary lattice constant implies, for example, that the quantity @™//
can only depend on the difference between m and n:

ol = i (4.3)

nai

4.2 The Equation of Motion

For the displacement u of atom « in cell n in direction i, the sum of the
coupling forces and the force of inertia must be equal to zero (Newton’s law):

Mgiinai + Y Opll thp; =0 . (4.4)
mpj

For N unit cells each with r atoms, this gives rise to 3r N differential equations
which describe the motion of the atoms. Fortunately, for periodic structures, it
is possible to use a suitable ansatz in order to achieve a significant decoupling.
This involves writing the displacements u,,; in terms of a plane wave with
respect to the cell coordinates:
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In contrast to a normal plane wave, this wave is only defined at the lattice
points r,. On substitution of this form into (4.4) one obtains an equation for
the amplitude u,,;:

i(q-r,,—(ul). (45)

Pt Dl )y (g) = 0. (46)

+ZZ\/_

i
D.(q)

Due to the translational invariance, the terms of the sum depend, as in (4.3),
only on the difference m-n. After performing the summation over m, one
obtains a quantity D’/ (g) that is independent of . It couples the amplitudes to
one another in a manner that does not depend on n. This justifies the fact that
the amplitudes in the ansatz (4.5) were written without the index n. The
quantities D?/.(¢) form the so-called dynamical matrix. The system of equations

—’uyi(q —&—ZDﬁJ q)upi(q) =0 (4.7)

is a linear homogeneous system of order 3r. In the case of a primitive unit cell
we have r = 1 and for every wave vector ¢ we have a system of merely three
equations to solve. This is a convincing demonstration of the simplifications
brought about by the translational symmetry.

A system of linear homogeneous equations only has solutions (eigenso-
lutions) if the determinant

Det {D”(q) —w’1} =0 (4.8)

vanishes. This equation has exactly 3 r different solutions, w(q), for each ¢g. The
dependence w(q) is known as the dispersion relation. The 3 r different solutions
are called the branches of the dispersion relation. It is possible to make a number
of general statements about these branches. However, rather than deriving these
mathematically from (4.8) for the general case, we will discuss the special case of
a diatomic linear chain. We can then make use of the results to present an
overview of the dispersion branches of a three-dimensional crystal.

4.3 The Diatomic Linear Chain

The formalism developed above can be illustrated most readily in terms of the
diatomic linear chain model. Although this model has little in common with a
real solid, it is frequently discussed because of its simple mathematics. We
consider a linear chain in which all nearest neighbors are connected by
identical springs with force constant f. The unit cell contains two atoms of
masses M, and M, (Fig. 4.2).
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The indices a, f in (4.4) thus take on the possible values 1 and 2; the in-
dex i has only one value, since the system is one dimensional, and can there-
fore be omitted. Since it is assumed that only nearest neighbors interact, the
index m in the sum in (4.4) can take only the values n + 1, n, n—1. One thus
obtains the following equations

. n—1,2 1 2 —
Myl + D up—12 + Dt + D =0,
. 1 2 nt1,1 .
Mol + Ppun + Ppuy + Py ty11 =0 (4.9)

The values of these remaining coupling constants are
@) = O =@ = = —f and (4.10)
Dy = D3 = +2f .
Thus we obtain
Miiy + fQuys — tyy — ty—12) =0,
=0.
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The plane-wave ansatz (4.5) then reads

1 .
Uy = \/7& Uy (C]) el(qa”_w,) . (412)

We insert (4.12) into (4.11) to give

<2f - a)2> ) —fﬁ(l +e Yy, =0,
(4.13)
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The dynamical matrix Dﬁjl(q) is therefore
2f -/ -
— ——— (1 +e™
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Mle( ) M,

(4.14)

Setting the determinant of the system (4.13) equal to zero leads to the
dispersion relation
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This dispersion relation is clearly periodic in ¢ with a period given by
9a_,
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The periodic repeat distance in ¢ is thus exactly one reciprocal lattice vector. It
can in fact be shown that this property holds for all lattices. To do so we
simply need to go back to the definition of the dynamical matrix. We see that
on account of (3.15)

D¥q)=DP(q+G) with G-r,=27m. (4.17)
Thus the eigensolution (4.7 or 4.8) must satisfy the condition

o(q) =ow(qg+G) . (4.18)
Furthermore we have

w(—q) = o(q) (4.19)

since u (—q) represents a wave identical to u(g) but propagating in the opposite
direction. However, the forward- and backward-propagating waves are related
to one another by time reversal. Since the equations of motion are invariant
with respect to time reversal, it follows that the eigenfrequencies for +¢ and —
¢ must be equal. It is also possible to derive the inversion symmetry of w in g¢-
space (4.19) from the corresponding symmetry of the dynamical matrix (4.6).
If in (4.6) one replaces g by —¢, then this corresponds in the definition of the
dynamical matrix merely to a renaming of the indices m and n. However, the
dynamical matrix is not dependent on these indices. Taking these facts
together we see that it suffices to represent w(q) in the region 0<¢<G/2. The
point ¢ = G /2 lies precisely on the edge of the Brillouin zone introduced in
Sect. 3.5. Thus the function w(q) can be fully specified by giving its values in
one octant of the Brillouin zone.

For the example of the diatomic linear chain, Fig. 4.3 shows the two
branches of the dispersion relation for a mass ratio of M;/M,=15. The
branch that goes to zero at small g is known as the acoustic branch. For this
branch, at small g(¢ < 7/a) the angular frequency w is proportional to the
wave vector ¢. Here the acoustic branch describes the dispersion-free propa-
gation of sound waves.

The branch for which w(g)#0 at ¢ =0 is called the optical branch. Its
frequencies at ¢ = 0 and ¢ = n/a have a simple interpretation. For ¢ = 0 the
displacements of the atoms in every unit cell are identical. The sublattices of
light and heavy atoms are vibrating against one another. In this case the
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Fig. 4.3. Dispersion curve of a
diatomic linear chain with a mass
ratio M{/M, = 5. With increasing
T mass ratio, the optical branch be-
a comes progressively flatter

problem can be reduced to a system of two masses with force constant 2f
and the reduced mass 1/u = 1/M+ 1/M,. At ¢ = n/a, one or other of the two
sublattices is at rest and thus the two frequencies at this wave vector are
(2//M)"” and 2/ M))"".

