The vector analysis I use may be described either as a convenient and systematic abbreviation
of Cartesian analysis. . . In this form it is not more difficult, but easier to work than Cartesians.
Of course, you have to learn it. Initially, unfamiliarity may make it difficult. . .

—Oliver Heaviside (1850-1925), a self-taught mathematician and electrical engineer in his
introduction to Vector Analysis, originally published in 1893 (Electromagnetic Theory,
Chelsea Publishing Co., N.Y., 1971, Vol. 1, p. 135)

1.1 Introduction

Vector algebra’ is the algebra of vectors: a set of mathematical rules that allows meaningful and useful operations in the
study of electromagnetics. We will define vectors and the necessary operations shortly, but, for now, it is useful to remember
the following axiom which will be followed throughout this book: Nothing will be defined, no quantity or operation will be
used, unless it has some utility either in explaining the observed physical quantities or otherwise simplifies the discussion of
a topic. This is important because, as we increase our understanding of the subject, topics may seem to be disconnected,
particularly in this and the following chapter. The discussion of vector algebra and vector calculus will be developed
separately from the ideas of the electromagnetic field but for the purpose of describing the electromagnetic field. It is also
implicit in this statement that by doing so, we should be able to simplify the discussion of electromagnetics and, necessarily,
better understand the physical properties of fields.

Vector algebra is a set of rules that apply to vector quantities. In this sense, it is similar to the algebra we are all familiar
with (which we may call scalar algebra): it has rules, the rules are defined and then followed, and the rules are self-consistent.

Because at this point we know little about electromagnetics, the examples given here will be taken from other areas:
mechanics, elementary physics, and, in particular, from everyday experience. Any reference to electric or magnetic
quantities will be in terms of circuit theory or generally known quantities. The principle is not to introduce quantities and
relations that we do not fully understand. It sometimes comes as a surprise to find that many of the quantities involved in
electromagnetics are familiar, even though we may have never thought of them in this sense. All that the rules of vector
algebra do is to formalize these rather loose bits of information and define their interactions. At that point, we will be able to
use them in a meaningful way to describe the behavior of fields in exact terms using a concise notation.

It is worth mentioning that vector algebra (and vector calculus, which will be discussed in the following chapter) contains
a very small number of quantities and operations. For this reason, the vector notation is extremely compact. There are only
two quantities required: scalars and vectors. Four basic operations are required for vectors: addition, vector scaling, scalar
product, and vector product.

!'Vector analysis, of which vector algebra is a subset, was developed simultaneously and independently by Josiah Willard Gibbs (1839—1903) and
Oliver Heaviside (1850-1924) around 1881, for the expressed purpose of describing electromagnetics. The notation used throughout is more or
less that of Heaviside. Vector analysis did not gain immediate acceptance. It was considered to be “useless” by Lord Kelvin, and many others
thought of it as “awfully difficult,” as Heaviside himself mentions in his introduction to vector algebra. Nevertheless, by the end of the nineteenth
century, it was in general use.
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2 1 Vector Algebra

In addition, we will define distributions of vectors and scalars in space as vector and scalar fields and will introduce the
commonly used coordinate systems. The discussion in this chapter starts with the definition of scalars and vectors in
Cartesian coordinates. The latter is assumed to be known and is used exclusively in the first few sections, until cylindrical
and spherical coordinates are defined.

1.2 Scalars and Vectors

A quantity is a scalar if it has only a magnitude at any location in space for a given time. To describe the mass of a body, all
we need is the magnitude of its mass or, for a distributed mass, the distribution in space. The same applies to the altitude of a
mountain or the length of a road. These are all scalar quantities and, in particular, are static scalar quantities (independent of
time). In terms of quantities useful in the study of electromagnetics, we also encounter other scalars such as work, energy,
time, temperature, and electric potential (voltage). Scalar sources also play an important role: The electric charge or charge
distribution (for example, charge distributed in a cloud) will be seen as sources of fields. The source of a 1.5 V cell is its
potential and is a scalar source.

A vector, on the other hand, is described by two quantities: a magnitude and a direction in space at any point and for any
given time. Therefore, vectors may be space and time dependent. Common vectors include displacement, velocity, force,
and acceleration. To see that the vector definition is important, consider a weather report giving wind speeds. The speed
itself is only part of the information. If you are sailing, direction of the wind is also important. For a pilot, it is extremely
important to know if the wind also has a downward component (shear wind), which may affect the flight plan. Sometimes,
only the magnitude may be important: The electric generating capability of a wind-driven turbine is directly proportional to
the normal (perpendicular to the turbine blades) component of the wind. Other times we may only be interested in direction.
For example, the news report may say: “The rocket took off straight up.” Here, the direction is the important information,
and although both direction and magnitude are available, for one reason or another, the liftoff speed or acceleration is not
important in this statement. The unit associated with a quantity is not part of the vector notation.

The use of vectors in electromagnetics is based on two properties of the vector. One is its ability to describe both
magnitude and direction. The second is its very compact form, which allows the description of quantities with great economy
in notation. This economy in notation eases handling of otherwise awkward expressions but also requires familiarity with the
implications of the notation. In a ways, it is like shorthand. A compact notation is used, but it also requires us to know how to
read it so that the information conveyed is meaningful and unambiguous.

To allow instant recognition of a vector quantity, we denote vectors by a boldface letter such as E, H, a, and b. Scalar
quantities are denoted by regular letters: E, H, a, and b. In handwriting, it is difficult to make the distinction between normal
and boldface lettering. A common method is to use a bar or arrow over the letter to indicate a vector. Thus, E,H,a,b, are also
vectors. If a quantity is used only as a vector, there is no need to distinguish it from the corresponding scalar quantity. Some
vector operators (which will be discussed in the following chapter) are of this type. In these instances, neither boldface nor
bar notation is needed since there is no room for confusion.

1.2.1 Magnitude and Direction of Vectors: The Unit Vector and Components of a Vector
The magnitude of a vector is that scalar which is numerically equal to the vector:
A=A (1.1)

The magnitude of a vector is its length and includes the units of the vector. Thus, for example, the magnitude of a velocity
vector v is the speed v [m/s]. To define the direction of a vector A, we employ the idea of the unit vector. A unit vector A is a
vector of magnitude one (dimensionless) in the direction of A:

A=Al

Al A
A=z (12)
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Figure 1.1 The relations between vector A, the unit vector 1&, and the magnitude of the vector |A|

Thus, A can be viewed as a new dimensionless vector of unit magnitude (\A\ = 1) in the direction of, or parallel to, the
vector A. Figure 1.1 shows a vector, its magnitude, and its unit vector.

Vectors may have components in various directions. For example, a vehicle moving at a velocity v on a road that runs SE
to NW has two equal velocity components, one in the N direction and one in the W direction, as shown in Figure 1.2a. We
can write the velocity of the vehicle in terms of two velocity components as

. . N 2 . 2
V:NVN—l—WvW:Nv\/T——i—Wv% (1.3)

The two terms on the right-hand side (N vV/2/2 and WV\/Q/Z) are called the vector components of the vector. The
components of the vectors can also be viewed as scalars by taking only their magnitude. These are called scalar components.
This definition is used extensively when standard systems of coordinates are used and the directions in space are known. In
this case, the scalar components are vy/2/2 in the N and W directions. To avoid confusion as to which type of component is
used, we will always indicate specifically the type of component unless it is obvious which type is meant.

Figure 1.2 (a) A a N b
convenient coordinate
system. (b) A more v 4504
“standard” coordinate system \ -
W _ E X
- VW \IU
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We chose here a particular system of coordinates to demonstrate that the system of coordinates is a matter of choice. The
same can be accomplished by laying a standard system of coordinates, say the rectangular coordinate system over the road
map shown in Figure 1.2a. This action transforms the road map into a standard coordinate system, and now, using
Figure 1.2b, we can write

2 2
v:—i(vx—i—yvy:—f(vi_—&—yv£ (1.4)

2 2

The components of the vector are in the x and y directions. The magnitude of the vector is v, and this is written directly
from the geometry in Figure 1.2b as

v=|v| =] = Xve+yn| =122 (1.5)
The unit vector is in the direction of v and is given as

R I S A S A SRS V2

V=—= ’n ~ =
I S A

(1.6)
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It is important to note that although the unit vector v has unit magnitude, its components in the x and y directions do not.
Their magnitude is V2 /2. This may seem to be a minor distinction, but, in fact, it is important to realize that the vector
components of a unit vector are not necessarily of unit magnitude. Note, also, that the magnitude of X andy is one since these
are the unit vectors in the direction of the vector components of v, namely, x and y.

In this case, both the vector and the unit vector were conveniently written in terms of a particular coordinate system.
However, as a rule, any vector can be written in terms of components in other coordinate systems. An example is the one
used to describe directions as N, S, W, and E. We shall discuss this separately, but from the above example, some systems are
clearly more convenient than others. Also to be noted here is that a general vector in space written in the Cartesian system
has three components, in the x, y, and z directions (see below). The third dimension in the above example of velocity gives
the vertical component of velocity as the vehicle moves on a nonplanar surface.

In the right-handed Cartesian system (or right-handed rectangular system), we define three coordinates as shown
in Figure 1.3. A point in the system is described as P(xo,y0,Z0), and the general vector A, connecting two general points
P(x1,y1,21) and P5(x5,y,,25), is given as

A(X,y72) = ﬁAX(-x7y7Z) + yAy(xa)UZ) + iAZ(x7ya Z) (17)

where the scalar components A,, A, and A; are the projections of the vector on the x, y, and z coordinates, respectively. These
are

Ac=x—x1, Ay=y,—y, A =n-1 (1.8)

The length of the vector (i.e., its magnitude) is

A= JA2 12442 = (o -0+ (=) (22— 21 (19)

and the unit vector in the direction of vector A is

i :A( ,y, _ X —x1)+Y(yz—y1)+i(Zz—21) (1.10)
AWYD =0 + 0y - ) + (2 —n1)?
or
i = x) =) L (2—2)
A=x oSy S (1.11)

We will make considerable use of the unit vector, primarily as an indicator of direction in space. Similarly, the use of
components is often employed to simplify analysis.

°
P(xg , yo!s Zo)

V=

0 -~

Figure 1.3 A point in the Cartesian system of coordinates
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Example 1.1 A vector is given as A = —x5 — y (3x + 2) + z. Calculate:

(a) The scalar components of the vector in the x, y, and z directions.
(b) The length of the vector.
(¢) The unit vector in the direction of A.

Solution: The solution makes use of Eqs. (1.8) through (1.11). In this case, the vector (and all its properties) depends on the
variable x alone, although it has components in the y and z directions:

(a) The scalar components of the vector are the coefficients of the three unit vectors:
Ac=-5 A, =-(03x+2), A =1

Note: The negative sign is part of the scalar component, not the unit vector.
(b) The length of the vector is given by Eq. (1.9):

A= \[AT+ A2+ A2 = \/(—5)2 + (—(Bx+2))* + 12 = V/9x2 + 12x + 30

(¢) The unit vector is calculated from Eq. (1.11):
« . 5 R 3x+2 . 1
= —X — y + VA
VOx2 + 12x + 30 VOx2 + 12x + 30 VOx? 4+ 12x + 30

where the scalar components A, A,, and A, and the magnitude of A calculated in (a) and (b) were used.

Example 1.2 An aircraft takes off at a 60° angle and takeoff speed of 180 km/h in the NE-SW direction. Find:

(a) The velocity vector of the aircraft.
(b) Its direction in space.
(c) Its ground velocity (i.e., the velocity of the aircraft’s shadow on the ground).

Solution: First, we choose a system of coordinates. In this case, E-W, N-S, and D (down)-U (up) is an appropriate choice.
This choice describes the physics of the problem even though it is not the most efficient system we can use. (In the exercise
that follows, the Cartesian system is used instead.) The components of velocity are calculated from the magnitude
(180 km/h) of velocity and angle using projections on the ground and vertically, followed by the velocity vector and the
unit vector:

(a) The aircraft velocity has two scalar components: the vertical component v, = 180sin60° and the ground component
vy = 180c0s60°. These speeds are given in km/h. The SI units call for the second as the unit of time and the meter as
the unit of distance. Thus, we convert these speeds to m/s. Since 180 km/h = 50 m/s, we get v, = 50cos60° and
v, = 50sin60°. The west and south components are calculated from v,, as (see Figure 1.4)

Ve = 50c0s60 cosd5’, v, = 50c0s60 sind5 {?}
The third component is v,.. Thus, the velocity vector is
v = W50c0s60 cos45 + S50c0s60sin45 + U50sin60° = W17.678 + S17.678 + U43.3  [m/s]
(b) The direction in space is given by the unit vector

v = W 500860 cos45” + S 50cos60'sin45” + U 50sin60’

= _ W
\/ (50c0860"cos45)* + (50c0s60sin45")* + (50sin60")*
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(¢) Ground velocity is the velocity along the ground plane. This is calculated by setting the vertical velocity of the aircraft
found in (a) to zero:

v = W 50c0s60°cos45” + § 50cos60'sind5” = W 17.678 + § 17.678 E}

Note: It is useful to convert the units to SI units at the outset. This way there is no confusion as to what units are used, and
what the intermediate results are, at all stages of the solution.
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Figure 1.4 Velocity terms along the axes and on the ground

Exercise 1.1 Solve Example 1.2 in the Cartesian system of coordinates with the positive x axis coinciding with
E (east), positive y axis with N (north), and positive z axis with U (up).

Answer

(@) v = —%50c0s60 cos45 — §50cos60 sin45 + 250sin60 [m/s]
() Vv =—%V2/4—-yV2/4+2V3/2  [m/s]
(¢) v, = —%50c0s60°cos45” — §50c0s60 sindS”  [m/s]

1.2.2 Vector Addition and Subtraction | Point Charges.m

The first vector algebra operation that needs to be defined is vector addition. This is perhaps the most commonly performed
vector operation.

The sum of two vectors results in a third vector

112)

To see how this operation is carried out, we use two general vectors A = XA, +yA, +2A. and B=XxB,+yB, +12B.
in Cartesian coordinates and write

C=A+B= (XA, +yA, +2A.) + (XB, +yB, +2B.) = (XC, +yC, + 2C.) (1.13)
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Adding components in the same directions together gives
C=x(A+B,)+y (A +B,) +2(A. +B.) (1.14)

Figure 1.5 shows this process: In Figure 1.5a, vectors A and B are separated into their three components. Figure 1.5b
shows that vector C is obtained by adding the components of A and B, which, in turn, are equivalent to translating the vector
B (without changing its direction in space or its magnitude) so that its tail coincides with the head of vector A. Vector C is
now the vector connecting the tail of vector A with the head of vector B. This sketch defines a general graphical method of
calculating the sum of two vectors:

(1) Draw the first vector in the sum.
(2) Translate the second vector until the tail of the second vector coincides with the head of the first vector.
(3) Connect the tail of the first vector with the head of the second vector to obtain the sum.

Figure 1.5 (a) Two vectors A and B and their x, y, and z components. (b) Addition of vectors A and B by adding their
components

The process is shown in Figure 1.6 in general terms. This method of calculating the sum of two vectors is sometimes
called the head-to-tail method or rule. An alternative method is obtained by generating two sums A + B and B + A using the
above method. The two sums are shown in Figure 1.7a as two separate vectors and as a single vector in Figure 1.7b. The
result is a parallelogram with the two vectors, connected tail to tail forming two adjacent sides, and the remaining two sides
are parallel lines to the vectors. This method is summarized as follows:

(1) Translate vector B so that its tail coincides with the tail of vector A.

(2) Construct the parallelogram formed by the two vectors and the two parallels to the vectors.

(3) Draw vector C with its tail at the tails of vectors A and B and head at the intersection of the two parallel lines (dashed
lines in Figure 1.8).

This method is shown in Figure 1.8 and is called the parallelogram rule.

Figure 1.6 Addition of two
vectors by translating vector
B until its tail coincides with
the head of vector A. The
sum A + B is the vector
connecting the tail of vector
A with the head of vector B

Figure 1.7 Calculating the
sums C = A + B and
C=B+A
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Figure 1.8 The
parallelogram method. The /
dashed lines are used to K

show that opposite sides are
equal and parallel

Vector subtraction is accomplished by noting the following:

A-B=A+(-B)=AA+(-B)B (1.15)

This indicates that vector subtraction is the same as the addition of a negative vector. In terms of the tail-to-head or
parallelogram method, we must first reverse the direction of vector B and then perform summation of the two vectors. This is
shown in Figure 1.9.

Figure 1.9 Subtraction of
vector B from vector A

Summation or subtraction of more than two vectors should be viewed as a multiple-step process. For example:
A+B+C=(A+B)+C=D+C (1.16)

The sum D = A + B is calculated first using the above methods and then the sum D + C is evaluated similarly. The same
applies to subtraction.

Note: Any of the two graphical methods of calculating the sum of two vectors may be used, but, in computation, it is often
more convenient to separate the vectors into their components and calculate the sum of the components. This is particularly
true if we also need to calculate unit vectors. The graphical methods are more useful in understanding what the sum of the
vector means and to visualize the direction in space.

Vector summation and subtraction are associative and commutative processes; that is:

A+B=B+A (commutative) (1.17)
(A+B)+C=A+(B+C) (associative) (1.18)

The vector addition is also distributive, but we will only show this in Section 1.2.3.

Example 1.3 Two vectors A and B (such as the velocity vectors of two aircraft) are A =x1+y2+2z3 and
B = x4 — 723. Calculate:

(a) The sum of the two vectors.
(b) The difference A — B and B — A (these differences represent the relative velocities of A with respect to B and of B
with respect to A).

Solution: (a) The vectors are placed on the system of coordinates shown in Figure 1.10a, and the components of A and B
are found as shown. The components of vector C = A + B are now found directly from the figure. In (b), we write the two
expressions D = A — B and E = B — A and add together the components:

(a) Vector A has scalar components of 1, 2, and 3 in the x, y, and z directions, respectively. It may therefore be viewed as
connecting the origin (as a reference point) to point P(1,2,3), as shown in Figure 1.10a. Vector B is in the x—z plane
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and connects the origin to point P,(4,0,-3). The vectors may be translated anywhere in space as long as their lengths and
directions are not changed. Translate vector A such that its tail touches the head of vector B. This is shown in
Figure 1.10b in terms of the components (i.e., translation of vector A so that its tail coincides with the head of vector
B is the same as translating its components so that their tails coincide with the heads of the corresponding components of
vector B). The sum C = A + B is the vector connecting the tail of vector B with the head of vector A. The result is
(writing the projections of vector C onto the x, y, and z axes):

C=%5+y2

(b) To calculate the differences, we add the vector components of the two vectors together, observing the sign of each vector
component:

D=A-B=(x1+§2+23)— (x4—-23)=x(1-4)+y(2-0)+2(3—(-3))

or

or

Figure 1.10 (a) Components of vectors A and B. (b) The sum C = A + B is obtained by summing the components of A
and B

Exercise 1.2 Three vectors are given: A =x1+y2+23,B=x%x4 —y2+ 23, and C = —x4. Calculate:

(a) A+B+C.
(b) A + B-2C.
(cc A-B-C.

(d) The unit vector in the direction of A — 2B + C.

Answer

(@ A+B+C=x1+16.

(b) A+B—2C =x13+i6.
©A-B-C=x1+y4

(d) —%0.8538 + §0.4657 — 20.2328.
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1.2.3 Vector Scaling

A vector can be scaled by multiplying its magnitude by a scalar value. Scaling is defined as changing the magnitude of the
vector:

kA:k(AA) — A (kA) (1.19)

The term “multiplication” for vectors is not used to avoid any confusion with vector products, which we define in the
following section. Scaling of a vector is equivalent to “lengthening” or “shortening” the vector without modifying its
direction if k is a positive constant, as shown in Figure 1.11a. Increasing the velocity of an aircraft (without change in
direction) from 300 to 330 km/h scales the velocity vector by a factor of k = 1.1. If & is negative, the resulting scaled vector
has a magnitude || times its nonscaled magnitude but also a negative direction, as shown in Figure 1.11b.

Vector scaling is both associative and commutative but not distributive (simply because the product of two vectors has
not been defined yet); that is,

kA = Ak (commutative) (1.20)
k(pA) = (kp)A  (associative) (1.21)

Also,
k(A +B) = kA + kB (1.22)

The latter shows that the vector sum is distributive.

Figure 1.11 (a) Scaling of vector A by a positive scalar k. (b) Scaling of vector A by a negative scalar &

1.3 Products of Vectors

The multiplication of two vectors is called a product. Here, we define two types of products based on the result obtained
from the product. The first type is the scalar product. This is a product of two vectors which results in a scalar. The second is a
vector product of two vectors, which results in a vector. Beyond the form of the product, these have important physical and
geometrical meanings which make them some of the most useful and often encountered vector operations.

1.3.1 The Scalar Product

A scalar product of two vectors A and B is denoted as A + B and is defined as
“the product of the magnitudes of A and B and the cosine of the smaller angle between A and B”; that is,

A B = ABcosg, | (1.23)
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where the angle ¢4 is the smaller angle between A and B, as shown in Figure 1.12. The sign = indicates that Eq. (1.23) is
the definition of the scalar product. The result is a scalar. The scalar product is often called a dot product because of the dot
notation used. It has a number of properties that we will exploit later:

(1) For any angle 0 < ¢psp < 7 /2, the scalar product is positive. For angles above 7/2 (/2 < ¢pap < 7), the scalar product
is negative.

(2) The scalar product is zero for any two perpendicular vectors (¢ p = 7/2).

(3) For ¢p4p = 0 (parallel vectors), the scalar product equals AB, and for ¢4 = x, the product is (-AB).

(4) The magnitude of the scalar product of two vectors is always smaller or equal to the product of their magnitudes
(A - B| < 4B).

(5) The product can be viewed as the product of the magnitude of vector A and the magnitude of the projection of vector B
on A or vice versa (A * B = A(Bcos¢ap) = B(Acosgpap)).

(6) The scalar product is commutative and distributive:

A-B=B-A (commutative) (1.24)
A-(B+C)=A-B+A-C (distributive) (1.25)
The scalar product can be written explicitly using two vectors A and B in Cartesian coordinates as

A-B= (XA, +JA, +2A.) " (XB, +yB, +1B:)
=X *XAB,+X*JABy +X *2ZAB. +§ *XAB,+3 *YAB, +y *ZAB. +% *XA.B. +2 +yA.By + % - 2A.B.

(1.26)
From properties (2) and (3) and since unit vectors are of magnitude 1, we have
X*y=X+2=y*2=y*X=Z2Xx=2'y=0 (1.27)
Xx=y-y=z2-z2=1 (1.28)
Therefore, Eq. (1.26) becomes
|A-B=AB, +AB, +AB. (1.29)

This form affords simple evaluation of the product from the components of the vectors rather than requiring
calculation of the angle between the vectors. From this, we also note that

A-A=AAcos(0) =A* = A + AT + A2 (1.30)

-7 'B’EO’S(\);B

Figure 1.12 Definition of the scalar product between vectors A and B. The smaller angle between the vectors is used

Example 1.4 Calculate the projection of a general vector A onto another general vector B and the vector component
of A in the direction of B.
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Solution: The projection of vector A onto B is Acos¢p. This is
A-B  AB,+AB,+AB.
B \/B2 +B? + B

To calculate the vector component of A in the direction of B, we note that the magnitude of this component is the projection
calculated above, whereas the direction of the component is that of the unit vector in the direction of B. The latter is

Acosgyp =

. B %B,+§B,+iB.