The diatomic linear chain model is a popular tool for describing vibrations
in ionic crystals, in which neighboring sites are occupied by ions of opposite
charge. If an optical mode is present at ¢~0 then the positive ions within
the unit cell move in the opposite direction to the negative ones, i.e. an
oscillating dipole moment is created. This can couple to an external oscillating
electric field (e.g., infrared radiation) which means that such vibrations are
“infrared active”, i.e. they cause infrared light to be absorbed (Chap. 11).

For the diatomic linear chain we only allowed displacements of the
atoms along the direction of the chain. Such waves are called longitudinal
waves. For a three-dimensional crystal there are two additional transverse
waves. However, the clear separation of the vibrational modes into longitu-
dinal and transverse is only possible in certain symmetry directions of the
crystal. For an arbitrary direction the waves have a mixed character. Every
crystal has three acoustic branches. For small ¢ values (long wavelengths)
these correspond to the sound waves of elasticity theory (4.5). For every ad-
ditional atom in the unit cell one obtains a further three optical branches.
Here the enumeration of the atoms must be referred to the smallest possible
unit cell. For the fcc structure, in which many metals crystallize, the conven-
tional unit cell contains four atoms, but the smallest possible cell contains
only one atom (Fig.2.8). Such crystals therefore possess only acoustic
branches. The same is true for the bce structure.
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Although a crystal may be said to have three acoustic branches, this
does not necessarily mean that these must everywhere have different
frequencies. In cubic structures for example, the two transverse branches are
degenerate along the [001] and [111] directions. This also holds for the dia-
mond structure (Fig. 4.4). In the latter case, the smallest possible unit cell
contains two atoms and thus, along with the acoustic branches, there are
also optical branches.
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It should be noted that “optical” is the term used to describe all
branches that have a non-zero frequency at ¢ = 0. It does not necessarily
imply optical activity, as can be demonstrated for the case of the diamond
structure. At ¢ =0 in the optical branch the two fcc substructures of the
diamond structure vibrate against one another. However, since these two
substructures are occupied by identical atoms, this vibration does not give
rise to a dipole moment and hence it cannot interact with light. The optical
modes are 3-fold degenerate at ¢ =0. In Sect. 2.4 we saw that such 3-fold
degeneracy is only possible for the point groups of cubic structures.

In contrast to the diamond structure, the zinc-blende structure consists of
two substructures that are occupied by different atoms. “Optical” vibrations
of this structure do lead to an oscillating dipole moment, which in turn gives
rise to the absorption of electromagnetic radiation in this frequency range. In
Chap. 11 we will see that this also lifts the degeneracy between the longitudi-
nal- and transverse-optical waves.

4.4 Scattering from Time-Varying Structures —
Phonon Spectroscopy

The solutions of the equations of motion for the atoms have the form of plane
waves. In analogy to the wave-particle dualism of quantum mechanics, one
might ask whether these waves can also be interpreted as particles. Any such
particle aspect would manifest itself, for example, in the interaction with other
particles, i.e., electrons, neutrons, atoms and photons. Thus we shall now
extend the scattering theory developed in Chap. 3 to the case of structures that
are time varying. The problem will again be treated in a quasi-classical
framework. Later on, when we consider electron-phonon scattering (Chap. 9),
we shall also meet the quantum-mechanical formalism.
We return to the scattering amplitude A4z derived in (3.6):

Ap oce ™ [o(r(1))e K gy . (4.20)
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Fig. 4.4. (a) Phonon dispersion curves of Si. The circles and triangles are measured points and
the solid lines are the result of a model calculation by Dolling and Cowley [4.3]. Instead of the
wave vector ¢, one often uses the reduced wave vector § = ¢ /(2n/a) as the coordinate for such
plots. The relative lengths of the abscissae correspond to the actual separation of the points in
the Brillouin zone. The branches of the dispersion curves carry the notation TA (transverse
acoustic), LA (longitudinal acoustic), TO (transverse optical) and LO (longitudinal optical).
Along the [100] and [111] directions the transverse branches are degenerate. Concerning the
degeneracy of LO and TO at I, see also Sect. 11.4. (b) A sketch of two neighboring Brillouin
zones showing that by moving along [110] from /" to K one can arrive at X by continuing along
the adjoining Brillouin zone boundary. Thus the point X can be described either by the wave
vector ¢ = 2x/a [001] or by ¢ = 27/a [110]. By studying the fcc lattice (Figs. 2.8, 12), one can
convince oneself that these two g-vectors describe the same atomic motion
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To simplify the mathematics we consider a primitive structure and assume the
atoms to be point-like scattering centers situated at the time-dependent
positions r, (7). Thus we write o (r, 1) oc >0 (r—r,(?))

n

Ay ox ot S e (4.21)
n

We separate each of the time-dependent vectors r,(t) into a lattice vector r,
and a displacement from the lattice site u, (t)

Pa(t) = rn +u(2) . (4.22)

With this one obtains

A x Ze’iK‘ rn g 1K (1) g =it (4.23)
n
For small displacements u, () we can make the expansion
Aoy el —iK-u,(1).. Je ™" . (4.24)
n
With the most general form of the expansion in terms of plane waves
| R,
u, HN=u e ilg-ra—(q)1] 4.25
() =u e (4.25)
we obtain, besides the familiar elastic scattering, the terms
. 1 A
Ajnel < e KT iy emllntolalr (4.26)
2 it

Thus there are scattered waves for which the frequency w differs from that of the
primary wave by exactly the frequency of the crystal vibration. These scattered
waves must obey a further condition relating to the wave vector since the sum over
n only yields contributions when K7 ¢ is equal to a reciprocal lattice vector G

w=w)twlq),
k—koFq=G. (4.27)
On multiplying both equations by 7:
hio — 1 h =0
w — hawo F ho(q) =0, 4.8)

Ik — Tiko F hig — HG =0,

one sees that the first of these classical equations can be interpreted quantum
mechanically as the conservation of energy. The plus sign corresponds to the
excitation of a crystal vibration by the scattered particle; the minus sign
applies to processes in which a crystal vibration loses energy to the scattered
particle. The latter possibility can of course only occur if the crystal vibration
has sufficient initial energy (amplitude of excitation); see (5.8). The second of the
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conditions in (4.28) can be interpreted as the conservation of quasimomentum, if it
isassumed that 7 ¢ is the quasimomentum of the wave-like crystal vibration. Thus,
in the sense of the conservation equations (4.28), one can regard these waves as
particles. The term commonly used to describe such “particles’ is phonons. The
quasimomentum of phonons, however, is unlike a normal momentum because it is
only defined to within an arbitrary reciprocal lattice vector. Furthermore, it has
nothing to do with the momentum of the individual atoms. For these we have
> m;v; = 0 at all times because of the nature of the solutions of the equations of
motion (Problem 4.2). Hence the term “quasimomentum” for the quantity 7 4.