Bl /B2 4B+ B

The vector component of vector A in the direction of vector B is therefore

XB.(A*B) +yB,(A-B)+2B.(A-B)
B} +B; +B:
&Mﬁfh%&+A£J+A&@uﬁ+@&ﬁAﬁg+i&@£fh%%+Aﬁg
B+ B2+ B VR BB B+ B2 + B

Ap =BAcosg,p =

=X

Example 1.5 Two vectors are given as A =x +y5 —Z and B= —x +y5 + z. Find the angle between the two
vectors.

Solution: Using the scalar product, the cosine of the angle between the vectors is evaluated from Eq. (1.23) as

A-B

A-B
cosd)AB:W — ¢AB—C0S1<AB>.

The magnitudes of A and B are

A=|Al=V1+25+1=Vv27=3V3, B=B|=V1+25+1=127=3V3
The scalar product of A and B is

AB=(X+y5-2)-(—Xx+§5+2)=—1+25-1=23.

>

Thus

A-B 23

m%zﬂzwwwfmmsqumwmmwﬁmﬂ

Example 1.6 Application: The Cosine Formula The two vectors of the previous example are given and drawn
schematically in Figure 1.13:

(a) Show that the distance between points P, and P; is given by

d= VA424—BZ——2ABCOS¢%B.

(b) Calculate this length for the two vectors.

Solution: This example is recognizable as the application of the cosine formula and, in fact, may be viewed as
its derivation. Assuming a third vector pointing from P, to P, as shown in Figure 1.13, we calculate this vector as
C = B — A. The scalar product C - C gives the distance C>. This is the distance between P; and P, squared. Taking the
square root gives the required result:
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(@)
C’=C-C=B-A)-B-A)=B-B+A-A—-2B-A

Since B-B =B* A-A =A%’ andB+A = A B = BAcos¢pgs = ABcos¢hap, we get

C? = A® + B —2ABcosg,y — C = /A +B> —2ABcosq,,
(b) For the two vectors in Example 1.5
A=X+y5-1, B=-—xXx+y5+12.
we calculated
A =33, B=33, cospus =0.85185

The distance between P, and P, is therefore

d= \/A2 + B? — 2ABcos¢h,p = V27 +27 — 2 x 27 x 0.85185 = 2.828

Figure 1.13 Diagram used to prove the cosine formula

Exercise 1.3 An airplane flies with a velocity v = x 100 + y 500 + z200. Calculate the aircraft’s velocity in the
direction of the vector A =X +y +Z.

Answer v, = %800/3 + §800/3 + 2800/3

1.3.2 The Vector Product

The vector product2 of two vectors A and B, denoted as A x B, is defined as

“the vector whose magnitude is the absolute value of the product of the magnitudes of the two vectors and the sine of
the smaller angle between the two vectors while the direction of the vector is perpendicular to the plane in which the
two vectors lie”;

that is,

A x B = |ABsing,| | (1.31)

where 1 is the unit vector normal to the plane formed by vectors A and B and ¢, is, again, the smaller angle between the
vectors. The normal unit vector gives the direction of the product, which is obviously a vector. For this reason, it is called a
vector product or a cross product because of the cross symbol used in the notation.

2 The vector product was defined by Sir William Rowan Hamilton (1805-1865) as part of his theory of quaternions around 1845. James Clerk
Maxwell made use of this theory when he wrote his Treatise on Electricity and Magnetism in 1873, although he was critical of quaternions.
Modern electromagnetics uses the Heaviside—Gibbs vector system rather than the Hamilton system.
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The unit vector may be in either direction perpendicular to the plane, and to define it uniquely, we employ the right-hand
rule, as shown in Figure 1.14. According to this rule, if the right-hand palm is placed on the first vector in the product and
rotated toward the second vector through an angle ¢ 45, the extended thumb shows the correct direction of the cross product.
This rule immediately indicates that moving the palm from vector B to vector A gives a direction opposite to that moving
from vector A to B. Thus, we conclude that the vector product is not commutative:

AxB=-BxA (noncommutative) | (1.32)

Figure 1.14 The vector product between vectors A and B

In addition to the noncommutative property of the vector product, the following properties are noted:

(1) The vector product is always perpendicular to the plane of the two vectors; that is, it is perpendicular to both vectors.

(2) For two vectors which are perpendicular to each other (¢45 = 7/2), the magnitude of the vector product is equal to the
product of the magnitudes of the two vectors (sing,z = 1) and is always positive.

(3) The vector product of two parallel vectors is always zero (sing sz = 0).

(4) The vector product of a vector with itself is always zero (sing44 = 0).

(5) The vector product is not associative (this will be discussed in the following section because it requires the definition of a
triple product).

(6) The vector product is distributive:

AXx(B+C)=AxB+AxC (1.33)

(7) The magnitude of the vector product represents the area bounded by the parallelogram formed by the two vectors and
two lines parallel to the vectors, as shown in Figure 1.15.

Figure 1.15 Interpretation of the magnitude of the vector product as a surface

Evaluation of the vector product is performed similarly to that for the scalar product: We write the product explicitly and
expand the expression based on Eq. (1.33). Using two general vectors A and B in Cartesian coordinates, we get

AxB= (XA +yA,+2A.) x (XB,+¥yB, +1B.)
= (XX X)AB; + (XX ¥)ABy + (X x 2)A.B.

+ (¥ X X)AyB, + (yx §)A,By + (¥ x 2 )AB.

+ (Zx X)AB,+ (2x §)A.B, + (2x 2 )A.B.

(1.34)
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Because the unit vectors X, ¥ , Z are perpendicular to each other, and using the right-hand rule in Figure 1.14, we can write
XXX=yxy=2xz=0 (1.35)

from property 4 above. Similarly, using property 2 and the right-hand rule, we can write

X Xy =1, yXzZ=X, ZXxXXx=Y, (1.36)
yXX=-Z, ZXy=-X, XXZ=-¥ '
Substitution of these products and rearranging terms gives
A xB=x(AyB. —A.By) + ¥ (A.By — AB.) + 2 (AB, — A,By) (1.37)

This is a rather straightforward operation, although lengthy. To avoid having to go through this process every time we use
the vector product, we note that the expression in Eq. (1.37) has the form of the determinant of a 3 x 3 matrix:

AxB=|A, A, A.|=x(AB.—A.B))+Y(A.B.—AB.)+12(AB,—AB,) (1.38)
B, B, B,

In the system of coordinates used here (right-hand Cartesian coordinates), the vector product is cyclic; that is, the
products in Eq. (1.36) are cyclical, as shown in Figure 1.16. This is a simple way to generate the signs of the components of
the cross product: a cross product performed in the sequence shown by the arrows in Figure 1.16a is positive; if it is in the
opposite sequence (Figure 1.16b), it is negative.

The vector product is used for a number of important operations. They include finding the direction of the vector product,
calculation of areas, evaluation of normal unit vectors, and representation of fields.

Figure 1.16 The cyclical a b

relations between the e =0 e _;(\:%&
various vector products of o PR e A
the unit vectors in Cartesian y=xx —y=xxz
coordinates. (a) Positive 7= e _2;%&
sequence. (b) Negative e

sequence

Example 1.7 Application: Vector Normal to a Plane

(a) Find a vector normal to a plane that contains points P;(0,1,0), P»(1,0,1), and P3(0,0,1).
(b) Find the normal unit vector.

Solution: This is a common use for the vector product. Because the vector product of two vectors is normal to both vectors,
we must first find two vectors that lie in the plane. Their vector product gives the normal vector. Calculation of the normal
unit vector can be done either using the definition of the unit vector in Eq. (1.2) or through the use of the scalar and vector

products.
Two vectors in the plane can be defined using any two pairs of points. Using P, and P,, we define a vector (from P, to P,) as

A=x(o—x)+¥(m—y)+2(z—2)=x(1-0)+§3(0-1)+2(1-0)=x1-§1+21
Similarly for a second vector, we choose the vector between P, and P3. This gives

B:i(xg—x1)+5'(y3—y1)+i(23—zl):)2(0—0)—1—5'(0—1)—&—2(1—0):—y1+il
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The cross product, C, is a vector normal to both A and B and, therefore, to the plane:
AxB=(x1—-yl+z1)x (—-yl+1z1)
=XIx(=y1)+XIx2l+(=§1) x (=§1)+(-y) xzl+21x (—yl)+2lxzl
Using the identities in Eqgs. (1.35) and (1.36), we get
C=AxB=-y1-121
The unit vector can be found from Eq. (1.2) or from the definition of the vector product in Eq. (1.31). We use the latter as

an example of an alternative method:

A xB

n=——
|ABsing 5|

The angle ¢ 45 can be most easily calculated from the scalar product in Eq. (1.23) as

A-B
_ -1
Pap = cos ( AB )

To do so, we need to evaluate the scalar product and the magnitude of the vectors. These are
AB=(X1-y1+21)-(-§1+21)=2, A=V3 B=2
Thus,

2 ,
¢ap = cos ! ( =35°16
V6

The unit normal vector is now
AxB -yl—-1z1 -yl—1z1 . R
- = — = = —-y0.7071 — z20.7071
[ABsingas|  |V6sin (35°16)| 14142 y

ﬁ:

The same result is obtained using Eq. (1.2):
P AxB -yl-z1 -—yl-1zlI
AxB| [-yi-21] 2

= —y0.7071 — 20.7071

Exercise 1.4 Vectors A=%1—-y2+23 and B=%3+y5+ 21 are in a plane, not necessarily perpendicular to
each other. Vector C = x17+y8 — z 11 is perpendicular to the same plane. Show that the vector product between
C and A (or between C and B) must also be in the plane of A and B.

Example 1.8 Application: Area of a Triangle Find the area of the triangle with vertices at three general points P;(x1,
Y1, 21), Pa(x2,y2,22), and P3(x3,y3,23) (Figure 1.17a).

Solution: In this case, the vector nature of the vector product is irrelevant, but the magnitude of the vector product in
Eq. (1.31) is equal to the area of the parallelogram formed by the two vectors. This can be seen from the fact that the
magnitude of A x B is A(Bsing,p). This is the area of rectangle abb’c’ in Figure 1.17b. Since triangles acc’ and bdb' are
identical, this is also the area of parallelogram abdc. Since triangles abc and cbd are identical, the area of abc is equal to half
the area of abdc. Calculation of the area of triangle abc is done by calculating the magnitude of the cross product of two of
the vectors forming the sides of the triangle and dividing by 2:
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From Figure 1.17a, vectors A and B are

Jrf’()’z‘Y ) 2(22 —Zl),
+ —

1)+
5’()’3 )’1) "‘2(23 _Zl)

|| X y

|A x B
= =5l|*2 =X Z; — 17

The vector product is obtained using Eq. (1.38), and from this, the area of the triangle is
y Z
73 — 71

Yo=Y
Ys =%

Sabc - 2
X3 — X1

P,

Figure 1.17 Area of a triangle. (a) A triangle with two of its sides shown as vectors. (b) The area of the triangle is half the

area of the parallelogram abdc

Exercise 1.5 Find the area of the triangle formed by points (1,3,0), (1,2,1), and (3,5,2).

Answer /24/2 = 2.4495/m?.

Example 1.9 Find a unit vector normal to both of the vectors
A=%3+§1-22, B=x1—y5.

Solution: The vector products A x B or B x A result in vectors normal to both A and B, respectively:

AxB=(X3+y1-22)x (x1-y5)
(=95)+(F1) x (x1

= (x3) x (x1) + (x3) x
+@ 1) x (—§5) + (-22) x (% 1) + (-22)
=—X10-§2-1216

~%10-§2-216 —%X10-§2-216 —X5—§ —28
3410

V360

The unit vector is
Using the product B x A results in a unit vector —n as can be shown by application of the right-hand rule.

" TIR10-y2-z16]
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Example 1.10 The general equation of a plane in Cartesian coordinates is ax + by + cx + d = 0. The equation of
the plane may be found as f(x,y,z) = n - C = 0 where n is the normal vector to the plane and C is a general vector in
the plane.