It should be emphasized that the derivation of the conservation equations
(4.28) proceeded via a purely classical treatment of the motion of the crystal
atoms. Thus the particle model of phonons that emerges here is not a quantum
mechanical result. It can, however, be quantum mechanically justified if one
begins with the general quantization rules for equations of motion.

The momentum and energy conservation laws that govern the inelastic
interaction of light and particle waves with phonons can be used to advan-
tage for the experimental determination of phonon dispersion curves. We
first discuss the interaction with light.

The inelastic scattering of light in and around the visible region is
known either as Raman scattering, or, when the interaction is with acoustic
waves, as Brillouin scattering. The scattering is produced by the polarization
of the atoms in the radiation field and the subsequent emission of dipole ra-
diation. In the frequency range of visible light the maximum wave vector
transfer is

2ko = 47” ~2-1073A",

i.e., approximately 1/1000 of a reciprocal lattice vector. Thus Raman
scattering can only be used to study lattice vibrations near to the center of
the Brillouin zone (i.e., around ¢ = 0) (Panel III).

This would not be the case for the inelastic scattering of X-rays. With
X-rays, as we saw in the discussion of diffraction, one can readily have wave-
vector transfers of the order of reciprocal lattice vectors. The photon energy
of such X-rays is around 10%eV. The natural width of characteristic X-ray
lines is about 1 eV, whereas phonon energies lie in the range 1-100 meV. To
perform phonon spectroscopy one would therefore have to monochromate
the X-rays to within about 1 meV; for this, one could use a crystal monochro-
mator. The energy selection is achieved, as with an optical grating (Panel XII),
by making use of the wavelength dependence of the diffraction. If one differ-
entiates the Bragg equation

A=2dsin0
AL = 2Adsin 0 + 2dAfOcos 0,

(4.29)
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one obtains an expression for the monochromaticity of the beam as a function
of the angular aperture Af and the deviation Ad of the lattice constant from its
mean value (Panel II)

AL AE Ad

T T E 4 + Afctgf . (4.30)
For X-rays one would require AA/i~10"7. The corresponding angular
aperture would be so small that only the use of X-rays from synchrotron
sources (Panel XI) would provide sufficient intensity. Furthermore, it is very
difficult to find crystals that are sufficiently perfect and stress-free to fulfill the
condition Ad/d~10" (Panel II). Using synchrotron beams, however, it is
possible to obtain an energy resolution of just a few meV.

For neutrons and atoms, however, the prerequisites for phonon spectro-
scopy are far more realistic. The primary energies needed to give the re-
quired wave-vector transfer now lie in the range 0.1-1 eV (AL/A~102-10).
Such neutrons are readily available in the form of the thermal neutrons
produced by reactors (Panel I). Inelastic neutron scattering has been used to
determine the phonon dispersion curves of most materials. As an example,
Fig. 4.4 shows the dispersion curves for Si.

4.5 Elastic Properties of Crystals

In the limit of long wave length (¢ — 0) the frequency of phonons in the “‘acoustic
branches” is proportional to the wave vector ¢. For these acoustical phonons of
long wave length, the sound waves, the displacement vectors in neighboring unit
cells are nearly equal. The state of deformation of the crystal can be therefore
described in the framework of a continuum theory. We consider the transition
from atom dynamics to the continuum theory of elasticity for a particular
example, namely a simple cubic crystal with nearest-neighbor bonds in the form of
springs (Fig. 4.5). The model is an unrealistic representation of the elastic
properties of a real solid since it has no stability with regard to shearing. However,
it suffices for a general consideration of longitudinal waves along a cubic axis. The

Fig. 4.5. Generalization of the linear chain
spring model into three dimensions to re-
present a cubic primitive crystal. While the
model with springs to nearest-neighbors is
e i — lacking stability against shear it suffices for
a simple ansatz for longitudinal sound
n— waves along a cubic axis
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coordinate along the cubic axis and the components of the displacement vectors
in the nth elementary cell in the direction of the axis are denoted as x; and u,,,
respectively. For a longitudinal wave along a cubic axis all displacement vectors
perpendicular to this axis are equal. Furthermore, only the springs connecting
atoms along the axis of propagation are strained. The equation of motion
therefore becomes one-dimensional as for the linear chain (4.11).

Mi/inl :.f(u(n+l).l - unl) 7‘/{(1/{”1 - u(n—l),l) . (431)

If the displacements vary little from cell to cell the differences can be replaced
by the differential quotients.

(u Unt) — (U — u ) aaul a@ul
.1~ Unl ) — Ul — -1),1) = d5— B
(n+1), (n—1), X1 [y—ur12)a OX1 [y—(um1/2)a
2
L (4.32)
axl X=na
The derivative
8141
_ Oum 4.33
=2, (433)

which is called the strain, is already a continuum quantity. The strain describes
the change in the displacements of the atoms per length, hence a stretch and a
compression of the material for &;; > 0 and &; < 0, respectively. From (4.32) we
see that the restoring elastic force in the x;-direction is proportional to the
derivative of the local strain ¢;; with respect to the coordinate x;. If, furthermore,
the masses of atoms are replaced by the mass density ¢ = M/a’, then the
continuum equation of motion for a longitudinal sound wave is obtained.
2
Qiil = Clla—u with ¢ :j—[ . (434)
Oxy a
The quantity ¢;; is an elastic modulus that describes the force per unit area in
the x;-direction in response to a deformation along the same axis. The sound
velocity of the longitudinal wave is

C11
o= 4.35
L . (4.35)

The continuum equation of motion (4.34) for the longitudinal sound wave
along a cubic axis is valid for all cubic crystals. Only the relation between the
elastic modulus and the interatomic potential is specific for the structure and
the interatomic force field. Thus, the relation is different for fcc, bee, or the
diamond structure.

Up to now we were interested in the forces along the cubic axis that
occurred in response to a deformation along the same axis. Now general
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deformations and forces are considered. We begin with a generalization of
(4.33), the definition of a deformation
8u,~

L= 4.36
6] axl_ ( )

The quantity ¢; is a second rank-tensor. As a matter of convenience the
components of the tensor are expressed in terms of particular cartesians that
are chosen to agree as much as possible with the crystallographic axes. The
diagonal elements of the tensor ¢; describe infinitesimal distortions
associated with a change in volume (Fig.4.6a). The magnitude of the
(infinitesimal) change in the volume is given by the trace of the deformation
tensor

AV
=D i (4.37)
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Fig. 4.6. Illustrations to elucidate the terminology in the theory of elasticity. (a) Strain along
the x;-axis; (b) shear along the x,-axis, without separation of the rotational part of &;; (c)
the same shear after splitting off the rotational component by symmetrizing the strain tensor
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The nondiagonal elements ¢;; describe the deformation of a volume element in
the i-direction as one moves along the j-direction and hence correspond to a
shear distortion (Fig. 4.6b). It is useful to split ¢; into a symmetric and an
antisymmetric part with respect to an exchange of i and ;.

Ou; 1 (0u; Ou; 1 (Ou; Ou;
B i A R e A 4.38
9=, = 2 <8x_, Ton) T3\oy, o (4.38)
The antisymmetric part ((Ou;/0x;) — (Ou;/0x;)) describes a rotation whereas
the deformation of the material is given by the symmetric tensor (Fig. 4.6¢)

1 au,- 8uj

A solid resists deformations, hence deformations generate forces. For a
homogeneous material the forces in response to a strain or shear are
proportional to the area upon which the deformation is acting. One
therefore relates all forces to the areas upon which they act. For a definition
of these area-related forces, the “‘stresses’, one considers a section through
the crystal perpendicular to the x;-axis and removes, in thought, the material
on the right hand side of the intersection. The forces per area in the direction
k that are necessary to keep the crystal in balance without the removed
material are the components of the stress tensor 7, (Fig. 4.7). The stress
tensor is symmetric just as the strain tensor: the antisymmetric part of the
stress tensor represents a torque, and in equilibrium all torques must vanish
inside a solid.

To first order the relation between stress and strain is linear (Hooks law).
In its most general form Hooks law reads

m
Tkt

T

R N

P ] Fig. 4.7. Definition of the shear
stress 75, and the normal
stress 7
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Tkl = Z Crlijij (4.40)
ij

with the components of the elastic tensor (modules) cy;;. Because of the
symmetry of the stress and strain tensors 73 and ¢; one has the relations
Cklij = Clkij = Cklji - (4.41)

The number of independent components of the elastic tensor is further
reduced by the requirement that the elastic energy be a unique function of the
state of strain [4.2]. The energy density u is

u=_ [wads =4 cueien - (4.42)

ki ikl

This equation yields the same result independent of the chosen indices for the
axes if

Cklij = Cijkl - (4.43)
The relations (4.41) and (4.43) permit a short-hand notation introduced by

Voigt. In this notation a number between | and 6 is attributed to each pair of
indices i and j. The assignment follows the scheme

11—-1 234
252 1355 (4.44)
3353 1256,

Components of the stress and strain tensor can also be denoted using Voigt’s
notation. In order to ensure that all non diagonal elements of the strain and
stress tensor in the energy density (4.42) are properly accounted for (i.e. ¢; and
&;) a complete transition to Voigt’s notation requires the introduction of
redefined elastic modules. For our purpose here it is easier to use Voigt’s
notation only as an abbreviation for the indices in the elastic modules and stay
with the standard tensor notation and summation otherwise. In the short-
hand notation the elastic tensor becomes a 6 x 6 symmetric tensor with 21
independent components, at most. The number of independent components is
further reduced by the crystal symmetry. For crystals with cubic symmetry the
elastic tensor has only three independent components

cir ¢z cp 00 0
c2 ¢cp ¢ 0 0 O
c2 ¢ ocp 00 O
0 0 0 c 0 O (4.45)
0 0 0 0 Ca4 0
0 0 0 0 0 Caq

It is easy to see that the elastic tensor must have this form, even without a
formal proof. For example, the cubic axes are equivalent. Therefore, the
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diagonal components for normal and shear distortions must be equal
(c11 = c» =33 and cq4q = c55 = Cg6). A shear strain along one cubic axis
cannot give rise to forces that would cause a shear along another cubic axis
(cs45 =0, etc.). Furthermore, a shear cannot cause a normal stress (¢4 =0,
etc.), and finally the forces perpendicular to a strain along one cubic axis must
be isotropic (¢15 = ¢13, etc.).

For a hexagonal crystal the elastic tensor has the components

ci ¢z ez 00 0

c2 ¢ ci3 0 0 0

c13 €13 €33 0 0 0
0 0 0 ¢y O O (4.46)
0 0 0 0 Caq 0
0 0 0 0 0 Co6

A hexagonal crystal is elastically isotropic in its basal plane. The tensor
component that describes the stress-strain relation for a shear distortion in the
basal plane, cg, is therefore related to the tensor components ¢;; and ¢y, by
the ““isotropy condition” (see also 4.65)

2066 =C11 —C12 . (4.47)

With the help of the elastic tensor we can now generalize the wave equation
(4.34). As noted before, we keep the standard double indices for the stress and
strain tensors. The force that acts upon an infinitesimal cubicle of the volume
dV =dx1dx,dx; in a direction k can be expressed in terms of the forces acting
upon the faces of the cubicle

dFk = (rkl(xl —+ dxl) — Tkl (Xl))dede,
+ (tra(x2 + dx2) — Th2(x2) ) dx1dxs
+ (tr3(x3 + dxz) — w3 (x3) )dxidxs