(a) Given three points P(1,0,2), P»(3,1,-2), P5(2,3,2) in a plane, find the equation of the plane.
(b) Show that the equation of the plane may be written as

f(x,y,2) = ne(x — x0) + ny(y = yo) +n:(z —20) =0

where n,, n,, and n. are the scalar components of the normal unit vector to the plane and (xo,y0.20) are the
coordinates of a point in the plane.

Solution: The three points given define two vectors (say P, to P, and P to P3). The normal to the plane is obtained through
use of the vector product. The vector A is then defined between a general point (X,y,z) and any of the points given. The form
in (b) is found from (a):

(a) Two vectors necessary to calculate the normal vector to the plane are
PitoPyA=xB3-1)+y(1-0)+2(-2-2)=%x2+y1—-124
PitoP3:B=x2-1)+y3-0)+z(2-2)=x1+y3
These two vectors are in the plane. Therefore, the normal vector to the plane may be written as:

n=AxB=(X2+§1—-24)x (Xx14+y3)=x12—-§y4+125
A general vector in the plane may be written as:
C=x(x—1)4+y(y—-0)+2(z—2)

where point P, was used, arbitrarily.
The equation of the plane is

fly,z)=n-C=(x12—-34+25)- (x(x—1)+y(r—-0)+2(z—-2))=0
or
fl,y,z)=12(x=1)—4(y—0)+5(z—2) =12x —4y+5z—-22=0
(b) To show that the formula given produces the same result, we first calculate the normal unit vector:

12 . 4 . 5
- +z
V185 y\/185 V185

The point (xg,y0,Z20) can be any point in the plane. Selecting P, for example, the equation of the plane is

12 4 5

Multiplying both sides of the equation by /185, we get
floy,z)=12(x=2) —4(y —3)+5(z—=2)=12x—4y+5z-22=0

n=x

flx,y,2) =

This is the same as the result obtained in (a).
The formula in (b) is called the scalar equation of the plane whereas the form f(x,y,z) = n - C = 0 is referred to as the
vector equation of the plane.

1.3.3 Multiple Vector and Scalar Products

As with sums of vectors, we can define multiple products by repeatedly applying the rules of the scalar or vector product of
two vectors. However, because of the particular method of defining the vector and scalar products, not all combinations of
products are meaningful. For example, the result of a vector product is a vector, and therefore, it can only be obtained by
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scaling another vector or by a cross product with another vector. Similarly, the result of a scalar product is a scalar and
cannot be used to obtain a vector. The following triple products are properly defined:

(1) The vector triple product is defined as

|Ax(BxC)=B(A-C)-C(A-B)] (1.39)

This is called a vector triple product because it involves three terms (vectors) and the result is a vector. The right-hand
side can be shown to be correct by direct evaluation of the vector product (see Exercise 1.6). A number of properties
should be noted here:

(a) The vector (double or triple) product is not associative,

Ax (BxC)+#(AxB)xC. (1.40)

That is, the sequence in which the vector product is performed is all-important. For this reason, the brackets should
always be part of the notation and should never be omitted. The product A x B x C is not a properly defined
product.

(b) The right-hand side of Eq. (1.39) is often used for evaluation of the vector triple product. Because of the
combination of products, this is referred to as the BAC-CAB rule. It provides a means of remembering the correct
sequence of products for evaluation.

(c) The vector triple product can also be evaluated using the determinant rule in Eq. (1.38) by applying it twice. First,
the product B x C in Eq. (1.39) is evaluated. This results in a vector, say D. Then, the product A x D is evaluated,
resulting in the vector triple product.

(2) The following are properly defined scalar triple products:
A-BxC)=B-(CxA)=C-(AxB) (1.41)

This product is a scalar triple product since the result is a scalar. Note that the vectors in the product are cyclic
permutations of each other. Any other order of the vectors in the triple product produces equal but negative results.
Thus,

A-BxC)=-A-(CxB) (1.42)
because of the property of the vector product. On the other hand, from the properties of the scalar product, we have

A-BxC)=BxC)-A (1.43)

We also note that since the vector product represents the area bounded by the two vectors B and C, and the scalar product
is the projection of vector A onto the vector product, the scalar triple product represents the volume defined by the three
vectors A, B, and C (see Figure 1.18 and Example 1.11). Finally, as an aid to evaluation of the scalar triple product, we
mention that this can be evaluated as the determinant of a matrix as follows:

A, A, A
A-BxC)=|B. B, B.| =A(B,C.—B.C,)+A(B.C, — BC:) + A.(B,Cy — B,Cy) (1.44)
C: C C.

and, as before, can be shown to be correct by direct evaluation of the product (see Exercise 1.7). Note, however, that this
does not imply that the scalar triple product is a determinant; the determinant is merely an aid to evaluating the product.

Important The products A - (B - C) and A x (B - C) are not defined. Can you show why?

Other products may be defined, but these are not important in electromagnetics. For example, A x (B x (C x D)) is a
properly defined vector product, but we will have no use for it in subsequent work.
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Figure 1.18 Interpretation of the scalar triple product as a volume

Example 1.11 Application: Volume of a Parallelepiped Calculate the scalar triple product A + (B x C) defined
by the vectors: A =x2+y2,B= —x2+y2,and C = x1 + z2. Show that this volume represents the volume of a
parallelepiped in which the tails of the three vectors form one corner of the parallelepiped.

Solution: Consider Figure 1.18. The three vectors form a box as shown. The magnitude of the vector product D = B x C
represents the area of the parallelogram shown cross-hatched. Considering the vector A and the angle it makes with the
vector D, the scalar product E = A + D = ADcos¢ap gives the volume of the box since Acos¢gp gives the height of the box
(projection of A on D). Equation (1.44) is used to evaluate the volume:

2
A-BxC)=|-2
1

=2(4-0)+20+4)=16 [m’]

S NN
N OO

Example 1.12

(a) Find the vector triple product B x (A x C) using the three vectors of the previous example.
(b) Show that the resultant vector must be in the plane formed by A and C.

Solution:

(a) The vector triple product is evaluated using the rule in Eq. (1.39).
We write

D=Bx(AxC)=AB-C)-C(B-A)
Note that this is the same relation as in Eq. (1.39) with vectors A and B interchanged. The vectors A, B, and C are
A=x2+y2, B=-x2+4y2, C=x1+122

The scalar products B «+ C and B * A are

The vector triple product reduces to
D=Bx(AxC)=A(-2)—-0=—-x4—-y4

(b) The simplest way to show that the vector D = B x (A x C) is in the plane formed by vectors A and C is to show that
the scalar triple product D * (A x C) is zero. This is to say that the box formed by vectors D, A, and C has zero volume.
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This can only happen if the three vectors are in a plane. Substituting the scalar components of vectors D, A, and C in
Eq. (1.44) gives

—4 -4
D-(AxC)=|2

2 =-16+16=0
1 0

N OO

Thus, vector D is in the plane formed by vectors A and C.

Exercise 1.6 Show that the relation in Eq. (1.39) is correct by direct evaluation of the vector triple product
A x (B x C) using general vectors A = XA, +yA, +2A,, B=xB,+yBy+2B.,and C=xC,+yC, +2C..

Exercise 1.7 Show that the relation in Eq. (1.44) is correct by direct evaluation of the scalar triple product
A+ (B x C) using general vectors A = XA, + YA, +2A,,B=%XB, +yB,+2B,,and C=XC, +yC, +2C..

1.4 Definition of Fields

A field may be defined mathematically as the function of a set of variables in a given space. This rather general definition is
of little use in trying to understand properties of a field from a physical point of view. Therefore, we will use a “looser”
definition of a field. For the purpose of this book, a field is a distribution in space of any quantity: scalar, vector, time
dependent, or independent of time. The field may be defined over the whole space or a portion of space. Thus, for example, a
topographical map shows the altitude of each point in a given domain; this is an “altitude field.” If we can describe the wind
velocity at every point in a domain, then we have defined a “velocity field.” Similarly, a gravitational force field, a
temperature field, and the like may be defined. Note also that although a functional dependency always exists, a field may
be postulated without these dependencies being used or, for that matter, known: The “altitude field” above is obtained by
measurements and is therefore experimentally found. However, at least in principle, the functional dependency exists.
Fields are fundamental to the study of electromagnetics. In this context, we will seek to understand the properties of
electromagnetic fields, which, based on the definition above, are merely the distribution of the “electric and magnetic
vectors.” Although we do not know at this point what these are, it is easy to conceptualize the idea that if these vectors can be
defined anywhere in a given space, then their distribution in that space can also be described: This process defines the field of
the corresponding vector. How these fields interact with each other and with materials is what electromagnetics is all about.

1.4.1 Scalar Fields

A scalar field is a field of scalar variables; that is, if for any point in space, say (x,y,z), we know the function f (x,y,z), then
fis the scalar field. This may represent a temperature distribution, potential, pressure, or any other scalar function. For example,

fl,y,z) = x4+ y* + 57 (1.45)

is a scalar field. An example of a scalar field is shown in Figure 1.19. It shows a topographical map in which contour lines
show various elevations. The representation in terms of contour lines (in this case, lines of constant elevation) is a simple
way of representing a scalar field. If the lines were to represent pressure, a similar map may give air pressure over a continent
to provide details of a meteorological report. In some cases we will find it useful to derive physical quantities from scalar
fields. For example, in the field in Eq. (1.45), we could calculate first-order derivatives with respect to any of the variables. If
the field is, say, an altitude field, then the first derivative describes a slope. If we were planning to build a road, then this is
extremely important information to know.

Scalar fields may be time dependent or independent of time. An example of a time-dependent scalar field could be a
weather map in which temperatures vary with time. Similarly, a time-dependent electric potential distribution in a block of
material is a time-dependent scalar field.
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Figure 1.19 Lines of constant elevation as an example of a scalar field
1.4.2 Vector Fields

We can define a vector field as a vector function F(x,y,z,f). As an example,
F(x,y,2) = XA:(x,,2) + YAy (x,,2) + 2A:(x, y,2) (1.46)

is a static vector field. An example of a vector field is shown in Figure 1.20. It shows wind velocities in a hurricane.
The length of the vectors indicates the magnitude of velocity and the direction gives the direction of flow.

A vector field may be obtained from a scalar field or a scalar field may be obtained from a vector field. As an example, if
we were to use the scalar field in Eq. (1.45) and calculate the slopes with respect to x, y, and z, we obtain a vector field since a
slope is only properly defined if both the magnitude and direction are defined. For example, when skiing on a mountain, the
elevation is less important than the slope, and the slope is different in different directions. Starting at any given point, you
may want to ski in the direction of maximum slope or maybe sideways on a less steep path, or you may want to follow a
predetermined path, as in cross-country skiing. These may seem to be trivial notions, but they are exactly the operations that
we need to perform in electromagnetic fields.

The properties of vector and scalar fields will be discussed extensively in this and the following chapter but, in particular,
in the context of electromagnetic fields in the remainder of the book.

TN

Figure 1.20 Example of a vector field: wind velocity distribution in a hurricane

Example 1.13 Graphing Scalar Fields A scalar field is given: y(x,y,z) = x’y — 3x + 3. Obtain a graph of the field
in the range —1 < x, y < 1.

Solution: To obtain a graph, we substitute points (x,y,z) in the expression for the field and mark the magnitude of the field
on a map. In this case, the field is in the x—y plane (it does not depend on z). There are a number of methods of representation
for scalar fields. One is shown in Figure 1.21a. For each point (x,y), the value of the function w(x,y) is indicated. For
example, w(0, 0) = 3, w(0.5, 0) = 1.5, w(0.5, 0.5) = 1.625, w(-0.5, -0.5) = 4.375, w(0.75, 0.75) = 1.172, w(-0.75,
—0.75) = 4.828, and w(-1,1) = 7.0. These points are indicated on the graph. This method is simple but does not give a
complete visual picture. If this equation were to represent elevation, you would be able to show the elevation at any point,
but it would be hard to see what the terrain looks like.

A second representation is shown in Figure 1.21b. It shows the same scalar field with a large number of points, and all
points of the same magnitude are connected with a line. These are contour lines as commonly used on maps. Now, the picture
is easier to read. Each contour line represents a given value y = constant of the field.
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Figure 1.21 Representation of scalar fields. (a) Values at given coordinates. (b) Contours of constant value. (¢) Values
above a plane. The height at any point represents the magnitude (strength) of the scalar field

A third method is to show the magnitude of the field above a plane for all x, y. This gives a three-dimensional picture. The
individual points can then be interpolated on a grid. A representation of this kind is shown in Figure 1.21c. This is not unlike
trying to draw an actual terrain map in which the elevation is shown.

Example 1.14 Graphing Vector Fields Graph the vector field A = y x.

Solution: For a vector field, we must show both the magnitude of the vector and its direction. Normally, this is done by
locating individual points in the field and drawing an arrowed line at that point. The arrow starts at the location (point) at
which the field is shown and points in the direction of the field, and the length of the arrow indicates the magnitude of the field.

B
D R

-+ <4+ \<4+ <4 <
—_— —

- > > > >

LT T

Figure 1.22 Representation of the vector field A = § x as arrows. The length of the arrow indicates the magnitude of the
field. Only the z = 0 plane is shown, but this field is independent of z
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In this example, the magnitude of the field is independent of the y and z directions. Thus, the magnitude is zero at x = 0
and increases linearly with x. The direction is in the positive y direction for x > 0 and in the negative y direction for x < 0.
A simple representation of this field is shown in Figure 1.22.

Exercise 1.8 Graph the following vector fields in the range —1 < x, y < 1:

@ A=xx+yy. (b) A=xx—y)y.

1.5 Systems of Coordinates

A system of coordinates is a system of reference axes used to uniquely describe the various quantities needed in the study of
electromagnetics (or any other discipline). In describing scalars, vectors, products, and other quantities, it is extremely
important to be able to do so in a simple, unique manner. A system of coordinates forms a unique, universally understood
reference by convention; that is, we can devise many systems of coordinates, but only some of these are actually useful and
only a handful have been accepted universally.

Among the various systems of coordinates, the so-called orthogonal systems are the most commonly used. These are
systems in which the reference axes are normal to each other. In addition, we will only use the so-called right-hand systems.
Emphasis was already given to Cartesian coordinates in the previous sections. In addition, the cylindrical coordinates system
and the spherical system of coordinates will be discussed. These three systems are sufficient for our purposes.

We should mention here that as a rule, when a system of coordinates is chosen over another, it is for convenience.
We know intuitively that it is easier to describe a cube in a rectangular coordinate system, whereas a spherical object must be
easier to describe in a spherical system. It is possible to describe a cube in a spherical system but with considerable more
difficulty. For this reason, specialized systems of coordinates have been devised. A simple example is the system used to
identify location of aircraft and ships: A grid, consisting of longitude and latitude lines, has been devised, measured in
degrees because they are supposed to fit the spherical surface of the globe. A rectangular grid is suitable for, say, the map of a
city or a small section of a country but not as a global coordinate system. This example also indicates one of the most
important aspects of working with a “convenient” system of coordinates: the need to transform from one system to another.
In the above example, a ship may be sailing from point A to point B for a total of x degrees latitude. However, in practical
terms, more often we need to know the distance. This means that for any longitude or latitude, we should be able to convert
angles to positions in terms of distances from given points or distances between points.

There are a number of other coordinate systems designed for use in three-dimensional space. These coordinate systems
have been devised and used for a variety of applications and include the bipolar, prolate spheroidal, elliptic cylindrical, and
ellipsoidal systems and a handful others, in addition to the Cartesian, cylindrical, and spherical systems.

Our approach here is simple: We will define three systems we view as important and, within these systems, will present
those quantities that are useful in the study of electromagnetic fields. These include length, surface, and volume as well as the
required transformations from one system of coordinates to the others. The latter is an important step because it clearly
indicates that the fundamental quantities we treat are independent of the system of coordinates. We can perform any
operation in any system we wish and transform it to any other system if this is needed. Also, we will have to evaluate the
various vector operations in the three systems of coordinates and then use these as the basis of analysis.

1.5.1 The Cartesian’® Coordinate System

In the right-handed Cartesian system (or right-handed rectangular system), a vector A connecting two general points
P1(x1,y1,21) and P»(x,,y5,25) is given as
A(x,y,2) = XA:(x,y,2) + YAy (x,y,2) + ZA:(x, y, 2) (1.47)

where the components A,, A, and A, are the projections of the vector on the x, y, and z coordinates, respectively.

3 Named after Rene Descartes (1596-1650), French philosopher and mathematician (Cartesius is his Latinized name). The philosophical system he
devised held until the Newtonian system superseded it. You may be familiar with the quote “I think, therefore I am,” which Descartes coined and
which was a central point in his philosophical system. The Cartesian system is named after him because he is considered to be the developer of
analytical geometry. He presented the system of coordinates bearing his name in “La Geometrie,” a work published in 1637.
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An element of length dl, or differential of length, is a vector with scalar components dx, dy, and dz and is shown in
Figure 1.23a:

dl = Xdx + ydy + 2dz (1.48)

Note: The unit vectors X,y and Z are constant; they point in the same direction in space at any point.

The elements of surface may be deduced from Figure 1.23. Each of the differential surfaces is parallel to one of the
planes as shown in Figure 1.23b. Thus, we define three differential surfaces as

ds, =dydz, ds,=dxdz, ds.= dxdy (1.49)

A differential of volume is defined as a rectangular prism with sides dx, dy, and dz, as shown in Figure 1.23b.
The differential volume is a scalar and is written as

dv = dxdydz (1.50)

In electromagnetics, it is often necessary to evaluate a vector function over a surface (such as integration over the
surface). For this purpose, we orient the surface by defining the direction of the surface as the normal to the surface. A
vector element of surface becomes a vector with magnitude equal to the element of surface [as defined in Eq. (1.49)]
and directed in the direction of the normal unit vector to the surface. To ensure proper results, we define a positive
surface vector if it points out of the volume enclosed by the surface. In a closed surface, like that shown in Figure 1.23b,
the positive direction is easily identified. In an open surface, we must decide which side of the surface is the interior and
which the exterior. Figure 1.24 shows two surfaces. The first is positive; the second is not defined. This, however, is
often overcome from physical considerations such as location of sources. For example, we may decide that the direction
pointing away from the source is positive even though the surface is not closed. In general, we define a positive
direction for an open surface using the right-hand rule: If the fingers of the right hand point in the direction we traverse
the boundary of the open surface, with palm facing the interior of the surface, then the thumb points in the direction of
positive surface. This is shown in Figure 1.24¢ but it always depends on the direction of motion on the contour.
In Figure 1.24c, if we were to move in the opposite direction, the surface shown would be negative. Fortunately, in
practical application, it is often easy to identify the positive direction. Based on this definition, an element of surface is
written as

ds = nds (1.51)

ds should always be thought of as an element of surface ds, which is a scalar, and i, a normal unit vector to this surface
which may be positive or negative (see Figures 1.24 and 1.25).
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Figure 1.24 Direction of a a ds b n? c ~
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Consider the small cube shown in Figure 1.25. The six surfaces of the cube are parallel to the planes xy, xz, and yz. The
six elemental surfaces can be written as
on the right face ds, = Xdydz on the left face ds, = —Xdydz

on the front face ds, = Zdxdy on the back face ds, = —zdxdy
on the top face ds, = ydxdz on the bottom face ds, = —ydxdz

These can be summarized as follows:

ds, = +xdydz, ds, = tydxdz, ds, = tzdxdy (1.52)
Figure 1.25 Directions A Ydxdz
of elements of surface in a
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Although the direction of ds may be in the positive or negative directions in space, the vector is considered to be positive
with respect to the surface if it points out of the volume, regardless of its direction in space. Thus, all six surfaces above are
considered to be positive surface vectors.

Caution The elements of surface as defined above are not vector components of an area vector: they merely define the
direction normal to the surface and the differential of surface, and each element should be viewed as an independent vector.

All other aspects of use of the Cartesian coordinate system including calculation of vector and scalar components, unit
vectors, and the various scalar and vector operations were discussed in Sections 1.2 through 1.4 and will not be repeated
here. However, Example 1.15 reviews some of the definitions involved.

Example 1.15 Three points are given in the Cartesian coordinate system: P(2,-3,3), P»(1,1,5), and P5(3,-1,4).

(a) Find the three vectors: A, connecting P, to P,; B, connecting P, to P3; and C, connecting P, to P;.
(b) Find the scalar component of vector A in the direction of vector B.
(¢) Find the vector components of vector B in the direction of vector C.

Solution: (a) The vectors A, B, and C are found by calculating the components from the coordinates of the end points. For a
vector connecting point (1) to point (2), the projection on each axis is the difference in the corresponding coordinates with
point (2) (head) and point (1) (tail) of the vector. (b) The scalar component of A in the direction of B is the projection of A
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onto the unit vector B and is calculated through the scalar product. (¢) The vector components of B in the direction of C

are found as in (b), but now the unit vector C is scaled by the scalar component B * C:

(a)
A=x(1-2)+y(14+3)+2(5-3)=—-x1+y4+122
B=x(3-2)+§(—1+3)+2(4-3) =% +y2+121
C=xB-1+y(-1-1)+2(4-5)=x2—-y2—-121

(b) To find the scalar component of A in the direction of B, we first calculate the unit vector B and then the scalar product
A - B (see Example 1.4):

Ay AB ATB_(CXI4§4492) (1492421 14842 9

B VIE+22 412 V6 V6

The scalar component of A in the direction of B equals 9/1/6.
(¢) The vector component of B in the direction of C is calculated (see Example 1.4) as

R R R B- X2 —y2—z1)[(X1+§2+21)- (x2—-§2—1%1
CB@:CO%C>:C(2Q:JX y ZN@2+y;12 (x2-y2-121)|
C Ci+C+C:
C(k2-y2-z2D)2-4-1] —k2+§2+12l
B 4+4+1 B 3

The vector components of B in the direction of C are —x2/3,y2/3, and 21/3.

1.5.2 The Cylindrical Coordinate System

The need for a cylindrical coordinate system should be apparent from Figure 1.26a, where the cylindrical surface (such as a
pipe) is located along the z axis in the Cartesian system of coordinates. To describe a point P on the surface, we must give
the three coordinates P(xy,y1,21). A second point on the cylindrical surface, P»(x5,y,,25) is shown and a vector connects the
two points. The vector can be immediately written as

A=x(xa—x)+¥0—y)+2(2—2) (1.53)

On the other hand, we observe that points P, and P, are at a constant distance from the z axis, equal to the radius of the
cylinder. To draw this cylinder all we need is to draw a circle at a constant radius and repeat the process for each value of z. In
doing so, a point at radius r is rotated an angle of 2z to describe the circle. This suggests that the process above is easiest to
describe in terms of a radial distance (radius of the point), an angle of rotation, and length of the cylinder in the z direction.
The result is the cylindrical system of coordinates. It is also called a circular-cylindrical system to distinguish it from the
polar-cylindrical system, but we will use the short form “cylindrical” throughout this book.

Figure 1.26 (a) Two points a - b
on a cylindrical surface

described in terms of their /
Cartesian coordinates. (b)

The cylindrical coordinate I \
system and its relation to the h| ee—|
Cartesian system Py (x3, 2, 2)

/\

Py (xy, p15 21)
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The cylindrical system is shown in Figure 1.26b. The axes are orthogonal and the ¢ axis is positive in the counterclock-
wise direction when viewed from the positive z axis. Similarly, r is positive in the direction away from the z axis whereas the
z axis is the same as for the Cartesian coordinate system and serves as the axis of the cylinder. The r axis extends from zero
to + oo, the z axis extends from —oco to + 0o, and the ¢ axis varies from 0 to 2z. The ¢ angle is also called the azimuthal
angle and is given with reference to the x axis of a superposed Cartesian system. This reference also allows transformation
between the two systems of coordinates.