Otk
= dVZ,:c‘)—x; (4.48)

0% %,
dVZ Ck/l] 2 ( 18)»1 + 8)618)6,’)

= dVZ Cklij A A a

ijl

The sum of the elastic forces and the force of inertia odVii, must be zero.
Hence, the generalized equation for the propagation of elastic waves in a
crystalline solid of arbitrary symmetry is:
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) O u; 4.49
il = ; Chlij o, (4.49)
In general (4.49) represents three coupled equations with three independent
solutions. The equations decouple for particular high-symmetry orientations
where entries in the elastic tensor vanish. A simple example are the sound
waves along the axis of a cubic crystal. The solutions of (4.49) are a
longitudinal and two degenerate transverse sound waves. If one chooses the
xp-axis as the direction of propagation and considers the motion along the x,-
axis the only non-vanishing derivative is

62142
0, 4.50
8x18x1 7& ( )
and one obtains the equation of motion for the transverse sound wave:
82142 62u2
i) =l = = Caa——> 4.51
Qu 2121 8x% 44 8x% ( )

with the sound velocity

Ca4
cT=4/—. 4.52
=4/ . (4.52)

In many cases it is useful to work with the inverse of the elastic tensor c;;;. The
inverse tensor s;y; is defined by the equation

&ij = ZS{fk[Tk[ . (453)
kil

The relations between the tensor components of ¢ and s can be calculated by a
formal tensor inversion, but also by describing certain states of strain.
Consider, e.g., an isotropic deformation of a cubic crystal

8,:/' = 86,‘]' . (454)
Because of the cubic symmetry the stresses must likewise be isotropic

Tij = ‘L'éij . (455)
In that case, the elastic equations (4.43 and 4.53) reduce to

T = (C]] —+ 2612)8 s

4.56

&= (s11+ 2s12)7, (4.56)
and one obtains the relation

(C]] + 2612)(S11 + 2S12) =1. (4.57)

We learn from (4.57), that a measurement of the volume change of a cubic crystal
under hydrostatic pressure yields the combination of the elastic constants
c11 + 2¢1p and sy + 2s1,, respectively.

A second relation between the elastic modules ¢ and the elastic constants s
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(11 —c2)(si —s2) =1 (4.58)

is obtained by an analogous consideration of the strain state &;; = —&5,,
e33 = 0, with ¢; = 0 for i#j. By combining (4.57) and (4.58) one obtains

) 1< 1 N 2 )
T3\ +2en e —en)’ (4.59)
1 1 1

Sip == - .
3 (Cn +2c12 e — Cn)

Because of the diagonal form of the elastic tensor for shear stresses and strains
(4.45) one has furthermore

C44 = 1/844 . (4.60)

The relations (4.58) and (4.60) hold also for hexagonal and the most important
tetragonal crystals. Equation (4.57) is replaced by the set of equations

(e +cn) = s33s7 ',

c13 = —si35 ", (4.61)

c33 = (811 +S12)571 )

with s = S33(S11 + 312) - 25‘%3 .

Furthermore, one has cgs = Sge..

Despite its high symmetry, a cubic crystal is not elastically isotropic. The
stress arising from a deformation along a cubic axis differs from the stress
arising from a deformation along the diagonal. In order to be elastically iso-
tropic the elastic constants of cubic crystals must fulfill a particular condition.
In order to derive this isotropy condition we consider a cubic crystal that is
strained along an arbitrarily oriented x-axis by the amount ¢, and com-
pressed along the perpendicular y-axis by ¢,, = —e&,,. If the cubic axes x; and
X, are parallel to x- and y-axes, one obtains for the stress 7

Txx = (Cll - 012)8,\1\' . (462)

If the cubic axes are rotated with respect to the x- and y-axis by 45° then the
deformation corresponds to a shear deformation in the cubic axes (Fig. 4.8).
By writing the components of the strain tensor in the cubic axes and in the x-
and y-axis in terms of the displacement vector s, (Fig. 4.8), it is easy to see that
&3 = &xc. We thus obtain for the stress

T23 = C44823 = C448xx - (4'63)

We now express 723 by 7. On a cube with an edge length a the stress 7, exerts
the force
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== —7771

Exx = —&yy &, =0 €11 = Exx £ = &y

T = T2 = (€11 — C12)Exx

&

Fig. 4.8. For the derivation of the condition for elastic isotropy one considers a volume-
conserving deformation of a material under the assumption that (a) the deformation is
along the cubic axes and (b) that the strain directions form an angle of 45° with the cubic
axes. The deformation (b) corresponds to a shear in the cubic axes. For an isotropic mate-
rial the resulting stresses must be identical in both cases. This condition yields the isotro-
py relation between the elastic constants (4.66)

fo=tad V2. (4.64)

Projected into the direction x, one has the force

fz = T23a2 fo/\/i = rxxaz/Z . (4.65)



4.5 Elastic Properties of Crystals 103

Table. 4.1. Elastic constants for several cubic crystals at 20°C (after [4.6]). The moduli ¢;
are in 10'© N/m? and the constants (compliances) 5 in 10> m?/N. The numbers refer to
the cubic axes. For a transformation into arbitrarily rotated axes see [4.4, 4.5]. The relia-
bility and accuracy of the data differs for the various materials because of the different
quality of available crystals. The temperature dependence of the elastic constant is parti-
cularly large for potassium and sodium. These materials become significantly stiffer at
low temperatures. The condition for elastic isotropy, 2cas/(c11 — ¢12) = 1, is fulfilled only
in exceptional cases. Many metals are surprisingly anisotropic (see last column)

Material S11 Sa44 S12 1 Ca4 12 uffjwz
K 1225 530 =560 0.37 0.19 0.31 6.3
Na 590 240 -270 0.74 0.42 0.62 7.0
Ta 6.86 12.1 -2.58 26.7 8.25 16.1 1.56
Cr 3.05 9.9 —0.495 35.0 10.0 6.78 0.71
Mo 2.8 9.1 -0.78 45.5 11.0 17.6 0.79
W 2.53 6.55 -0.726 50.1 15.1 20.5 1.0
Fe 7.7 8.9 -2.8 23.7 11.6 14.1 2.4
Ir 2.28 391 —0.67 58.0 25.6 24.2 1.5
Ni 7.7 9.0 -3.0 24.4 11.2 15.4 2.5
Pd 13.6 13.9 -5.95 22.7 7.17 17.6 2.8
Pt 7.34 13.1 -3.08 34.6 7.64 25 1.44
Cu 15.0 13.3 -6.3 16.8 7.54 12.1 3.2
Ag 22.9 21.7 -9.8 12.4 4.6 9.35 3.0
Au 23.3 23.8 -10.7 18.6 4.2 16.3 3.7
Al 15.7 35.9 -5.8 11.2 2.8 6.6 1.2
C 1.48 1.74 -0.517 107.6 57.6 12.5 1.21
Si 7.68 12.56 2.14 16.57 7.96 6.39 1.56
Ge 9.75 14.9 -2.66 12.9 6.71 4.83 1.66
GaAs 12.6 18.6 —4.23 11.9 54 6.0 1.83
LiF 11.35 15.9 -3.1 11.1 6.3 4.2 1.82
NaCl 22.9 79.4 —4.65 4.87 1.26 1.24 0.69

With (4.63) and (4.65) and by comparison to (4.62) one obtains the condition
for elastic isotropic behavior

2044 =C11 —C12 . (466)

Because of this condition an elastic isotropic solid has only two independent
constants that are denoted as

A= Cl2 M =Cq4 . (467)
Hooks law (4.40) then becomes
Tik = ik Zgii + 2uep . (4.68)

In mechanical engineering Young’s modulus Y (also denoted by F) and the
Poisson number v are commonly used. Young’s modulus describes the change
in length of a rod in response to a pull and v describes the relative contraction
perpendicular to the direction of pull. The constants Y, v, 4 u, and the elastic
constants s; in the cubic system are related by:
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A 2u+ 34 1
__ A sy plurd) 1 (4.69)
200+ s u+ A s1
Note that Y is merely the inverse of s1; and not a component of the inverse
tensor of modules ¢, although it has the dimension of a modulus!

Problems

4.1 Localized vibrations in a crystal can be represented by a superposition
of phonon modes with different wave vectors. Show that the center of grav-
ity of such a wave packet moves with the group velocity v, = dw/dq.

4.2 Write down the dynamic equation for a one-dimensional linear chain of

N (large number) atoms (atomic distance a, restoring force f, atomic mass

m) and solve this with an ansatz u, (t) = u(q) exp[i(gna—wt)].

a) Compare the obtained dispersion w(g) with that of the diatomic linear
chain (4.15).

b) Show that the total momentum Z mi,(t) of a phonon vanishes.
n=1

c) Show that for long wavelengths (¢ < a~!) the dynamic equation for the
chain transforms into a wave equation for elastic waves when the displa-
cements u,(t) = u(x =na,t), u,+(t) and u,_;(¢t) are evaluated in a Tay-
lor series.

4.3 Calculate the eigenfrequency of a mass defect M # m in a linear chain
at the position n = 0 by invoking the ansatz u, = uyexp (—« |n|-iwt) for the
displacements. For which range of M do localized vibrations exist?

4.4 Calculate the dispersion relation for longitudinal and transverse pho-
nons along the [100] direction of a fcc crystal whose atoms are joined to
their nearest neighbors by springs. Using symmetry arguments, first identify
any possible degeneracy. In which other high-symmetry direction does a si-
milar consideration apply?

Then try to describe the phonons such that the equation of motion for a
linear chain becomes applicable. For this it is important to be aware of the ef-
fect of the position of the phase planes on the displacements of the atoms.

Draw the displacements of the atoms for various phonons at the edge
of the Brillouin zone.

4.5 Calculate the sound velocity of longitudinal and transverse acoustic modes
along the [100] direction of a fcc crystal using the model of problem 4.4.
According to crystal elasticity theory the sound velocities are ciong = (c11/
o)l/ 2and Cirans = (c44/o)1/ 2 where 0 is the density. Calculate the elastic constant
¢11 and the shear elastic constant c44 in terms of the nearest neighbor force con-
stant. Make the force constant such that the maximum vibrational frequency
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corresponds to 8.85 THz (representative of nickel) and calculate the numerical
values of the sound velocities. The experimental values are 5300 m/s and
3800 m/s for the longitudinal and transverse waves, respectively.

4.6 Calculate the frequency of the surface phonon with odd parity (with re-
spect to the mirror plane spanned by the wave vector and the surface nor-
mal) at the zone boundary of a (100) surface of an fcc crystal in the [110] di-
rection using the nearest neighbor central force model. What makes this cal-
culation so easy? Can you find another strictly first-layer mode on the same
surface?

4.7 Derive the wave vector conservation for inelastic phonon scattering
from a 2D periodic layer of atoms. Do the same problem for inelastic scat-
tering from a surface when the incoming wave is damped inside the solid ac-
cording to exp(—z/A), with A the effective mean free path. Assume a primi-
tive lattice for simplicity. Develop an Ewald construction for the wave vec-
tor conservation law when the lattice has 2D periodicity.

4.8 Carry the expansion (4.24) one step further and calculate the time aver-
age of the scattered amplitude. Rewrite the expansion

1= 1K u,)), ~ e dEm)),

By equating the time average with the ensemble average, calculate the scat-
tered intensity for a primitive lattice.

In the prefactor exp(—((K- u,,)2>, the quantity W= 1((K- u,)?) is
known as the Debye-Waller factor. For a harmonic lattice the result is cor-
rect even for arbitrarily large values of ((K - u,)?). The proof, however, is
not straightforward. Calculate the temperature dependence of the Debye-
Waller factor assuming that all atoms vibrate as independent oscillators of a
frequency /iw by using (5.2 and 5.15). Carry out the same calculation based
on the Debye model.

4.9 Calculate the elastic constants ¢y, ¢1» and ¢4 of a face-centered cubic
crystal under the assumption of spring forces to the nearest-neighbors. Show
that the model crystal is not elastically isotropic! Show that ¢;, = c44! This
is the Cauchy-relation for cubic crystals. Cauchy relations among the elastic
constants hold if the interatomic force field involves only central forces
(forces acting between pairs of atoms along the bond direction). In reality,
non-central forces such as angle bending valence forces and many-body
forces cause deviations from the Cauchy relation. For which materials is the
Cauchy-relation approximately fulfilled (see Table 4.1)?