A general vector in the cylindrical coordinate system is given as

A=tA(r,¢,2) +§As(r,p,2) +2A.(r, b, 2) (1.54)

All other aspects of vector algebra that we have defined are preserved. The unit vector, the magnitude of the vector, as
well as vector and scalar products are evaluated in an identical fashion although the fact that one of the coordinates is an
angle must be taken into account, as we shall see shortly. Since the three coordinates are orthogonal to each other, the scalar
and vector products of the unit vectors are

Per=¢-p=2-2=1 (1.55)
Fep=t-2=¢g-2=¢-F=2-F=2-¢p=0 (1.56)
EXE=¢pxP=2xz2=0 (1.57)

PExp=2, pxz=rt, ixt=¢, Ppxt=—2, 2xdP=—F, Fxz=—¢ (1.58)

Next, we need to define the differentials of length, surface, and volume in the cylindrical system. This is shown in
Figure 1.27. The differential lengths in the r and z directions are rdr and Zdz, correspondingly. In the ¢ direction, the
differential of length is an arc of length rd¢, as shown in Figure 1.27. Thus, the differential length in cylindrical coordinates is

dl = tdr + grdep + 2d: (1.59)

The differentials of area are

‘dsr = rdddz, dsy = drdz, ds. = rd¢ dr‘ (1.60)

Figure 1.27 Differentials of length, surface, and volume in cylindrical coordinates

The differential volume is therefore

| dv = dr(rdg)dz = rdrdgd: (1.61)
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The oriented differentials of surface are defined as for the Cartesian coordinate system in terms of unit vectors normal to
the surface of a cylindrical object (see Figure 1.27):

ds, = +F rdgpdz, ds, = +@drdz, ds. = +7 rdddr (1.62)

Of course, the surface vector for a general surface will vary, but it must be normal to the surface and is considered positive
if it points out of the volume enclosed by the surface.

The fundamental principle that we followed in defining systems of coordinates is that the fields are independent of the
system of coordinates. This also means that we can transform from one system of coordinates to another at will. All we need
is to identify the transformation necessary and ensure that this transformation is unique. To find the transformation between
the cylindrical and Cartesian systems, we superimpose the two systems on each other so that the z axes of the systems
coincide as in Figure 1.28a. In the Cartesian system, the point P has coordinates (x,y,z). In the cylindrical system, the
coordinates are r, ¢, and z.

a b
y y R Y . §::§sin¢>ffcos¢>
() - [0 Y - T =Xcos@+ysing
o /
______________ \[A ¢ X .
yh ¢ : D ¢ Sl R
. : Cosg ¢) s NS
rsing f ! P(r,9,2) 0°=¢
! P X, ),z \'-l:\ . //
: ( ) ) «Yloﬂ ,
| ¢
o ' X X
z > ;
© rcoso X ‘®

Figure 1.28 (a) Relation between unit vectors in the Cartesian and cylindrical systems. The circle has unit radius.
(b) Calculation of unit vectors in cylindrical coordinates as projections of the unit vectors in Cartesian coordinates

If we assume (r,¢,z) are known, we can transform these into the Cartesian coordinates using the relations in
Figure 1.28a:

x=rcos¢p, y=rsing, z=z (1.63)

Similarly, we can write for the inverse transformation (assuming x, y, and z are known) either directly from Figure 1.28a
or from Eq. (1.63):

r=/x*+y2, (/):tan’l(g, z=z2 (1.64)

These are the transformations for a single point. We also need to transform the unit vectors and, finally, the vectors from
one system to the other. To transform the unit vectors, we use Figure 1.28b. First, we note that the unit vector in the z
direction remains unchanged as expected. To calculate the unit vectors in the r and ¢ directions, we resolve the unit vectors X
and y onto the r—¢ plane by calculating their projections in the r and ¢ directions. Since all unit vectors are of unit length,
they all fall on the unit circle shown. Thus,

¢ = —Xsing + ycosp, F =Xcosp +ysing, z =12 (1.65)
The inverse transformation is also obtained from Figure 1.28b by an identical process:

X = fcosgp — Psing, § = tsing + Ppcosp, Z =12 (1.66)
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Important Note: Unlike in Cartesian coordinates, the unit vectors ¥ and (i) (in cylindrical coordinates) are not constant;
both depend on ¢ (whereas Z is constant). Therefore, whenever they are used, such as in integration, this fact must be taken
into account. It will often become necessary to transform the unit vectors into Cartesian coordinates using Eq. (1.66) to avoid
this difficulty.

To obtain the transformation necessary for a vector, we use the properties of the scalar product to find the scalar
components of the vector in one system of coordinates in the directions of the unit vectors of the other system. For a vector
A given in the cylindrical system, we can write

Ar=%-A=%-(FA +0Ay +2A.) = (X 1)A + (X - §)Ay + (X - 2)A, (1.67)
From Figure 1.28b, X - = cos¢, X - (i) = —sing, and X +Z = 0. Therefore,
A, = A,cosp — Aysing (1.68)
Similarly, calculating the products Ay =y - A and A, =z + A, we get
Ay =A;sing + Aycosp and A, = A, (1.69)

To find the inverse transformation, we can write vector A in the Cartesian coordinate system and repeat the process above
by finding its projections on the r, ¢, and z axes. Alternatively, we calculate the inverse transformation by first writing
Eqgs. (1.68) and (1.69) as a system of equations:

Ay cos¢p —sing O Ay
Ay | = | sing cos¢p O |Ay (1.70)
| Az 0 0 1 A; |
Calculating the inverse of this system, we get
[ A, cos¢p sing 0 A
Ay | = | —sing cos¢p O Ay (1.71)
| A; 0 0 1 A; |

Now, for a general vector given in the cylindrical coordinate system, we can write the same vector in the Cartesian system
by using the scalar components from Eq. (1.70) and adding the unit vectors. Similarly, if a vector in the Cartesian system
must be transformed into the cylindrical system, we use Eq. (1.71) to evaluate its components.

Example 1.16 Two points in cylindrical coordinates are given as P1(ry,¢1,z;) and Py(r,¢,,2,). Find the expression
of the vector pointing from P, to P;:

(a) In Cartesian coordinates.
(b) In cylindrical coordinates.
(c) Calculate the length of the vector.

Solution: The cylindrical coordinates are first converted into Cartesian coordinates. After the components of the vector are
found, these are transformed back into cylindrical coordinates. Calculation of the length of the vector must be done in
Cartesian coordinates in which each coordinate represents the same quantity (for example, length):

(a) The coordinates of points P, and P, in Cartesian coordinates are [Eq. (1.63)]

x| =rcos¢;, y, =rising;, z =z
Xy =108y, Yy =18INg,, 2 =125

Thus, the vector A in Cartesian coordinates is

A=xX(xy—x1)+Yy (y2 — yl) +z (22 — 21) = X (rocos¢h, — ricosg;) +y (rzsinqbz — rlsinqbl) +1 (22 — zl)
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(b) To find the components of the vector in cylindrical coordinates, we write from Eq. (1.71)

A, cos¢p sing O 12COS, — r1cosg,;
Ap| = | —sing cos¢p 0 rasing, — rising,
A; 0 0 1 3 — 71

Expanding, we get:

A, = (racosg, — ricosg, )cosg + (rpsing, — rysing, )sing
Ay = —(racos¢h, — ricose,)sing + (rosing, — rising, )cos¢p

A, =123 — 17
The vector in cylindrical coordinates is
A(r,¢,z) = t[(rocosg, — ricos¢,)cosg + (rpsing, — rising, )sing]
+ [~ (r2c08¢hy — ricose, )sing + (rpsing, — rising, )cose| +  [zo — z1]

Note that the r and ¢ components of the vector in cylindrical coordinates are not constant (they depend on the angle ¢ in
addition to the coordinates of points P; and P,). In Cartesian coordinates, the components only depend on the two end
points. Because of this, it is often necessary to transform from cylindrical to Cartesian coordinates, especially when the
magnitudes of vectors need to be evaluated.

(¢) To calculate the length of the vector, we use the representation in Cartesian coordinates because it is easier to evaluate.
The length of the vector is

A| = (/AT + A2 + A2
= \/(rzcosqu — ricosgy )’ + (rasing, — rising;)* + (z — ;)
= \/1% + 12 = 2ryr i (cosghycosp; + singhsing,) + (z2 — 21)°

With cos ¢,cosg; + sing,sing; = cos(¢p, — ¢1), we get

A= /B3 + 13— 2raricos(ds — ) + (22— 1)’

This expression may be used to calculate the magnitude of a vector when two points are given in cylindrical
coordinates without first transforming into Cartesian coordinates.

Example 1.17 A vector is given in cylindrical coordinates as: A = #2 + ¢ 3 — z 1. Describe this vector in Cartesian
coordinates.

Solution: The vector in Cartesian coordinates is written directly from Eqs. (1.70), (1.63), and (1.64):

A, [cos¢p —sing 07 TA, cos¢p —sing O 2
A, | = | sing cosp O Ag| = | sing cos¢p O 3
A, L O 0 11 LA, 0 0 1][L-1
[ 2 3x ]
"2 cosgh — 3sing V22 2y
= | 2sing) + 3cosgp | = 2y L 3y
L - Va2 4yt ol P
-1
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where the following substitutions were made using Eq. (1.63):

e

X . y
cosp=—, singp==-,

r r
Thus, vector A is

A—i 2x _ 3y 4o 2y n 3x 1
ey Veirr) C\Vere Jeiy

Exercise 1.9 Transform A = x2 — §5 + Z3 into cylindrical coordinates at point (x = -2,y = 3,z = 1).
Answer A =527 —¢p1.11 +23

1.5.3 The Spherical Coordinate System

The spherical coordinate system is defined following the same basic ideas used for the cylindrical system. First, we observe
that a point on a spherical surface is at a constant distance from the center of the sphere. To draw a sphere, we can follow the
process in Figure 1.29. First, a point P(x,y,z) is defined in the Cartesian coordinate system at a distance R from the origin as
in Figure 1.29a. Suppose this point is rotated around the origin to form a half-circle as shown in Figure 1.29b. Now, we can
rotate the half-circle in Figure 1.29¢ on a 2z angle to obtain a sphere. This process indicates that a point on a sphere is best
described in terms of its radial location and two angles, provided proper references can be identified. To do so, we use the
Cartesian reference system in Figure 1.30a. The z axis serves as reference for the first angle, 6, while the x axis is used for the

a b 7 c - R
- - ok 4R
P(X,y,Z) P(x,y,z) R
0 R 0
R 0 YR ,
y Y
/ ¢ L\ R
X X X

Figure 1.29 Drawing a sphere: (a) A point at distance R from the origin. (b) Keeping the distance R constant, we move
away from the z axis describing an angle 6. (¢) The half-circle is rotated at an angle ¢. If ¢ = 2z, a sphere is generated
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Figure 1.30 (a) A point in spherical coordinates and the relationship between the spherical and Cartesian coordinate
systems. (b) Differentials of length, area, and volume in spherical coordinates
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second angle, ¢. The three unit vectors at point P are also shown and these form an orthogonal, right-hand system of
coordinates. The range of the angle 6 is between zero and z and that of ¢ between zero and 2z, whereas the range of R is
between 0 and co. The point P is now described as P(R,0,¢) and a general vector is written as

A=RAz+04+ A, (1.72)

Since the axes are orthogonal, we have
R'R=0-0=¢-¢ =1 (1.73)
RO=R-p=0-¢g=0-R=¢p-R=¢-0=0 (1.74)
RXxR=0x0=¢ xp =0 (1.75)
Rx0=¢, 0xdp=R, ¢xR=0, 0xR=—¢p, ¢px0=-R, Rxp=-0 (1.76)