4.10 Calculate the elastic energy per area in a thin epitaxial, pseudomorphic
Cu film that is deposited on the (100) surface of Ni! Hint: the strain in the
film ¢, is the misfit between the lattice constants, &, = (ani — acy)/ani- The
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elastic energy density is u = le'j (f”’ 7;de;, with ¢ the film thickness. Why is
there a limit to the thickness of epitaxial, pseudomorphic film growth and
what happens, once a critical film thickness is reached?

4.11 Electric analog to the phonon-modes of the monatomic linear chain:

a) The equivalent circuit of a loss-free double line is a series of inductances L,

and capacitances C, connecting the lines. Show that current and voltage
on the double line propagate as plane waves that possess the same dis-
persion w(k) as phonons of the linear chain (4.15) with M= M.
Hint: Use Kirchhoff’s rules to calculate the current difference 1,-1,_, as
function of the voltage difference U,—U,_; for an element of length a of
the double-line consisting of the inductance L, in series and the parallel
capacitance C,,.

b) Consider now a double-line with a continuously distributed inductance L’
per length and a continuously distributed capacitance C’ per length. Set up
the differential equation for the relation between current and voltage and
show that the dispersion w(k) of the wave-like solution is @  k as in the
continuum limit for phonons in a linear chain.
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Raman Spectroscopy

Since the development of the laser, Raman Spectroscopy [III.1] has become
an important method for investigating elementary excitations in solids, for
example, phonons and plasmons. In this type of spectroscopy one studies
the inelastic scattering of light by the elementary excitations of interest. This
inelastic scattering was already mentioned in Sect. 4.5 in connection with
scattering from phonons. As for all scattering from time-varying structures
(e.g. vibrations of atoms in a crystal), energy must be conserved and, to within
a reciprocal lattice vector G, wave vector too, i.e. we have

hiwg — hiw £ hiwo(q) =0, (I11.1)
hiky —hk £ hg+ G =0, (111.2)

where wg, ko and w, k characterize the incident and scattered light waves re-
spectively; w(gq) and ¢ are the angular frequency and the wave vector of the
elementary excitation, e.g. phonon. For light in the visible region of the
spectrum, |ko| and |k| are of the order of 1/1000 of a reciprocal lattice vector
(Sect. 4.5), which means that only excitations in the center of the Brillouin
zone (|q|~0) can take part in Raman scattering.

The interaction of visible light with the solid occurs via the polarizabil-
ity of the valence electrons. The electric field &, of the incident light wave
induces, via the susceptibility tensor y a polarization P, i.c.

P=cox& or Pi=e» 170 (IT1.3)
J

The periodic modulation of P leads, in turn, to the emission of a wave — the
scattered wave. In a classical approximation, the scattered wave can be re-
garded as dipole radiation from the oscillating dipole P. From the laws of
electrodynamics one obtains the energy flux density in direction s, i.e. the
Poynting vector S, at distance r from the dipole as

w*P?sin® ¥ |

S(1) = 1672¢eyr2c3 s

(I11.4)
Here 9 is the angle between the direction of observation § and the direction
of the vibration of P. The electronic susceptibility y in (II1.3) is now a func-
tion of the nuclear coordinates and thus of the displacements associated
with the vibration [w(g),q]. Similarly, y can also be a function of some
other collective excitations X[w(q),q], for example, the density variations

Panel 111



Panel 111

108 Panel III Raman Spectroscopy

associated with a longitudinal electron plasma wave (Sect. 11.9), or the
travelling-wave-like variations of magnetization in an otherwise perfectly
ordered ferromagnet (magnons). These “displacements” X[w(g),q] can be
regarded as perturbations in a formal expansion in X. It suffices to retain
the first two terms:

x=2"+0g/0x)X . (I11.5)

As we only need to consider excitations with ¢~0, we can simplify matters
by writing X = X, cos [@(q)¢] and, if the electric field &, of the incident
wave is described by & = &, cos w,.1, we obtain from (II1.3) the polarization
appearing in (I11.4) as

N 0 .
P = &1°&, cos wyt + soa—i{/ Xo & cos|w(q)t] cos wyt

0

X 1 0 N
:602(02’000560()[4—5608—%{( Xo &v{cos[wo+w(q)]t+cos[wo—w(q)]t}. (111.6)

The scattered radiation expressed by (III1.4) therefore contains, along with the
elastic contribution of frequency w, (the Rayleigh scattering), further
terms known as Raman side bands with the frequencies wq + w(q) (Fig. II1.1).
The plus and minus signs correspond to scattered light quanta that have,
respectively, absorbed the energy of, and lost energy to, the relevant elementary
excitation [w(q),q]. The lines with frequency smaller than w, are called the
Stokes lines; those with higher frequency are the anti-Stokes lines. For the
latter lines to be present it is necessary that the elementary excitation, e.g. pho-
non, is already excited in the solid. Thus at low temperatures the intensity of
the anti-Stokes lines is much reduced because the relevant elementary excita-
tion is largely in its ground state. The intensity of the inelastically scattered ra-
diation is typically a factor of 10° weaker than that of the primary radiation.