The differential length, volume, and surface are defined with the aid of Figure 1.30b, but, now, the lengths in both 6 and ¢
directions are arc lengths. These are given as

dl = RdR + ORdO + ¢ Rsin 0d¢p (1.77)

Differentials of surface are defined in a manner similar to the cylindrical coordinate system. These are

dsg = R*sin0d0d¢g, dsy = Rsin@dR dep, dsy = RdRd0O (1.78)

The differential volume is

dv = dR(RdO)(R sin0d¢) = R? sin OdR dOd (1.79)

The three basic surface vectors in the directions perpendicular to the three planes 8¢, R¢, and RO are

dsg = + RR*sinfd0d¢,  dsy = + ORsinfdRdp,  dsy = + RARAO (1.80)

To define the coordinate transformation between spherical and Cartesian coordinates, we again use Figure 1.30a.
The basic geometrical relations between the coordinates in the two systems are

/2 112
R=\2+y+22 0= tan"(x—ﬂ), ¢ = tan~' (X) (1.81)
Z X
Similarly, the inverse transformation is
X = Rsinfcos¢p, y=Rsindsing, z=Rcosf (1.82)

Transformation of a general vector from spherical to Cartesian coordinates is performed by calculation of the scalar
components through the scalar product:

A =% -A=%- (ﬁAR 104, +(i)A¢) = (% -R)Ap + (x -é)Ag + (%), (1.83)
From Figure 1.30a,
X *R = sinfcos¢h, x+0 = cosfcosp X - = —sing (1.84)
The scalar components of A are

A, = Ag sinf cosg + Ag cosd cosgp — Ay sing (1.85)
Ay = Agsindsing + Ag cossing + A, cos¢ (1.86)
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A, = Ag cos@ — Ag sinf (1.87)
Again making use of the matrix notation,
A, sinfcos¢p cosfcos¢p —sing | | Ar
A, | = | sinfsing cosfsing  cos¢ Ag (1.88)
A, cosf — sinf 0 Ay

To obtain the inverse transformation, we invert the system:

Agr sinfcos¢p  sinfsing  cosfd Ay
Ag | = | cosfcos¢p cosfsing —sind | | A, (1.89)
Ay — sing cos¢ 0 A,

Equation (1.89) may also be used to obtain the unit vectors ﬁ,é, and (i) in terms of the unit vectors in Cartesian
coordinates. These transformations are
R = X sinfcos¢ + ¥ sindsing + z cosd, O = x cosfcosg + § cosOsing — Z sind,

. (1.90)
¢ = —X sing + y cosg

Important Note: Clearly, R, and (i) are not constant unit vectors in space; R and @ depend on @ and ¢, whereas (i) depends
on ¢. Whenever unit vectors in spherical coordinates occur inside integrals, they must be resolved into Cartesian
coordinates. The Cartesian unit vectors can then be taken outside the integral sign.

1.5.4 Transformation from Cylindrical to Spherical Coordinates

On occasion, there will also be a need to transform vectors or points from cylindrical to spherical coordinates and vice versa.
We list the transformation below without details of the derivation (see Exercise 1.11).
The spherical coordinates R, 6, and ¢ are obtained from the cylindrical coordinates r, ¢, and z as

R=+r2+22, 0=tan"'(r/z), p=¢ (1.91)

The scalar components of a vector A in spherical coordinates can be obtained from the scalar components of the vector in
cylindrical coordinates as

AR sinf 0 cosd A,
Ap | = | cosf® 0 —sinf| | Ay (1.92)
Ay 0 1 0 A,

The cylindrical coordinates r, ¢, and z are obtained from the spherical coordinates R, 8, and ¢ as

r=Rsind, ¢ =¢, z=Rcosd (1.93)

The scalar components of the vector A in cylindrical coordinates can be obtained from the scalar components of the
vector in spherical coordinates as

A, sinf cosd O Ag
Ag| =10 0 1 Ag (1.94)
A; cos§ —sinf 0] Ay

The scalar components of the unit vectors are obtained by replacing the scalar components in Eq. (1.92) or (1.94) with the
appropriate unit vector components (see Exercise 1.11).
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Example 1.18 Two points are given in spherical coordinates as P(R;,01,¢1) and P»(R,,05,¢-):

(a) Write the vector connecting P, (tail) to P, (head) in Cartesian coordinates.
(b) Calculate the length of the vector (distance between P; and P5).

Solution: The coordinates of P; and P, are first transformed into Cartesian coordinates, followed by evaluation of the
magnitude of the vector connecting P, and P5:

(a) The transformation from spherical to Cartesian coordinates [Eq. (1.82)] for points P, and P, gives
X1 = Rysinf cos¢p;,  y; = Rysind;sing,, z1 = Ry cosf,
Xy = Rysinf, cos¢h,, ¥, = Rysindrsing,, Zy = Ry cosO,
The vector in Cartesian coordinates is
A=x(x —x1)+§'(y2 —yl) +i(zz—zl)
= X (R,sin6; cosg, — Rysind cosgh,) + § (Rysinb;sing, — Rysind;sing,) + z (R> cosd, — R cosd; )
(b) The length of the vector in terms of spherical components can be written from (a):
|A|2 = (R,sind, cos¢h, — Rysinb, cos¢1)2 + (R,sinbysing, — RlsinGISingbl)z + (R200562 — R100501)2
= R3sin%0, cos¢p, + RIsin’0; cos’p; — 2R R,sind;sind; cosg, cosg, + R3sin’Ossin’¢h,
+ R%sinzé’lsinzqﬁl — 2R R,sind, siné, sing, sing, + R%cos262 + R%coszé’l — 2R {R>c0s60; cosd,
Rearranging terms and using the relation sin” a + cos® @ = 1, we get

\A|2 = R5 + R} — 2R R,sind; sind[ cosg, cosg; + sing, sing;] — 2R R, cosb cosd;

Using cosa cosf = (cos(a — f) + cos(a + f))/2 and sina sinff = (cos(a — ) — cos(a + f3))/2, after taking the square
root of the expression, we get

A| = \/R§ + R? — 2R\ R;sind; sinf; cos(¢, — ;) — 2R R,c0s6; cosh,

This is a convenient general formula for the calculation of the distance between two points in spherical coordinates,
without the need to first convert the points to Cartesian coordinates.

Example 1.19 Two points are given in Cartesian coordinates as P1(0,0,1) and P»(2,1,3) and a vector A connects P,
(tail) to P, (head). Find the unit vector in the direction of A in spherical and cylindrical coordinates.

Solution: The vector A connecting P (tail) and P, (head) is found first, followed by the unit vector in the direction of A.
The unit vector is then transformed into spherical and cylindrical coordinates using Egs. (1.89) and (1.71). The vector
connecting P (tail) and P, (head) is

A=x(—x)+¥(n—y)+2(—21)=%2-0)+3(1-0)+2(3—1)=%2+y1+22
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The unit vector in the direction of A is

>

A X2+4§y1422
A:—:i
A 3

Wl

+1z

[SSH S
W —

Taking this as a regular vector in Cartesian coordinates, the transformation of its components into spherical coordinates is

9 -1 -
3 5(2 sinf cos¢) + sinfsing + 2 coso)
Ag sinfcos¢p  sinfsingg  cosf 1 1 ) )
Ag | = | cosfcosg cosfOsing —sind| |3 | = 5(2 cos@ cosg + cosfsing — 2 sind)
Ay —sin¢ cos ¢ 0 )
3

—%(2 sing — cos¢)

The unit vector in spherical coordinates is

| -1 <
A= R§(2 sinf cos¢) + sinfsing + 2 cosh) + 95(2 cosf cosg + cos@sing — 2sind) — ¢~ (2sing — cosg)

W | —

Although we do not show that the magnitude of the unit vector equals 1, the transformation cannot modify a vector in

any way other than describing it in different coordinates. You are urged to verify the magnitude of A. Similarly, the
transformation of the components into cylindrical coordinates is [from Eq. (1.71)]

(27 M1 7
3 §(2 cos¢ + sing)
Ay cosp sing O] | 1
Ay | = |—sing cosp 0| |3|= —§(2 sing — cosg)
A, 0 0 1
z 5 5
3 3

and the unit vector in cylindrical coordinates is

N 2
A=t (2singp — cosgp) + ig

W] =

%(2 cosg + sing) — ¢

Exercise 1.10 Repeat Example 1.19, but first transform the vector A into spherical and cylindrical coordinates and
then divide each vector by its magnitude to find the unit vector.

Example 1.20 Given the points P(2,2,—-5) in Cartesian coordinates and P,(3,7,—2) in cylindrical coordinates, find:

(a) The spherical coordinates of P;.
(b) The spherical coordinates of P».
(c) The magnitude of the vector connecting P, (tail) to P, (head).
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Solution:

(a) Because Py is given in Cartesian coordinates, it is necessary to transform the point to spherical coordinates. The required
transformation is given in Eq. (1.81):

Ri=\/XC+y +27=V4+4+25=5745
/2 2 Vi + 4 o
61 — tan—! [ Y| _ g = tan~'(—0.56568) = —29°30
Z1 —

Because 6 only varies between zero and z, we add z to get

! / 2
6 = —29°30 +180° = 150°30 and ¢, = tan ' (y—l) = tan ! <5> = 45°
X1

P in spherical coordinates is, therefore, P(5.745,150° 30/,45°).
(b) P, is given in cylindrical coordinates with r = 3, ¢p = x, z = 2. To convert it into spherical coordinates, we use the
point transformation in Eq. (1.91):

Ry=Vr2+22=4/3"+ (—2)2 =36

s 3 !
0, = tan™! <’—> = tan~! <—2) = tan~'(—1.5) = —56°18

z

Adding 180° to get 0, between zero and 7 gives
0, = —56°18 + 180 = 123°42" and ¢, = 180°

P, in spherical coordinates is P,(3.6,123°42/,180°).
(¢) To calculate the distance, we convert P, from cylindrical to Cartesian coordinates using the transformation in Eq. (1.63):

Xy =rcos¢p =3coswt =—3, y,=3sinz =0, z=-2

The two points are

Pi(2,2,—5), Py(-3,0,—2)

The vector connecting P, to P, is
A=XA,+yA +2A, =x(-3-2)+y(0-2)+2z(-2—(-5))=—Xx5-y2+123

The magnitude of A is
Al =v25+44+9=+v38=6.164

The distance between P; and P, is 6.164.

Exercise 1.11 Derive the transformation matrices from cylindrical to spherical and spherical to cylindrical
coordinates, that is, find the coefficients in Egs. (1.92) and (1.94) by direct application of the scalar product.

Exercise 1.12 Write the vector A connecting points P(R;,01,¢1) and P»(R,,0,,¢,), in cylindrical coordinates.
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Answer
A = [(Rsinf,cos¢h, — Rysinficosg; Jcosg + (Rosindssing, — Risind;sing, )sing|
+¢ [ — (Rasinfycosg, — Rysinficos, )sing + (Rosindasing, — Risindsing, )cosg|
+ Z[Rycos0, — R cos0]

Exercise 1.13 Write the vector A connecting points P,(R;,0;,¢;) and P>(R»,0,,¢,) in spherical coordinates.

Answer

A [stinezcosgzﬁ2 —R lsinelcosqbl)sinacosq’) + (Rasindasing, — Risinf;sing, )sindsing + (Rycosf, — Rlcosel)cose}

=R
+0 [(Rgsinﬁzcosgbz — Risinficosg, JcosbOcosg + (Rysinbssing, — Risindsing; )cosfsing — (Rocosdr — R lcosel)sine]
+ (i) [ — (Rosindxcosgp, — Risinfcosg, Jsing + (Rosindysing, — Rlsin91sin¢1)cos¢]

1.6 Position Vectors

A position vector is defined as the vector connecting a reference point and a location or position (point) in space. The
position vector always points to the position it identifies, as shown in Figure 1.31a. The advantage of using position vectors
lies in the choice of the reference point. Normally, this point will be chosen as the origin of the system of coordinates.