A prerequisite for the observation of a Raman line is that the
susceptibility y (II1.5) has a non-vanishing derivative with respect to the coor-
dinate X of the elementary excitation. On account of the crystal symmetry
and the resulting symmetry properties of the elementary excitation that
determine the vanishing or nonvanishing of the quantities (dy;/0X), the
observability of the corresponding Raman lines depends on the geometry of
the experiment. This is illustrated for the example of two Raman spectra
measured from a Bi,Se; single crystal (Fig. II1.2). Bi,Ses; possesses a trigonal
c-axis along which the crystal is built up of layers of Bi and Se. This crystal
symmetry means, among other things, that the normal susceptibility tensor
has the following form when referred to the principal axes:

K 0 0
A=10 0 of. (I11.7)
0 0 X
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Fig. III.1. Schematic representation of the mechanisms of elastic (a) and inelastic (b) light
scattering (Raman scattering): (a) if the electronic susceptibility is assumed to be constant
in time, the polarization P oscillates with the frequency w, of the incident light and, in
turn, radiates only at this frequency (elastic process); (b) if the susceptibility itself oscil-
lates with the frequency w(q) of an elementary excitation (e.g. phonon), then the oscilla-
tion of the polarization induced by the primary radiation (frequency wg) is modulated
with frequency w(g). This modulated oscillation of the polarization leads to contributions
in the scattered light from the so-called Raman side bands of frequencies wq+ w(q)

Scattered intensity (arb. units)
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Fig. Ill.2a—c. Raman spectra of
phonons of types 4, and Eé mea-
sured from a single crystal of
Bi,Se;. The c-axis of the crystal lies
parallel to the z-axis of the coordi-
nate system. (a) The displacement
patterns of the 4, and Eé pho-
nons for one of the three basis
atom configurations in the nonpri-
mitive unit cell. Arrows and + /-
signs give a snapshot view of the
atomic displacements. (b) Raman
spectrum taken in the geometry
z(xx)Z, i.e., the primary wave is
incident in the z-direction and is
polarized in the x-direction; the
Raman scattered light is detected
in the —z (or Z) direction, and ana-
lysed for its x-polarized compo-
nent. (¢) Raman spectrum taken in
the geometry z (xy)Z [111.2]
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In the measurements of Fig. III.2 the beam was incident along the c-axis
(z-axis of the coordinate system), and the scattering was analyzed in the
backscattering direction, i.e., also along the z-direction. If a polarization of
the x-direction is present for both the incident and scattered radiation, then
one will observe the phonons denoted by A {g,A%g and Eé (Fig. II1.2b). If,
however, one measures scattered light with a polarization in the y-direction,
then only E é will appear in the Raman spectrum (Fig. I11.2¢). This can be
understood by considering the nature of the atomic displacements associated
with the two types of phonon (Fig. IIl.2a): if a phonon of type A4, is ex-
cited, the symmetry of the crystal remains unchanged; thus the change in
the susceptibility y; induced by the phonon displacement, i.e., (9y;/0X)
leads to a tensor that has the same form as )(3 (IT1.7). Such a tensor implies
that the polarization induced by the incident electric field &) = (<o, <0, 0),
has the same direction as &. In other words, for phonons of the type 4;,
one has (Jy,,/0X) = 0.

According to Fig. I1I.2a, a general phonon of the type E, possesses dis-
placements in both the x- and y-directions. The trigonal crystal symmetry is
therefore broken by this phonon. The phonon-induced modification of the
susceptibility in the x-direction is coupled to a modification in the y-direc-
tion. An incident electric field o thus induces polarization changes in both
the x- and y-directions. The scattered light that results contains polarization
components in both these directions, i.e., (Oy,,/0X)= 0, (Jx,,/0X)F0.

For crystals with centers of inversion (e.g. the NaCl and CsCl struc-
tures) there is a general exclusion principle which states that infrared-active
transverse optical (TO) phonons (Sects. 4.3, 11.3, 11.4) are not Raman ac-
tive and vice versa.

As a further example of an experimental Raman spectrum, Fig. III.3
shows the spectrum measured for an n-doped GaAs crystal with a free elec-
tron density of 7 =10'cm > (Sect. 12.3). Besides the strong lines between
wavenumbers 250 and 300 cm ' (wavenumber v = A°') attributable to the
excitation of TO and LO phonons, one also observes a structure at 40 cm!
very close to the elastic peak (v=0). This structure is essentially the result
of excitation of collective vibrations of the “free” electron gas, so-called
plasmons (Sect. 11.9). A weak coupling between the plasmons and the LO
phonons leads to a small frequency shift in both these peaks.

Also of interest is the dependence of the Raman spectra on the primary
energy fiwy. If the incident photon energy 7wy is exactly equal to the energy
of an electronic transition, i.e. if it corresponds to a resonance in y or in the
dielectric constant ¢(w), then one observes an enormous enhancement of the
Raman scattering cross section, or so-called resonant Raman scattering. By
varying the primary energy in order to find such resonances in the Raman
cross section, it is also possible to study electronic transitions.

From (II1.4) it follows that, for frequencies below the electronic
resonance, the intensity varies as w* or 2 * as a function of the frequency
or wavelength of the incident light; it is thus desirable to use as short a
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Double
Photomultiplier = monochromator
Fig. II1.4. Schematic of ex-

perimental arrangement used
to observe the Raman effect.
To minimize the background
due to internal scattering in
the measuring device, a dou-

Amplifier

Pulse channel ble monochromator is used.
counter analyzer Furthermore, because of the
” 1] weak signal a pulse counting
X-y x-y technique is applied. The
cgr%_er cg‘r%-er path of the Raman-scattered

light is shown by the dashed
Filter lines

wavelength as possible. Today, high-power lasers (neodymium, krypton, ar-
gon-ion, etc.) are used for this purpose. For resonance Raman spectroscopy
in particular one can employ tunable dye lasers. Emission powers of up to
several watts in the violet and near-UV spectral range are applied. To detect
the scattered radiation in the visible and near-UV one uses highly sensitive
photomultipliers. High demands are made of the spectrometer used to ana-
lyse the scattered radiation: whereas the primary photon energy is in the
range 2-4 eV, i.e. has a frequency v of the order of 10'° Hz, one needs to
measure frequency differences between this and the Raman side bands that
lie anywhere from a few Hertz to 10" Hz (= 3000 cm ). For scattering from
sound waves in particular, a resolution of wy/Aw = 10® is desirable. This
can be achieved with Fabry-Pérot interferometers. In this case the method is
commonly known as Brillouin scattering. Because of the low intensity of the
Raman lines, it is important that there is no background intensity in the
region close to primary line produced by primary light that has been scattered
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within the instrument, i.e. high contrast is an important prerequisite. Modern
experiments often employ double or triple spectrometers (Fig. 111.4). The grat-
ings used are produced holographically in order to avoid spurious diffraction
peaks (ghosts) in the spectral background intensity. Figure I11.4 shows a mod-
ern experimental setup for Raman spectroscopy.
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