A vector can always be represented by two position vectors: one pointing to its head and one to its tail as shown in
Figure 1.31b. Vector A can now be written as

A=P,— P (1.95)
This form of describing a vector will be used often because it provides easy reference to the vector A.

Figure 1.31 (a) Position a
vector of point P. (b)
Vector A described in terms
of the position vectors of its
end points

Py(x.p.2)

Example 1.21 Two points are given in the Cartesian coordinate system as P(1,1,3) and P,(3,1,3). Find the vector
connecting point P, (tail) to point P; (head):

(a) As a regular vector.
(b) In terms of the position vectors connecting the origin of the system to points P; and P,
(c) Show that the two representations are the same.
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Solution: The vector connecting points P, and P, is found as in Example 1.19.

The position vectors of points P; and P, are found as the vectors that connect the origin with these points. The vector A
connecting P, (tail) and P, (head) is A = R; — R, (see Figure 1.32).

(a) From Example 1.19, we write
A=X(x1—x)+y( —»)+2(z—2)=x(1-3)+y(1-1)+2(3-3)=-x2
(b) The two position vectors are

(1 = 0)

X1 — y ()’1 - 0)
(x2 —0)

(v, - 0)

|
w>

R,

+
R, +

I
we>
>

(c) To show that A = R; — R,, we evaluate the expression explicitly:
A=R|—Ry=(X1+y2+23)— (X3+y§1+23)=x(1-3)+y(1—-1)+2(3-3) =-x2

and this is identical to vector A above.

Py(1,1,3)

R,

{/R\zﬂéz(s,m)

Figure 1.32 Vector A and its relationship with position vectors R; and R, and end points P and P,

Example 1.22 Two points are given in cylindrical coordinates as P(1,30°,1) and P,(2,0°,2). Calculate the vector
connecting P, and P, in terms of the position vectors of points P; and P».

Solution: First, we calculate the vectors connecting the origin with points P; and P,. These are the position vectors R; and
R,. The vector connecting P, to P, is then R = R, — R;.

To calculate R, we take the tail of the vector at P(0,0,0) and the head at P;(1,30°,1). The expression for a general vector
in cylindrical coordinates was found in Example 1.16. With ry = 0, ¢g = 0, zg = O,

Ri(r,¢p,z) = [(ricosp; — 0) cosgp + (rising; — 0) singy]
+¢ [— (ricos¢p; — 0) singp + (rlsind)l — O) cosqb] +z [21 - O]

or

R, =t [(\/5/2> cosgp + O‘SSinqﬁ} +¢ {— (\/§/2>sin¢ + O.SCOS(f)} +121
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Using similar steps, the position vector R, is

0s0 — 0)cos¢p + (2sin0 — 0)singp |

R2 =r [(2C
+¢ [ — (2c0s0 — 0)sing + (25in0 — 0)cosg] +z [2 — 0] = F2cosp — p2sing + 22

The vector R, — R is

4-V3

R=R,—-R/ =t 5

cos¢p — ;Sinqﬁ} +¢ {\/32_ 4 sing — %cosqﬁ +1z1

Exercise 1.14 Write the position vectors R; and R, in Example 1.22 in Cartesian coordinates and write the vector
pointing from P; to P5.

Answer
V31 S
Rlzx—z +y§+zl, R, =%x2+1%2,
4-/3 1
R, — R, =% —y-+2l
2 1 =X ) > Y2+Z
Problems

Vectors and Scalars

1.1 Two points P(1,0,1) and P,(6,-3,0) are given. Calculate:

(a) The scalar components of the vector pointing from P, to P,.
(b) The scalar components of the vector pointing from the origin to P;.
(c) The magnitude of the vector pointing from P; to P5.

1.2 A ship is sailing in a north—east direction at a speed of 50 km/h. The destination of the
ship is on a meridian 3,000 km east of the starting point. Note that speed is the absolute value of velocity:

(a) What is the velocity vector of the ship?
(b) How long does it take the ship to reach its destination?
(¢) What is the total distance traveled from the starting point to its destination?

Addition and Subtraction of Vectors

1.3 An aircraft flies from London to New York at a speed of 800 km/h. Assume New York is straight west of London at a
distance of 5,000 km. Use a Cartesian system of coordinates, centered in London, with New York in the negative x
direction. At the altitude the airplane flies, there is a wind, blowing horizontally from north to south (negative y
direction) at a speed of 100 km/h:

(a) What must be the direction of flight if the airplane is to arrive in New York?
(b) What is the speed in the London—New York direction?
(¢) How long does it take to cover the distance from London to New York?

1.4 Vectors A and B are given: A =X5+y3 —2 and B= —X3 +y5 — 22. Calculate:

(a) |Al.

(b) A +B.
(c) A-B.
d) B-A.

(e) Unit vector in the direction of B — A.
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Sums and Scaling of Vectors

1.5 Three vectors are given as: A =%x3+y1+23,B=—%x3+y3+z23andC=x —y2+272:

(a) Calculate thesums A+ B + C,A+B-C,A-B-C,A-B+ C, A + (B-C),and (A + B) — C using one of the
geometric methods.

(b) Calculate the same sums using direct summation of the vectors.

(¢) Comment on the two methods in terms of ease of solution and physical interpretation of results.

1.6 A satellite rotates around the Earth in the equatorial plane at 16,000 km/h moving in the direction of rotation of the
planet. To reenter into the atmosphere, the speed is reduced by 1,000 km/h by firing a small rocket in the direction
opposite that of the satellite’s motion:

(a) What are the velocity vectors of the satellite before and immediately after firing the rocket?
(b) Find the scaling factor of the original velocity vector required to get the satellite to its new speed.

1.7 A particle moves with a velocity v = x300 4+ ¥ 50 — Z 100. Now the velocity is reduced by a factor of 2:

(a) Calculate the direction of motion of the particle.
(b) What is the speed of the particle?

Scalar and Vector Products

1.8 Calculate the unit vector normal to the plane 3x + 4y + z = 0.
1.9 Two vectors vi =x3+y1 —2z2 [m/s] and v, = —x2 + y 3 [m/s] describe the velocities of two objects in space:

(a) Calculate the angle between the trajectories of the two objects.
(b) If the ground coincides with the x—y plane, calculate the ground velocities of each object.
(c) What is the angle between the ground velocities?

1.10 Find a unit vector normal to the following planes, at the given point:

(@) z = —x -y, at point P(0,0,0).
(b) 4x -3y + z + 5 = 0, at point P(0,0,-5).
(¢) z = ax + by, at point P(0,0,0).

1.11 A force is given as F =x/r. Calculate the vector component of the force F in the direction of the vector
A =Xx3+y1—12z. Note: solution is not unique.

1.12 Calculate the area of a general triangle defined by three points: P(a, b, ¢), P»(d', V', ¢’), and P3(a”, b", ¢"). From the
result here, write a general explicit expression for the area of any triangle if its three vertices are known.

1.13 Show using vector algebra that the law of sines holds in the triangle in Figure 1.33, where A, B, and C are the lengths of
the corresponding sides; that is, show that the following is correct:

A B C

singpe  singu-  singup

Figure 1.33
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1.14 A vectoris givenas A =x3+§y1 —272:

(a) Find the angle between A and the positive z axis.
(b) Find a vector perpendicular to A and a unit vector in the direction of the positive z axis.

1.15 A force is given as F =X +y5—1z. Calculate the magnitude of the force in the direction of the vector
A=-x3+4+y2-12.

1.16 Three vertices of a parallelogram are given as P{(7,3,1), P»(2,1,0), and P5(2,2,5):

(a) Find the area of a parallelogram with these vertices.
(b) Is the answer in (a) unique: that is, is there only one parallelogram that can be defined by these points? If not, what
are the other possible solutions?

1.17 The equation of a plane. A plane through the origin of the system of coordinates is defined by two points: P;(1,2,—1)
and P»(5,3,2). Find the equation of the plane.

Multiple Products

1.18 To define the volume of a parallelepiped, we need to define a corner of the parallelepiped and three vectors emanating
from this point (see Example 1.11). Four corners of a parallelepiped are known as P(0,0,0), P»(a,0,1), P3(a,2,c),
and P4(1,b,1):

(a) Show that there are six vectors that can be defined using these nodes, but only three vectors, emanating from a
node, are necessary to define a parallelepiped.

(b) Show that there are four possible parallelepipeds that can be defined using these four nodes, depending on which
node is taken as the root node.

(c) Calculate the volumes of the four parallelepipeds.

1.19 Which of the following vector products yield zero and why? A, B, and C are vectors and C = A X B.

(a)A x (B x (A x B)) (b)A x (B xA) xB
(¢) (A x B) x (A x B) (d) (A xB)xA)xB
(e) A x (A x B) (A xA)xB
@A xC (h) (C x A) xB

1.20 Which of the following products are properly defined and which are not? Explain why. (a and b are scalars, and A,B,
and C are vectors.)

(a) abA x C (b)A x C x B
©B-CxA @A xB)-A
(e)aB - C () (@B x bA)

1.21 Which of the following products are meaningful? Explain. A, B, and C are vectors; c is a scalar.

(@A (A x B x C) () cA - (A x B)
(© (A x B)- (A x B) (d) (A-B) x (A x B)
©(A-B)-(AxB ®A-A x (A x B)
@A-(Ax(AxA) (h)A-(AxA)

1.22 Vectors A =x1+4+y1+22,B=x2+y1+22,and C =X — y2 + Z3 are given. Find the height of the parallelepi-
ped defined by the three vectors:

(a) If A and B form the base.
(b) If A and C form the base.
(c) If B and C form the base.
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Definition of Scalar and Vector Fields

1.23 A pressure field is given as P = x(x — 1)(y —2) + 1:

(a) Sketch the scalar field in the domain 0 < x,y < 1.
(b) Find the point(s) at which the slope of the field is zero.

1.24 Sketch the scalar fields

A=x+y, B=x—-y, c¢c=

1.25 Sketch the vector fields

Systems of Coordinates

1.26 Three points are given in Cartesian coordinates: P{(1,1,1), P»(1,1,0), and P5(0,1,1):

(a) Find the points Py, P,, and P3 in cylindrical and spherical coordinates.

(b) Find the equation of a plane through these three points in Cartesian coordinates.

(¢) Find the equation of the plane in cylindrical coordinates.
(d) Find the equation of the plane in spherical coordinates.

1.27 Write the equation of a sphere of radius a:

(a) In Cartesian coordinates.
(b) In cylindrical coordinates.
(¢) In spherical coordinates.

1.28 A sphere of radius a is given. Choose any point on the sphere:

(a) Describe this point in Cartesian coordinates.
(b) Describe this point in spherical coordinates.

43

1.29 Transform the vector A =X2 —y5+ 23 into spherical coordinates at (x = -2, y = 3, z = 1). That is, find the
general transformation of the vector and then substitute the coordinates of the point to obtain the transformation at

the specific point.
1.30 Vector A = £ 3cos¢p — ¢ 2r'/2 + zr¢ is given:

(a) Transform the vector to Cartesian coordinates.
(b) Find the scalar components of the vector in spherical coordinates.

Position Vectors

1.31 Points P(a,b,c) and P,(d',b',¢') are given:

(a) Calculate the position vector r; of point P;.

(b) Calculate the position vector r; of P,.

(c) Calculate the vector R connecting P, (tail) to P, (head).
(d) Show that the vector R can be written as R = r, —r;.
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1.32 Two points on a sphere of radius 3 are given as P(3,0°,30°) and P»(3,45°,45°):

(a) Find the position vectors of P; and P,.
(b) Find the vector connecting P, (tail) to P, (head).
(¢) Find the position vectors and the vector PP, in cylindrical and Cartesian coordinates.

1.33 Given the position vectorsA = XA, +yA, +ZA.andB = XB, + y B, + 2 B., find the equation of the plane they form.
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